arXiv:gr-qc/0304106 v2 31 Aug 2003

Gravitation Without the Equivalence Principle

R. Aldrovandi,^1 J. G. Pereira^1 and K. H. Vu^1

Abstract

In the general relativistic description of gravitation, geometry replaces the concept of force. This is possible because of the universal character of free fall, and would break down in its absence. On the other hand, the teleparallel version of general relativity is a gauge theory for the translation group and, as such, describes the gravitational interaction by a force similar to the Lorentz force of electromagnetism, a non-universal interaction. Relying on this analogy it is shown that, although the geometric description of general relativity necessarily requires the existence of the equivalence principle, the teleparallel gauge approach remains a consistent theory for gravitation in its absence.

1 Introduction

Gravitation, like the other fundamental interactions of nature, can be described in terms of a gauge theory [1]. In fact, the teleparallel equivalent of general relativity [2], or teleparallel gravity for short [3, 4], corresponds to a gauge theory for the translation group. In this approach, the gravitational interaction is described by a force equation [5] similar to the Lorentz force equation of electrodynamics. On the other hand, due to the universality of free fall, it is also possible to describe gravitation not as a force, but as a geometric deformation of flat Minkowski spacetime. According to this point of view a gravitational field produces a curvature in spacetime, and its action on (structureless) particles is described by letting them follow the geodesics of the curved spacetime. This is the approach of general relativity, in which geometry replaces the concept of gravitational force, and the trajectories are determined, not by force equations, but by geodesics.

Universality of free fall is then the reason for gravitation to present, in addition to the teleparallel gauge approach, the equivalent geometric description of general relativity. In fact, in order to attribute gravitation to curvature, it is essential that gravitation be universal, or equivalently, that the weak equivalence principle, which establishes the equality

1Instituto de Física Teórica, Universidade Estadual Paulista, Rua Pamplona 145, 01405-900 São Paulo, Brazil

of inertial and gravitational masses, be true. Only under these circumstances is it possible to assure that all particles of nature, independently of their internal constitution, feel gravitation the same and, for a given set of initial conditions, follow the same trajectory — a geodesic of the underlying Riemannian spacetime.

Now, as is well known, the electromagnetic interaction is not universal, a property consistent with the fact that there is no an electromagnetic equivalence principle. In spite of this, Maxwell’s theory, a gauge theory for the unitary group U(1), is able to consistently describe the electromagnetic interaction. Given the analogy between electromagnetism and teleparallel gravity, the question then arises whether the gauge approach of teleparallel gravity would also be able to describe the gravitational interaction in the lack of universality, that is, in the absence of the weak equivalence principle. The basic purpose of this paper is to give an answer to this question. It is important to make it clear that, although there are many controversies related to the equivalence principle [6, 7], it is not our intention here to question its validity, but simply verify whether the teleparallel description of gravitation requires or not its existence. We begin by reviewing, in the next section, the basic concepts of the teleparallel equivalent of general relativity.

2 Fundamentals of Teleparallel Gravity

The teleparallel equivalent of general relativity can be understood as a gauge theory of the translation group. According to this theory, to each point of spacetime there is attached a Minkowski tangent space, on which the translation (gauge) group acts. We use the Greek alphabet μ, ν, ρ, . . . = 0, 1, 2, 3 to denote spacetime indices, and the Latin alphabet a, b, c, . . . = 0, 1, 2, 3 to denote anholonomic indices related to the tangent Minkowski spaces, whose metric is chosen to be η_{ab} = diag(+1, −1, −1, −1).

The translational gauge potential B^a_μ is a 1-form assuming values in the Lie algebra of the translation group, that is, B_μ = B^a_μ P_a, (1)

with P_a = ∂_a the generators of infinitesimal translations. This potential appears as the nontrivial part of the tetrad field h^a_μ, which can then be written in the form

h^a_μ = ∂_μx^a + B^a_μ. (2)

Notice that, whereas the tangent space indices are raised and lowered with the Minkowski metric η_{ab}, the spacetime indices are raised and lowered with the spacetime metric

g_{μν} = η_{ab} h^a_μ h^b_ν . (3)

Now, the above tetrad gives rise to the so called Weitzenböck connection

Γ^ρ_{μν} = h_a^ρ∂_ν h^a_μ, (4) which introduces the distant parallelism on the four-dimensional spacetime manifold. It is a connection that presents torsion, but no curvature. Its torsion,

T^ρ_{μν} = Γ^ρ_{νμ} − Γ^ρ_{μν} , (5)

as we are going to see, turns out to be related to the translational gauge field strength. The Weitzenböck connection can be decomposed as

Γ^ρ_{μν} =^∘Γ^ρ_{μν} + K^ρ_{μν} , (6)

where^∘Γ^ρ_{μν} is the Christoffel connection constructed from the spacetime metric g_{μν} , and

K^ρ_{μν} = 1 2 (T_μ^ρ_ν + T_ν^ρ_μ − T^ρ_{μν} ) (7)

is the contortion tensor. It is important to remark that we are considering curvature and torsion as properties of a connection, not of spacetime [8]. Notice, for example, that the Christoffel and the Weitzenböck connections are defined on the same spacetime metric manifold.

The Lagrangian of the teleparallel equivalent of general relativity is [5]

L_G = c^4h 16πG S^{ρμν} T_{ρμν} + L_M , (8) where h = det(h^a_μ), L_M is the Lagrangian of a source field, and S^{ρμν} = −S^{ρνμ} = 1 2 [K^{μνρ} − g^{ρν} T^{σμ}_σ + g^{ρμ} T^{σν}_σ ] (9)

is a tensor written in terms of the Weitzenböck connection only. Performing a variation with respect to the gauge potential, we find the teleparallel version of the gravitational field equation [9], ∂_σ(hS_λ^{ρσ}) − 4πG c^4

(ht_λ^ρ) = 4πG c^4

(hT_λ^ρ), (10)

where h t_λ^ρ = c^4h 4πG S_μ^{ρν} Γ^μ_{νλ} − δ_λ^ρ L_G (11)

is the energy-momentum (pseudo) tensor of the gravitational field, and T_λ^ρ = T_a^ρ h^a_λ is the energy-momentum tensor of the source field, with h T_a^ρ = − δL_M δB^a_ρ ≡ − δL_M δh^a_ρ . (12)

A solution of the gravitational field equation (10) is an explicit form of the gravitational gauge potential B^a_μ.

When the weak equivalence principle is assumed to be true, teleparallel gravity turns out to be equivalent to general relativity. In fact, up to a divergence, the Lagrangian (8) is equivalent to the Einstein-Hilbert Lagrangian of general relativity,

L_G = c^4h 16πG ∘ R, (13)

with^∘R the scalar curvature of the Christoffel connection. Accordingly, the teleparallel field equation (10) is found to coincide with Einstein’s equation ∘ Rλ^ρ − 1 2 δ_λ^{ρ ∘}R = 8πG c^4

T_λ^ρ, (14)

where^∘R_λ^ρ is the Ricci curvature of the Christoffel connection. Lets us then see what happens when the weak equivalence principle is assumed not to be true.

3 Teleparallel Equation of Motion

To begin with, let us consider, in the context of teleparallel gravity, the motion of a spinless particle in a gravitational field B^a_μ, supposing however that the gravitational mass m_g and the inertial mass m_i do not coincide. Analogously to the electromagnetic case [10], the action integral is written in the form S = ∫_b a [−m_i c dσ − m_g c B^a_μ u_a dx^μ] , (15) where dσ = (η_{ab}dx^adx^b)^{1/2} is the Minkowski tangent-space invariant interval, and u^a is the particle four-velocity seen from the tetrad frame, necessarily anholonomic when expressed in terms of the spacetime line element ds [11]. It should be noticed, however, that in terms of the tangent-space line element dσ, it is holonomic, that is (see Appendix)

u^a = dx^a dσ . (16)

The first term of the action (15) represents the action of a free particle, and the second the coupling of the particle with the gravitational field. Notice that the separation of the action in these two terms is possible only in a gauge theory, like teleparallel gravity, being not possible in general relativity.

Variation of the action (15) yields δS = ∫_b a m_ic [( ∂_μx^a + m_g m_i B^a_μ )du_a ds − m_g m_i (∂_μB^a_ρ − ∂_ρB^a_μ)u_a u^ρ − m_g m_i B^a_ρ ∂_μu_a u^ρ ] δx^μ ds, (17) where u^μ = dx^μ ds ≡ h^μ_a u^a (18)

is the particle four-velocity, with ds = (g_{μν} dx^μdx^ν )^{1/2} the Riemannian spacetime invariant interval. As B^a_μ is an Abelian gauge potential,

∂_μB^a_ρ − ∂_ρB^a_μ ≡ F^a_{μρ} (19)

will be the corresponding gravitational field strength. Using Eqs. (2) and (4), we see that F^a_{μρ} is nothing but the torsion of the Weitzenböck connection with the first index written in the tetrad basis:

F^a_{μρ} = h^a_λ T^λ_{μρ}. (20) Finally, the last term in Eq. (17) does not contribute to the equation of motion. Indeed, after substituting B^a_ρ = h^a_ρ − ∂_ρx^a and using Eq. (16), it becomes proportional to ∫_b a [( 1 − dσ ds ) u^a ∂_μu_a ] δx^μ ds, (21) which vanishes because u^au_a = 1. We are then left with δS = ∫_b a m_ic [( ∂_μx^a + m_g m_i B^a_μ )du_a ds − m_g m_i F^a_{μρ} u_a u^ρ ] δx^μ ds. (22) From the invariance of the action, and taking into account the arbitrariness of δx^μ, we get (

∂_μx^a + m_g m_i B^a_μ ) du_a ds = m_g m_i F^a_{μρ} u_a u^ρ. (23)

This is the force equation governing the motion of the particle, in which the teleparallel field strength F^a_{μρ} plays the role of gravitational force. Similarly to the electromagnetic Lorentz force equation, which depends on the relation e/m_i, with e the electric charge of the particle, the gravitational force equation depends explicitly on the relation m_g/m_i of the particle. When m_g = m_i, it is easily seen to coincide with the geodesic equation of general relativity.

The above results show that, even in the absence of the weak equivalence principle, teleparallel gravity is able to describe the motion of a particle with m_g ≠ m_i. The crucial point is to observe that, although the equation of motion depends explicitly on the relation m_i/m_g of the particle, neither B^a_μ nor F^a_{ρμ} depends on this relation. This means essentially that the teleparallel field equation (10) can be consistently solved for the gravitational potential B^a_μ, which can then be used to write down the equation of motion (23), independently of the validity or not of the weak equivalence principle. The gauge potential B^a_μ, therefore, may be considered as the most fundamental field representing gravitation. As we are going to see next, this is not the case of general relativity, in which the gravitational field necessarily depends on the relation m_i/m_g of the particle, rendering thus the theory inconsistent.

4 Relation with General Relativity

By using the relation (20), as well as the identity

T^λ_{μρ} u_λ u^ρ = −K^λ_{μρ} u_λ u^ρ, (24)

the force equation (23) can be rewritten in the form du_μ ds −^∘Γ^λ_{μρ} u_λ u^ρ = ( m_g − m_i m_g ) ∂_μx^a du_a ds , (25)

where use has been made also of the relation (6). Notice that the violation of the weak equivalence principle produces a deviation from the geodesic motion, which is proportional to the difference between the gravitational and inertial masses. Notice furthermore that, due to the assumed non-universality of free fall, there is no a local coordinate system in which the gravitational effects are absent.

Now, as already said, when the weak equivalence principle is assumed to be true, the teleparallel field equation (10) is equivalent to the Einstein equation (14). Accordingly, when m_g = m_i, the equation of motion (23) reduces to the geodesic equation of general relativity, as can be seen from its equivalent form (25). However, in the absence of the weak equivalence principle, it is not a geodesic equation. This means that the equation of motion (23) does not comply with the geometric description of general relativity, according to which all trajectories must be given by genuine geodesic equations. In order to comply with the foundations of general relativity, it is necessary to incorporate the particle properties into the geometry. This can be achieved by assuming, instead of the tetrad (2) of teleparallel gravity, the new tetrad

h̄^a_μ = ∂_μx^a + m^g m_i B^a_μ, (26)

which takes into account the characteristic m_g/m_i of the particle under consideration. This tetrad defines a new spacetime metric tensor

ḡ_{μν} = η_{ab} h̄^a_μ h̄^b_ν , (27)

in terms of which the corresponding spacetime invariant interval is

ds̄^2 = ḡ_{μν} dx^μdx^ν . (28)

By noticing that in this case the relation between the gravitational field strength and torsion turns out to be m_g m_i F^a_{μρ} = h̄^a_λ T̄^λ_{μρ}, (29) it is an easy task to verify that, for a fixed relation m_g/m_i, the equation of motion (23) is equivalent to the true geodesic equation dū_μ ds̄ − Γ̄^λ_{μρ} ū_λ ū^ρ = 0, (30)

where ū_μ ≡ dx_μ/ds̄ = h̄^a_μu_a, and Γ̄^ρ_{μν} is the Christoffel connection of the metric ḡ_{μν} . Notice that this equation can also be obtained from the action integral S̄ = −m_i c ∫_b a ds̄, (31) which is the usual form of the action in the context of general relativity.

However, the price for imposing a geodesic equation of motion to describe a nonuniversal interaction is that the gravitational theory becomes inconsistent. In fact, the solution of the corresponding Einstein’s field equation R̄_{μν} − 1 2 ḡ_{μν} R̄ = 8πG c^4

T̄_{μν} , (32)

which is not equivalent to any teleparallel field equation, would in this case depend on the relation m_g/m_i of the test particle, which renders the theory inconsistent in the sense that test particles with different relations m_g/m_i would require connections with different curvatures to keep all equations of motion given by geodesics. Of course, as a true field, the gravitational field cannot depend on any test particle properties.

5 Final Remarks

In Einstein’s general relativity, which is a theory fundamentally based on the universality of free fall, or equivalently, on the weak equivalence principle, geometry replaces the concept of force in the description of the gravitational interaction. In spite of the fact that, at least at the classical level, it has passed all experimental tests [12], a possible violation of the weak equivalence principle, among other observable consequences, would lead to the non-universality of free fall, and consequently to the ruin of the general relativity description of gravitation. We notice in passing that the absence of an electromagnetic equivalence principle is the reason why there is no a geometric description, in the sense of general relativity, for the electromagnetic interaction.

On the other hand, as a gauge theory for the translation group, the teleparallel equivalent of general relativity does not describe the gravitational interaction through a geometrization of spacetime, but as a gravitational force quite analogous to the Lorentz force equation of electrodynamics. In the same way Maxwell’s gauge theory is able to describe the non-universal electromagnetic interaction, we have shown that teleparallel gravity is also able to describe the gravitational interaction in the absence of universality, remaining in this way a consistent theory for gravitation. In spite of the equivalence between the geometric description of general relativity and the gauge description of teleparallel gravity when the weak equivalence principle is assumed to hold [13], the latter can be considered as a more fundamental theory in the sense that it has no need of the principle to describe the gravitational interaction. Notice in this connection that the equivalence principle is frequently said to preclude the definition of a local energy-momentum density for the gravitational field [14]. Although this is a true assertion in the context of general relativity, it has already been demonstrated that, in the gauge context of teleparallel gravity, a tensorial expression for the gravitational energy-momentum density is possible [9], which shows the consistency of our results.

On the strength of our results, we can say that the fundamental field describing gravitation is neither the tetrad nor the metric, but the translational gauge potential B^a_μ. This point may have important consequences for both classical and quantum gravity. For example, gravitational waves should be interpreted as B waves and not as metric waves as this is not a fundamental, but a derived quantity. For the same reason, the quantization of the gravitational field should be carried out on B^a_μ and not on the tetrad or on the metric fields. Another important consequence refers to a fundamental problem of quantum gravity, namely, the conceptual difficulty of reconciling local general relativity with non-local quantum mechanics, or equivalently, of reconciling the local character of the equivalence principle with the non-local character of the uncertainty principle [15]. As far as teleparallel gravity can be formulated independently of any equivalence principle, the quantization of the gravitational field may possibly appear much more consistent if considered in the teleparallel approach.

Acknowledgments

The authors would like to thank FAPESP-Brazil, CNPq-Brazil, and CAPES-Brazil for financial support.

Appendix

According to our notation, dσ = (η_{ab}dx^adx^b)^{1/2} represents the Minkowski tangent-space invariant interval, and ds = (g_{μν} dx^μdx^ν )^{1/2} the spacetime invariant interval. Now, instead of working with quadratic intervals, it is far more convenient to introduce the Dirac matrices γ^a = h^a_μγ^μ and, similarly to the Dirac equation, work with the linear matrix form of the intervals. In terms of the γ matrices, the spacetime and the tangent-space matrix invariant intervals are respectively [16]

d̂s = γ_μ dx^μ ≡ γ_a h^a_μ dx^μ (33) and d̂σ = γ_a dx^a. (34)

In the language of differential forms, γ_a = d̂σ ( ∂ ∂x^a ) = d̂σ dx^a and consequently d̂s ( ∂ ∂x^μ ) = d̂s dx^μ = γ_a h^a_μ = h^a_μ d̂σ dx^a . Using the relation ∂/∂x^μ = (∂x^a/∂x^μ)∂/∂x^a, we get d̂s ∂_μx^a = d̂σ h^a_μ. (35)

We have now to return from the matrix to the usual form of the interval. This can be achieved by taking the determinant on both sides of Eq. (35). By using that

det(d̂s) = (ds)^4 and det(d̂σ) = (dσ)^4, (36)

we obtain immediately ds ∂_μx^a = dσ h^a_μ. (37) Equivalently, we can write h^a_μ = ds dσ ∂x^a ∂x^μ . (38)

The inverse tetrad is consequently

h^μ_a = dσ ds ∂x^μ ∂x^a . (39)

Of course, these expressions are valid only along the trajectory of the particle. Notice in addition that, in these forms, the tetrads represent a measure of how much ds and dσ differ from each other. In the absence of gravitation, ds = dσ, and the tetrad becomes trivial.

On the other hand, we know that (see Eq. (18))

u^a = h^a_μ u^μ ≡ h^a_μ dx^μ ds . (40)

Substituting (38), we obtain that, along the trajectory,

u^a = ∂x^a ∂x^μ dx^μ ds ds dσ ≡ dx^a dσ , (41)

which is expression (16) of the particle four-velocity.

References

[1] For a general description of the gauge approach to gravitation, see Hehl, F. W., McCrea, J. D., Mielke, E. W., and Ne’emann, Y. (1995). Phys. Rep. 258, 1; see also Blagojević, M. (2002). Gravitation and Gauge Symmetries (IOP Publishing, Bristol).

[2] The basic references on torsion gravity can be found in Hammond, R. T. (2002). Rep.

Prog. Phys. 65, 599.

[3] The name teleparallel gravity is normally used to denote the general three-parameter theory introduced in Hayashi, K. and Shirafuji, T. (1979). Phys. Rev. D19, 3524. Here, however, we use it as a synonymous for the teleparallel equivalent of general relativity, a theory obtained for a specific choice of these parameters.

[4] For a recent appraisal on the three-parameter teleparallel gravity, see Obukhov, Yu.

N. and Pereira, J. G. (2003). Phys. Rev. D67, 044016.

[5] de Andrade, V. C. and Pereira, J. G. (1997). Phys. Rev. D56, 4689.

[6] See the Preface of Synge, J. L. (1960). Relativity: The General Theory (J. Wiley, New York).

[7] Damour, T. (2001). Contribution to the ONERA workshop on “Missions spatiales en physique fondamentale”, to appear in a special issue of the Comptes Rendus de l’Academie des Sciences (Paris), ed C Bordé and P Touboul [gr-qc/0109063].

[8] See, for example, Aldrovandi, R. and Pereira, J. G. (1995). An Introduction to Geometrical Physics (World Scientific, Singapore).

[9] de Andrade, V. C., Guillen, L. C. T. and Pereira, J. G. (2000). Phys. Rev. Lett. 84, 4533.

[10] Landau, L. D. and Lifshitz, E. M. (1975). The Classical Theory of Fields (Pergamon, Oxford)

[11] Aldrovandi, R., Barros, P. B. and Pereira, J. G. (2003). Gen. Rel. Grav. 35, 991.

[12] For a recent overview on the experimental tests of the equivalence principle, see Will, C. M. (2001). Living Rev. Rel. 4, 4; see also Haugan, M. P. and Lämerzahl, C. (2001). Lect. Notes Phys. 562, 195.

[13] This is true even in the presence of spinor fields, provided an appropriate spin connection is used; see de Andrade, V. C., Guillen, L. C. T. and Pereira, J. G. (2001). Phys. Rev. D64, 027502.

[14] Misner, C. W., Thorne, K. S. and Wheeler, J. A. (1973). Gravitation (Freeman, New York).

[15] Lämmerzahl, C. (1996). Gen. Rel. Grav. 28, 1043; Lämmerzahl, C. (1998). Acta Phys. Polon. 29, 1057; Chiao, R. Y. (2003). In Wheeler’s 90th Birthday Symposium Proceedings (Cambridge University Press, Cambridge) [gr-qc/0303100].

[16] Fock, V. A. and Iwanenko, D. (1929). Z. Phys. 54, 798.