arXiv:gr-qc/0305059 v1 15 May 2003

Global existence and asymptotic behaviour in the future for the Einstein-Vlasov system with positive cosmological constant

Sophonie Blaise Tchapnda N.^1 and Alan D. Rendall^2 1Department of Mathematics, Faculty of Science, University of Yaounde I, PO Box 812, Yaounde, Cameroon tchapnda@uycdc.uninet.cm 2Max-Planck-Institut für Gravitationsphysik Am Mühlenberg 1, D-14476 Golm, Germany rendall@aei.mpg.de

Abstract

The behaviour of expanding cosmological models with collisionless matter and a positive cosmological constant is analysed. It is shown that under the assumption of plane or hyperbolic symmetry the area radius goes to infinity, the spacetimes are future geodesically complete, and the expansion becomes isotropic and exponential at late times. This proves a form of the cosmic no hair theorem in this class of spacetimes.

1 Introduction

The presence of a positive cosmological constant Λ can lead to exponential expansion in cosmological models. This is the simplest mathematical description of an inflationary universe. Under certain circumstances the de Sitter solution acts as a late time attractor for more general solutions of the Einstein equations with Λ > 0. This is sometimes known as the cosmic no hair theorem. Up to now there are unfortunately not many cases where this kind of statement has been proved rigorously for inhomogeneous spacetimes.

A positive cosmological constant can be introduced in Newtonian cosmology and this provides a simplified model for the general relativistic case. In [4] a form of the cosmic no hair theorem was proved in Newtonian cosmology. A perfect fluid was used as a matter model and solutions were considered which evolve from initial data which are small but finite perturbations of homogeneous data. It was shown that if the homogeneous solution exists globally in the future the same is true of the inhomogeneous solution. Of course a global in time existence theorem is a prerequisite for a proof of the cosmic no hair theorem. It was then shown that the inhomogeneous solutions have a behaviour at late times which is qualitatively similar to that of the homogeneous model. If ρ̄ is the mean density and δρ = ρ − ρ̄ then δρ/ρ̄ converges as t → ∞. In Newtonian cosmology there is also a theorem about the late time asymptotics of models with a kinetic description of matter by the Vlasov equation and with vanishing cosmological constant [8]. The boundedness of δρ/ρ̄ is also obtained in that case. Adding a positive cosmological constant to the problem considered in [8] would presumably simplify the analysis but this has not been attempted.

In general relativity the problem of proving the cosmic no hair theorem is more difficult. In the spatially homogeneous case there is a general result of Wald [12] on spacetimes with positive cosmological constant which does not depend on the details of the matter content but only on energy conditions. There is one example where future geodesic completeness has been proved for a class of inhomogeneous spacetimes with matter [7]. This concerns solutions of the Einstein-Vlasov system with hyperbolic symmetry and Λ = 0 satisfying an additional inequality on the initial data. Under those assumptions geodesic completeness was proved but only limited information was obtained on the asymptotic behaviour at late times. In the following we will show that in the presence of a positive cosmological constant this result can be strengthened a lot. Future geodesic completeness is proved for all solutions with hyperbolic and plane symmetry. Moreover the asymptotic behaviour is shown to closely resemble that of the de Sitter solution. It should be mentioned that in the case of the vacuum Einstein equations there is a proof of a form of the cosmic no hair theorem which does not require symmetry assumptions but does require a small data restriction [5].

In this paper we study solutions of the Einstein equations with positive cosmological constant coupled to the Vlasov equation describing collisionless matter. Under the assumption of plane or hyperbolic symmetry we show that the solutions are future geodesically complete and we obtain a detailed description of their late time behaviour, which is similar to that of the de Sitter solution. The proof is built on the local existence theorem and continuation criterion previously proved by Tchapnda and Noutchegueme [11].

Let us recall the formulation of the Einstein-Vlasov system which governs the time evolution of a self-gravitating collisionless gas in the context of general relativity; for the moment we do not assume any symmetry of the spacetime. All the particles in the gas are assumed to have equal rest mass, normalized to unity. The four-momentum of each particle is a futurepointing unit timelike vector so that the number density f of particles is a non-negative function supported on the mass shell P M := {g_{αβ}p^αp^β = −1, p^0 > 0}, a submanifold of tangent bundle T M of the space-time manifold M with metric g (the signature is − + ++). We use coordinates (t, x^a) with zero shift and corresponding canonical momenta p^α ; Greek indices always run from 0 to 3, and Latin ones from 1 to 3. On the mass shell P M the variable p^0 becomes a function of the remaining variables (t, x^a, p^b) :

p^0 = √ −g^{00} √ 1 + g_{ab}p^ap^b. The Einstein-Vlasov system now reads ∂_tf + p^a p^0 ∂_xa f − 1 p^0

Γ^a_{βγ} p^βp^γ ∂_pa f = 0 G_{αβ} + Λg_{αβ} = 8πT_{αβ} T_{αβ} = − ∫ R^3 fp_αp_β|g|^{1/2} dp^1dp^2dp^3 p_0

where p_α = g_{αβ}p^β, Γ^α_{βγ} are the Christoffel symbols, |g| denotes the determinant of the metric g, G_{αβ} the Einstein tensor, Λ the cosmological constant, and T_{αβ} is the energy-momentum tensor.

In this paper we want to investigate the Einstein-Vlasov system with positive cosmological constant and plane or hyperbolic symmetry in the expanding direction. For the notion of spherical, plane or hyperbolic symmetry, we refer to [9]. We write the system in areal coordinates, i.e., the coordinates are chosen such that R = t, where R is the area radius function on a surface of symmetry.

The circumstances under which coordinates of this type exist are discussed in [2] for the Einstein-Vlasov system with vanishing cosmological constant. It will now be shown that the analysis there can be extended to the situation under consideration here. Consider first the Einstein equations with a general matter model satisfying the dominant energy condition and Λ = 0. For plane symmetric spacetimes it follows from Proposition 3.1 of [10] that the gradient of R is always timelike. The corresponding statment in the case of hyperbolic symmetry can be proved by the argument in Step 1 in section 4 of [2]. When there is a cosmological constant we can consider it as a fictitious matter field with ‘energy-momentum tensor’ −Λg_{αβ}. This fictitious matter field satisfies the dominant energy condition. The same is true of the tensor which is the sum of the fictitious energy-momentum tensor with the energy-momentum tensor of real matter satisfying the dominant energy condition. It can be concluded from all this that the gradient of R is timelike for the Einstein-Vlasov system with positive cosmological constant and plane or hyperbolic symmetry. The remainder of Step 1 and Step 2 in section 4 of [1] and [2] can be extended to the case where a positive cosmological constant is present using the same method of the fictitious energy-momentum tensor. The only property which is required in addition to the dominant energy condition is the inequality q ≤ ρ−p and this is satisfied by the fictitous energy-momentum tensor. From this point it is possible to argue exactly as in [1] and [2] to conclude that a solution of the Einstein- Vlasov system with positive cosmological constant and plane or hyperbolic symmetry contains a Cauchy surface where R is constant. Hence there is no loss of generality in restricting consideration to spacetimes evolving from a hypersurface of constant areal time.

Since the gradient of R is everywhere timelike it must be either everywhere future-pointing timelike or everywhere past-pointing timelike. We choose a time orientation such that the latter is the case. Then the expanding direction of the cosmological model corresponding to increasing area radius t.

The metric takes the form

ds^2 = −e^{2μ(t,r)}dt^2 + e^{2λ(t,r)}dr^2 + t^2(dθ^2 + sin^2_k θdφ^2) (1.1)

Here t > 0, the functions λ and μ are periodic in r with period 1 and

sin_k θ := sin θ if k = 1 1 if k = 0 sinh θ if k = −1

For the case k = 1 the orbits of the symmetry action are two-dimensional spheres. In this spherically symmetric case, as well as in the case Λ < 0, the global result below is seen to be false, cf. [11], so these cases will not be considered further. For the plane symmetric case k = 0 the orbits of the symmetry action are flat tori, they are hyperbolic spaces for the hyperbolic symmetry k = −1. The coordinates (θ, φ) range in [0, 2π]×[0, 2π] or [0, ∞[×[0, 2π] for k = 0, −1 respectively. It has been shown in [6] and [2] that due to the symmetry f can be written as a function of

t, r, w := e^λp^1 and F := t^4(p^2)^2 + t^4 sin^2_k θ(p^3)^2,

i.e. f = f(t, r, w, F ). In these variables we have p^0 = e^{−μ} √ 1 + w^2 + F/t^2.

After calculating the Vlasov equation in these variables, the non-trivial components of the Einstein tensor, and the energy-momentum tensor and denoting by a dot or by prime the derivatives of the metric components with respect to t or r respectively, the complete Einstein-Vlasov system reads as follows : ∂_tf + e^{μ−λ}w √ 1 + w^2 + F/t^2 ∂_rf − (λ̇w + e^{μ−λ}μ^′ √ 1 + w^2 + F/t^2)∂_wf = 0 (1.2)

e^{−2μ}(2tλ̇ + 1) + k − Λt^2 = 8πt^2ρ (1.3)

e^{−2μ}(2tμ̇ − 1) − k + Λt^2 = 8πt^2p (1.4) μ^′ = −4πte^{λ+μ}j (1.5)

e^{−2λ} ( μ^{′′} + μ^′(μ^′ − λ^′) ) − e^{−2μ} ( λ̈ + (λ̇ − μ̇)(λ̇ + 1 t ) ) + Λ = 4πq (1.6)

where ρ(t, r) := π t^2 ∫_∞ −∞ ∫_∞ 0 √ 1 + w^2 + F/t^2f(t, r, w, F )dF dw = e^{−2μ}T_{00}(t, r) (1.7)

p(t, r) := π t^2 ∫_∞ −∞ ∫_∞ 0 w^2 √ 1 + w^2 + F/t^2 f(t, r, w, F )dF dw = e^{−2λ}T_{11}(t, r) (1.8) j(t, r) := π t^2 ∫_∞ −∞ ∫_∞ 0 wf(t, r, w, F )dF dw = −e^{λ+μ}T_{01}(t, r) (1.9)

q(t, r) := π t^4 ∫_∞ −∞ ∫_∞ 0 F √ 1 + w^2 + F/t^2 f(t, r, w, F )dF dw = 2 t^2 T_{22}(t, r). (1.10) We prescribe initial data at some time t = t_0 > 0, f(t_0, r, w, F ) =^∘f(r, w, F ), λ(t_0, r) =^∘λ(r), μ(t_0, r) =^∘μ(r). The organization of the paper is as follows. In the next section we show that the solution of the initial value problem corresponding to the Einstein- Vlasov system (1.2)-(1.6) exists for all t ≥ t_0. In section 3 we first prove that the spacetime obtained in section 2 is timelike and null geodesically complete towards the future; later on we determine the explicit leading behaviour of solution, compute the generalized Kasner exponents and prove that each of them tends to^1_3 as t tends to +∞.

2 Global existence in the future

In this section we follow the approach of [2]. We make use of the continuation criterion in the following local existence result :

Proposition 2.1 Let^∘f ∈ C^1(R^2 × [0, ∞[) with^∘f (r + 1, w, F ) =^∘f(r, w, F ) for (r, w, F ) ∈ R^2 × [0, ∞[,^∘f ≥ 0, and w_0 := sup{|w||(r, w, F ) ∈ supp^∘f} < ∞

F_0 := sup{F |(r, w, F ) ∈ supp^∘f} < ∞

Let^∘λ ∈ C^1(R),^∘μ ∈ C^2(R) with^∘λ(r) =^∘λ(r + 1),^∘μ(r) =^∘μ(r + 1) for r ∈ R, and ∘ μ^′(r) = −4πt_0e ∘ λ+^∘μ ∘ j(r) = − 4π^2 t_0 e ∘ λ+^∘μ ∫_∞ −∞ ∫_∞ 0 w^∘f(r, w, F )dF dw, r ∈ R. Then there exists a unique, right maximal, regular solution (f, λ, μ) of (1.2)- (1.6) with (f, λ, μ)(t_0) = (^∘f,^∘λ,^∘μ) on a time interval [t_0, T [ with T ∈]t_0, ∞]. If sup {μ(t, r)|r ∈ R, t ∈ [t_0, T [} < ∞ then T = ∞.

This is the content of Thms. 3.3 and 3.4 in [11]. For a regular solution all derivatives which appear in the system exist and are continuous by definition, cf. [11].

We now establish a series of estimates which will result in an upper bound on μ and will therefore prove that T = ∞. Similar estimates were used in [1] for the Einstein-Vlasov system with Gowdy symmetry and were generalized to the case of T^2 symmetry in [3]. Unless otherwise specified in what follows constants denoted by C will be positive, may depend on the initial data and on Λ and may change their value from line to line.

Firstly, integration of (1.4) with respect to t and the fact that p is nonnegative imply that

e^{2μ(t,r)} = [ t_0(e^{−2 ∘μ(r)} + k) t − k − 8π t ∫_t t_0 s^2p(s, r)ds + Λ 3t (t^3 − t^3_0) ]_{−1}

≥ t C − kt +^Λ_3 t^3

, t ∈ [t_0, T [. (2.1)

In this inequality, C does not depend on Λ. Next we claim that ∫_1 0 e^{μ+λ}ρ(t, r)dr ≤ Ct^{−3}, t ∈ [t_0, T [. (2.2) A lengthy computation shows that d dt ∫_1 0 e^{μ+λ}ρ(t, r)dr = − 1 t ∫_1 0 e^{μ+λ} [ 2ρ + q − ρ + p 2 (1 + ke^{2μ} − Λt^2e^{2μ}) ] dr. (2.3) Now using (2.1) we have

1 + ke^{2μ} − Λt^2e^{2μ} ≤ 1 + kt − Λt^3 C − kt +^Λ_3 t^3 = C −^2_3 Λt^3 C − kt +^Λ_3 t^3 .

The right hand side of this inequality is negative if t ≥ (^{3C}_{2Λ} )^{1/3}. In this case 1 + ke^{2μ} − Λt^2e^{2μ} ≤ 0 so that, using the fact that q ≥ 0 and p ≥ 0, (2.3) implies that d dt ∫_1 0 e^{μ+λ}ρ(t, r)dr ≤ − 1 t ∫_1 0 e^{μ+λ} [ 2ρ − ρ 2 (1 + ke^{2μ} − Λt^2e^{2μ}) ] dr. (2.4) Setting C^′(Λ) :=^3_Λ (3C − 2k), we have the estimate

1 + ke^{2μ} − Λt^2e^{2μ} ≤ 1 + kt − Λt^3 C − kt +^Λ_3 t^3

≤ C^′(Λ)t^{−2} − 2,

and combining this with (2.4) yields d dt ∫_1 0 e^{μ+λ}ρ(t, r)dr ≤ − 3 t ∫_1 0 e^{μ+λ}ρdr + C^′(Λ) 2t^3

∫_1 0 e^{μ+λ}ρ(t, r)dr which multiplied by t^3 gives d dt [ t^3

∫_1 0 e^{μ+λ}ρdr ] ≤ Ct^{−3} [ t^3

∫_1 0 e^{μ+λ}ρdr ]

By Gronwall’s inequality, this implies that ∫_1 0 e^{μ+λ}ρ(t, r)dr ≤ Ct^{−3}, i.e. (2.2) for t ≥ (^{3C}_{2Λ} )^{1/3}. For t < (^{3C}_{2Λ} )^{1/3}, (2.3) implies the following, since q ≥ 0 : d dt ∫_1 0 e^{μ+λ}ρ(t, r)dr ≤ − 2 t ∫_1 0 e^{μ+λ}ρdr + 1 t ∫_1 0 e^{μ+λ} ρ + p 2 dr + 1 t ∫_1 0 (k − Λt^2)e^{2μ}e^{μ+λ} 2 (ρ + p)dr ≤ − 1 t ∫_1 0 e^{μ+λ}ρdr, we have used the fact that ρ ≥ p and k − Λt^2 ≤ 0. By Gronwall’s inequality, we obtain

∫_1 0 e^{μ+λ}ρ(t, r)dr ≤ Ct^{−1} ≤ (Ct^2 + C)t^{−3} ≤ [ C( 3C 2Λ )^{2/3} + C ] t^{−3} since t < ( 3C 2Λ )^{1/3} that is (2.2) holds for t < (^{3C}_{2Λ} )^{1/3} as well. Using (2.2) and the equation μ^′ = −4πte^{μ+λ}j we find | μ(t, r) − ∫_1 0 μ(t, σ)dσ | =| ∫_1 0 ∫_r σ μ^′(t, τ)dτdσ |≤ ∫_1 0 ∫_1 0 |μ^′(t, τ)|dτdσ ≤ 4πt ∫_1 0 e^{μ+λ}|j(t, τ)|dτ ≤ 4πt ∫_1 0 e^{μ+λ}ρ(t, τ)dτ ≤ Ct^{−2}, t ∈ [t_0, T [, r ∈ [0, 1]. (2.5)

Next we show that e^{μ(t,r)−λ(t,r)} ≤ Ct^{−2}, t ∈ [t_0, T [, r ∈ [0, 1] (2.6) To see this observe that by (1.3), (1.4) and (2.1) ∂ ∂t e^{μ−λ} = e^{μ−λ} [ 4πte^{2μ}(p − ρ) + 1 + ke^{2μ} t − Λte^{2μ} ] ≤ e^{μ−λ} [ 1 + ke^{2μ} t − Λte^{2μ} ]

≤ [ 1 t + k − Λt^2 C − kt +^Λ_3 t^3 ] e^{μ−λ}. Using the fact that −k +Λt^2 is the derivative of C −kt+^Λ_3 t^3 and integrating this inequality with respect to t yields e^{μ−λ} ≤ C t C − kt +^Λ_3 t^3 ≤ Ct^{−2}, i.e. (2.6).

We now estimate the average of μ over the interval [0, 1] which in combination with (2.5) will yield the desired upper bound on μ :

∫_1 0 μ(t, r)dr = ∫_1 0 ∘ μ(r)dr + ∫_t t_0

∫_1 0 μ̇(s, r)drds ≤ C + ∫_t t_0 1 2s ∫_1 0 [e^{2μ}(8πs^2p + k − Λs^2) + 1]drds ≤ C + 1 2 ln(t/t_0) + C ∫_t t_0 s^{−4}ds − 1 2 ∫_t t_0

−k + Λs^2 C − ks +^Λ_3 s^3 ds

≤ C + 1 2 [ ln s C − ks +^Λ_3 s^3 ]_{s=t} s=t_0 where we used (2.1), (2.2), (2.6) and the fact that p ≤ ρ. With (2.5) this implies

μ(t, r) ≤ C(1 + t^{−2} + ln t^{−2}) ≤ C, t ∈ [t_0, T [, r ∈ [0, 1] (2.7)

which by Proposition 2.1 implies T = ∞. Thus we have proven :

Theorem 2.2 For initial data as in Proposition 2.1 the solution of the Einstein-Vlasov system with positive cosmological constant and plane or hyperbolic symmetry, written in areal coordinates, exists for all t ∈ [t_0, ∞[ where t denotes the area radius of the surfaces of symmetry of the induced spacetime. The solution satisfies the estimates (2.2), (2.6) and (2.7).

3 On future asymptotic behaviour

In the first part of this section we prove that the spacetime obtained in Theorem 2.2 is timelike and null geodesically complete in the expanding direction. The analogue of this result was proved by Rein, cf. [7], in the case Λ = 0, k = −1 but with initial data satisfying a certain size restriction, an additional assumption which we drop here due to the fact that Λ does not vanish. The proofs of the results obtained in the first two subsections are modelled on the approach of [7]. In this section we are interested in proving statements about the asymptotic behaviour of solutions at late times. Therefore there is no loss of generality in prescribing data at some large time t = t_0 > 0.

Firstly we establish a bound on w along characteristics of the Vlasov equation.

3.1 An estimate along characteristics Let w_0 := sup{|w||(r, w, F ) ∈ supp^∘f} < ∞,

F_0 := sup{F |(r, w, F ) ∈ supp^∘f} < ∞. Except in the vacuum case we have w_0 > 0 and F_0 > 0. For t ≥ t_0 define P_+(t) := max{0, max{w|(r, w, F ) ∈ suppf(t)}}, P_−(t) := min{0, min{w|(r, w, F ) ∈ suppf(t)}}. Fix ε ∈]0, 1[. We claim that

P_+(t) ≤ w_0 ( t t_0 )_{−1+ε} , P_−(t) ≥ −w_0 ( t t_0 )_{−1+ε} , t ≥ t_0. (3.1)

Assume that the estimate on P_+ were false for some t. Define

t_1 := sup { t ≥ t_0|P_+(s) ≤ w_0 ( s t_0 )_{−1+ε} , t_0 ≤ s ≤ t } so that t_0 ≤ t_1 < ∞ and P_+(t_1) = w_0 (_{t1} t_0 )_{−1+ε} > 0. Choose α ∈]0, 1[. By continuity, there exists some t_2 > t_1 such that the following holds : (1 − α)P_+(s) > 0, s ∈ [t_1, t_2].

If for some characteristic curve (r(s), w(s), F ) in the support of f, that is with (r(t_0), w(t_0), F ) ∈ supp^∘f, and for some t ∈]t_1, t_2] the estimate (1 − α/2)P_+(t) ≤ w(t) ≤ P_+(t) (3.2) holds then (1 − α)P_+(s) ≤ w(s) ≤ P_+(s), s ∈ [t_1, t]. (3.3) Note that the estimates on w from above hold by definition of P_+ in any case. Let (r(s), w(s), F ) be a characteristic in the support of f satisfying (3.2) for some t ∈]t_1, t_2] and thus (3.3) on [t_1, t]. Then on [t_1, t],

ẇ =

4π^2 s e^{2μ} ∫_∞ −∞ ∫_∞ 0 ( w̃ √ 1 + w^2 + F/s^2 − w √ 1 + w̃^2 + F̃ /s^2 ) fdF̃ dw̃ + 1 + ke^{2μ} 2s w − Λ 2 swe^{2μ} ≤ 4π^2 s e^{2μ} ∫_{P+(s)} 0 ∫_{F0} 0 w̃^2(1 + w^2 + F/s^2) − w^2(1 + w̃^2 + F̃ /s^2) w̃ √ 1 + w^2 + F/s^2 + w √ 1 + w̃^2 + F̃ /s^2 fdF̃ dw̃

+ 1 + ke^{2μ} 2s w − Λ 2 swe^{2μ} ≤ 4π^2 s e^{2μ} ∫_{P+(s)} 0 ∫_{F0} 0 w̃(1 + F ) w fdF̃ dw̃ + 1 + ke^{2μ} 2s w − Λ 2 swe^{2μ} ≤ 4π^2F_0(1 + F_0) ‖^∘f ‖ e^{2μ} 2s P^2_+(s) 1 w + 1 + ke^{2μ} − Λs^2e^{2μ} 2s w (3.4)

≤ 4π^2F_0(1 + F_0) ‖^∘f ‖ 1 (1 − α)^2 e^{2μ} 2s w + 1 + ke^{2μ} − Λs^2e^{2μ} 2s w, using (3.3) ≤ 1 + (C + k − Λs^2)e^{2μ} 2s w. Since s is large, C + k − Λs^2 is negative so that using (2.1) we have ẇ ≤ 1 +^{Cs+ks−Λs3} C−ks+^Λ_3 s^3 2s w. (3.5) Now 3 + Cs + ks − Λs^3 C − ks +^Λ_3 s^3 = 3C + Cs − 2ks C − ks +^Λ_3 s^3 ≤ ( 9C Λ s^{−1} + 3C Λ − 6k Λ ) s^{−2} ≤ C − 6k Λ s^{−2} so that setting C^′(Λ) :=^{C−6k}_Λ we obtain the estimate 1 + Cs + ks − Λs^3 C − ks +^Λ_3 s^3

≤ C^′(Λ)s^{−2} − 2. (3.6)

Thus (3.5) implies that ẇ ≤ − w s + C^′(Λ) 2 s^{−3}w which multiplied by s^{1−ε} gives d ds (s^{1−ε}w) ≤ s^{1−ε}w ( −εs^{−1} + C^′(Λ) 2 s^{−3} )

≤ 0 since s is large.

Thus the function s → s^{1−ε}w(s) is decreasing on [t_1, t]. This implies that

t^{1−ε}w(t) ≤ t^{1−ε}_1 w(t_1) ≤ t^{1−ε}_1 P_+(t_1) = w_0 t^{−1+ε}_0

by assumption on t_1 and so w(t) ≤ w_0 ( t t_0 )_{−1+ε} . (3.7)

This estimate holds only for characteristics which satisfy (3.2), but this is sufficient to conclude that

P_+(t) ≤ w_0 ( t t_0 )_{−1+ε} , t ∈ [t_1, t_2],

in contradiction to the choice of t_1. The estimate on P_+ is now established. The analogous arguments for characteristics with w < 0 yield the assertion for P_−.

Next we consider characteristics which are not in the support of f. We can rewrite the inequality (3.4) for s ∈ [t_0, t] and w(s) > 0 :

ẇ ≤ 4π^2F_0(1 + F_0) ‖^∘f ‖ e^{2μ} 2s P^2_+(s) 1 w + 1 + (k − Λs^2)e^{2μ} 2s w. From (2.1) and (3.6) it follows that^{1+(k−Λs2 )e2μ}_{2s} ≤ 0. Using the estimate (3.1) on P_+ and (2.7) we obtain ẇ ≤ Cs^{2ε−3} 1 2w . Hence d ds (w^2) ≤ Cs^{2ε−3}.

Integrating this over [t_0, t] yields

w^2(t) ≤ C, t ≥ t_0. (3.8)

The analogous arguments for characteristics outside the support of f with w < 0 yield the same estimate. Thus by (3.7), (3.1) and (3.8) we can state : Proposition 3.1 For any characteristic (r, w, F ), for any solution of Einstein- Vlasov system with positive cosmological constant and plane or hyperbolic symmetry written in areal coordinates and with initial data as in Proposition 2.1, |w(t)| ≤ C, t ≥ t_0, where the positive constant C depends on the initial data.

3.2 Geodesic completeness Let ]τ_−, τ_+[∋ τ → (x^α(τ), p^β(τ)) be a geodesic whose existence interval is maximally extended and such that x^0(τ_0) = t(τ_0) = t_0 for some τ_0 ∈]τ_−, τ_+[. We want to show that for future-directed timelike and null geodesics τ_+ = +∞. Consider first the case of a timelike geodesic, i.e.,

g_{αβ}p^αp^β = −m^2 ; p^0 > 0

with m > 0. Since^{dt}_{dτ} = p^0 > 0, the geodesic can be parametrized by the coordinate time t. With respect to coordinate time the geodesic exists on the interval [t_0, ∞[ since on bounded t-intervals the Christoffel symbols are bounded and the right hand sides of the geodesic equations written in coordinate time are linearly bounded in p^1, p^2, p^3. Recall that along geodesics the variables t, r, p^0, w := e^λp^1, F := t^4 [ (p^2)^2 + sin^2_k θ(p^3)^2 ] satisfy the following system of differential equations : dr dτ = e^{−λ}w, dw dτ = −λ̇p^0w − e^{2μ−λ}μ^′(p^0)^2, dF dτ = 0 (3.9)

dt dτ = p^0, dp^0 dτ = −μ̇(p^0)^2 − 2e^{−λ}μ^′p^0w − e^{−2μ}λ̇w^2 − e^{−2μ}t^{−3}F. (3.10)

Along the geodesic we define w and F as above. Then the relation between coordinate time and proper time along the geodesic is given by dt dτ = p^0 = e^{−μ} √ m^2 + w^2 + F/t^2,

and to control this we need to control w as a function of coordinate time. By (2.1) we have the estimate e^μ ≥ Ct^{−1}, t ≥ t_0.

Combining this with the estimate on w in Proposition 3.1 yields the following along the geodesic : dτ dt = e^μ √ m^2 + w^2 + F/t^2 ≥ Ct^{−1} √ m^2 + C + F . Since the integral of the right hand side over [t_0, ∞[ diverges, τ_+ = +∞ as desired. In the case of a future-directed null geodesic, i.e. m = 0 and p^0(τ_0) > 0, p^0 is everywhere positive and the quantity F is again conserved. The argument can now be carried out exactly as in the timelike case, implying that τ_+ = +∞. We have proven :

Theorem 3.2 Consider initial data with plane or hyperbolic symmetry for the Einstein-Vlasov system with positive cosmological constant. Suppose that the regularity properties required in the statement of Proposition 2.1 are satisfied. If the gradient of R is initially past-pointing then there is a corresponding Cauchy development which is future geodesically complete.

3.3 Determination of the leading asymptotic behaviour

In this subsection we determine the explicit leading behaviour of λ, μ, λ̇, μ̇, μ^′, and later on we compute the generalized Kasner exponents and prove that each of them tends to 1/3 as t tends to +∞.

Let us recall briefly some of the relevant notation. Let I be a set of real numbers and t_∗ a real number or infinity. The asymptotic behaviour of a function g defined on I as t → t_∗ is to be described. It will be compared with a positive function h(t), typically a power of t. The notation g(t) = O(h(t)) as t → t_∗ means that there is a neighbourhood U of t_∗ such that there is a constant C with |g(t)| ≤ Ch(t) for all t belonging to both I and U. The notation g(t) = o(h(t)) as t → t_∗ means that g(t)/h(t) tends to 0 as t → t_∗.

Now (1.4) can be written in the form d dt (te^{−2μ}) = Λt^2 − k − 8πt^2p. (3.11)

Integrating this over [t_0, t] yields

te^{−2μ} = (t_0e^{−2μ(t0)} + kt_0 − Λ 3 t^3_0) + Λ 3 t^3 − kt − ∫_t t_0

8πs^2pds. (3.12)

By (3.7) we have the following, where C is a positive constant and ε ∈]0, 1[ : w ≤ Ct^{−1+ε} for t ≥ t_0. Using the expression (1.8) for p, this implies that p ≤ Ct^{−5+3ε} so that 8πt^2p ≤ Ct^{−3+3ε}. (3.13) Assuming ε < 2/3 we obtain, using (3.12) |te^{−2μ} − Λ 3 t^3 + kt| ≤ C, i.e., e^{−2μ} = Λ 3 t^2 ( 1 + O(t^{−2}) ) . It follows that e^μ = √ 3 Λ t^{−1} ( 1 + O(t^{−2}) ) . (3.14)

Now by (1.3), and using (3.14) and the fact that 8πtρ = O(t^{−2+ε}), we have

λ̇ = 1 2 (Λt + 8πtρ)e^{2μ} − 1 + ke^{2μ} 2t = 3 2Λ t^{−2} ( 1 + O(t^{−2}) ) ( Λt + O(t^{−2+ε}) ) − 1 2t − k 2t [ 3 Λ t^{−2} ( 1 + O(t^{−2}) ) ]

and hence λ̇ = t^{−1} (1 + O(t^{−2})) . (3.15)

Integrating this over [t_0, t] yields

λ = ln t [ 1 + O ( (ln t)^{−1} )] . (3.16)

Next, using (1.4), (3.13) and (3.14) we have μ̇ = −t^{−1} ( 1 + O(t^{−2}) ) (3.17)

and integrating this over [t_0, t] yields

μ = − ln t [ 1 + O ( (ln t)^{−1} )] . (3.18)

Now (3.16) implies that e^λ = O(t), the expression (1.9) of j implies that |j| ≤ Ct^{−4+2ε} and thus using equation (1.5) we obtain

μ^′ = O(t^{−3+2ε}). (3.19)

We can now compute the limiting values of the generalized Kasner exponents namely

K^1_1 (t, r) K(t, r) = tλ̇(t, r) tλ̇(t, r) + 2 , K^2_2 (t, r) K(t, r) = K^3_3 (t, r) K(t, r) = 1 tλ̇(t, r) + 2 , where K(t, r) = K^i_i (t, r) is the trace of the second fundamental form K_{ij} of the metric. We refer to [6] for the computation. Using (3.15), we see that as t tends to +∞, each of those quantities tends to 1/3 uniformly in r ∈ R. We have proved the following :

Theorem 3.3 Let (f, λ, μ) be a solution of the Einstein-Vlasov system with plane or hyperbolic symmetry and Λ > 0 given in the expanding direction. Then the following properties hold at late times : (3.15), (3.16), (3.17), (3.18), (3.19), with ε ∈]0, 2/3[ ; and lim t→+∞ K^1_1 (t, r) K(t, r) = lim_{t→+∞}

K^2_2 (t, r) K(t, r) = lim_{t→+∞}

K^3_3 (t, r) K(t, r) = 1 3 . This theorem shows how the de Sitter solution acts as a model for the dynamics of the class of solutions considered in this paper. For if we set λ = ln t, μ = − ln t and k = 0 the spacetime obtained is the de Sitter solution. Thus the leading terms in the asymptotic expansions of the metric components are exactly the quantities defined by the de Sitter spacetime.

Acknowledgements : The authors acknowledge support by a research grant from the VolkswagenStiftung, Federal Republic of Germany. The major part of this work was carried out while SBTN was enjoying the hospitality of the Max Planck Institute for Gravitational Physics, Golm.

References

[1] Andréasson, H. 1999 Global foliations of matter spacetimes with Gowdy symmetry. Commun. Math. Phys. 206 337-366.

[2] Andréasson, H., Rein, G. and Rendall, A. D. On the Einstein-Vlasov system with hyperbolic symmetry. Preprint gr-qc/0110089, to appear in Math. Proc. Camb. Phil. Soc.

[3] Andréasson, H., Rendall, A. D. and Weaver, M. Existence of CMC and constant areal time foliations in T^2 symmetric spacetimes with Vlasov matter. Preprint gr-qc/0211063.

[4] Brauer, U., Rendall, A. D. and Reula, O. 1994 The cosmic no-hair theorem and the nonlinear stability of homogeneous Newtonian cosmological models. Class. Quantum Grav. 11 2283-2296.

[5] Friedrich, H. 1986 Existence and structure of past asymptotically simple solutions of Einstein’s field equations with positive cosmological constant. J. Geom. Phys. 3 101-117.

[6] Rein, G. 1996 Cosmological solutions of the Vlasov-Einstein system with spherical, plane, and hyperbolic symmetry. Math. Proc. Camb. Phil. Soc. 119 739-762.

[7] Rein, G. On future geodesic completeness for the Einstein-Vlasov system with hyperbolic symmetry. Preprint gr-qc/0203066, to appear in Math. Proc. Camb. Phil. Soc.

[8] Rein, G. 1997 Nonlinear stability of homogeneous models in Newtonian cosmology. Arch. Rational Mech. Anal. 140 335-351.

[9] Rendall, A. D. 1995 Crushing singularities in spacetimes with spherical, plane and hyperbolic symmetry. Class. Quantum Grav. 12 1517-1533.

[10] Rendall, A. D. 1997 Existence of constant mean curvature hypersurfaces in spacetimes with two-dimensional local symmetry. Commun. Math. Phys. 159 145-164.

[11] Tchapnda, S. B. and Noutchegueme, N. The Einstein-Vlasov system with cosmological constant in a surface-symmetric cosmological model: local existence and continuation criteria. Preprint gr-qc/0304098.

[12] Wald, R. M. 1983 Asymptotic behaviour of homogeneous cosmological models with cosmological constant. Phys. Rev. D 28 2118-2120.