arXiv:gr-qc/0306026 v1 6 Jun 2003

Preprint typeset in JHEP style - PAPER VERSION YITP-SB-03-25

gr-qc/0306026

On stationary metrics in five dimensions

Pieter-Jan De Smet

C. N. Yang Institute of Theoretical Physics State University of New York Stony Brook, NY 11794-3840, USA E-mail: Pieterj@insti.physics.sunysb.edu

Abstract: It is well-known that the Kerr-metric (rotating black hole in four dimensions) has Petrov type D. We prove a similar property in five dimensions. The Myers-Perry metric (rotating black hole in five dimensions) with one non-zero angular momentum has Petrov type 22. Conversely, we show that the Myers-Perry solution is unique within a certain restricted class of metrics of Petrov type 22.

Keywords: Classical Theories of Gravity, Black Holes.

Contents

1. Introduction 1

2. The Petrov type of the Myers-Perry solution 2

3. The Myers-Perry solution is unique 2 3.1 The ansätze 3 3.2 The condition on the Petrov type 3 3.3 Solutions of the field equations 4

4. Conclusions 5

A. More details 6

1. Introduction

The metric of a four-dimensional rotating mass is described by the Kerr-metric. This metric is algebraically special: it has Petrov type D. As far as we know, there is no easy mathematical or physical reason for this surprising result. The Schwarzschild metric also has Petrov type D. However, this already follows from the isometries of the metric, without using the detailed form of it. A rotating black hole has very few isometries and it has taken physicists a long time to find its metric. Kerr found it by looking within the class of metrics of Petrov type D; he was lucky to find it there.

In this paper we point out that something similar holds in five dimensions. The fivedimensional Schwarzschild metric has Petrov type 22 (see ref [1] for a discussion of the five-dimensional Petrov classification). This is not surprising – it follows again from the isometries. Things are more interesting for rotating black holes. In Section 2, we prove that the Myers-Perry solution [2] with one non-zero angular momentum has Petrov type 22 as well. In Section 3, we prove a converse statement: the Myers-Perry solution is the only five-dimensional metric satisfying the following conditions.

1. The metric has 3 commuting Killing vectors and is invariant under 2 discrete Z_2 transformations.

2. The metric has Petrov type 22.

3. The metric is asymptotically flat at infinity.

– 1 –

2. The Petrov type of the Myers-Perry solution

In this section, we derive the Petrov type of the Myers-Perry metric [2]

ds^2 = −

R^2 ρ^2 ( dt − a sin^2 θdϕ )_2 + sin^2 θ ρ^2 (( r^2 + a^2 ) dϕ − adt )_2 + ρ^2 R^2 dr^2 + ρ^2dθ^2 + r^2 cos^2 θdψ^2,

(2.1)

with ρ^2 = r^2 +a^2 cos^2 θ and R^2 = r^2 −2M +a^2. The Petrov classification in five dimensions [1] is basically an invariant classification of the Weyl spinor ψ_{abcd} = (γ^{ij})_{ab}(γ^{kl})_{cd}C_{ijkl}, where C_{ijkl} is the Weyl tensor and γ_i are the five-dimensional gamma matrices^1. We choose the following dual tetrad

e^t = R ρ ( dt − a sin^2 θdϕ ) , e^ϕ = sin θ ρ (( r^2 + a^2 ) dϕ − adt ) , e^r = ρ R dr, e^θ = ρdθ, e^ψ = r cos θdψ. A calculation then gives the Weyl polynomial Ψ = ψ_{abcd}x^ax^bx^cx^d = 48M ρ^2 ( (x^1)^2 z − (x^2)^2 z̄ − (x^3)^2 z̄ + (x^4)^2 z )_2 , with z = r + ia cos θ. This polynomial is the square of a polynomial of degree 2, hence, the Myers-Perry solution has Petrov type 22 in the notation of ref. [1].

3. The Myers-Perry solution is unique

We now prove that the Myers-Perry solution is unique within a certain restricted class of metrics of Petrov type 22. The outline of the proof is as follows. We make ansätze for the tetrad, the connection ω and the Weyl spinor Ψ and solve the equations

Ω = dω + ω ∧ ω, (3.1) dΩ + [ω, Ω] = 0. (3.2)

In these equations, the curvature Ω is completely determined by the Weyl spinor Ψ because the Ricci tensor vanishes. The condition on the Petrov type simplifies the Weyl spinor Ψ drastically. This makes it possible to find all solutions. The ansätze can be found in section 3.1, the simplification of the Weyl spinor is discussed in section 3.2 and the solutions of the field equations are given in section 3.3. It can be seen that only the Myers-Perry solution is flat at infinity, which proves its uniqueness. Although the Petrov condition simplifies the field equations very much, the derivation of the solutions is still rather tedious. Some details can be found in appendix A.

1We use the following convention for the gamma matrices: γ1 = iσ1 ⊗ 1, γ2 = σ2 ⊗ 1, γ3 = σ3 ⊗ σ1, γ4 = σ3 ⊗ σ2, γ5 = σ3 ⊗ σ3 .

– 2 –

3.1 The ansätze Our coordinates are t, ϕ, r, θ, ψ. We assume that the metric has 3 commuting Killing vectors which we choose as ∂_t, ∂_ϕ and ∂_ψ . In addition, we assume that the metric is invariant under two Z_2 transformations:

• (t, ϕ) → (−t, −ϕ), this reflects that the metric is invariant if the rotation reverses and time flows backwards • ψ → −ψ . The most general ansatz for the tetrad is then as follows. The vectors e_t and e_ϕ are linear combinations of ∂_t and ∂_ϕ, the vectors e_r and e_θ are linear combinations of ∂_r and ∂_θ and e_ψ is proportional to ∂_ψ . The coefficients in these linear combinations depend only on the variables r and θ. The commutators then read

[e_t, e_r] = μe_t + αe_ϕ [e_ϕ, e_r] = κe_t + ζe_ϕ [e_t, e_θ] = νe_t + βe_ϕ [e_ϕ, e_θ] = λe_t + ηe_ϕ [e_r, e_ψ] = σe_ψ [e_r, e_θ] = δe_r + εe_θ (3.3) [e_θ , e_ψ] = τe_ψ

It can be shown that the most general ansatz for the Weyl spinor consistent with the above tetrad, is

ψ_{1111} = ψ̄_{3333} = (T_{11} − T_{21}) + i(T_{12} − T_{22}) ψ_{1122} = ψ̄_{3344} = W_1 + iW_2 ψ_{1133} = V_1 − V_2 ψ_{1144} = ψ̄_{2233} = I_2 + iI_3 ψ_{2222} = ψ̄_{4444} = (T_{11} + T_{21}) + i(T_{12} + T_{22}) ψ_{2244} = V_1 + V_2 ψ_{1234} = 1 2 I_1

(3.4)

The ansatz for the tetrad breaks the local Lorentz group O(1, 4) to O(1, 1)_{tϕ} × O(2)_{rθ}. Under this group the ansatz for the Weyl spinor transforms as

(2, 2) T ij ⊕ (2, 1) V i ⊕ (1, 2) W i ⊕ 2 · (1, 1)

I_1 ,I_2

⊕ (1^′, 1^′) I 3 3.2 The condition on the Petrov type The Weyl polynomial associated with the Weyl spinor (3.4) is Ψ = ψ_{abcd} x^ax^bx^cx^d. It can be written as a square of a polynomial of degree 2 if and only if one of the following four cases holds.

– 3 –

Case A: I_1 = 0, W^2_1 + W^2_2 = V^2_1 − V^2_2 = I^2_2 + I^2_3 and an extra condition on T_{ij} :

– If V_i is light-like, this extra condition is T_{ij} = 0.

– If V_i is time-like, it is difficult to write this extra condition in a manifestly O(1, 1)_{tϕ}× O(2)_{rθ} invariant way. If we choose the particular frame W_2 = V_2 = 0 and W_2 = V_1, it reads T_{11} = 3I_2, T_{22} = −3I_3 and T_{12} = T_{21} = 0.

Case B: I_2 = I_3 = T_{ij} = V_i = 0 and W^2_1 + W^2_2 = I^2_1 .

Case C: I_2 = I_3 = T_{ij} = W_i = 0 and V^2_1 − V^2_2 = I^2_1 .

Case D: T_{ij} = W_i = V_i = 0 and I^2_2 + I^2_3 = I^2_1 .

3.3 Solutions of the field equations The classification contains the following metrics

1. The Kasner metric with exponents (−1/2, 1/2, 1/2, 1/2)

ds^2 = −dt^2 + 1 t dx^2 + t(dy^2 + dz^2 + du^2) (3.5)

This metric is not asymptotically flat. 2. ds^2 = − 1 r^2

(dt + 2af(θ)dϕ)^2 + r^2f^′(θ)^2dϕ^2 + ( b r^2 − a^2 r^4 )_{−1} dr^2 + r^2dθ^2 + (br^2 − a^2)dψ^2,

(3.6)

with f(θ) a polynomial of degree 2. If one does a Wick transformation r → ir, the metric can be interpreted as a five-dimensional spatially homogeneous cosmological model^2 [3]. The isometry algebra is A_{4,10} ⊕ R in the notation of ref. [4]. The metric reduces to the Kasner metric if a = 0. This metric is not asymptotically flat. 3. ds^2 = − R̃2 ρ^2 ( dt − a sin^2 θdϕ )_2 + k_2 − k_1 cos^2 θ

ρ^2 (( r^2 + a^2 ) dϕ − adt )_2 + ρ^2 R̃2 dr^2 + sin^2 θ k_2 − k_1 cos^2 θ ρ^2dθ^2 + r^2 cos^2 θdψ^2,

(3.7)

where ρ^2 = r^2 +a^2 cos^2 θ and R̃^2 = k_1r^2 −2M +k_2a^2. This metric has Lorentz signature only if k_2 ≥ k_1 ≥ 0. If k_1 ≠ 0, the metric is actually the Myers-Perry solution (2.1). If k_1 = 0, it is not asymptotically flat.

Hence, we see that the Myers-Perry solution is the unique metric that (i) has three commuting Killing vectors ∂_t, ∂_ϕ and ∂_ψ, (ii) is invariant under (t, ϕ) → (−t, −ϕ) and ψ → −ψ, (iii) is asymptotically flat and (iv) has Petrov type 22.

2I would like to thank S. Hervik for pointing this out.

– 4 –

4. Conclusions

The well-known “no-hair” theorems of four-dimensional gravity do not hold in five dimensions for the general stationary case. For example, in [5] a rotating ring was found with the same mass and angular momentum as the Myers-Perry solution, but with a different horizon topology. In the static case on the other hand, one can prove that asymptotically flat solutions are unique [6, 7]. See also ref. [8] for a speculation that uniqueness properties hold in higher dimensions if one (i) specifies the horizon topology and (ii) only considers stable solutions. The uniqueness theorems can also be saved by adding supersymmetry: in ref. [9] it is proven that the BMPV solution [10] is the only supersymmetric black hole of minimal N = 1, D = 5 supergravity. It is nice that the Myers-Perry solution is unique within the class of metrics of Petrov type 22. This result could shed some light on the structure of solutions of five-dimensional gravity.

It would be interesting to generalize the above analysis. Some possibilities are the following.

• We have restricted our study of the Myers-Perry solution by putting one of the angular momenta to zero. The above analysis can probably be generalized to the case with two angular momenta.

• Preliminary investigations indicate that the rotating ring found by Reall [5] has Petrov type 22. The generalization of this rotating ring to two non-zero angular momenta is not known. It is possible that it can be found in the class of metrics of Petrov type 22.

• The charged generalization of the Myers-Perry solutions is not known. The following reasons suggest that it might be of Petrov type 22.

– As shown in this paper, the uncharged limit has Petrov type 22.

– The non-rotating limit (five-dimensional Reissner-Nordstrøm metric) has Petrov type 22 as well.

– The charged rotating black hole in four dimensions (the Kerr-Newmann metric) has the same Petrov type as the uncharged rotating black hole, i.e. Petrov type D.

It seems worthwhile to look for the charged generalization within the class of metrics of Petrov type 22.

Acknowledgments

This work has been supported in part by the NSF grant PHY-0098527. It is a pleasure to thank H. Reall, S. Hervik, G. Gibbons and W. Siegel for discussions.

– 5 –

A. More details

In this appendix, we solve the Einstein equations with the ansätze (3.3) and (3.4). As discussed in section 3.2, the Petrov condition leads to four different cases. These are discussed separately.

Case A We only discuss the case where V_i is time-like. V_i light-like is a special case of Case C, which is discussed below. We assume V_1 ≠ 0, otherwise, it follows from (3.2) that the space is flat. From the Bianchi equations (3.2), we obtain κ = β = 0, ε = −ζ, δ = ν and

τI_3 = αV_1 τI_2 = −(2ν + τ)V_1 σI_3 = λV_1 σI_2 = (2ζ + σ)V_1 Combining the above equations with the Petrov condition (3.2) leads to

νσ + τσ + τζ = 0 (A.1) α^2 + 4ν^2 + 4ντ = 0 (A.2) λ^2 + 4ζ^2 + 4ζσ = 0 (A.3)

Furthermore, combining (A.1) with (3.1) gives

λα = 4ζν (A.4)

At this point, we want to choose coordinates such that e_r = Aζ∂_r and e_θ = Bν∂_θ , where A and B are two functions. However, we can only make this choice if ζ and ν are both non-zero. Therefore, we have to treat the cases ζ = 0 or ν = 0 separately. This is a bit unfortunate because it will turn out that the solutions in the latter cases can be obtained as limits of solutions in the case ζ ≠ 0 ≠ ν. Anyway, we break up case A into 5 subcases.

Case A.1: ν ≠ 0 and ζ ≠ 0 From (3.1) and (A.4), one obtains e_rν = −3ζν and e_θ ζ = −3ζν. Using these equations, one can show that there are coordinates such that

e_r = ρ^2 r ζ∂_r and e_θ = − ρ^2 a^2 sin θ cos θ ν∂_θ , where ρ^2 = r^2 + a^2 cos^2 θ. The solution of (3.1) and (3.2) is the metric (3.7).

Case A.2: ν = 0 and τ = 0 From the Bianchi identities, one obtains α = 0 and μ = −ζ. The resulting field equations are then easily solved. The solution is the metric (3.6).

– 6 –

Case A.3: ν = 0 and τ ≠ 0 From the Bianchi identities, one obtains λ = α = 0, I_3 = 0, I_2 = −V_1 and ζ = −σ. The solutions in this case are the Schwarzschild metric and the Kasner metric (3.5).

Case A.4: ζ = 0 and σ = 0 This case leads again to the metric (3.6).

Case A.5: ζ = 0 and σ ≠ 0 This case leads again to the Schwarzschild metric or the Kasner metric.

Case B We can choose W_2 = 0 and W_1 = I_1 by an O(2)_{rθ} transformation. Furthermore, we can use an O(1, 1) boost to put α = β = 0. The Bianchi equations yield κ = 0, ε = −ζ, μ = ζ, δ = 0 and τ = 0. Using the commutation relations (3.3), we can choose coordinates in which the metric has the form ds^2 = A(r)dψ^2 + B(r)dr^2 + r^2ds̃^2(t, θ, ϕ).

From Einstein’s equations, it directly follows that the three-dimensional metric ds̃^2 is Einstein, hence has constant curvature. If ds̃^2 is Euclidean, we obtain the Kasner metric (3.5). If ds̃^2 is a sphere, we obtain the Schwarzschild metric.

Case C If I_1 = 0, we can choose V_1 = V_2 by an O(1, 1)_{tϕ} transformation. If I_1 ≠ 0, we make V_2 = 0 and V_1 = I_1 by a boost. In both cases, Einstein’s equations lead to flat space.

Case D We put α = β = ν = 0 by an O(1, 1)_{tϕ} × O(2)_{rθ} transformation. From the Bianchi identities, one can rather easily see that there are only solutions if I_3 = 0 and I_2 = I_1. The Bianchi identities then give η = κ = λ = 0 and ζ = μ = −σ. The solution is the Kasner metric (3.5).

References

[1] P. J. De Smet, “Black holes on cylinders are not algebraically special,” Class. Quant. Grav. 19, 4877 (2002) [arXiv:hep-th/0206106].

[2] R. C. Myers and M. J. Perry, “Black Holes In Higher Dimensional Space-Times,” Annals Phys.

172, 304 (1986).

[3] S. Hervik, “Multidimensional cosmology: Spatially homogeneous models of dimension 4+1,” Class. Quant. Grav. 19, 5409 (2002) [arXiv:gr-qc/0207079].

[4] J. Patera, R. T. Sharp, P. Winternitz and H. Zassenhaus, “Invariants Of Real Low Dimension Lie Algebras,” J. Math. Phys. 17, 986 (1976).

– 7 –

[5] R. Emparan and H. S. Reall, “A rotating black ring in five dimensions,” Phys. Rev. Lett. 88, 101101 (2002) [arXiv:hep-th/0110260].

[6] G. W. Gibbons, D. Ida and T. Shiromizu, “Uniqueness and non-uniqueness of static vacuum black holes in higher dimensions,” Prog. Theor. Phys. Suppl. 148, 284 (2003) [arXiv:gr-qc/0203004].

[7] S. Hwang, “A Rigidity Theorem for Ricci Flat Metrics,” Geometriae Dedicata 71, 5 (1998) [8] B. Kol, “Speculative generalization of black hole uniqueness to higher dimensions,” arXiv:hep-th/0208056.

[9] H. S. Reall, “Higher dimensional black holes and supersymmetry,” arXiv:hep-th/0211290. [10] J. C. Breckenridge, R. C. Myers, A. W. Peet and C. Vafa, “D-branes and spinning black holes,” Phys. Lett. B 391, 93 (1997) [arXiv:hep-th/9602065].

– 8 –