arXiv:gr-qc/0308064 v1 20 Aug 2003

Hawking radiation from spherically symmetrical gravitational collapse to an extremal R-N black hole for a charged scalar field

Hongbao Zhang^{1∗}, Zhoujian Cao^2, Chongshou Gao^{1,3}

1School of Physics, Peking University, Beijing, 100871, PRC 2Department of Physics, Beijing Normal University, Beijing, 100875, PRC 3Institute of Theoretical Physics, Academia Sinica, Beijing, 100080, PRC

August 20, 2003

Abstract

Sijie Gao has recently investigated Hawking radiation from spherically symmetrical gravitational collapse to an extremal R-N black hole for a real scalar field. Especially he estimated the upper bound for the expected number of particles in any wave packet belonging to Hout spontaneously produced from the state |0⟩in, which confirms the traditional belief that extremal black holes do not radiate particles. Making some modifications, we demonstrate that the analysis can go through for a charged scalar field.

1 Introduction

Particle creation by black holes (Hawking radiation) has been widely studied since 1970s [1, 2]. One of the most important results is that a black hole radiates particles with the same spectrum as a black body with temperature T =^{h̄κ}_{2πk} , where κ is the surface gravity of the black hole and k is Boltzmann’s constant.

Although the standard Hawking radiation is only derived for a spacetime appropriate to a collapsing body which settles down to a non-extremal black hole at the late stage, it is generally accepted that an extremal black hole has zero temperature (zero surface gravity) and consequently no particles are produced (not for superradiance modes if exist). However Liberati et al. [3] pointed out that the generalization to extremal black holes from non-extremal black holes is not trivial. One important point is that Kruskal transformation for non-extremal black holes, which plays a crucial role in calculating the particle creation, need be modified for extremal black holes.

∗Email: hongbaozhang@pku.edu.cn

The modified Kruskal transformation given in [3] is briefly reviewed as follows. Start with the usual form of the R-N geometry with parameters M and Q^∗

ds^2 = Δ r^2 dt^2 − r^2 Δ dr^2 − r^2(dθ^2 + sin^2 θdφ^2) (1)

where Δ = r^2 − 2rM + Q^2. In the extremal case Q = M , the tortoise coordinate r_∗ is given by

r_∗ = r + 2M [ln(r − M ) − M 2(r − M ) ] (2)

Define the advanced time v and retarded time u as v = t + r_∗ u = t − r_∗ (3)

the modified Kruskal tranformation for extremal R-N black holes is [3]

u = −4M [ln(−U ) + M 2U ] v = 4M (ln V − M 2V ) (4)

where U and V are regular across the past and future horizons of the extended spacetime.

Using this modified Kruskal transformation, Liberati et al. [3] find that the extremal black hole does not behave as a thermal object and can not be regarded as the thermodynamic limit of a non-extremal black hole. However, Gao [4] pointed out some deficiencies in the analysis of [3] and circumvented them by focusing on the wave packet solutions with unit norm. The result in [4] confirms that extremal black holes do not radiate particles.

Nevertheless, [3, 4] only involves the calculation for the massless real scalar field. this paper will focus on the massless charged scalar field in an extremal R-N black hole formed from a collapsing spherically symmetrical star, which makes two major differences from the massless real scalar field: One is that not only particle creation but also antiparticle creation need be calculated; the other is that the influence from the electromagnetic field need be considered. Our calculation follows the similar steps to [4].

2 Calculation of particle creation

2.1 Construction of the wave packet at future null infinity

Our purpose in this subsection is to construct the wave packet with unit norm at future null infinity I^+. Start with the wave equation in the appendix with the massless and zero potential case^† 1 √ −g (∂_i + iqA_i)[ √ −gg^{ij} (∂_j + iqA_j )]ϕ = 0 (5)

∗Without loss of generalization, only discuss the case of Q > 0. †Without loss of generalization, let q > 0.

In the region outside the collapsing star, the spacetime is described by the extremal R-N metric. Let ϕ =^1_r f(t, r)Y_{lm} (θ, φ), where Y_{lm} (θ, φ) is spherical harmonic. Thus if choose A_a = −^Q_r (dt)_a, then outside the collapsing star ∂^2 ∂^2t f − ∂^2 ∂^2r_∗ f − [ 2iqQ r ∂ ∂t f + (qQ)^2

r^2 f] + V (r)f = 0 (6)

where V (r) =

(M − r)^2

r^6

[2M (M − r) + l(l + 1)r^2] (7) It is easy to know F_{w0lm} = 1 r e^{iω0u}Y_{lm} (θ, φ) (8) is a solution near I^+. Then following the procedure in [4], construct the wave packet with frequency around ω_0 and centered on the retarded time u = 2πn as P_{nω0lm} = 1 r z_{nω0} Y_{lm}(θ, φ) (9) where z_{nω0} = N √ 2π ∫_∞ −∞ g( ω − ω_0 ϵ )e^{iω(u−2πn)}dω (10) where N is normalization constant and g(x) is real C^∞ function with compact support in [−1, 1]. To guarantee P_{nω0lm} has frequencies with the same sign as F_{ω0lm}, require 0 < ϵ ≪ |ω_0|. If let ω−ω_0 ϵ = ω̂, u − 2πn = û, then z_{nω0} (u) = N ϵe^{iω0û}ĝ(ϵû) (11) where ĝ(x) = 1 √ 2π ∫_∞ −∞ g(ω̂)e^{iω̂x}dω̂ (12) The normalization constant N can be determined by the inner product in the appendix ⟨Ω^{−1}P, Ω^{−1}P ⟩ = (P, P ) = 1 (13) It is convenient to make the integral on I^+, and accordingly sign(−ω_0)i ∫_∞ −∞ z̄(u)z^′(u) − z(u)z̄^′(u)du = 1 (14)

Then the straightforward calculation gives [4] N = 1 √ sign(ω_0)(βϵω_0 + γϵ^2)

(15)

where

β = 2 ∫_∞ −∞ |g(ω̂)|^2dω̂ γ = 2 ∫_∞ −∞ ω̂|g(ω̂)|^2dω̂ (16)

Thus (11) becomes z(u) = √ ϵ √ sign(ω_0)(βω_0 + γϵ) e^{iω0û}ĝ(ϵû) (17)

2.2 Geometrical optics approximation

To calculate the particle production at late times, the wave packet (9) need be propagated backwards from I^+ to the past null infinity I^−. For simplicity, first investigate the propagation of wave (8); then the propagation of (9) can be got by superposition. A part of wave (8) will be scattered by the gravitational field and electromagnetic field outside the collapsing star and will end up on I^− with the same frequency, which indicates this part will not contribute the particle production. So we will only care the remaining part which will propagate through the collapsing star, eventually emerging to I^−.

Note geometrical optics approximation holds for the propagation of the remaining part from near the future event horizon to I^− [1]. Thus if set v = 0 for the points where the null curves generating the future event horizon intersects I^−; for −v positive and small

U = αv (18)

Therefore near I^−, the remaining part takes the form as [1] F_{rem} = { t(ω_0)^1_r e^{iS(v)}Y_{lm} (θ, φ) v < 0 0 v > 0 (19)

where t(ω_0) is the transmission amplitude and

S(v) = (ω_0 − qQ M ){−4M [ln(−αv) + M 2αv ]} (20)

Next assume that t(ω) varies negligibly over the frequency interval 2ϵ, thus near I^− P_{rem} = { t(ω_0)^1_r z(v)Y_{lm} (θ, φ) v < 0 0 v > 0 (21)

where z(v) = √ ϵ √ sign(ω_0)(βω_0 + γϵ) e^{i(ω0− qQM )û(v)}ĝ[ϵû(v)] (22) and û(v) = −4M ln(−αv) − 2M^2 αv − 2nπ (23)

2.3 Calculation of particle creation

According to the formulae in the appendix, the expected number of particles spontaneously produced in the state represented by P_{nω0lm} is given by

N_{nω0lm} = 2|t(ω_0)|^2 ∫_∞ 0 ω^′|ẑ[sign(ω_0)ω^′]|^2dω^′ (24)

Figure 1: The Wick rotation (a) for ω0 >^{qQ}_M , ω^′ > 0 and (b) for ω0 < 0, ω^′ < 0

where

ẑ(ω^′) = 1 √ 2π ∫_0 −∞ z(v)e^{iω′ v}dv = √ ϵ √ sign(ω_0)2π(βω_0 + γϵ) Z(ω^′) (25)

where Z(ω^′) =

∫_0 −∞ e^{iω′0û(v)}e^{iω′v}ĝ[ϵû(v)]dv (26) where ω^′_0 = ω_0 − qQ M (27)

In addition, by a simple rescaling, It is easy to know that N_{nω0lm} is independent of the choice of α in û(v). So without loss of generality, from now on let û(v) = −4M ln(−v) − 2M^2 v − 2nπ (28)

Since the traditional belief that extremal black holes do not radiate particles is only for nonsuperradiance modes, next the creation of particles will be calculated in the following two cases: (a)ω_0 >^{qQ}_M , ω^′ > 0^‡ or (b)ω_0 < 0, ω^′ < 0. The calculation here follows Gao’s [4] by some simple modifications.

According to the theorem and the lemma in the appendix, make a Wick rotation (See Figure 1). Thus if let x = −iω^′v, then

Z(ω^′) = e^{−iω′02nπ} iω^′ ∫_∞ 0 e^{−x}e^{−iω′0 4M ln( xiω′ )}e^{− 2M} 2ω′ 0 ω ′ x ĝ[ϵû(x)]dx (29) ‡Require 0 < ϵ ≪ ω^′_0 to guarantee P_{nω0 lm} only includes non-superradiance modes

where û(x) = −4M ln( x iω^′ ) + i2M^2ω^′ x − 2nπ (30)

Using the fact Im[û(x)] = sign(ω_0)2M π +^{2M 2ω′}_x and |e^{−iω′04M ln( x}iω^{′ )}| = e^{sign(−ω0)2Mπω′0} when x is real |Z(ω^′)| ≤ C_ke^{sign(−ω0)2Mπ(ω′0−ϵ)} sign(ω_0)ω^′ ∫_∞ 0 e^{−x}e^{− 2M} 2 ω′(ω′ 0 −ϵ) x [1 + |ϵû(x)|]^k dx

≤ C_ke^{sign(−ω0)2Mπ(ω′0−ϵ)} sign(ω_0)ω^′ ∫_∞ 0 e^{−x}e^{− 2M} 2 ω′(ω′ 0 −ϵ) x |ϵû(x)|^k dx (31)

To proceed, first give a lower bound for |û(x)|. Start with

|û(x)|^2 = (2nπ + 4M ln y)^2 + (2M π +

2M^2 y )^2 (32)

where y =^x_{sign(ω0)ω′} . Thus it is not difficult to find |û(x)| ≥ c_12nπ (33) where c_1 is a positive constant. Therefore |Z(ω^′)| ≤ C_ke^{sign(−ω0)2Mπ(ω′0−ϵ)} sign(ω_0)ω^′(ϵc_1)^k(2nπ)^k ∫_∞ 0 e^{−x}e^{− 2M} 2ω′(ω′ 0 −ϵ) x dx = C_ke^{sign(−ω0)2Mπ(ω′0−ϵ)}2 √ 2M^2(ω^′_0 − ϵ)ω^′K_1[2 √ 2M^2(ω^′_0 − ϵ)ω^′] sign(ω_0)ω^′(ϵc_1)^k(2nπ)^k (34)

where K_1(z) is modified Bessel function [5].

In order to investigate the bound in (31) for sign(ω_0)ω^′ ≤ Ω ≪ 1 more carefully, denote by G(ω^′) the integral in (31) for sign(ω_0)ω^′ ≤ Ω ≪ 1 , i.e.

G(ω^′) = ∫_∞ 0 e^{−x}e^{− 2M} 2ω′(ω′ 0 −ϵ) x |ϵû(x)|^k dx (35)

and rewrite |û(x)|^2 as

|û(x)|^2 = [F_n(ω^′) + 4M ln x]^2 + [2M π + sign(ω_0)2M^2ω^′ x ]^2 (36)

where F_n(ω^′) = 2nπ − 4M ln[sign(ω_0)ω^′] (37) In addition, in the following discussion, assume a ≪ 1 but an ≫ 1.

(a) D_1 = {e^{− aFn(ω′ )4M} ≤ x ≤ e^{aFn(ω′ )4M} and x ≥^{sign(ω0)2M 2ω′}_{aFn(ω′ )} } G(ω^′, D_1) ≤ 1 [ϵc_2F_n(ω^′)]^k ∫_∞ 0 e^{−x}e^{− 2M} 2ω′(ω′ 0 −ϵ) x dx = 2 √ 2M^2(ω^′_0 − ϵ)ω^′K_1[2 √ 2M^2(ω^′_0 − ϵ)ω^′] [ϵc_2F_n(ω^′)]^k

(38)

where c_2 is a positive constant. For z → 0, K_1(z) ∼^1_z [6]. Therefore

G(ω^′, D_1) ≤ 1 [ϵc_2F_n(ω^′)]^k

(39) (b) D_2 = {x ≤^{sign(ω0)2M 2ω′} aF_n(ω^′) } G(ω^′, D_2) ≤ sign(ω_0)2M^2ω^′e^{sign(−ω0)aFn(ω′)(ω′0−ϵ)} aF_n(ω^′)(ϵc_1)^k(2nπ)^k

(40)

(c) D_3 = {x ∈ (0, ∞)|x ∈/D_1 ∪ D_2}

G(ω^′, D_3) ≤ ∫_e^{− aFn(ω′ )}_{4M} 0 e^{−x}e^{− 2M} 2ω′(ω′ 0 −ϵ) x |ϵû(x)|^k dx + ∫_∞ e^{aFn (ω} ′) 4M e^{−x}e^{− 2M} 2ω′ (ω′ 0 −ϵ) x |ϵû(x)|^k dx

≤ e^{− aFn(ω′ )4M} (ϵc_1)^k(2nπ)^k + e^{−e} aFn(ω′ ) 4M (ϵc_1)^k(2nπ)^k

(41)

Thus G(ω^′) ≤ 1 [ϵc_3(ω_0)F_n(ω^′)]^k

(42)

where c_3(ω_0) is a positive constant.

Thus |ẑ[sign(ω_0)ω^′ ≥ Ω]| ≤ √ ϵC_ke^{sign(−ω0)2Mπ(ω′0−ϵ)} √ sign(ω_0)2π(βω_0 + γϵ)ω^′[ϵc_3(ω_0)F_n(ω^′)]^k

(43) and |ẑ[sign(ω_0)ω^′ > Ω]| ≤ √ ϵC_ke^{sign(−ω0)2Mπ(ω′0−ϵ)}2 √ 2M^2(ω^′_0 − ϵ)ω^′K_1[2 √ 2M^2(ω^′_0 − ϵ)ω^′] sign(ω_0) √ sign(ω_0)2π(βω_0 + γϵ)ω^′(ϵc_1)^k(2nπ)^k

(44) Therefore N_{nω0lm} ≤ 2|t(ω_0)|^2{ ϵC^2_ke^{sign(−ω0)4Mπ(ω′0−ϵ)} sign(ω_0)2π(βω_0 + γϵ)(ϵc_3)^{2k}

∫_Ω 0 1 ω^′(2nπ − 4M ln ω^′)^{2k} dω^′ + 8ϵC^2_ke^{sign(−ω0)4Mπ(ω′0−ϵ)}M^2(ω^′_0 − ϵ) sign(ω_0)2π(βω_0 + γϵ)(ϵc_1)^{2k}(2nπ)^{2k} ∫_∞ Ω K^2_1 [2 √ 2M^2(ω^′_0 − ϵ)ω^′] ω^′ dω^′}

(45)

For z → ∞, k_1(z) ∼ √_π 2z e^{−z} [6]. Thus N_{nω0lm} ≤ 2c_4(ω_0)|t(ω_0)|^2 (2nπ)^{2k−1} (46)

where c_4(ω_0) is a positive constant.

3 Conclusion and discussion

Since 2nπ represents time, (46) shows that for any non-superradiance mode associated with a wave packet, the rate of particle and antiparticle creation drops off to zero faster than any inverse power of time at late times. This result confirms that extremal black holes do not radiate particles as [4]. In addition, it is obvious that our result is immediately applicable to the case of a charged scalar field in an extremal K-N black hole; since the modified Kruskal transformation here is exactly the same as the extremal R-N case [7].

Acknowledgments

We would like to give our thanks to Dr. Sijie Gao for many helpful discussions throughout the whole project. In addition, this work was supported in part by the National Nature Science of China (90103019) and the Doctoral Programme Foundation of Institute of Higher Education, the State Education Commission of China (2000000147).

Appendices

A The charged (complex) scalar quantum field in curved spacetimes

Here the charged scalar quantum field in curved spacetimes is briefly reworked [8]. Start with the gauge-invariant^§ wave equation (▽_a + iqA_a)(▽^a + iqA^a)ϕ − 1 6 Rϕ + m^2ϕ + V ϕ = 0 (1)

The Klein-Gordon inner product (ϕ, ψ) = i ∫ Σ [ϕ̄(▽_a + iqA_a)ψ − ψ(▽_a − iqA_a)ϕ̄]n^adV (2) is gauge-invariant and independent of choice of Cauchy surface Σ .

For the free field, we define the one-particle Hilbert space H as

H = H^+ ⨁ H̄^− (3)

§Under the transformations: ϕ^′ = e^{−iqτ} ϕ, A^′_a = A_a + ▽_aτ

where H^+ is the Hilbert space of positive frequency solutions of the Klein-Gordon equation with the above inner product; H^− is the Hilbert space of negative frequency solutions with the inner product given by minus the above Klein-Gordon inner product, and the bar denotes the complex conjugate (dual) operation.

The Hilbert space of free-field states is taken to be F_s(H).Annihilation and creation operators are be defined as usual. Then the field operator ϕ̂ is defined as ϕ̂ = ϱ_ia(ϱ̄^i) + c^†(λ_i)λ̄^i (4)

where {ϱ_i}, {λ_i} are respectively the orthonormal bases of H^+, H̄^−.

Then according to the usual procedure, the scattering matrix can be constructed. Here only give the expected number of particles in states belonging to H_{out} spontaneously produced from the state |0⟩_{in} ⟨N̂ (ϱ_i)⟩_{out} = |Bϱ_i|^2_{in} ⟨N̂ (λ_i)⟩_{out} = |Aλ̄_i|^2_{in} (5)

where B denotes taking the past negative part of solutions which are purely positive frequency in the future, and A denotes taking the past positive part of solutions which are purely negative frequency in the future.

Now consider some conformally invariant properties for the charged scalar field. Make the conformal transformation g̃_{ab} = Ω^2g_{ab}, then

[g̃^{ab}( ~▽_a + iqA_a)( ~▽_b + iqA_b) − 1 6 R̃ + Ω^{−2}(m^2 + V )](Ω^{−1}ϕ) =

Ω^{−3}[g^{ab}(▽_a + iqA_a)(▽_b + iqA_b) − 1 6 R + m^2 + V ]ϕ (6)

Thus the conformal weight for the charged scalar field is -1. Furthermore

⟨Ω^{−1}ϕ, Ω^{−1}ψ⟩ = (ϕ, ψ) (7)

In order to consider the null infinity I^− of R-N black hole, select the conformal factor Ω =^1_r . Thus

ds̃^2 = Ω^4Δdv^2 + 2dvdΩ − (dθ^2 + sin^2 θdφ^2) ds̃^2 = Ω^4Δdu^2 − 2dudΩ − (dθ^2 + sin^2 θdφ^2) (8)

Obviously, the above metrics are non-degenerate at Ω = 0. Furthermore, I^− can be defined as Ω = 0, −∞ < v < ∞; I^+ as Ω = 0, −∞ < u < ∞. In addition, if the Cauchy surface chosen includes either I^− or I^+, choose [9]

n^a = ( ∂ ∂v )^a, dV = sin θdvdθdφ (9) for I^−;

n^a = ( ∂ ∂u )^a, dV = sin θdudθdφ (10) for I^+.

B One theorem and one lemma

Here the theorem and lemma useful to our calculation of the creation of particles are briefly reviewed.

Theorem [4, 10] Let g : R → R be a C^∞ function with compact support in [−1, 1]. Then, the Fourier transform, ĝ(ζ) is an entire analytic function of ζ such that for all k > 0 |ĝ(ζ)| ≤ C_ke^{|Imζ|} (1 + |ζ|)^k (11)

for all ζ ∈ C, where C_k > 0 is a constant which depends on k and g.

Lemma [4, 6] If F (z) satisfies lim_{|z|→∞} |F (z)| = 0 in the second (third) quadrant, then lim R→∞ ∫ C_R e^{icz}F (z) = 0 (12)

where c > 0(c < 0) is a constant.

References

[1] S. W. Hawking, Commun. math. Phys. 43, 199-220(1975) [2] R. M. Wald, Commun. math. Phys. 45, 9-34(1975) [3] S. Liberati, T. Rothman, S. Sonego, Phys. Review. D 62, 024005(2000) [4] Sijie Gao, gr-qc/0207029 [5] Zhuxi Wang and Dunren Guo, Introduction to Special Function(Peking University Press, Beijing, 2000) [6] Duoren Guo, Methods of Mathematical Physics(China Higher Education Press, Beijing, 1991) [7] T. Rothman, Phys. Lett. A 273: 303-309(2000) [8] R. M. Wald, Annals of Physics 118, 490-510(1979) [9] R. M. Wald, General Relatvity(University of Chicago Press, Chicago, 1984) [10] M. Reed and B. Simon, Methods of Modern Mathematical Physics II: Fourier Analysis, Self- Adjointness(Academic Press, 1975)