arXiv:gr-qc/0310040 v1 7 Oct 2003

Black hole formation from a complete regular past

Mihalis Dafermos^∗ Department of Mathematics, MIT

dafermos@math.mit.edu

October 7, 2003

Abstract

An open problem in general relativity has been to construct an asymptotically flat solution to a reasonable Einstein-matter system containing a black hole in the future and yet past-causally geodesically complete, in particular, containing no white holes. We give such an example in this paper–in fact a family of such examples, stable in a suitable sense–for the case of a self-gravitating scalar field.

1 Introduction

The problem of gravitational collapse is typically formulated as the study of the future maximal evolution of complete asymptotically flat Cauchy data for an appropriate Einstein-matter system. The question of identifying physically admissible initial data, however, is best characterized by properties of their past evolution. In particular, it seems reasonable to restrict to Cauchy data whose past evolution is regular. Unfortunately, however, with the exception of certain classical results for dust [18], current theorems on the evolution of asymptotically flat Cauchy data ensuring a regular past [10, 9, 21] also ensure a regular future; this is due to the fact that these theorems depend on smallness in functionspace norms that do not distinguish past from future.^1 As a consequence, even a single example of a solution to a reasonable Einstein-matter system with a regular asymptotically flat past and a singular future has thus far been lacking.

In the present paper, we shall prove

Theorem 1 There exist past-causally geodesically complete solutions of the coupled Einstein-scalar field equations, which to the future terminate in a C^0- singularity hidden inside a black hole. These solutions are maximal developments of complete asymptotically flat Cauchy data.

∗supported in part by the NSF grant DMS-0302748 1One can compare with the cosmological case, where choice of gauge based on the expansion of the universe can be used to prove future completeness theorems in cases where the past is known to be singular. See for instance [1, 20].

In fact, a large class of such solutions will be proven to exist. The solutions are spherically symmetric and their conformal diagram^2 is as follows:

Moreover, the above picture will be stable to a certain class of perturbations.

Although the solutions we construct will admit complete asymptotically flat Cauchy surfaces, they will not be constructed a priori as developments of such data. Rather, the examples of this paper will be constructed by pasting together the solutions to three distinct characteristic initial value problems. In particular, the issue of formulating a criterion on Cauchy data ensuring a singular future yet regular past is sidesteped in this paper.

Replacing the Cauchy problem with several distinct characteristic initial value problems allows one to completely separate the problem of the future from the past. The future is determined by data prescribed on a future-outgoing cone (see A in the diagram below), whereas the past is determined by data on a past-outgoing cone (see B). To complete the spacetime, however, one has to construct (and understand) the solution “between” the two cones (see Γ):

Since in spherical symmetry, the equations reduce to a quasilinear system in 2- dimensions, the problem depicted by Γ is also a well-posed characteristic initial value problem. Conceptually, this is perhaps easiest understood by replacing

2This is defined to be the image of a conformal representation of the quotient manifold Q = M/SO(3) in a bounded domain of 2-dimensional Minkowski space.

the two-dimensional metric on Q by its negative, thus interchanging the notions of space and time.^3

The data for the initial value problem B can be taken to be trivial, but alternatively, from Christodoulou [9, 7], one can prescribe an arbitrary scalar field sufficiently small in an appropriate norm, and this will also guarantee a past complete development. On the other hand, Christodoulou has given in [8] a criterion on initial data ensuring that for the initial value problem A, a black hole forms in the future. The important feature, from the point of view of this paper, is that this criterion can be applied to data which are not trapped initially, and for which the mass aspect function μ and the scalar field multiplied by the area radius rϕ can be arbitrarily small in the supremum norm.

Theorem 1 thus reduces to completely understanding the evolution of problem Γ. It should be noted that the global features of this problem are quite different from the more standard characteristic initial value problems A and B; in particular, there are no a priori global energy bounds. The main analytical result of this paper is that Γ leads to a “complete” wedge in an asymptotically flat spacetime, given sufficiently small initial data. The requisite smallness, however, is asymmetric in the two initial characteristics; on the future outgoing characteristic, only pointwise smallness of μ and rϕ are required. In particular, the requirements for the data for Γ are compatible with the data necessary in A to produce a black hole.

For completeness, in the next section, the Einstein-scalar field equations will be presented under spherical symmetry. The initial value problem Γ is studied in Section 3. From this, the theorem of this paper is easily obtained in Section 4 along the considerations outlined above.

Acknowledgement: The importance of identifying asymptotically flat initial data whose future development is singular but whose past development is regular has been stressed by Sergio Dain and Alan Rendall. I thank them for several very useful discussions.

2 The Einstein-scalar field equations under spherical symmetry

For a detailed discussion of the role of the Einstein-scalar field system in the study of the problem of gravitational collapse, the reader may refer to [13]. In rationalized units, the equations take the form R_{μν} − 1 2 Rg_{μν} = 2T_{μν}, g^{μν} ϕ_{;μν} = 0, T_{μν} = ϕ_{;μ}ϕ_{;ν} − 1 2 g_{μν} ϕ^{;α}ϕ_{;α}, 3Estimates in the direction depicted by Γ have many applications in the study of 2- dimensional hyperbolic problems. See [12, 16, 11, 4].

where g_{μν} is a Lorentzian metric defined on a 4-dimensional manifold M and ϕ is a scalar function (the scalar field).

Recall that spherical symmetry is the assumption that SO(3) acts by isometry on the spacetime and preserves ϕ. Under this assumption, the equations reduce to a second order system for functions (r, g_{ij}, ϕ) defined on the space of group orbits Q of the SO(3) action. Here r is the so-called area radius function, i.e. r evaluated at a point p of Q retrieves up to a constant the square root of the area of the group orbit corresponding to p in M . This group orbit is necessarily a spacelike sphere. The tensor g_{ij} is a 1 + 1-dimensional Lorentzian metric on Q, which is induced from the metric on M . The functions r and g_{ij} together determine g_{μν} as follows: g_{μν}dx^μdx^ν = g_{ij}dy^idy^j + r^2γ, where γ is the standard metric on the unit 2-sphere. Since the scalar field is constant on group orbits, it descends to a function on Q, and will still be denoted by ϕ.

One can prescribe null coordinates u and v on Q so that its metric becomes −Ω^2dudv. These coordinates then represent the characteristic directions of the equations. To exploit the method of characteristics, it is more convenient to write the equations as a first order system. Moreover, Ω can be replaced as an unknown in the equations by the Hawking mass m = r 2 (1 − |∇r|^2). Introducing the first order derivatives ∂_ur = ν, ∂_vr = λ, r∂_uϕ = ζ, r∂_vϕ = θ, and also the so-called mass aspect function μ =^{2m}_r , we obtain the system

∂_ur = ν, (1)

∂_vr = λ, (2) ∂_uλ = λ ( 2ν 1 − μ m r^2 ) , (3) ∂_vν = ν ( 2λ 1 − μ m r^2 ) , (4)

∂_um = 1 2 (1 − μ) ( ζ ν )_2 ν, (5)

∂_vm = 1 2 (1 − μ) ( θ λ )_2 λ, (6) ∂_uθ = − ζλ r , (7) ∂_vζ = − θν r . (8)

From the above we also derive

∂_v(ϕν + ζ) = ϕ r^2 2λν 1 − μ m. (9)

∂_u(ϕλ + θ) = ϕ r^2 2λν 1 − μ m. (10)

We shall see that the r^{−2} factor on the right hand side above allows us to show that the quantities ϕλ + ζ, ϕλ + θ have better decay in r than ϕ, θ, or ζ; this fact plays an important role in our argument.

We also easily obtain from the above the equations ∂_u λ 1 − μ = 1 r ( ζ ν )_2 ν λ 1 − μ (11) and ∂_v ν 1 − μ = 1 r ( θ λ )_2 λ ν 1 − μ . (12)

3 The characteristic initial value problem Γ

In this section, we will study a characteristic initial value problem posed in the direction indicated by Γ in the Introduction. This will be the main new analytic element in the proof of Theorem 1 in the next section.

For the time being, fix constants R > 0, C > 0, M > 0, and m_0 ≥ 0. The initial characteristic segments will be u = −R and v = R. At (−R, R), we prescribe r(−R, R) = R, m(−R, R) = m_0. On u = −R, we prescribe C^2 functions of v r(−R, v) : [R, ∞) → R, ϕ(−R, v) : [R, ∞) → R so as to satisfy ∂_vr = λ = 1, (13) |rϕ| ≤ C, (14) m ≤ M. (15) On v = R, we prescribe C^2 functions r(u, R) : (−∞, −R] → R, and ϕ(u, R) : (−∞, −R] → R, so as to satisfy

∂_ur = ν = −1, (16) |∂_u(rϕ)| = |ζ + νϕ| ≤ C|u|^{−2}, (17) m ≤ M. (18) We have the following

Proposition 1 Consider the initial value problem described above. There exists a unique subset D ⊂ (−∞, −R] × [R, ∞), open in the subspace topology of the latter set, and a unique set of sufficiently regular functions r, ϕ, and m defined on D, such that

1. −R × [R, ∞) ∪ (−∞, −R] × R ⊂ D and r, ϕ, m match with the data prescribed.

2. The functions r, ϕ, m satisfy (1)–(8).

3. If (u, v) ∈ D, then (ũ, ṽ) ∈ D, for all ũ ≥ u, ṽ ≤ v.

4. Given any other D̃, and sufficiently regular r̃, m̃, ϕ̃, satisfying properties 1, 2, and 3, it follows that D̃ ⊂ D, and r̃ = r, m̃ = m, and ϕ̃ = ϕ on D̃.

Moreover, if the initial data are C^∞, then r, ϕ, m are C^∞ functions on D.

Proof. The proof is by standard techniques and is omitted. □

We shall call D the maximal development of our initial value problem. Time orienting the negative of the induced metric −g_{ij} of our solution in the obvious way, property 2 above says that D is a past set with respect to −g. In what follows, we will denote causal relations with respect to the negative metric under the above time orientation by J^+_{−g}, J^−_{−g} , etc.

Proposition 2 For the intial value problem described above, ν < 0 and λ > 0 throughout D.

Proof. By continuity, the above inequalities indeed hold in a neighborhood of initial data. Thus, assuming the proposition is false, there exists a (u, v) such that either ν(u, v) = 0 or λ(u, v) = 0, but for which ν < 0, λ < 0 in J^−_{−g} (u, v):

Let us first assume that λ(u, v) = 0. Integrating equation (11) on [u, −R] × ṽ for each ṽ ∈ [R, v], we obtain that λ 1 − μ (u, ṽ) = λ 1 − μ (−R, ṽ)e ∫_u −R 1 r ζ2 ν dũ

= λ 1 − μ (−R, ṽ)e^− ∫_{−R} u 1 r ζ2 ν dũ ≥ λ 1 − μ (−R, ṽ), since ν ≤ 0 in J^−_{−g}(u, v). It then follows from the above that we have 1 − μ ≥ 0 in J^−_{−g}(u, v). Integrating now (3) on [u, −R] × v, we obtain λ(u, v) = λ(−R, v)e ∫_u −R 2ν 1−μ m r2 dũ ≥ λ(−R, v) ≥ 1. But this contradicts the assumption λ(u, v) = 0. In an entirely similar fashion, integrating (12), the assumption ν(u, v) = 0 leads to a contradiction. The proposition is thus proven. □

Proposition 3 In D, r ≥ R, (19) m ≥ m_0, ν ≤ −1, (20) λ ≥ 1, (21) 0 < 1 − μ ≤ 1. (22)

Proof. The proof is immediate from the previous proposition and the signs in the equations (1)–(6). □

Let ∂D denote the boundary of D in the topology of (−∞, −R] × [R, ∞). By monotonicity, r and m extend to continuous functions on D ∪ ∂D valued in the extended real numbers, and causality relations can still be applied. We have the following extension proposition:

Proposition 4 If p ∈ D ∪ ∂D, J^−_{−g}(p) ⊂ D, and r(p) < ∞, m(p) < ∞, then p ∈ D. Proof omitted. □

The achronal (with respect to −g) structure of the boundary ∂D immediately yields the following

Corollary 1 If ∂D ≠ ∅ then there exists a p ∈ ∂D such that either r(p) = ∞ or m(p) = ∞.

We now proceed to the main result of this section:

Proposition 5 Fix α > 1. Consider an initial value problem of the type described before, where^4

R > max {( 4α α − 1 )_2 , ( 1 + 16α^4M α )_2 , 8α^2M log α , 6α^2C^2 α − 1 , 4αM 1 − α } . 4We have here not attempted to give a scale-invariant condition.

Then D = (−∞, −R] × [R, ∞), and the following estimates hold: |rϕ| ≤ αC, (23) |νϕ + ζ| ≤ (1 + α^4M )C|u|^{−2}, (24) − 1 ≥ ν ≥ −α (25) 1 ≤ λ ≤ α (26) 1 − μ ≥ (2α)^{−1} (27) Moreover, if in addition |λϕ + θ|(R, v) ≤ C̃v^{−2}, (28) then |λϕ + θ|(R, v) ≤ (C̃ + α^4M C)v^{−2} (29) holds as well.

Proof. Consider the region R defined to be the set of all p such that the inequalities: |rϕ| < 2αC (30) |νϕ + ζ| < 2αC|u|^{− 32} (31) ν > −2α (32) λ < 2α (33) 1 − μ > (2α)^{−1} (34) m < 2αM (35) hold for all q ∈ J^−_{−g}(p). With the exception of (31) and (34), the above inequalities hold on the intial data segments regardless of the value of R. Inequality (31) holds since R > 1, and (34) holds since R > 4M 1 − α^{−1} . By Proposition 1, R is non-empty, and contains a neighborhood of the initial segments; moreover, it is easily seen to be open in the topology of D. We shall show first that in R, (30)–(35) hold with α replacing 2α.

Let (u, v) thus be in R. It follows by continuity that (30)–(35) hold at (u, v) ∪ J^−_{−g}(u, v), where, however, the < sign is replaced by the ≤ sign.

We estimate rϕ(u, v) as follows. Integrating the equation ∂_u(rϕ) = νϕ + ζ, we obtain from (14) and (31) |rϕ(u, v))| ≤ |rϕ(−R, v)| + ∫_{−R} u |νϕ + ζ|dũ ≤ C + 4CαR^{− 12} = C(1 + 4R^{− 12} α) < αC since R > [ 4α(α − 1)^{−1}

]_2 . On the other hand, integrating (9) and applying (17), (30), (32), (34), (35), we estimate |νϕ + ζ|(u, v) ≤ |νϕ + ζ|(u, R) + ∫_v R |ϕ| r^2 2λ|ν| 1 − μ mdṽ ≤ C|u|^{−2} + ∫_{r(u,v)} R |ϕ| r^2 2|ν| 1 − μ mdr ≤ C|u|^{−2} + 32Cα^4M ∫_{r(u,v)} R dr r^3 ≤ C|u|^{−2} + 16Cα^4M r(u, R)^{−2} = [C + 16Cα^4M ]|u|^{−2} ≤ CR^{− 12} [1 + 16α^4M ]|u|^{− 32} < αC|u|^{− 32} , where for the last inequality we use that R > α^{−2}(1 + 16α^4M )^2.

To estimate ν(u, v), we integrate (4), applying (16), (32), (34), (35), to obtain ν(u, v) ≥ ν(u, R)e ∫_v R 2 r2 λ|ν| 1−μ mdṽ ≥ −e^{8α2M} ∫_{r(u,v)} R dr r2 ≥ −e^{8α2MR−1} > −α since R > 8α^2M (log α)^{−1}. Similarly, from (3) we estimate λ(u, v), applying (13), (33), (34), (35): λ(u, v) ≤ λ(−R, v)e ∫_{−R} u 2 r2 λ|ν| 1−μ mdũ ≤ e^{8α2M} ∫_{−R} r(u,v) dr r2 ≤ e^{8α2MR−1} < α. For m, from (5) we compute m(u, v) = m(−R, v) + ∫_u −R 1 2 1 − μ ν ζ^2dũ

≤ M + ∫_u −R 1 2 1 − μ ν [|ζ + νϕ| + |νϕ|]^2 dũ ≤ M + ∫_u −R 1 − μ ν [ (ζ + νϕ)^2 + ν^2ϕ^2 ] dũ ≤ M + 4α^2C^2 ∫_u −R |u|^{−3}du + 4α^2C^2 ∫_{r(u,v)} −R dr r^2 ≤ M + 2α^2C^2R^{−2} + 2α^2C^2R^{−1} < αM, where for the last inequality, we use R > max { 6α^2C^2(α − 1)^{−1}, 1 } . Finally from this, we obtain 1 − μ = 1 −^{2m}_r ≥ 1 −^{4αM}_R > α^{−1} since R > 4αM (1 − α^{−1})^{−1}.

Since J^−_{−g}(R) ⊂ J^−_{−g}(R) = R we have just shown that for all (u, v) ∈ R, the inequalities (30)–(35) hold throughout J^−_{−g} (u, v) with α replacing 2α. Thus (u, v) ∈ R, so R = R. Since D is connected, and R is open, it follows that R = D. Suppose now (u, v) ∈ ∂D. By continuity, we have m(u, v) ≤ αM < ∞, and r(u, v) ≤ R + ∫_u −R ν(ũ, v)dũ ≤ R + (−R − u)α < ∞. Thus, by the Corollary to Proposition 4, it follows that ∂D = ∅, and thus D = R = (−∞, −R] × [R, ∞). To complete the proof of the proposition, it remains to show (24), and, under the additional assumption (28), (29). Integrating (9) and applying (17), (23), (25), (27), (29), we obtain |νϕ + ζ|(u, v) ≤ |νϕ + ζ|(u, R) + ∫_v R |ϕ| r^2 2λ|ν| 1 − μ mdṽ ≤ C|u|^{−2} + ∫_{r(u,v)} R |ϕ| r^2 2|ν| 1 − μ mdr ≤ C|u|^{−2} + 2Cα^4M ∫_{r(u,v)} R dr r^3 ≤ C|u|^{−2} + Cα^4M r(u, R)^{−2} = (1 + α^4M )C|u|^{−2}.

This gives (24). On the other hand, assuming (28) and integrating (10), we obtain |λϕ + θ|(u, v) ≤ |λϕ + θ|(−R, v) + ∫_{−R} u |ϕ| r^2 2λ|ν| 1 − μ mdũ ≤ C̃v^{−2} + ∫_{r(u,v)} R |ϕ| r^2 2λ 1 − μ mdr ≤ C̃v^{−2} + 2Cα^4M ∫_{r(u,v)} R dr r^3 ≤ C̃v^{−2} + Cα^4M r(−R, v)^{−2} = (C̃ + Cα^4M )v^{−2}.

This completes the proof. □

4 Proof of the Theorem

In this section, we shall combine Proposition 5 with previous results of Christodoulou to give the proof of Theorem 1.

Fix α, C and M , and let R be as in Proposition 5. On the ray v = R, u ≤ 0, prescribe m(0, R) = 0, r = −u, and an arbitrary C^2 function ϕ(u) satisfying ∫_0 −∞ |∂^2_u(uϕ)|du < ϵ_∗, (36) |∂_u(uϕ)|(u, R) < C|u|^{−2}, (37) for u ≥ R, and |Rϕ(−R, R)| < C, ∫_0 −∞ 1 2 (∂_uϕ)^2u^2 < M. (38)

If ϵ_∗ > 0 is sufficiently small, then, by Theorem 6.1 of [7], (36) implies that this initial value problem has a past-causally geodesically complete asymptotically flat development:

When written as a first order system on Q, the boundary conditions imposed on the axis will be r = 0, −u + v = R. Moreover, if ϕ is C^∞, then this development is also C^∞.

From the above spacetime, consider the ray u = −R, and extend it off the shaded region to all positive values of v:

Where v ≥ R, prescribe r = v (39)

and denote by C_0 = |Rϕ(−R, R)|.

Now, choose some r_1 satisfying R < r_1 < R+1, and, setting m(−R, R) = m_0, choose some m_1 satisfying m_0 < m_1 < M . Define the function

I(V ) = min {( C − C_0 2 )_2 1 (V − r_1)^2 , M − m_1 2R^2(V − r_1) } . Fixing for the time being a V > r_1, from the definition of I, it is clear by a partition of unity argument that one can construct a large class of functions ϕ : −R × [0, ∞) → R, coinciding with the ϕ induced from the solution already obtained in −R × [0, R], and such that

1. The function ϕ, when viewed as a function of r on [0, ∞), is regular, for instance C^∞.

2. The inequality (∂_vϕ)^2(u, v) > I(V ), (40) holds for v ∈ [r_1, V ] 3. The inequalities |rϕ|(−R, v) < C, (41) m(−R, v) < M, (42) hold for all v ≥ R, where m is defined by integrating (6).

We will denote the class of functions satisfying properties 1, 2, and 3 above as F_V .

Define the quantities η(V ) = min_{ϕ∈FV} V^{−1}(m(−R, V ) − m_1) and δ(V ) = V r^{−1}_1 − 1.

It follows that

η(V ) = min_{ϕ∈FV} V^{−1} ∫_V r_1 1 2 θ^2 1 − μ λ dv ≥ min_{ϕ∈FV} R^2V^{−1} ∫_V r_1 1 2 (∂_vϕ)^2dv ≥ 1 2 R^2V^{−1}(V − r_1)I(V ) ≥ 1 2 R^2(R + 1)^{−1}(V − r_1)I(V ).

Thus for small enough V − r_1 we have η(V ) ≥ M − m_1 4(R + 1)

. (43)

Recall the function E(y) defined in [8] by E(y) = y (1 + y)^2 [ log ( 1 2y ) + 5 − y ] . Note that E(y) → 0 as y → 0. Choose V − r_1 small enough so that E(δ) < M − m_1 4(R + 1)

(44)

Inequalities (43) and (44) together imply η > E(δ). (45)

From Theorem 5.1 of [8], property (45) ensures that initial data in F_V has an incomplete future development; moreover, its conformal structure is as depicted below:

(See [8] for details.) On the other hand, (37), (38), (41), and (42) imply that the rays u = −R, and v = R, and the functions r, ϕ, and m defined on them satisfy the conditions of Proposition 5. Applying this proposition one obtains a spacetime as depicted in the conformal diagram of the Introduction. It is easy to see that this spacetime admits an asymptotically flat Cauchy hypersurface. □ The strict inequalities in (37), (38), (41), and (42) immediately indicate one notion according to which our solutions are stable in the spherically symmetric category. Alternatively, considering a Cauchy surface S intersecting (−R, R), it follows that given any solution of the kind we have constructed, sufficiently small^5 perturbations supported on S in r < R lead to a Cauchy development with a similar conformal diagram. For on the backwards characteristic, (36), (37), and (38) hold on account of Cauchy stability (this takes care of r ≤ R) and the domain of dependence theorem (for r ≥ R), thus guaranteeing the past completeness. On the other hand, Cauchy stability implies that η > E(δ) for these purturbations, as this refers to a compact set of the development. Thus, the formation of a black-hole in the future is also a stable feature, in this sense.

Another point is worth mentioning. As the formation of a black hole depends only on the solution on −R × [r_1, V ], we can replace the part of the solution for v ≥ V with the solution of yet another characteristic initial value problem, where initial data are given on v = V and on past null infinity for v ≥ V . In particular, one can provide solutions with the conformal diagram indicated in the Introduction, for which there is no incoming radiation near spacelike infinity, i.e. for which m is constant along past null infinity in a neighborhood of spacelike infinity. On the other hand, by the results of [4], if past null infinity is complete and m is constant throughout, then either m = 0, in which case the solution is Minkowski space, or else it contains a white hole.

5For instance, in the C^∞ topology, if we consider only C^∞ solutions.

References

[1] H. Andréasson, G. Rein, and A. D. Rendall On the Einstein-Vlasov system with hyperbolic symmetry, to appear in Math. Proc. Camb. Phil. Soc.

[2] Yvonne Choquet-Bruhat and Robert Geroch Global aspects of the Cauchy problem in general relativity Comm. Math. Phys. 14 1969, 329–335

[3] Demetrios Christodoulou The global initial value problem in general relativity Proceedings of the Marcel Grossman Meeting, Rome

[4] Demetrios Christodoulou A mathematical theory of gravitational collapse Comm. Math. Phys. 109 (1987), no. 4, 613-647

[5] Demetrios Christodoulou The instability of naked singularities in the gravitational collapse of a scalar field Ann. of Math. 149 (1999), no 1, 183–217

[6] Demetrios Christodoulou On the global initial value problem and the issue of singularities Classical Quantum Gravity 16 (1999), no. 12A, A23–A35

[7] Demetrios Christodoulou Bounded variation solutions of the spherically symmetric Einstein-scalar field equations Comm. Pure Appl. Math 46 (1992), no. 8, 1131–1220

[8] Demetrios Christodoulou The formation of black holes and singularities in spherically symmetric gravitational collapse Comm. Pure Appl. Math. 44 (1991), no. 3, 339–373

[9] Demetrios Christodoulou The problem of a self-gravitating scalar field Comm. Math. Phys. 105 (1986), no. 3, 337–361

[10] Demetrios Christodoulou and Sergiu Klainerman The global nonlinear stability of the Minkowski space Princeton Mathemetical Series 41 1993

[11] Demetrios Christodoulou and A. Shadi Tahvildar-Zadeh On the regularity of spherically symmetric wave maps Comm. Pure Appl. Math 46 (1993), no. 7, 1041–1091

[12] Mihalis Dafermos On “time-periodic” black-hole solutions to certain spherically symmetric Einstein-matter systems Comm. Math. Phys. 238 (2003), no. 3, 411–427

[13] Mihalis Dafermos Stability and instability of the Cauchy horizon for the spherically-symmetric Einstein-Maxwell-scalar field equations to appear in Ann. of Math.

[14] Mihalis Dafermos The interior of charged black holes and the problem of uniqueness in general relativity preprint, 2003, gr-qc/0307013.

[15] Mihalis Dafermos Stability and Instability of the Reissner-Nordström Cauchy Horizon and the Problem of Uniqueness in General relativity grqc/0209052, to appear in “Proceedings of the Conference on Non-compact Variational Problems and General Relativity in honor of Haim Brezis and Felix Browder”

[16] Mihalis Dafermos and Igor Rodnianski A proof of Price’s law for the collapse of a self-gravitating scalar field preprint, 2003, gr-qc/0309115

[17] S. W. Hawking and G. F. R. Ellis The large scale structure of space-time Cambridge Monographs on Mathematical Physics, No. 1. Cambridge University Press, London-New York, 1973

[18] J. R. Oppenheimer and H. Snyder On continued gravitational contraction Phys. Rev. Lett. 56 (1939), 455–459

[19] Roger Penrose Gravitational collapse and space-time singularities Phys.

Rev. Lett. 14 (1965), 57–59

[20] Gerhard Rein On future geodesic completeness for the Einstein-Vlasov system with hyperbolic symmetry, gr-qc/0203066

[21] Gerhard Rein and Alan Rendall Global existence of solutions of the spherically symmetric Vlasov-Einstein system with small initial data, Comm. Math. Phys. 150, (1992) 561–583

[22] S. T. Yau Problem Section in Seminar on Differential Geometry, edited by S. T. Yau, Annals of Math. Studies, Princeton, N. J., 1982