arXiv:gr-qc/0309088 v1 18 Sep 2003

Noether Symmetry of the Hyperextended Scalar Tensor theory for the FLRW models

Stéphane Fay 14 rue de l’Etoile 75017 Paris France‡

Abstract. We study in which conditions the Hyperextended Scalar Tensor theory in an FLRW background admits a Noether symmetry and derive the vectors field generating it.

Published in Classical and Quantum Gravity copyright 2001 IOP Publishing Ltd Classical and Quantum Gravity, Vol 18, 22, 2001. http://www.iop.org

PACS numbers: 04.50.+h, 98.80.Hw, 11.30.-j

‡ Steph.Fay@Wanadoo.fr

1. Introduction

One of the most well-known scalar tensor theories is the Brans-Dicke one [1] developed in the sixties. This interest was motivated by the fact that it is able to reconcile a relativistic theory of gravitation with the ideas of Mach. It introduced the ideas of a gravitational coupling function, G, varying as the inverse of the scalar field ϕ and thus depending on the time[2] and of a coupling constant, ω, between the scalar field and the metric functions. With the discovery of inflation by Guth [3] in the eighties allowing explaining why the Universe could be so flat or so isotropic, the interest for the scalar tensor theories has increased and found new justifications. Inflation could have been recently detected with the supernovae of type IA[4, 5] and is often interpreted as the presence of a cosmological constant Λ in the field equations. In the same time, physical particle progress have shown the importance of massive scalar field or varying gravitational functions. As instance the gravitational and the Brans-Dicke coupling functions of the low energy effective string action are exponential laws of ϕ. Moreover, unification theories predict a cosmological constant larger than the presently observed value. One way to solve this cosmological constant problem could be to consider a varying potential instead of a constant one. Thus the connection between particle physics and cosmology encourage us to consider scalar-tensor theories more general than the Brans-Dicke one. The Lagrangian of the Hyperextended Scalar Tensor theories (HST) seems to be suited to take into account this need for generality since it is written with a gravitational function G(ϕ) and a Brans-Dicke coupling function ω(ϕ). It is why we have chosen to study it when a potential U(ϕ) and a perfect fluid are presents.

The HST thus defined has then 3 undetermined functions. This is an advantage and a drawback at the same time. The advantage comes from the fact that any result we will obtain from this theory will be very general and could be applied to a large number of scalar tensor theories simply by assuming some special forms for G and ω. As instance, General Relativity with a scalar field is obtained with G = G_0 and Brans-Dicke theory for G^{−1} = ϕ and ω = ω_0. The drawback is that there are few indices indicating us what should be the physically interesting forms of the three undetermined functions depending on the scalar field. We can try to determine some of their characteristics from an observational point of view. Hence, in [6] it is shown how from the observations, it could be possible to determine the full Lagrangian and thus the potential from the luminosity distance and the linear density perturbation in the dust like matter as function of redshift. In [7], the convergence toward General Relativity, the presence of singularity or the dynamical evolution of the Universe at any time have been studied depending on the form of ω. In [8], observation of the variation of the finestructure constant is analysed, giving us restriction on the possible variation of G. We can also leave the cosmological principle, assuming an anisotropic Universe and looking for the forms of the functions allowing the isotropy[9]. Considering the relations of this theory with the particle physics, another possibility is to claim that the HST could respect some of its symmetries as Noether symmetries. This is the approach chosen in

[10, 11] and that we will follow in this work. Our goal will be to look for the existence conditions of a Noether symmetry for the HST in different physical (in the vacuum (i.e. with a non-massive scalar field), with a potential or with a perfect fluid) and geometrical (flat open and closed Universe) contexts. Lets note that a transformation of the scalar field, G^{−1} = Φ allows to reduce the number of the undetermined function from three to two. The theory thus defined is named Generalised Scalar Tensor theory (GST) and has been studied from the same point of view in [10, 11]. However, these results can not be extended to HST by help of an inverse transformation and thus be related on important theories as the effective low energy string theory. The two classes of theories are physically equivalent but it is not possible to know the constraint imposed by the Noether symmetry on G, U and ω from these determined for the GST.

Lets explain the interest of the Noether symmetries§. Noether symmetries theorem states that for every continuous symmetry of the laws of physics, there must exist a conservation law and reciprocally for every conservation law, there must exist a continuous symmetry. In this work, it will be studied via the approach of de Ritis et al [11] and Capozziello et al [12]. We will consider a point Lagrangian L and a vector field χ. A first step is to find the symmetry χ, defined by the Lie derivative ℓ_χL. The second step that we will not consider in this paper, is to determine the conserved quantity Q that can be found by computing the Cartan one form θ_L =^{∂L}_{∂ȧ} da +^{∂L}_{∂ϕ̇} dϕ, contracting it with χ to get Q = i_χθ_L. Then, the calculus of Q can allow to solve exactly the field equations as shown in the previously quoted papers. Thus Noether symmetry is very important in the search for exact solutions of theories having particular symmetries and conserved quantities, helping the study of more general ones. However, note that recently, it has been demonstrated that Noether symmetry could, for some cases, not be consistent with dynamical equations and that other type of symmetries could exist[13] indicating that in the future we will have to proceed with care when we consider the second step.

The geometrical framework of this study will be the FLRW models. It would be more logical to consider an anisotropic and inhomogeneous model more qualified to describe the geometry of the early Universe where particle physics naturally takes place. However, it does not exist a full classification of these geometries contrary to the FLRW or Bianchi models. The relative simplicity of the FLRW models will allow us to study the Noether symmetries for a whole class of geometrical models and thus we will be able to make comparisons between each of them.

The plane of this paper is the following: in the section 2, we look for the conditions allowing a Noether symmetry for the HST in the FLRW models. We discuss our results and conclude in the section 3.

§ Excellent tutorial from professors C. T. Hill and L. M. Lederman can be found on that subject in www.emmynoether.com.

2. Noether symmetry of the FLRW

We use the following form of the metric describing an isotropic and homogeneous Universe:

ds^2 = −dt^2 + a^2dΩ (1) a being the scale factor. The Lagrangian of the HST with a potential and a perfect fluid is written: L = [ G(ϕ)^{−1}R + ωϕ^{−1}ϕ_{,μ}ϕ^{,μ} − U ] √ −g + L_m (2) G being the gravitational coupling function, ω the Brans-Dicke coupling function, U the potential, ϕ the scalar field from which depends on previous quantities and L_m the Lagrangian corresponding to a perfect fluid with equation of state p = (δ − 1)ρ. Using the fact that ∫ □G^{−1} √ −g = 0, the point Lagrangian for the FLRW models is written:

L = −6G^{−1}aȧ^2−6G^{−1}_ϕ a^2ȧϕ̇+ωa^3ϕ^{−1}ϕ̇^2+6kaG^{−1} −a^3U +ρ_0(γ−1)a^{3(1−γ)}(3) To find the conditions for Noether symmetry, we will follow the approach of de Ritis et al [11] and Capozziello et al [12]. We will consider the configuration space E = (a, ϕ) whose corresponding tangent space is T E = (a, ȧ, ϕ, ϕ̇). The vector field X generating the symmetry is then: X = α ∂ ∂a + χ ∂ ∂ϕ + α̇ ∂ ∂ȧ + χ̇ ∂ ∂ϕ̇ (4) where α and χ are some functions of a and ϕ. The existence of a Noether symmetry induces the existence of the vectors field X such that ℓ_X L = 0, ℓ_X being the Lie derivative with respect to X. The meaning of this equation is that L is constant along the flow generated by X. We deduce from it a second-degree expression for ȧ and ϕ̇ whose coefficients only depend on a and ϕ and have to vanish.

2.1. Vacuum model

Applying the principle described above, we get the following equations when no potential or perfect fluid is present:

k(G^{−1}α + (G^{−1})_ϕaχ) = 0 (5)

G^{−1}α + (G^{−1})_ϕaχ + 2G^{−1}a ∂α ∂a + (G^{−1})_ϕa^2 ∂χ ∂a = 0 (6) 3ωα − ωϕ^{−1}aχ − 6ϕ(G^{−1})_ϕ ∂α ∂ϕ + 2ωa ∂χ ∂ϕ + ω_ϕaχ = 0 (7)

6(G^{−1})_ϕα + 3(G^{−1})_{ϕϕ}aχ + 3(G^{−1})_ϕa ∂α ∂a + 6G^{−1} ∂α ∂ϕ − ωϕ^{−1}a^2 ∂χ ∂a + 3(G^{−1})_ϕa ∂χ ∂ϕ = 0(8)

They are the same as these of [10] when we choose G^{−1} = ϕ. We are going to examine successively the case of curved and flat models.

2.1.1. k ≠ 0 Following the methods of [10], from the previous equations system, it should be possible to determine a relation between ω and G necessary for the existence of a symmetry and the forms of α and χ determining the vector field generating it. Starting from (5), we deduce that α = −G(G^{−1})_ϕaχ. Then, putting this quantity in (6) and integrating, we get:

χ = n(ϕ)a^{−2} (9) α = − n(ϕ)G(G^{−1})_ϕa^{−1} (10)

with n(ϕ) a function of the scalar field that we have to determine. We introduce these expressions in (7) and we get the relation we are looking for between ω and G: ω = 3ω_0ϕ(G^{−1})^2_ϕG(G^{−2} − 2ω_0)^{−1} (11) ω_0 being an integration constant. To obtain n(ϕ), we replace ω in (8) by this last expression. We find that:

n(ϕ) = n_0(2ω_0 − G^{−2})(G^{−1})^{−1}_ϕ (12) n_0 being an integration constant. We conclude that in the vacuum case and for a curved FLRW model, a HST whose Brans-Dicke coupling function is linked to the gravitational function by the relation (11) has a Noether symmetry generated by a vectors field X defined by (12) and (9). These relations generalise these found in the case of GST in [10].

2.1.2. k = 0 The equation (5) vanishes and then we have 4 undetermined quantities (the partial derivatives of α and χ) and three equations. To find some solutions, we assume that α and χ can be written with separating variables as successfully done in [10] in the case of GST and we define α = α_1(a)α_2(ϕ) and χ = χ_1(a)χ_2(ϕ). Introducing these expressions in (6), we find that it will be satisfied if α_2 = mG(G^{−1})_ϕχ_2, m being a constant. Then we do the same thing with (7) and see that we must have χ_1 = na^{−1}α_1. Introducing these expressions for α_2 and χ_1 in the equations (6-8), we deduce from the two first ones the expressions for α^{−1}_1 dα_1/da and χ^{−1}_2 dχ_2/dϕ that we use in the last equations. We get the following relation that have to be satisfied between ω and G:

ω = ϕG(G^{−1}_ϕ )^2

6mω_0(m + n)G^{3m/n+1} − 3 n^2ω_0G^{3m/n+1} + 2

(13)

So that α and χ be determined we calculate that:

α_1 = α_{10}a^{−m(2m+n)−1} (14)

χ_2 = χ_{20}(G^{−1})^{−1}_ϕ G^{m(3m+2n)n(2m+n)} (n^2ω_0 + 2G^{−3m/n−1} )^{1/2} (15)

α_{10} and χ_{20} being integration constants. Consequently a HST whose gravitational function and Brans-Dicke coupling functions are linked by the relation (13) have a Noether symmetry generated by the vectors field defined by α_1, α_2, χ_1 and χ_2.

2.2. HST with potential

When we consider a potential, only the first equation of (5-8) changes and is written:

6kG^{−1}α − 3a^2Uα + 6kaχ(G^{−1})_ϕ − a^3χU_ϕ = 0 (16)

Let’s consider a model with and without curvature.

2.2.1. k ≠ 0 Using the same method as in section 2.1, we express α with (16) and put its expression in (6) to determine this of χ. It comes:

χ = n(ϕ)(2kG^{−1}−a^2U)[3a^2U(G^{−1})_ϕ+G^{−1}(6k(G^{−1})_ϕ−2a^2U_ϕ)] −3U (G−1)ϕ +3Uϕ G−1 6U (G−1)ϕ−4Uϕ G−1 a−2(17) n(ϕ) being a function depending on the scalar field. If we Introduce the forms of α and χ in (7) we get a differential equation for n(ϕ) which is written with 3 different powers of a and logarithm of an expression of a and ϕ. This equation having to vanish, the coefficient of the logarithmic expression has to be equal to zero. This is only possible if the power of the expression for χ is a constant F_0, i.e. when U = U_0G^{− 3(1+2F0 )3+4F0} , U_0 being an integration constant. In the same way the coefficient of the powers of a have to be equal to zero thus defining a system of 3 equations whose the only solution is the General Relativity with G = G_0 and ω = 0. However, for this theory χ is undetermined and thus we conclude that for a massive HST in a curved Universe, there is no Noether symmetry. As shown in [13], it does not mean that there is no symmetry at all, and then conserved quantities, but only for the special one we have considered and which belongs to the class of point symmetries[11].

2.2.2. k = 0 Contrary to what happens for the vacuum case, the equation (5) is not identically zero but is written:

3Uα + aχU_ϕ = 0 (18)

It follows that we have not to assume a variable separation for α and χ. From this last equation, we deduce:

α = 1/3aχU^{−1}U_ϕ (19)

We introduce this result in (6) and derive χ: χ = n(ϕ)a 3(U (G−1)ϕ−G−1Uϕ ) −3U (G−1)ϕ +2G−1Uϕ (20) n(ϕ) being a function of the scalar field. In the equation (8), we replace α and χ by their forms above thus getting a differential equations for n(ϕ). Its form is F_1(ϕ)n_ϕ + F_2(ϕ) + F_3(ϕ)ln(a) = 0. To satisfy it, it is necessary that F_3 = 0 thus implying U = U_0G^{−p} with p a constant or G = G_0, which corresponds to General Relativity with a massive scalar field. This two cases allow independently that F_3 = 0 and are independents each others since in the second one, their is no constraint between G and U. We examine successively these two cases.

When U = U_0G^{−p}, we get an expression for n_ϕ from (8). Introducing α, χ and n_ϕ in the equation (7), we get the following relation between G and ω: ω = ϕ [−3 + 2p(3 − p)ω_0G^{−p+1}] (G^{−1})^2_ϕ 2G^{−1} − 3ω_0G^{−p}

(21)

ω_0 being an integration constant. Using this last expression, we derive the exact form of n:

n = n_0G^{p(−6p}

2 +p+3) 2(p−1)(3+2p)2 (2G−1 − 3ω0G−p) (1+p)(3−2p)2 2(p−1)(3+2p)2 (22)

n_0 being an integration constant. Consequently a massive HST whose potential is proportional to a power of the gravitation function which itself depends on the Brans- Dicke coupling function by the relation (21) have a Noether symmetry generated by a vectors field X determined by the relations (19-22).

If we consider the General Relativity, a Noether symmetry only exists in presence of a cosmological constant. However χ is not determined and thus there is no symmetry. When G = G_0, we calculate from the equations (7) and (8) that a Noether symmetry will exist if: ω = 2ϕ(U_ϕ)^2 G_0(ω_0 + 3U)U

(23)

Then, from (23), we derive the form of n:

n = n_0U(ω_0 + 3U)^{1/2}(U_ϕ)^{−1} (24) Thus a Noether symmetry can exist for General Relativity with a massive scalar field different of a constant in a flat Universe if the relation (23) between the potential and the Brans-Dicke coupling function is satisfied and is generated by a vector fields X defined by (19), (20) et (24).

2.3. HST with a perfect fluid

The term representing a perfect fluid with an equation of state p = (γ − 1)ρ in the Lagrangian is ρ_0(γ − 1)a^{3(1−γ)}. Once again, only the equation (5) is modified and written:

2kG^{−1}α + 2akχ(G^{−1})_ϕ − ρ_0(γ − 1)^2a^{2−3γ} α (25)

We deduce from it an expression for α:

α = −2akχ(G^{−1})_ϕ(2kG^{−1} − ρ_0(γ − 1)^2a^{2−3γ})^{−1} (26) that we introduce in (6). Then, we get for χ: χ = n(ϕ)a^{4−3γ−2+3γ} [ (γ − 1)^2ρ_0a^2 − 2ka^{3γ} G^{−1} ] [ (γ − 1)^2ρ_0a^2 + 2ka^{3γ} G^{−1} ] 1−3γ_{−2+3γ} (27) n(ϕ) being a function depending on the scalar field. We calculate it by using the expressions for α and χ in (8). To this end, we consider three values of γ, 1, 0 and 4/3 corresponding respectively to a dust dominated, vacuum energy dominated and radiation dominated Universe. In the first case, the equation (25) takes the same form as in the vacuum and thus the results are the same as these of section 2.1. In what follows, we will consider only the two last ones.

2.3.1. k ≠ 0 When γ = 0 or γ = 4/3, if we introduce the expressions for α and χ in the equation (8), we get a polynomial expression for a whose coefficients have to be zero. It corresponds to a system of 3 equations with 3 unknowns G, ω and n that we have to determined.

When the Universe is vacuum dominated, the only possible solution corresponds to General Relativity or n = 0 but once again χ is undetermined and a Noether symmetry does not exist.

When the Universe is radiation dominated, the equations are satisfied if:

n = n_0 √ G^{−1}(G^{−1})^{−1}_ϕ (28)

ω = −3/2ω_0ϕG(G^{−1})^2_ϕ (29)

Thus, the HST with a perfect radiative fluid can have a Noether symmetry if this relation between the gravitational coupling function and the Brans-Dicke coupling function is satisfied. It is generated by the vectors field X defined by (26-28).

2.3.2. k = 0 For a flat Universe, the equation (25) shows that α = 0. Then we can calculate that χ = n(ϕ)a^{−1} whatever γ ≠ 1 with:

n(ϕ) = n_0 √ ω_0 − 2G^{−1}(G^{−1})_ϕ (30)

ω = 3ϕ(G^{−1})^2_ϕ(ω_0 − 2G^{−1})^{−1} (31)

It follows that for a flat model with a perfect fluid, the HST admit a Noether symmetry when the equation (31) is satisfied. It is then generated by the vectors field X defined by (26), (27) and (30).

3. Discussion

In this work, we have studied the Noether symmetries of the HST for the FLRW models in vacuum, with a massive potential or with a perfect fluid. Our results consist in the determination of conditions allowing the existence of symmetry. They are relations between the functions G, ω or U, conditions on their forms or on the type of geometry. Moreover, for each case, we have determined the vectors field X generating the symmetry.

When we consider a HST without any potential or perfect fluid, for a curved or flat geometry, a Noether symmetry will exist if respectively the relations (11) or (13) are respected between the gravitational and Brans-Dicke coupling functions. They generalise these found in [11].

When we consider a potential, a symmetry can only exist for a flat Universe. The potential have to be proportional to a power of the gravitational coupling function or the theory to correspond to the General Relativity with a massive scalar field different from a cosmological constant. Respectively, a relation between ω and G defined by (21) or ω and U defined by (23) have to be satisfied.

When we consider a perfect fluid, for a dust dominated Universe the results are the same as these of the vacuum case. For a curved Universe, if the Universe is vacuum energy dominated, the symmetry does not exist. If it is radiation dominated, a relation between ω and G defined by (29) have to be respected. For the existence of a Noether symmetry for a flat Universe and for any type of matter, the relation that is imposed by the symmetry is given by (31). These results are summarised in the table 1. For each of these cases, we have calculated all the elements allowing the determination of the vectors field X generating the Noether symmetry.

Lets discuss about interesting theories. Whatever the relation existing between G, ω and U for the symmetry existence, the General Relativity defined by G = G_0 and ω = 0 with or without a cosmological constant always respects it. However, in this case, the quantity χ is never defined and the General Relativity has no symmetry as conclude in [14]. The only case for which General Relativity admits a Noether symmetry is in presence of a massive scalar field, the potential being different from a cosmological constant, in a flat Universe. Therefore, we recover and generalise the result of [11] which corresponds to the theory defined by ω = ϕ, and then to an exponential potential. If we consider a GST defined by G^{−1} = ϕ, in the vacuum case, the only GST admitting a Noether theory is defined by ω = 3mω_0(ϕ^2 − 2ω_0)^{−1} for a curved Universe and ω = [ −3 + 6mω_0(m + n)ϕ^{−3m/n−1} ] (2 + n^2ω_0ϕ^{−3m/n−1})^{−1} for a flat Universe as it has been shown in [10] where the dynamics of these two theories are studied. If we consider a potential in a flat Universe, we note that its only form allowing a symmetry is a power law of the scalar field. Then, the Brans-Dicke coupling function have to be ω = [−3 + 2p(3 − p)ω_0ϕ^{p−1}] (2 − 3ω_0ϕ^{p−1})^{−1}. It is interesting to note that it is the same form as this of the GST in the empty. If we consider the presence of a radiative fluid, the Brans-Dicke theory is the only GST allowing a symmetry for a Universe with a curvature.

If we consider a theory whose gravitational function is defined by e^{−ϕ} and corresponding to the form usually used for the effective string theory action at low energy, we remark that for a flat Universe the only type of potential allowing a symmetry will be an exponential law of the scalar field. The Brans-Dicke coupling function is then ω = ϕe^{−ϕ} [ 3 + 2pω_0(p − 3)e^{(p−1)ϕ} ] (−2 + 3ω_0e^{(p−1)ϕ})^{−1} and is quite different from the ω usually used for this type of theory although it asymptotically tends toward it.

In a general way, we note that the type of geometry favouring a Noether symmetry is rather a flat one. To our knowledge, such an attempt to draw up a complete list of

Noether Symmetry of the Hyperextended Scalar Tensor theory for the FLRW models 10

the HST, in various physical and geometrical contexts, admitting a Noether symmetry, does not exist in the literature. A next step will be to look for conserved quantities and then to try to determine the main dynamical characteristics of classes of models thus defined as it has been done for the special cases of GST in [10]. Here, since our goal was to find the conditions for the existence of Noether symmetries, we have not undertaken this task that will be probably too large for a single article. Another possible extension will be to consider Bianchi models.

References

[1] C.Brans and Robert H. Dicke. Mach’s principle and a relativistic theory of gravitation. Phys.

Rev., 124, 3:925–935, 1961. [2] Dirac. Nature, 139:323, 1937.

[3] H. Alan Guth. Inflationary universe: A possible solution to the horizon and flatness problems.

Phys. Rev. D, 23:347, 1981.

[4] S. Perlmutter et al. Measurements of Ω and Λ from 42 Hight-Redshift Supernovae. Astrophysical Journal, 517.

[5] Riess et al. Observational evidence from Supernovae for an accelerating Universe and a cosmological constant. Astrophysical Journal, 116:1009, 1998.

[6] B. Boisseau, G. Esposito-Farese, D. Polarski, and A. A. Starobinsky. Reconstruction of a scalartensor theory of gravity in an accelerating Universe. Phys. Rev. Lett., 85:2236, 2000.

[7] A. Serna and J. M. Alimi. Scalar-tensor cosmological models. Phys. Rev., D53:3074–3086, 1996. [8] A.V. Ivanchik, A.Y. Potekhin, and D.A. Varshalovich. The fine-structure constant: a new observational limit on its cosmological variation and some theoretical consequences. Astron.Astrophys., 343:436, 1999.

[9] S. Fay. Isotropisation of Generalised-Scalar Tensor theory plus a massive scalar field in the Bianchi type I model. To be published in Class. Quantum Grav.

[10] B. Modak, S. Kamilya, and S. Biswas. Evolution of dynamical coupling in scalar tensor theory from Noether symmetry. Gen. Rel. Grav., 32:1615–1626, 2000.

[11] R. de Ritis, G. Marmo, G. Platania, C. Rubano, P. Scudellaro, and C. Stornaiolo. New approach to find exact solutions for cosmological models with a scalar field. Phys. Rev. D, 42, 4:1091–1097, 1990.

[12] S. Cappoziello et al. Nuovo Cimento, B19, 1, 1994.

[13] A. K. Sanyal and B. Modak. Is Nöther symmetric approach consistent with dynamical equation in non-minimal scalar-tensor theories? Class. Quant. Grav., 18:3767–3774, 2001.

[14] K. Kuchar. J. Math. Phys., 22:2640, 1981.

Table 1. Classification of the Hyperextended Scalar Tensor theories admitting a Noether symmetry.

k ≠ 0 k = 0 Empty ω = 3ω_0ϕ(G^{−1})^2_ϕG(G^{−2} − 2ω_0)^{−1} ω = [ −3 + 6mω_0ϕ^{−3m/n−1}(m + n) ] (2 + n^2ω_0ϕ^{−3m/n−1})^{−1}

Potential No symmetry If U = U_0G^{−p}, ω =^ϕ[^{−3+(6−2p)pω0G−p+1} ]^{(G−1)2ϕ}_{2G−1−3ω0 G−p} If G = G_0, ω =^{2ϕ(Uϕ)2}

G_0(ω_0+3U )U

Dust: γ = 1 Same as for empty Same as for empty Vacuum: γ = 0 No symmetry ω = 3ϕ(G^{−1})^2_ϕ(ω_0 − 2G^{−1})^{−1} Radiation: γ = 4/3 ω = −3/2ω_0ϕG(G^{−1})^2_ϕ ω = 3ϕ(G^{−1})^2_ϕ(ω_0 − 2G^{−1})^{−1}