arXiv:gr-qc/0306027 v3 2 Sep 2004

Nonlinear N-parameter spacetime perturbations: Gauge transformations

Carlos F. Sopuerta,^{1, 2} Marco Bruni,^1 and Leonardo Gualtieri^3 1Institute of Cosmology and Gravitation, University of Portsmouth, Portsmouth PO1 2EG, Britain 2Institute for Gravitational Physics and Geometry and Center for Gravitational Wave Physics, Penn State University, University Park, Pennsylvania 16802, USA 3Dipartimento di Fisica “G. Marconi”, Università di Roma “La Sapienza” and Sezione INFN ROMA 1, piazzale Aldo Moro 2, I–00185 Roma, Italy (Dated: September 2, 2004)

We introduce N-parameter perturbation theory as a new tool for the study of non-linear relativistic phenomena. The main ingredient in this formulation is the use of the Baker-Campbell-Hausdorff formula. The associated machinery allows us to prove the main results concerning the consistency of the scheme to any perturbative order. Gauge transformations and conditions for gauge invariance at any required order can then be derived from a generating exponential formula via a simple Taylor expansion. We outline the relation between our novel formulation and previous developments.

PACS numbers: 04.25.Nx, 95.30.Sf, 02.40.-k

In the theory of spacetime perturbations [1, 2, 3, 4, 5] (see [6, 7, 8] for an introduction), one usually deals with a family of spacetime models which, in most cases, depends on a single parameter λ: M_λ = (M, {T_λ}), where M is a manifold that accounts for the topological and differential properties of spacetime, and {T_λ} is a set of fields on M, representing its geometrical and physical content (this formulation does not depend on the gravitational field equations). The parameter λ labels the elements of the family and gives an indication of the “size” of the perturbations, regarded as deviations of M_λ from a background model M_0. It can either be a formal parameter, as in cosmology [3, 9, 10], in back-reaction problems (see e.g. [11, 12]), or in the study of quasi-normal modes of stars and black holes [13, 14], or it can have a specific physical meaning, as in the study of black hole mergers via the close limit approximation, in the analysis of quasi-normal mode excitation by a physical source, or in the modelling of perturbations generated by the collapse of a rotating star (see [14, 15, 16, 17] and references therein).

There are however physical applications in which it may be convenient to use a perturbation formalism based on two [5] or more parameters. For instance, in order to study general time-dependent perturbations of stationary axisymmetric rotating stars [18] using a spherical background. In this case one can separately consider the stationary axisymmetric rotational perturbations, for example up to second order in a parameter Ω, then considering the coupling of these with the first-order time dependent ones (see [5] for further discussion). As it should be clear from this example, the advantage of an N-parameter Non-Linear Perturbation Theory (NLPT) is that it allows us to make distinctions between different types of perturbations corresponding to different parameters, so that we can study their coupling and some non-linear effects without having to compute the whole set of higher-order perturbations. Such a framework may provide flexibility by allowing us to look at a given problem from different points of view. It may also allow us to choose a simpler (typically more symmetrical) background to model a given physical scenario. Given that, even in NLPT, the differential operators are those defined on the chosen background, this can drastically reduce the computations, and even change the way to perform them.

The aim of the present article is to introduce a novel approach to the study of the gauge dependence of perturbations in NLPT which (i) deals with an arbitrary number of parameters; (ii) provides a closed formula for the action of a general gauge transformation, valid to any order; (iii) the construction and derivation of formulas of practical interest is simpler than in previous frameworks [3, 4, 5]. This new approach is mainly based on the application of the Baker- Campbell-Hausdorff (BCH) formula [19]. This has been used previously [20], in the context of the back-reaction problem in cosmology, to derive second order one-parameter gauge transformations. Here we show how to make use of the full power of the BCH formula deriving the transformation between two given N-parameter gauges, each represented by an N-parameter group of diffeomorphisms, at an arbitrary order. Our formalism therefore also contains the conditions for gauge invariance for every perturbation order in N-parameters.

We start by summarizing some relevant results regarding the mathematical structure of the single parameter NLPT (see [3, 4]). The Taylor expansion of a general non-linear gauge transformation can be expressed in terms of Lie derivatives with respect to a set of vector fields which, order by order, constitute the generators of the transformation. A closed formula for this expansion, valid at all orders, was found in [4], using a new object dubbed Knight Diffeomorphism (KD), first defined in [3] (cf. also [11, 21]). The analysis in [3, 4, 22] gives also the conditions for gauge invariance at any given order, and provides the framework for the construction of gauge-invariant formalisms [23]. A similar construction has been attempted for the two-parameter case in [5], where the action of a general gauge transformation on arbitrary tensor quantities was expressed in terms of the Lie derivatives with respect to a set of vector fields. However, since no natural generalizations of the KD approach were found, these expressions were derived up to fourth order in the parameters by imposing, order by order, consistency conditions (see [24] for a related analysis and [25] for an application to gravitating strings). It must be pointed out that, although that derivation is not as elegant and compact as in [3, 4] or the one based on the BCH formula presented here, it still leads to the right formulas of practical interest, as we shall discuss.

The basic assumption for the construction of a multi-parameter relativistic NLPT is the existence of a multiparameter family of spacetime models M_{⃗λ} = (M, {T_{⃗λ}}), where M denotes the spacetime manifold and {T_{⃗λ}} is a set of fields on M, describing their geometrical and physical content, which we assume to be analytic. These spacetime models are labeled by a set of N parameters ⃗λ = (λ_1, . . . , λ_N) that control the strength of the perturbations with respect to the background spacetime model M_{⃗0}, which describes an idealized situation. In order to construct the physical spacetime model M_{⃗λ} as a deviation from the background model M_{⃗0}, we need to establish a correspondence between them; what in the context of relativistic perturbation theory is called a gauge choice. This correspondence is established, for all ⃗λ, through the action of a diffeomorphism of M: φ_{⃗λ} : M → M. The set of diffeomorphisms G[φ] = {φ_{⃗λ} | ⃗λ ∈ IR^N } is chosen in such a way they constitute an N-parameter group of diffeomorphisms of M:

φ : M × IR^N −→ M (p, ⃗λ) |−→ φ(p, ⃗λ) := φ_{⃗λ}(p) . (1) The identity element corresponds to ⃗λ = ⃗0, i.e. φ_{⃗0}(p) = p. Moreover, a consistent perturbation scheme should have the property that perturbing first with respect to a given parameter, say λ_P, and afterwards with respect to another parameter, say λ_Q , must be equivalent to the converse operation. We can implement this idea by imposing the following composition rule for the group G[φ]: ∀ ⃗λ , ⃗λ^′ , φ_{⃗λ} ∘ φ_{⃗λ′} = φ_{⃗λ+ ⃗λ′} . (2) This property implies that the group is Abelian. It also implies that we can decompose φ_{⃗λ} into N one-parameter groups of diffeomorphisms (flows) that remain implicitly defined by the equalities (we have N! equalities) φ_{⃗λ} = φ_{(λ1,0,...,0)} ∘ φ_{(0,λ2,...,0)} ∘ · · · ∘ φ_{(0,0,...,λN)} = φ_{(0,λ2,...,0)} ∘ φ_{(λ1,0,...,0)} ∘ · · · ∘ φ_{(0,0,...,λN)} = · · · . (3) The action of the flow φ_{(0,...,λM,...,0)} is generated by a vector field, ζ_M (M= 1, . . . ,N), acting on the tangent space of M, and the Lie derivative of an arbitrary tensor field T with respect to ζ_M is given by

£_{ζM} T = [∂φ_{∗(0,...,λM,...,0)}T ∂λ_M ] λ_M=0

, (4)

where the superscript^∗ denotes the pull-back. Since the group is Abelian, the vector fields ζ_M commute

[ζ_P, ζ_Q] = 0 (P,Q = 1, . . . , N) . (5)

The Taylor expansion around ⃗λ = ⃗0 of the pull-back associated with the flow φ_{(0,...,λM,...,0)} is given by φ^∗_{(0,...,λM,...,0)}T = ∞∑ k=0 λ^k_M k! £^k_{ζM} T . (6)

This expression can be written in a more compact way by using the formal exponential notation

φ^∗_{(0,...,λM,...,0)}T = exp (λ_M£_{ζM} ) T = e^{λM£ζM} T , (7)

which provides a clear operational way for working with groups of diffeomorphisms. From expressions (6) and (3) we can derive the Taylor expansion of the pull-back φ^∗_{⃗λ}T φ^∗_{⃗λ}T ∞∑ k_1,...,k_N=0 (_N ∏ P=1 λ^{kP}_P k_P!

£^{kP}_{ζP} ) T . (8)

Using the exponential notation and the commutation relations (5) we can write it as follows: φ^∗_{⃗λ}T = [_N ∏ P=1 exp ( λ_P£_{ζP} )] T = exp

(_N ∑ P=1 λ_P£_{ζP} ) T . (9)

In a given gauge φ, the perturbation of an arbitrary tensorial quantity T is defined as

ΔT^φ_{⃗λ} := φ^∗_{⃗λ}T_{⃗λ} − T_{⃗0} . (10)

The first term on the right-hand side of (10) can be Taylor-expanded around ⃗λ = ⃗0 using (8) to get

ΔT^φ_{⃗λ} = ∞∑ k_1,...,k_N=0 (_N ∏ P=1 λ^{kP}_P k_P! ) δ^{⃗k}_φT − T_{⃗0} , (11)

where ⃗k = (k_1, . . ., k_N) and δ^{⃗k}_φT := [ ∂^{k1+···+kN} ∂λ^{k1}_1 · · · ∂λ^{kN}_N φ^∗_{⃗λ}T ] ⃗λ=⃗0 = N∏ P=1 £^{kP}_{ζP} T , (12)

which defines the perturbation of order (k_1, . . . , k_N) of T (δ^{⃗0}_φT := T_{⃗0}). The total order of a perturbation can be defined as n_T := k_1 + · · · + k_N. As a consequence of these definitions we have that ΔT^φ_{⃗λ} and δ^{⃗k}_φT are fields that belong to the background spacetime model M_{⃗0}.

Let us consider two different gauges φ and ψ, with generators (^φζ_1, . . . ,^φζ_N) and (^ψζ_1, . . . ,^ψζ_N ) respectively. For all ⃗λ, the objects defined in these two gauges can be related by a diffeomorphism Φ_{⃗λ} : M → M given by

Φ_{⃗λ} := φ^{−1}_{⃗λ} ∘ ψ_{⃗λ} = φ_{−⃗λ} ∘ ψ_{⃗λ} . (13)

This is what is called a gauge transformation in perturbation theory. The family of all the possible gauge transformations for two given gauges φ and ψ Φ : M × IR^N −→ M (p, ⃗λ) |−→ Φ(p, ⃗λ) = Φ_{⃗λ}(p) , (14) is not in general a group of diffeomorphisms. The action of the gauge transformation Φ_{⃗λ} can be written as Φ^∗_{⃗λ}T = (φ_{−⃗λ} ∘ ψ_{⃗λ})^∗T = ψ^∗_{⃗λ} ∘ φ^∗_{−⃗λ}T = exp

(_N ∑ P=1 λ_P£ψ_{ζP} ) exp ( − N∑ P=1 λ_P£φ_{ζP} ) T . (15)

Using group theory techniques we can write (15) as the action of a single exponential operator. This can be explicitly done by using the BCH formula [19] (cf. [20]). This formula, which can be applied to any two linear operators A and B, reads e^Ae^B = e^{f(A,B)} , (16)

f(A, B) = ∞∑ m≥1 (−1)^{m−1} m ∑ p_i, q_i p_i + q_i ≥ 1

[ p_1 A · · · A q_1 B · · · B · · · p_m A · · · A q_m B · · · B] [ ∑_m α=1(p_j + q_j)] ∏_m α=1 p_α!q_α!

, (17)

where the following notation has been used:

[X_1X_2X_3 · · · X_n] := [· · · [[X_1, X_2], X_3], · · · , X_n] . (18) Then, the BCH formula can be seen as an expansion in commutators of the initial operators A and B. Up to two commutators this expansion is given by f(A, B) = A + B + 1 2 [A, B] + 1 12 [[A, B], B] + 1 12 [[B, A], A] + · · · . (19) This infinite expansion can be truncated and becomes finite when some commutators vanish (for a solvable Lie algebra). For instance, if [[A, B], A] = [[A, B], B] = 0, then the BCH formula only contains the three first terms shown in (19).

The application of the BCH formula, (16) and (17), to the construction of the gauge transformation Φ_{⃗λ} (15) constitutes the main point in our approach. As we are going to see, it provides an operational apparatus to compute all the perturbation orders as well as expressions for the vector fields that generate the transformation between different gauges. This supposes an important advantage with respect to the approach to two-parameter NLPT considered in [5], which is based on a construction order by order and no close expressions to every order can be obtained. In what follows, we show how to use the BCH formula to obtain closed expressions at every order, in particular for the gauge transformation generators.

To apply the BCH formula to Eq. (15) we have to choose A and B in (16) and (17) as follows: A = N∑ P=1 λ_P£ψ_{ζP} and B = − N∑ P=1 λ_P£φ_{ζP} . (20)

Since A and B are linear in the parameters, the number of commutators in a given term in the expansion of f(A, B) coincides with the total perturbation order n_T .

Using the properties of Lie derivatives we can then express the gauge transformation Φ_{⃗λ} in the following way:

Φ^∗_{⃗λ}T = exp { £_f(∑_{NP=1 λPψζP,−} ∑_{NQ=1 λQφζQ}) } T . (21)

This can be rewritten as:

Φ^∗_{⃗λ}T = exp ∞∑ k_1,...,k_N=0 (_N ∏ P=1 λ^{kP}_P k_P! ) £_{ξ⃗k} − I T , (22)

where £_{ξ⃗0} denotes the identity operator I and the rest of terms are Lie derivatives. This is a consequence of the fact that A and B are linear combinations of Lie derivatives (20) and that the functional f(A, B) is a linear combination of A, B, and commutators formed out of A and B (19). Then, this introduces an infinite set of vector fields {ξ_{⃗k} | ⃗k ∈ IN^N − {⃗0} }. By direct comparison of (19,20) and (22) we can find the explicit expressions of these vector fields ξ_{⃗k} directly in terms of the generators of the gauges φ and ψ.

We can then derive an expression for the gauge transformation up to a given order in the perturbation parameters by simply expanding the exponential (22). Up to third total order (n_T = 3) we obtain

Φ^∗_{⃗λ}T = T + N∑ P=1 λ_P£_{ξ⃗kP} T + 1 2 N∑ P,Q=1

λ_Pλ_Q ( £_{ξ⃗kP+⃗kQ} + £_{ξ⃗kP} £_{ξ⃗kQ} ) T

+ 1 6 N∑ P,Q,R=1

λ_Pλ_Qλ_R ( £_{ξ⃗kP+⃗kQ+⃗kR} + 3 2 { £_{ξ⃗kP+⃗kQ} , £_{ξ⃗kR} }

+ £_{ξ⃗kP} £_{ξ⃗kQ} £_{ξ⃗kR} ) T + O^4(⃗λ) , (23)

where ⃗k_P = ( P−1 0, . . . , 0, 1, N−P 0, . . ., 0) and {A, B} denotes the anticommutator of A and B. From (23) we can easily derive the transformation of a given perturbation from the gauge φ to the gauge ψ, δ^{⃗k}_ψT − δ^{⃗k}_φT . First, from (13), the pull-backs φ^∗_{⃗λ}T and ψ^∗_{⃗λ}T are related by ψ^∗_{⃗λ}T_{⃗λ} = Φ^∗_{⃗λ}φ^∗_{⃗λ}T_{⃗λ} . (24) Then, using (10) and (11) we have that φ^∗_{⃗λ}T_{⃗λ} = ∞∑ k_1,...,k_N=0 (_N ∏ P=1 λ^{kP}_p k_P! ) δ^{⃗k}_φT , (25)

and for ψ^∗_{⃗λ}T_{⃗λ} we only have to replace φ by ψ. From (23)-(25) we can extract the expressions for the δ^{⃗k}_ψ T ’s in terms of Lie derivatives of the δ^{⃗k}_φT ’s. In the particular case N= 2 and ⃗k = (1, 1) we find

δ^{(1,1)}_ψ T = δ^{(1,1)}_φ T + £_{ξ(1,0)} δ^{(0,1)}_φ T + £_{ξ(0,1)} δ^{(1,0)}_φ T + [ £_{ξ(1,1)} + 1 2 { £_{ξ(1,0)} , £_{ξ(0,1)} } ] T_0 . (26)

With the aim of comparing the formulation here introduced with previous approaches to NLPT, we will show now how to recover standard one-parameter NLPT. Let us consider two gauge choices: φ and ψ. For a given λ, the action of their associated pull-backs can be written in the exponential notation as: φ^∗_λT = e^{λ£φζ} T , and ψ^∗_λT = e^{λ£ψζ} T . A gauge transformation between these two gauges is then described by Φ_λ = φ^{−1}_λ ∘ ψ_λ. Using the exponential notation, its action can expressed as follows

Φ^∗_λT = e^{λ£ψζ} e^{−λ£φζ} T . (27)

The result of using the BCH formula can be written as

Φ^∗_λT = exp (_∞ ∑ n=1 λ^n n! £_{ξn} ) T , (28)

where {ξ_n | n ∈ IN − {0}} is a set of generators of Φ. These can be expressed in terms of the gauge generators^φζ and ψζ. From (19) the three first generators are:

ξ_1 =^ψζ −^φζ , ξ_2 = [^φζ,^ψζ] , ξ_3 = 1 2 [^φζ +^ψζ, [^φζ,^ψζ]] . (29)

Up to third order, (28) gives [the N=1 subcase of (23)] :

Φ^∗_λT = T + λ£_{ξ1} T + λ^2 2 ( £_{ξ2} + £^2_{ξ1} ) T + λ^3 3! ( £_{ξ3} + 3 2 { £_{ξ1} , £_{ξ2} } + £^3_{ξ1} ) T + O^4(λ) . (30)

This form of Φ^∗_λT , derived through the BCH approach, is not the same as the one obtained using KDs in [3, 4]. However, as we are now going to show, the resulting gauge transformations are - order by order - equivalent, as expected, since both cases are expansions of the same exact expression (27). The KD is defined as [3, 4]:

Φ^{(k)}_λ = ϕ^{(k)}_{λk/k!} ∘ · · · ∘ ϕ^{(2)}_{λ2/2} ∘ ϕ^{(1)}_λ , (31)

where the ϕ^{(n)} are one-parameter groups of diffeomorphisms (flows). The main idea behind this concept is that a family of diffeomorphisms {Φ_λ | λ ∈ IR} can be approximated at a given order in λ, say k, by a KD of order k. Therefore one can approximate Φ_λ by Φ^{(k)}_λ in the following sense [4]:

Φ^∗_λT − Φ^{(k)∗}_λ T = O^{k+1}(λ) . (32)

The action of the pull-back of Φ^{(k)}_λ can be expressed, using the exponential notation, as

Φ^{(k)∗}_λ T = e^{λ£χ1} · · · e^λ k k! £_{χk} T , (33)

where {χ_n}_{n=1,...,k} is the set of generators of the family Φ^{(k)}, and each χ_n is the generator of the flow ϕ^{(n)}. Like the ξ_n’s, they can be expressed in terms of the gauge generators^φζ and^ψζ. Hence, we can find the relations between the ξ_n’s and χ_n’s. Up to third order we have

ξ_1 = χ_1 , ξ_2 = χ_2 , ξ_3 = χ_3 + 3 2 [χ_1, χ_2] . (34)

Therefore, the expansion for Φ^∗_λT that we obtain from the expansion of Φ^{(k)∗}_λ T is (up to third order):

Φ^{(k)∗}_λ T = T + λ£_{χ1} T + λ^2 2 ( £_{χ2} + £^2_{χ1} ) T + λ^3 3! ( £_{χ3} + 3£_{χ1} £_{χ2} + £^3_{χ1} ) T + O^4(λ) , (35)

i.e. the result in [3, 4]. Comparing the expansions (30) and (35) we see that they have different structures. However, substituting χ_1, χ_2 and χ_3 from (34) into (35) we obtain (30); thus, these two expansions of the gauge transformation

(27) are equivalent. Our formulation, Eq. (30), leads to an expansion with terms of the form · · · £_{ξk} · · · £_{ξl} · · · T with l < k , which do not appear in the formulations of [3] [due to the ordering introduced by the KDs, see (31)] and [5]. Comparing further our formulation with the order by order approach in [5] we see how the use of the BCH formula naturally selects a unique expansion for the gauge transformation, in contrast with [5], which contains freely specifiable parameters.

To sum up, we have presented a formulation of N-parameter NLPT in which we have a (unique) closed formula for the expansion of general gauge transformations and whose consistency is given by construction, shedding light onto the underlying mathematical structure. The importance of this result is even more clear if considered in the context of practical applications of relativistic perturbation theory, where the issue of comparing results obtained in different gauges and the related problem of constructing gauge-invariant formulations have always been crucial to obtain physically transparent results [1, 22]. These issues become even more important when dealing with non-linear perturbations [3, 4, 22] and more than one parameter. Our formalism provides the gauge transformations and the conditions for gauge invariance for every perturbation order in N-parameters (explicit conditions for the 2-parameter case where given in [5]).

In retrospect, one may wonder why our general results have not been previously derived, given that the BCH formula has long been known in differential geometry [19]. The likely answer is that, although the problem of gauge dependence is as old as relativistic perturbation itself [1], untill recently spacetime perturbations have mostly been considered at first order only and for a single parameter, and consequently gauge transformations have always been dealt with at the most elementary linear level, where the BCH formalism and the exponentiation (7) on which it is based are superfluous. When the problem of gauge transformations has been considered in NLPT for the case of one parameter, two routes have been followed. In [3, 4] KDs have been introduced and used (see also [11] for an equivalent second order result and [21] for some basic fomulas), and in particular in [4] a closed formula was derived to generate gauge transformations at arbitrary order. In [20] on the other hand the BCH formula was used, for one parameter at second order. As we have illustrated above in the one parameter case and up to third order, the two routes are equivalent in that they provide equivalent gauge transformations at the required order. On the other hand, the gauge transformations derived in [5] contain freely specifiable constants (linked by sets of constraints) that are not present in the BCH derivation presented here. Again, order by order the gauge transformations are equivalent, with one specific choice of the constants corresponding directly to the BCH derivation, and other choices connected by appropriate relations between the two sets of generators of the gauge transformations. From the point of view of generality elegance and compactness of the derivation the BCH approach presented here is by far superior to that followed in [5]. However, for practical purposes one is interested in the gauge transformations at a given order, e.g. (26), and in this perspective we believe that the formulas with freely specifiable constants in [5] may still be useful. Indeed, the typical problem (see e.g. [3, 9]) is that one wants to know how to transform between two pre-assigned gauges. In this case the unknowns of the problem are the generators of the transformation. Then, one faces integration calculations, and given that two different choices of the freely specifiable constants correspond to integration in a different order, it may turn out that one specific choice of constants is better in solving the problem.

We want to finish by discussing the potential applications of N-parameter NLPT. First of all, it is important to remark that perturbation theory in general relativity, and in other spacetime theories (some of them of great relevance nowadays), remains the main alternative to fully numerical methods in a context in which one has to deal with sets of non-linear field equations. Depending on the physical problem at hand, it is sometimes necessary to go beyond simple linear perturbations, considering higher-order contributions. In this sense, a multi-parameter perturbative scheme as the one presented here allows us to select only the higher-order perturbative sectors relevant for the physical problem under consideration, simplifying in this way the calculations involved.

There are already quite few applications of the one-parameter NLPT at second order in the literature. In cosmology, the evolution of perturbations in two different gauges is explicitly worked out [3, 9] and applications to the Cosmic Microwave Background have been considered [26]. Further applications in the cosmological context can be found in [10, 20]. In an astrophysical context there are a number of studies of sources of gravitational radiation: in [17, 27] oscillations during gravitational collapse have been analyzed; in [15] the so called close limit approximation is used to study the outcome of black hole mergers; in [23] a second-order gauge-invariant perturbative scheme for the Kerr metric has been developed. The N-parameter NLPT opens the door for new applications in spacetime theories (see [25] for an example). In the general relativistic case, it can provide a new way of studying slowly rotating relativistic stars, and it can be the main tool to study other issues as for instance the non-linear coupling of oscillation modes of relativistic stars, or in cosmology to study the combined effect of magnetic fields and linear perturbations in the matter distribution.

MB thanks the Dipartimento di Fisica “G. Marconi” (Università di Roma “La Sapienza”) and LG the Institute of Cosmology and Gravitation (Portsmouth University) for hospitality. CFS is supported by the EPSRC. This work has been partly supported by the European Commission (Research Training Network HPRN-CT-2000-00137) and by

INFN.

[1] R.K. Sachs, in Relativity, Groups, and Topology, edited by C. DeWitt and B. DeWitt (Gordon and Breach, New York, 1964) [2] J.M. Stewart and M. Walker, Proc. R. Soc. London A. 341, 49 (1974) [3] M. Bruni, S. Matarrese, S. Mollerach, and S. Sonego, Class. Quant. Grav. 14, 2585 (1997) [4] S. Sonego and M. Bruni, Commun. Math. Phys. 193, 209 (1998) [5] M. Bruni, L. Gualtieri, and C. F. Sopuerta, Class. Quant. Grav. 20, 535 (2002) [6] R. M. Wald, General Relativity (The University of Chicago Press, Chicago, 1984) [7] J. M. Stewart, Advanced General Relativity (Cambridge University Press, Cambridge, 1991) [8] B.F. Schutz, in Relativistic Astrophysics and Cosmology, edited by X. Fustero and E. Verdaguer (World Scientific, Singapore, 1984) [9] S. Matarrese, S. Mollerach, and M. Bruni, Phys. Rev. D 58, 043504 (1998) [10] M. Bruni, F. C. Mena, and R. Tavakol, Class. Quant. Grav. 19, L23 (2002); V. Acquaviva, N. Bartolo, S. Matarrese, and A. Riotto, Nucl.Phys. B 667 119 (2003) K. A. Malik and D. Wands, astro-ph/0307055; G. Rigopoulos, astro-ph/0212141; G. Rigopoulos and E. P. S. Shellard, Phys. Rev. D , in press, astro-ph/0306620 ; S. Rasanen, astro-ph/0311257 [11] E. E. Flanagan and R. M. Wald, Phys. Rev. D 54, 6233 (1996) [12] Y. Nambu, Phys. Rev. D 63, 044013 (2001) [13] S. Chandrasekhar, The mathematical theory of black holes (Clarendon Press, Oxford, 1983) [14] K. D. Kokkotas and B. G. Schmidt, Living Rev. Relativity. 2, 2 (1999) [15] R. H. Price and J. Pullin, Phys. Rev. Lett. 72, 3297 (1994); R. J. Gleiser, C. O. Nicasio, R. H. Price, and J. Pullin, Phys.

Rev. Lett. 77, 4483 (1996); G. Khanna et al, Phys. Rev. Lett. 83, 3581 (1999); R. J. Gleiser, C. O. Nicasio, R. H. Price, and J. Pullin, Phys. Rept. 325 41 (2000) [16] L. Gualtieri et al, Phys. Rev. D 64, 104007 (2001); J. A. Pons et al, Phys. Rev. D 65, 104021 (2001); L. Miniutti et al, Mon. Not. R. Astron. Soc. 338, 389 (2003) [17] C. T. Cunningham, R. H. Price, and V. Moncrief, Astrophys. J. 236, 674 (1980) [18] Y. Kojima, Prog. Theor. Phys. Suppl. 128, 251 (1997); K. H. Lockitch, N. Andersson, and J. L. Friedman, Phys. Rev.

D 63, 024019 (2001); J. Ruoff, A. Stavridis, and K. D. Kokkotas, Mon. Not. R. Astron. Soc. 332, 676 (2002) [19] J. E. Campbell, Proc. London Math. Soc. 28, 381 (1897); H. F. Baker, Proc. London Math. Soc. 3, 24 (1905); F. Hausdorff, Ber. Verhandl. Saechs. Akad. Wiss. Leipzig, Math. Naturw. Kl. 58, 19 (1906); N. Bourbaki, Groupes et Algebres de Lie (Hermann, Paris, 1972); N. Jacobson, Lie algebras (John Wiley & Sons, New York, 1992) [20] V. F. Mukhanov, L. R. Abramo, R. H. Brandenberger, Phys. Rev. Lett. 78, 1624 (1997); L. R. Abramo, R. H. Brandenberger, and V. F. Mukhanov, Phys. Rev. D 56 3248, (1997) [21] R . Geroch and L. Lindblom, J. Math. Phys. 26, 2581 (1985) [22] M. Bruni and S. Sonego, Class. Quant. Grav. 16, L29 (1998) [23] M. Campanelli and C. O. Lousto, Phys. Rev. D 59, 124022 (1999) [24] K. Nakamura, Prog. Theor. Phys. 110, 723 (2003) [25] K. Nakamura, Prog. Theor. Phys. 110, 201 (2003) [26] S. Mollerach and S. Matarrese, Phys. Rev. D 56, 4494 (1997); S. Mollerach, D. Harari and S. Matarrese, astro-ph/0310711 [27] E. Seidel and T. Moore, Phys. Rev. D 35, 2287 (1987); E. Seidel, Phys. Rev. D 42, 1884 (1990); C. Gundlach and J. M.

Martín-García, Phys. Rev. D 61, 084024 (2000)