arXiv:gr-qc/0306112 v1 25 Jun 2003

ULB-TH/03-26 MPI-MIS-51/2003 gr-qc/0306112

Asymptotically anti-de Sitter space-times: symmetries and conservation laws revisited

Glenn Barnich^{a∗}, Friedemann Brandt^b and Kim Claes^a

aPhysique Théorique et Mathématique, Université Libre de Bruxelles, Campus Plaine C.P. 231, B–1050 Bruxelles, Belgium

bMax-Planck-Institute for Mathematics in the Sciences, Inselstraße 22–26, D–04103 Leipzig, Germany

Abstract In this short note, we verify explicitly in static coordinates that the non trivial asymptotic Killing vectors at spatial infinity for anti-de Sitter space-times correspond one to one to the conformal Killing vectors of the conformally flat metric induced on the boundary. The fall-off conditions for the metric perturbations that guarantee finiteness of the associated conserved charges are derived.

1 Exact Killing vectors and their fall-off

Consider the (n + 1)-dimensional flat embedding space with coordinates X^Δ, Δ = 0, . . ., n and metric η_{ΔΓ} = diag(−1, −1, 1, . . ., 1) for n ≥ 3. Anti-de Sitter space-time can be defined as the hypersurface

η_{ΔΓ}X^ΔX^Γ = −l^2. (1.1)

Static coordinates x^μ, μ = 0, . . ., n − 1 on (universal) anti-de Sitter space-time can be chosen as x^μ ≡ τ, r, y^A, A = 2, . . ., n − 1, with

X^0 = l(1 +^{r2}_{l2} )^12 sin( τ/l), X^1 = l(1 +^{r2}_{l2} )^12 cos(τ/l), X^2 = r cos y^2, X^3 = r sin y^2 cos y^3, . . X^{n−1} = r sin y^2 . . . sin y^{n−2} cos y^{n−1}, X^n = r sin y^2 . . . sin y^{n−1}.

(1.2)

∗Research Associate of the National Fund for Scientific Research (Belgium).

In these coordinates, the metric on anti-de Sitter space-time is given by

ds̄^2 ≡ ḡ_{μν} dx^μdx^ν = −(1 + r^2 l^2

)dτ^2 +

+(1 + r^2 l^2

)^{−1}dr^2 + r^2 ∑ A f_A(dy^A)^2, (1.3)

with f_2 = 1, f_A = sin^2 y^2 sin^2 y^3 . . .sin^2 y^{A−1} for 3 ≤ A ≤ n − 1.

The Killing vectors for this metric can be obtained as follows: using the metric η_{ΔΓ} to lower the indices, the Killing vectors of the flat embedding space are ξ_Δ = a_Δ + b_{ΔΓ}X^Γ, with constant a_Δ, b_{ΔΓ} = −b_{ΓΔ}. Only the vectors corresponding to the Lorentz transformations are tangent to the hypersurface. The Killing vectors of ds̄^2 are then given by

ξ^α = ḡ^{αβ}ξ_β, ξ_β = b_{ΔΓ} ∂X^Δ ∂x^β X^Γ, (1.4)

or explicitly,

ξ^τ = −b_{01}l − b_{0A}X^A(1 + r^2 l^2

)^{− 12} cos(τ/l) + b_{1A}X^A(1 + r^2 l^2

)^{− 12} sin(τ/l), (1.5)

ξ^r = −l(1 + r^2 l^2

)^{12} [ sin(τ/l)(b_{0A} X^A r ) + cos(τ/l)(b_{1A} X^A r ) ] , (1.6)

ξ^A = 1 r^2f_A ∂X^B ∂y^A [ b_{B0}l(1 + r^2 l^2

)^12 sin(τ/l) + b_{B1}l(1 + r^2 l^2

)^12 cos(τ/l) + b_{BC}X^C ] . (1.7)

Let a = 0, 2, . . ., n − 1, with x^0 = τ, x^A = y^A. At spatial infinity r −→ +∞, the asymptotic fall-off conditions for these Killing vectors are ξ^r −→ O(r), ξ^a −→ O(r^0). (1.8) 2 Asymptotic Killing vectors and conformal Killing vectors on the boundary

2.1 Asymptotic Killing vectors of anti-de Sitter space-times For arbitrary vector fields ξ^μ that satisfy the fall-off conditions (1.8) of the exact Killing vectors, as well as ξ^μ −→ O(r^m) ⇒ ∂_rξ^μ −→ O(r^{m−1}), we determine the fall-off of L_ξḡ_{αβ}. Explicitly, L_ξḡ_{rr} −→ O(r^{−2}), L_ξḡ_{ar} −→ O(r), L_ξḡ_{ab} −→ O(r^2). (2.1) This motivates us to define asymptotic Killing vectors through the fall-off conditions (1.8) and the constraints L_ξḡ_{rr} −→ o(r^{−2}), L_ξḡ_{ar} −→ o(r), L_ξḡ_{ab} −→ o(r^2). (2.2)

We remark that this definition does not use assumptions on fall-off conditions for the metric perturbations. In fact, eventually we shall derive such conditions by requiring the existence of asymptotically conserved (n − 2)-forms associated to the asymptotic Killing vectors. Regarding this point, we thus reverse the approach used in [10] where we derived fall-off conditions determining asymptotic Killing vectors from fall-off conditions for the fields.

Asymptotic Killing vectors that fall-off as

ξ^r −→ o(r), ξ^a −→ o(r^0) (2.3)

automatically satisfy (2.2) and are considered trivial. We want to compute the equivalence classes of asymptotic Killing vectors modulo trivial ones.

Non trivial Killing vectors can thus be parameterized by ξ^τ −→ lT (τ, y), ξ^r −→ rR(τ, y) + o(r), ξ^A −→ Φ^A(τ, y). (2.4) The constraints (2.2) then reduce to^1 R = −lT_{,τ} , (2.5) T_{,A} = lf_{(A)}Φ^A_{,τ} , (2.6) lT_{,τ} = Φ^A_{,(A)} + ∑ B<A Φ^B cot y^B, (2.7) Φ^B_{,A}f_{(B)} + Φ^A_{,B}f_{(A)} = 0, A ≠ B. (2.8)

2.2 Conformal Killing vectors on the boundary For large r, the metric ds̄^2 behaves to leading order as ds̄^2 −→^{r2}_{l2} (ds^{′2}) where

ds^{′2} = g^′_{ab}dx^adx^b = −dτ^2 + l^2 n−1∑ A=2 f_A(dy^A)^2 (2.9)

and is thus asymptotically conformal to this latter metric, which will be referred to as the ”metric induced on the boundary” below.

The conformal Killing vectors of the metric induced on the boundary satisfy L_ξg^′_{ab} = 2 n − 1 D^′_cξ^c g^′_{ab}. (2.10)

Using the notation^2 ξ^τ = lT (τ, y) and ξ^A = Φ^A(τ, y) one obtains

D^′_cξ^c = ∂_cξ^c + 1 2 n−1∑ A=2 ξ^c∂_cln f_A

= lT_{,τ} + n−1∑ A=2 (Φ^A_{,A} + ∑ B<A Φ^B cot y^B). (2.11)

1An index in parentheses indicates that the summation convention does not apply. 2At this stage it is actually not yet clear that the functions T (τ, y) and Φ^A(τ, y) coincide with those in (2.4). Nevertheless we employ the same notation.

Explicitly, this gives the conditions lT_{,τ} = 1 n − 1 ( lT_{,τ} + n−1∑ A=2 (Φ^A_{,A} + ∑ B<A Φ^B cot y^B) ) , (2.12)

Φ^A_{,(A)} + ∑ B<A Φ^B cot y^B = 1 n − 1 ( lT_{,τ} + n−1∑ A=2 (Φ^A_{,A} + ∑ B<A Φ^B cot y^B) ) , (2.13)

T_{,A} = lf_{(A)}Φ^A_{,τ} , (2.14) Φ^B_{,A}f_{(B)} + Φ^A_{,B}f_{(A)} = 0, A ≠ B. (2.15)

2.3 Correspondence

Theorem 1. The non trivial asymptotic Killing vectors are in one to one correspondence with the conformal Killing vectors of the metric g^′_{ab} induced on the boundary.

Proof: The asymptotic Killing equations imply the conformal ones for the boundary metric. Indeed, (2.12) is equivalent to lT_{,τ} = 1 n − 2 n−1∑ A=2 (Φ^A_{,A} + ∑ B<A Φ^B cot y^B), (2.16)

which is implied by the sum over A of (2.7). Using (2.16), (2.13) is equivalent to

Φ^A_{,(A)} + ∑ B<A Φ^B cot y^B = 1 n − 2 n−1∑ A=2 (Φ^A_{,A} + ∑ B<A Φ^B cot y^B), (2.17)

which is implied by using (2.7) in (2.16). Finally (2.14) is (2.6) and (2.15) is (2.8).

Conversely, the conformal Killing vectors imply the asymptotic ones. Indeed, we only need to verify that (2.7) hold (since (2.5) only determines R and does not impose any constraint). This follows from using (2.17) in (2.16).

2.4 Discussion

The boundary metric is conformal to the flat Minkowski metric η_{ab}, so that the conformal Killing vectors of the boundary metric, and thus also the equivalence classes of asymptotic Killing vectors, correspond one to one to the conformal Killing vectors of Minkowski space in n − 1 dimensions. For n = 3 one thus gets the infinite dimensional pseudo conformal algebra in 2 dimensions. There is thus symmetry enhancement as the exact Killing vectors are given by the 6 dimensional so(2, 2) algebra. For n > 3, one gets an algebra that is isomorphic to so(n − 1, 2) of dimension^{(n+1)n}_2 , and thus a one to one correspondence between exact and non trivial asymptotic Killing vectors.

3 Charges and fall-off conditions

Let g_{μν} = ḡ_{μν} + h_{μν} , h = g^{μν} h_{μν} , and S^∞_{n−2} the (n − 2)-dimensional sphere at spatial infinity defined by τ = constant, r = R → ∞, and (d^{n−p}x)_{μ1...μp} = 1 p!(n − p)! ϵ_{μ1 ...μn} dx^{μp+1} . . .dx^{μn} , with ϵ_{0...n−1} = 1. We restrict the discussion to functions h_{μν} which depend on r such that h_{μν} −→ O(r^m) implies ∂_rh_{μν} −→ O(r^{m−1}) and ∂^2_r h_{μν} −→ O(r^{m−2}) for r −→ ∞.

We shall now discuss the charges associated with the asymptotic Killing vectors, see, e.g., [1, 2, 3, 4, 5, 6, 9, 10]. Our discussion is based on results in the last of these references where the following expression for these charges was derived:

Q_ξ = − ∫ S^∞_{n−2} (d^{n−2}x)_{νμ}k^{νμ}_ξ = − lim_{r−→∞} ∫ n−1∏ A=2 dy^Ak^{[τ r]}_ξ (3.1)

with k^{νμ}_ξ [h; ḡ] = − √ −ḡ 16π [ D̄^ν (hξ^μ) + D̄_σ(h^{μσ} ξ^ν ) + D̄^μ(h^{νσ} ξ_σ) + 3 2 hD̄^μξ^ν + 3 2 h^{σμ}D̄^ν ξ_σ + 3 2 h^{νσ}D̄_σξ^μ − (μ ↔ ν) ] . (3.2)

As shown in [10], in order that these charges are meaningful, the (n − 2)-forms (d^{n−2}x)_{νμ}k^{νμ}_ξ must be asymptotically conserved at S^∞_{n−2} which imposes d^nx H^{μν} L_ξḡ_{μν} −→ 0, (3.3) where H^{μν} are the left hand sides of the linearized field equations associated to the action S = ∫ d^nx √ −g(R − 2Λ), with Λ = −^{(n−1)(n−2)}_{l2} . In our present approach, (3.3) determines the fall-off conditions for the functions h_{μν} to which the results apply. To derive these conditions, we use that (2.2) and (3.3) impose H^{rr} −→ O(r), H^{ar} −→ O(r^{−2}), H^{ab} −→ O(r^{−3}). (3.4) Using now the explicit expression for H^{μν} ,

H^{μν} [h; ḡ] = √ −ḡ 32π ( 2Λ n − 2 (2h^{μν} − ḡ^{μν} h) + D̄^μD̄^ν h + D̄^λD̄_λh^{μν} − 2D̄_λD̄^{(μ}h^{ν)λ} −ḡ^{μν} (D̄^λD̄_λh − D̄_λD̄_ρh^{ρλ}) ) , (3.5)

we can eventually derive the fall-off behavior that generic functions h_{μν} must have in order that (3.4) holds. The result is h_{rr} −→ O(r^{−n−1}), h_{ar} −→ O(r^{−n}), h_{ab} −→ O(r^{−n+3}). (3.6) These conditions agree with those imposed in [3, 4, 5] and imply the finiteness of the charges (3.1).

Acknowledgments

The work of GB is supported in part by the “Actions de Recherche Concertées” of the “Direction de la Recherche Scientifique-Communauté Française de Belgique, by a “Pôle d’Attraction Interuniversitaire” (Belgium), by IISN-Belgium (convention 4.4505.86), by Proyectos FONDECYT 1970151 and 7960001 (Chile) and by the European Commission RTN program HPRN-CT00131, in which the author is associated to K. U. Leuven.

References

[1] S. Hawking and G. Ellis, The large scale structure of space-time. Cambridge University Press, 1973.

[2] L. F. Abbott and S. Deser, “Stability of gravity with a cosmological constant,” Nucl. Phys. B195 (1982) 76.

[3] M. Henneaux and C. Teitelboim, “Asymptotically anti-de Sitter spaces,” Commun.

Math. Phys. 98 (1985) 391.

[4] J. D. Brown and M. Henneaux, “Central charges in the canonical realization of asymptotic symmetries: An example from three-dimensional gravity,” Commun. Math. Phys. 104 (1986) 207.

[5] M. Henneaux, “Asymptotically anti-de Sitter universes in d = 3, 4 and higher dimensions,” pp. 959–966. Proceedings of the Fourth Marcel Grossmann Meeting on General Relativity, Rome 1985. R. Ruffini (ed.), Elsevier Science Publishers B.V.

[6] I. M. Anderson and C. G. Torre, “Asymptotic conservation laws in field theory,” Phys. Rev. Lett. 77 (1996) 4109–4113, hep-th/9608008.

[7] O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri, and Y. Oz, “Large N field theories, string theory and gravity,” Phys. Rept. 323 (2000) 183–386,

hep-th/9905111.

[8] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998) 253–291, hep-th/9802150.

[9] A. Ashtekar and S. Das, “Asymptotically anti-de Sitter space-times: Conserved quantities,” Class. Quant. Grav. 17 (2000) L17–L30, hep-th/9911230.

[10] G. Barnich and F. Brandt, “Covariant theory of asymptotic symmetries, conservation laws and central charges,” Nucl. Phys. B633 (2002) 3–82,

hep-th/0111246.