arXiv:gr-qc/0310041 v1 7 Oct 2003

A minimal no-radiation approximation to Einstein’s field equations

Gerhard Schäfer^∗ and Achamveedu Gopakumar^† Theoretisch-Physikalisches Institut, Friedrich-Schiller-Universität, Max-Wien-Platz 1, 07743 Jena, Germany (Dated: October 7, 2003)

Abstract

An approximation to Einstein’s field equations in Arnowitt-Deser-Misner (ADM) canonical formalism is presented which corresponds to the magneto-hydrodynamics (MHD) approximation in electrodynamics. It results in coupled elliptic equations which represent the maximum of elliptictype structure of Einstein’s theory and naturally generalizes previous conformal-flat truncations of the theory. The Hamiltonian, in this approximation, is identical with the non-dissipative part of the Einsteinian one through the third post-Newtonian order. The proposed scheme, where stationary spacetimes are exactly reproduced, should be useful to construct realistic initial data for general relativistic simulations as well as to model astrophysical scenarios, where gravitational radiation reaction can be neglected.

PACS numbers: 04.20.Ex,04.20.Cv,04.25.Dm,04.30.Db

∗Electronic address: G.Schaefer@tpi.uni-jena.de †Electronic address: A.Gopakumar@tpi.uni-jena.de

I. INTRODUCTION

In electrodynamics, to model quasi-stationary scenarios accurately, it is customary to drop the Maxwell displacement current in Maxwell-Ampère law of Maxwell’s equations. This approximation is often referred to as the magneto-hydrodynamics (MHD) approximation as it is mainly implemented in MHD computations dealing, mostly, with astrophysical plasmas. A strictly analogous approximation to Einstein’s general relativity, should prove very useful to model non-stationary situations, involving relativistic self gravitating systems.

In Einstein’s theory of gravity, the conformal-flat approximations played a major role within numerical relativity as they resulted in simple elliptic equations [1]. However, in the past, it was pointed out that these approximations are rather crude for highly nonspherical objects like rotating disks of dust or compact binary systems [2, 3]. Therefore, in the following, we shall propose an elliptic-type approximation which goes far beyond conformal-flat schemes. Whereas the conformal-flat approximations are not exact under stationarity conditions, in the new approach, Einstein stationarity is reproduced exactly. In a post-Newtonian setting, the new approach, in general, does not reproduce all evenorder post-Newtonian terms (of course, the odd terms are not part of the new approach) beyond the second post-Newtonian order. However, at the third post-Newtonian order of approximation, it still gives the equations of motion, derivable from the full Einstein theory [4, 5]. We observe that the very recently proposed gravito-anelastic approximation is quite different from our minimal no-radiation approximation, especially for the choice of the dropped and the kept time derivatives in the evolution equations [6]. Our approximation also results in elliptic equations, which should be solvable employing LORENE, a highly efficient numerical library, based on spectral methods, developed by the Meudon group [7].

II. EINSTEIN’S THEORY IN THE ADM FORMALISM

In the ADM formulation of general relativity, the spacetime line element in the (3 + 1) decomposed form is given by

ds^2 = −α^2c^2dt^2 + γ_{ij} (dx^i + β^icdt)(dx^j + β^jcdt), ( i, j = 1, 2, 3 ) , (1)

where α is the lapse function, β^i the shift vector, γ_{ij} the induced metric on a threedimensional spatial slice Σ(t), parametrized by the time coordinate t, and c is the velocity of light. The 3-metric and its canonical conjugate^{c3}_{16 π G} π^{ij} , which is a contravariant symmetric tensor density of weight +1, satisfy the Hamiltonian and momentum constraints [8]

γ^{1/2}R = 1 2γ^{1/2}

(2π^i_j π^j_i − π^2) + 16πG c^4 γ^{1/2}α^2T^{00} , (2)

−2π^j_{i,j} + π^{kl}γ_{kl,i} = 16πG c^4 γ^{1/2}αT^0_i , (3) where R is the curvature scalar of Σ(t), γ the determinant of γ_{ij} , π^i_j = γ_{jk} π^{ik}, π = π^i. T^{00} and T^0_i are the components of the unspecified 4-dimensional stress-energy tensor for the matter, T^{μν} . The canonical conjugate π^{ij} is related to K_{ij} , the extrinsic curvature of Σ(t), by π^{ij} = −γ^{1/2}(γ^{il}γ^{jm} − γ^{ij} γ^{lm})K_{lm}, where γ^{il} is the inverse metric of γ_{ij} . In the above equations, a partial derivative is denoted by , and G is the Newtonian gravitational constant. We note that the more familiar form for the left hand side of Eq. (3), namely π^j_{i|j} , where | stands for the 3-dimensional covariant derivative, is expanded as π^j_{i,j} −^1_2 π^{kl}γ_{kl,i}, using the fact that π^j_i is a mixed tensor density of weight +1. The 3-metric and its canonical conjugate evolve in accordance with the following evolution equations [8]

π^{ij}_{,0} = − 1 2 αγ^{1/2}(2R^{ij} − γ^{ij} R) + 1 4 αγ^{−1/2}γ^{ij} (2π^m_n π^n_m − π^2) − αγ^{−1/2}(2π^{im}π^j_m − ππ^{ij}) +γ^{1/2}(α^{|ij} − γ^{ij} α^{|m}_{|m}) + (π^{ij} β^m)_{|m} − π^{mj}β^i_{|m} − π^{mi}β^j_{|m} + 8πG c^4 αγ^{1/2}γ^{il}γ^{jm}T_{lm} (4) and γ_{ij,0} = αγ^{−1/2}(2π_{ij} − γ_{ij} π) + β_{i|j} + β_{j|i}, (5) where R_{ij} is the Ricci tensor associated with Σ(t). In this paper, we raise and lower indices on 3-dimensional objects with γ^{ij} and γ_{ij} respectively.

The ADM coordinate conditions which generalize the isotropic Schwarzschild metric read

π^{ii} = 0, (6) where, and from here onwards, repeated covariant or contravariant indices imply the usage of Einstein summation convention and

γ_{ij} = ψ^4 δ_{ij} + h^{TT}_{ij} , (7) where ψ is a conformal scalar and h^{T T}_{ij} the transverse-traceless (TT) part of the 3-metric γ_{ij} with respect to the euclidean 3-metric δ_{ij} . By definition, h^{T T}_{ij} satisfies h^{TT}_{ii} = h^{TT}_{ij,j} = 0. The restriction h^{TT}_{ij} = 0 gives a simple expression for the 3-dimensional curvature scalar, γ^{1/2}R = −8 ψ Δψ, where Δ stands for the 3-dimensional euclidean Laplacian. The differential equation, used for gauge fixing γ_{ij} , reads 3γ_{ij,j} − γ_{jj,i} = 0. (8) Taking into account the gauge condition for π^{ij}, namely Eq. (6), the following decomposition can be achieved, π^{ij} = π̃^{ij} + π^{ij}_{TT}, (9) where π̃^{ij} denotes the longitudinal part of π^{ij} . It may be expressed as π̃^{ij} = π^j_{,i} + π^i_{,j} − 2 3 δ_{ij} π^m_{,m}, (10) which implies π^{ij}_{,j} ≡ π̃^{ij}_{,j} = Δπ^i +^1_3 π^j_{i,j} , suggesting that Eq. (3) can be used to compute an elliptic equation for π^i. The TT-part π^{ij}, namely^{c3}_{16 π G} π^{ij}_{TT}, is the canonical conjugate to h^{TT}_{ij} , which gives the independent field degrees of freedom. The Hamiltonian, which generates the time evolution of the independent degrees of freedom of the system (matter plus gravitational field), is given by [8]

H[MV, h^{TT}_{ij} , π^{ij}_{TT}] = − c^4 2πG ∫ d^3x Δψ[MV, h^{TT}_{ij} , π^{ij}_{TT}], (11)

where MV denotes the (non-specified) matter variables. If the matter system consists of black holes, the matter variables MV in our paper enter via boundary conditions at the apparent horizons and at spacelike infinity.

The Eqs. (6) and (7) result in the covariant trace of π^{ij} of the form π = π^{ij} h^{TT}_{ij} . Taking into account the space-asymptotic properties π^{ij} ∼ 1/r^2 and h^{TT}_{ij} ∼ 1/r, the gauge condition Eq. (6) turns out to mean asymptotic maximal slicing. The gauge conditions Eqs. (6) and (7), or (8), are very close to the well-known Dirac gauge conditions. The condition Eq. (8), e.g., is identical with the corresponding Dirac gauge condition to linear order in γ_{ij} − δ_{ij} .

The functions ψ and π^i, and hence π̃^{ij} , are determined using the Hamiltonian and momentum constraints, given by Eqs. (2) and (3), by elliptic equations. The elliptic equations for the (scalar) lapse α and the (vector) shift functions β^i result from the Eqs. (4) and (5), applying the coordinate conditions Eqs. (6) and (7) respectively. The explicit Poisson-type equations for α and β^i can be derived from γ^{ii}α^{|m}_{|m} − α^{|ii} = − α(R^{ii} − γ^{ii}R) − 2αγ^{−1}π^{im}π^i_m − 2γ^{−1/2}π^{im}β^i_{|m} + 8πG c^4 α(γ^{il}γ^{im}T_{lm} − γ^{ii}α^2T^{00}), (12) where use has been made of Eq. (2). The elliptic equation for β^i results from (β_{i|j} )_{,j} + (β_{j|i})_{,j} − 2 3 (β_{j|j})_{,i} = −(αγ^{−1/2}(2π_{ij} − γ_{ij} π))_{,j} + 1 3 (αγ^{−1/2}(2π_{jj} − γ_{jj} π))_{,i}. (13) The functions, h^{TT}_{ij} and π^{ij}_{TT}, in general, follow from the evolution equations, given by Eqs. (4) and (5). Alternatively, h^{TT}_{ij} and π^{ij}_{TT} may be obtained from the Hamiltonian, Eq. (11), via the corresponding Hamilton equations.

III. THE MINIMAL NO-RADIATION APPROXIMATION

Motivated by the MHD approximation in electrodynamics, a minimal truncation of the Einstein theory, in view of suppressing radiation emission, is achieved by putting only the TT-part for the evolution equation for π^{ij} , given by Eq. (4), to zero. The TT-part of Eq. (4) may be denoted as π^{ij}_{TT,0} = A^{ij}_{T T} , (14) where A^{ij}_{T T} ≡ A^{ij} − A^{ij}_L . The expression for A^{ij} , obtainable from the right hand side of Eq. (4), after using the Hamiltonian constraint equation, reads A^{ij} ≡ − αγ^{1/2}(R^{ij} − γ^{ij} R) − αγ^{−1/2}(2π^{im}π^j_m − ππ^{ij} ) + γ^{1/2}(α^{|ij} − γ^{ij} α^{|m}_{|m}) + (π^{ij} β^m)_{|m} − π^{mj} β^i_{|m} − π^{mi}β^j_{|m} + 8πG c^4 αγ^{1/2}(γ^{il}γ^{jm}T_{lm} − γ^{ij} α^2T^{00}). (15) The longitudinal part of A^{ij} , namely A^{ij}_L , may be written in terms of a vector V^i as A^{ij}_L = V^j_{,i} + V^i_{,j} − 2 3 δ_{ij} V^m_{,m} (16) which satisfies ΔV^i + 1 3 V^j_{,ji} = A^{ij}_{,j} . (17) The elliptic equation that determines h^{TT}_{ij} , derivable using the condition A^{ij}_{T T} = 0, reads

2γR_{ij} = −

2γ^{1/2} α γ_{il}γ_{jn} [ A^{ln}_L − (π^{ln}β^m)_{|m} + π^{lm}β^n_{|m} + π^{nm}β^l_{|m} ] + γ_{ij} (2π^m_n π^n_m − π^2)

−4π^m_i π_{jm} + 2 ππ_{ij} + 2γ α (α_{|ij} − γ_{ij} α^{|m}_{|m}) + 16πG c^4 γ(T_{ij} + γ_{ij} α^2T^{00}) . (18)

The left hand side of the above equation, which introduces the Laplacian for h^{TT}_{ij} , takes the form

2γR_{ij} = −χ^8 [ Δh^{TT}_{ij} + Δ(ψ^4)δ_{ij} + (ψ^4)_{,ij} ] + (ψ^4h^{TT}_{kl} − h^{TT}_{mk} h^{TT}_{ml} ) ( γ_{kl,ij} + γ_{ij,kl} −γ_{kj,il} − γ_{il,kj} ) + 2γγ^{kl}γ^{np}(Γ_{n.il}Γ_{p.kj} − Γ_{n.ij} Γ_{p.kl}) , (19) where χ^8 = ψ^8 −^1_2 h^{TT}_{mn}h^{TT}_{mn} and where the Christoffel symbols Γ_{i.jk} are given by^1_2 (γ_{ij,k} + γ_{ik,j} − γ_{jk,i}). For the derivation of Eq. (19), we have also used the following relation γγ^{ij} = χ^8δ_{ij} − ψ^4h^{TT}_{ij} + h^{TT}_{ik} h^{TT}_{kj} [4]. In terms of a function ϕ, vanishing at spacelike infinity, ψ may be given by (1 +^ϕ_8 ).

In the Hamiltonian formulation, the present approximation to Einstein’s equations is identical with the replacement of only the evolution equation

π^{ij}_{TT,0} = − 16πG c^4 δH δh^{TT}_{ij} , (20)

which is the TT-part of the Eq. (4), through δH δh^{TT}_{ij} = 0. (21)

The dropping of π^{ij}_{TT,0} exactly corresponds to the dropping of the displacement current, 1 c ∂E ∂t , in Maxwell-Ampère equation of electrodynamics. This is so, since −E is the momentum conjugate in the Hamiltonian formulation of electrodynamics. However, this is not quite the way MHD like approximation to general relativity is implemented in [6], as they impose h^{TT}_{ij,0} = 0 in their scheme. In the post-Newtonian approximation, their scheme will not generate the correct leading order expression for π^{ij}_{TT}. Moreover, the dynamics associated with their approximation will coincide with the Einsteinian one through second post-Newtonian order only.

It is obvious that stationary spacetimes are reproduced exactly in our approximation. The constraint and the evolution equations, given by Eqs. (2), (3), (4), and (5) still determine ψ, π^i, α, and β^i respectively through elliptic equations. Moreover, Eq. (18) defines h^{TT}_{ij} , which describes the independent field degrees of freedom, through an elliptic equation, (see Eq. (3.8a) in [4], for more details). In addition, the longitudinal part of π^{ij}_{,0}, defined via V^i, can be determined through an elliptic equation for V^i, given by Eq. (17). The remaining quantities π^{ij}_{TT} should be determined, solely algebraically, using the evolution equation for γ_{ij} , given by Eq. (5), in the following manner. Let us write the Eq. (5) in the form

γ_{ij,0} = B_{ij} , (22)

where B_{ij} ≡ αγ^{−1/2}(2π_{ij} − γ_{ij} π) + β_{i|j} + β_{j|i}. (23) Using the definition of γ_{ij} , given by Eq. (7), we obtain,

h^{TT}_{ij,0} = B_{ij} − 1 3 B_{ll}δ_{ij} (24)

where B_{ll} = 3(γ^{mn}γ^{mn})^{−1}(B^{ll} −γ^{il}γ^{ik}h^{TT}_{lk,0}) with B^{ll} given by −αγ^{−1/2}γ^{ll}π+2β^{l|l}. Using these equations, π^{ij}_{TT} follows in terms of h^{TT}_{ij,0}, the only time derivative appearing in the minimal no-radiation approximation, given by

π^{ij}_{TT} = − π̃^{ij} − γ^{1/2} α C^{ijlk}[β^{l|k} − β^{m|m}γ^{ln}γ^{kn}(γ^{pq}γ^{pq})^{−1}] + γ^{1/2} 2α C^{ijlk}[γ^{lm}γ^{kn} − γ^{lr}γ^{kr}γ^{sm}γ^{sn}(γ^{pq}γ^{pq})^{−1}]h^{TT}_{mn,0}, (25) where C^{ijlk} is the inverse matrix of the matrix C^{−1}_{ijlk} ≡ 1 2 ( δ_{il}δ_{jk} + δ_{ik}δ_{jl} − (γ^{ij} − γ^{in}γ^{jn}γ^{mm}(γ^{pq}γ^{pq})^{−1})h^{TT}_{lk} ) . (26)

Notice, the matrix C^{−1}_{ijlk} deviates from the unit matrix in the quadratic order of h^{TT}_{lk} only. For maximal slicing condition, 0 = γ^{ij} K_{ij} = πγ^{−1/2}/2, the resulting C^{−1}_{ijlk} would be a unit matrix, when applied to symmetric tensors.

The internal consistency of the proposed approach comes from the fact that only the evolution equations for the true field degrees of freedom are affected. This implies, in the evolution equations for the TT variables,

π^{ij}_{TT,0} = − 16πG c^4 δH δh^{TT}_{ij} , (27a)

h^{TT}_{ij,0} = c^4 16πG δH δπ^{ij}_{TT} , (27b)

if the first equation is solved for h^{TT}_{ij} using Eq. (18), then the second equation can be solved for π^{ij}_{TT} in terms of ḣ^{TT}_{ij} , as given by Eq. (25). However, putting ḣ^{TT}_{ij} = 0 in Eq. (27b) means destroying the Legendre transformation, which is a fundamental property of the physical theory, whereas setting π̇^{ij}_{TT} = 0 in Eq. (27a) implies a dynamical condition for the extremum (minimum) of energy. Imposing h^{TT}_{ij} = 0, instead of solving for it, results in the well-known Wilson-Mathews approach, if π^{ij}_{TT} is determined through Eq. (22). We also note that a recent effort, the so-called CFC+ approach, which tries to improve conformal-flat approximations uses Eqs (18) and (25), restricted to the leading post-Newtonian order, to get h^{TT}_{ij} and π^{ij}_{TT} [10]. This approach is identical with the full Einstein theory through the second post-Newtonian order.

In general, the Hamiltonian for the matter system is the Routh functional depending on the matter variables only [5, 9], R[MV, h^{TT}_{ij} (MV ), h^{TT}_{ij,0}(MV )] = H − c^3 16πG ∫ d^3xπ^{ij}_{TT}h^{TT}_{ij,0}. (28)

In the stationary case, R and H coincide. For our quasi-stationary approximation, we also shall take R as Hamiltonian. It agrees with the non-dissipative part of the Einsteinian one through third post-Newtonian order as e.g. given in Ref. [5].

Finally, we point out that ḣ^{TT}_{ij} is the only partial time derivative appearing in the coupled elliptic equations, present in the minimal no-radiation approximation. While employing any iterative procedure to solve our coupled elliptic equations, it should be natural to equate the (in general) small quantity ḣ^{TT}_{ij} to zero to obtain the first order solution to h^{TT}_{ij} and the rest of the variables involved. During the second stage of iteration, one should then employ ḣ^{TT}_{ij} , computed using the first order h^{TT}_{ij} , to get the second order solution to h^{TT}_{ij} and other quantities. In this manner, the iterative procedure may be extended to higher stages. The above procedure was employed, in the post-Newtonian framework, first to compute h^{TT}_{ij} to the second post-Newtonian order, which was employed to compute ḣ^{TT}_{ij} , required at the third post-Newtonian order calculations [5].

This communication will be followed by a detailed article [11], where the explicit expressions, in terms of the basic variables and their spatial derivatives, for the elliptic equations for ψ, α, β^i, and h^{TT}_{ij} as well as for π^i and V^i will be presented.

Acknowledgments

We thank E. Gourgoulhon and L. Rezzolla for useful remarks. The work is supported by the Deutsche Forschungsgemeinschaft (DFG) through SFB/TR7 “Gravitationswellenastronomie”.

[1] G. B. Cook: In Living Rev. Relativity, 3 (2000), http://www.livingreviews.org. [2] W. Kley and G. Schäfer: Phys. Rev. D 60, 027501 (1999); Ann. Phys. (Leipzig) 9, SI-106 (2000) [3] R. Rieth, In Mathematics of Gravitation. Part II. Gravitational Wave Detection, proceedings of the Workshop on Mathematical Aspects of Theories of Gravitation, Warsaw, 1996, edited by A. Królak (Polish Academy of Sciences, Institute of Mathematics, Warsaw, 1997), p. 71; T. Damour, P. Jaranowski and G. Schäfer: Phys. Rev. D 084011 (2000) [4] G. Schäfer: Ann. Phys. (N.Y.) 161, 81 (1985) [5] P. Jaranowski and G. Schäfer: Phys. Rev. D 57, 7274 (1998) [6] S. Bonazzola, E. Gourgoulhon, P. Grandclément, and J. Novak: A constraint scheme for Einstein equations based on Dirac gauge and spherical coordinates, (gr-qc/0307082).

[7] http://www.lorene.obspm.fr [8] R. Arnowitt, S. Deser and C. W. Misner: ‘The Dynamics of General Relativity’. In: Gravitation: An Introduction to Current Research, ed. by L. Witten (John Wiley, New York 1962) p. 227; D. D. Holm: Physica 17D, 1 (1985) [9] G. Schäfer: ‘Binary Black Holes and Gravitational Wave Production: Post-Newtonian Analytic Treatment’. In: Current Trends in Relativistic Astrophysics, ed. by L. Fernández- Jambrina and L.M. Gonzáles-Romero (Springer -Verlag, Berlin 2003), p. 195 [10] W. Tichy, B. Brügmann, M. Campanelli, and P. Diener: Phys. Rev. D 67, 064008 (2003) [11] A. Gopakumar and G. Schäfer, (work in progress)