arXiv:gr-qc/0310098 v2 23 Feb 2004

Conserved Charges in Einstein Gauss-Bonnet theory

Nathalie Deruelle Institut d’Astrophysique de Paris, GReCO, FRE 2435 du CNRS, 98 bis Boulevard Arago, 75014 Paris, France

Joseph Katz Racah Institute of Physics, Hebrew University 91904, Jerusalem, Israel

Sachiko Ogushi Yukawa Institute for Theoretical Physics Kyoto University, Kyoto 606-8502, Japan

February 23, 2004

Abstract

Using Noether’s identities, we define a superpotential with respect to a background for the Einstein Gauss-Bonnet theory of gravity. As an example, we show that its associated conserved charge yields the mass-energy of a D-dimensional Gauss-Bonnet black hole in an anti-de Sitter spacetime.

0. Introduction Einstein Gauss-Bonnet gravity has received renewed interest recently,

both in the context of the Randall-Sundrum and braneworld scenarios and in the context of the AdS/CFT correspondence, see e.g. [1] for a recent review. In particular, well-known black hole solutions [2] and their recent generalizations [3], have been extensively reconsidered, with particular emphasis on the various ways of calculating their entropy [4].

In the widely used Euclidean approach [5] [6] the now standard steps to get that entropy are : start from, say, an exact static black hole solution depending on the integration constant μ (the “mass parameter” ); compute, as a function of μ, the Euclidean action I on shell; then obtain the “internal” energy as E =^{∂I}_{∂β} and, finally, the entropy as S = βE − I, where β is the period in Euclidean time which regularizes the action on shell. This method has been recently successfully re-applied, following [4], to anti-de Sitter (AdS) Gauss-Bonnet black holes, see e.g. [3, 7, 8, 9, 10, 11]. In particular, it relates in a definite manner the internal energy E to the mass parameter μ.

Now, the mass parameter μ also appears in the coefficient of the 1/R^{D−3} term in the asymptotic form of the metric and is related to the “gravitational” mass-energy M of the black hole. As expected, the internal energy E turns out to be nothing than M. That result though is by no means trivial. Indeed, the Euclidean method applies to quantum radiating black holes whereas the notion of the gravitational mass of a spacetime is a purely classical one, related to the motion of test particles for example, and not based on the existence of a horizon and its temperature. Moreover, there is yet another way to define the mass of a spacetime, to wit by means of conserved quantities. In pure Einstein theory, this alternative definition has been shown to coincide with the previous ones : for an introduction and references to the many different ways to define, in a purely classical setup, conserved quantities associated with a spacetime, see e.g. [12]. In the present paper we extend to Einstein Gauss-Bonnet theory of gravity a definition of conserved quantities with respect to a background which uses a superpotential and (asymptotically) Killing vectors. This approach has been advocated by Rosen [13] and developped in [14, 15]. When applied to AdS Gauss-Bonnet black holes it will yield the sought for equality of their “conserved”, “internal” and “gravitational” energies. Moreover, the calculation will be straightforward (as compared to the Euclidean method) and hence provide a short cut for calculating the entropy.

Other methods based on superpotentials have been proposed. For example, Deser and Tekin [16] extend to Einstein Gauss-Bonnet theory the definition of conserved energy as proposed by Abbot-Deser [17] and apply it to AdS Gauss-Bonnet black holes (see [18] for a generalization to arbitrary backgrounds using a Hamiltonian approach). It must be noted however that, contrarily to the “KBL” superpotential [15], the AD formula [17] does not yield the Bondi mass, see [19]. As for Hamiltonian methods, which are particularly suited to obtaining the energy, see e.g. [20], they have been extended to Einstein Gauss-Bonnet theory in [21] [22] [23] [24] (for a covariant formalism, see [25]).

The paper is organized as follows : in Section I we recall the standard procedure to obtain Noether’s conserved currents from a Lagrangian as initiated in the 50’s (see, for instance [26]) and we summarize the formalism developped in [14] [15] to define conserved currents and charges of a given spacetime with respect to a background.

In Section II we specialize to Einstein Hilbert’s Lagrangian : we recall the expressions obtained in [14] [15] for the superpotential and we compute, as a warm up exercise, the associated conserved charges in two simple cases : the mass of a D-dimensional, static, spherically symmetric and asymptotically flat or anti-de Sitter spacetime on one hand and the angular momentum of the BTZ solution [27] on the other.

In Section III, which is the core of the paper, we extend the previous formalism and results to the Gauss-Bonnet Lagrangian and, as an application, we compute the mass of Einstein Gauss-Bonnet D-dimensional black holes.

Finally in Section IV we examine some of the shortcomings of our approach.

I. The general setting : a short review

a. Construction of superpotentials and definition of conserved charges from a Lagrangian

Consider, in a D-dimensional spacetime with coordinate system X^A, metric coefficients g_{AB} (mostly plus signature) and associated covariant derivative D_A, a family

L = L + D_Ak^A (1.1)

of Lagrangians for pure gravity. L is a scalar quantity (some function of curvature invariants, functional of the metric, its first and second derivatives) and k^A are the D components of a vector which enters the boundary term in the variation of the action (see below). A hat will denote multiplication by √ −g where g is the determinant of g_{AB} . The variation of the scalar density L̂ with respect to the metric can be written formally as

δL̂ = −σ̂^{AB}δg_{AB} + ∂_A(V̂^A + δk̂^A) . (1.2)

The tensor σ^{AB} is the variational derivative of L̂ and may contain derivatives of the metric up to fourth order. The field equations which govern pure gravity are σ^{AB} = 0, whatever the vector k^A. As for the vector V^A it can be written under the form

V^A = α^{A(BC)} δg_{BC} + β^{A(BC)}_D δΓ^D_{BC} (1.3)

where Γ^D_{BC} are the Christoffel symbols and

δΓ^D_{BC} = 1 2 g^{DE} (D_B δg_{CE} + D_C δg_{BE} − D_E δg_{BC} ) . α^{A(BC)} and β^{A(BC)}_D are tensors which are third and second order in the metric derivatives respectively. Parentheses denote symmetrisation as in α^{A(BC)} =^1_2 (α^{ABC} + α^{ACB} ).

If the variation δg_{AB} is due to a mere change of coordinates X^A → X̃^A = X^A − ξ^A with ξ^A an infinitesimal vector, then δ reduces to a Lie derivative and

δg_{AB} = 2D_{(A}ξ_{B)} , δΓ^D_{BC} = D_{(BC)}ξ^D − R^D_{(BC)E} ξ^E (1.4)

where R^D_{BCE} = ∂_C Γ^D_{BE} + ... is the Riemann tensor. The variation (1.2) of the Lagrangian density can in that case be cast in the following form : ∂_A [ (2σ̂^{AB} + g^{AB}L̂)ξ_B − V̂^A + 2D_B (ξ^{[A}k̂^{B]}) ] = 2ξ̂^B D_Aσ^{AB} . (1.5)

Antisymmetrisation is denoted by brackets as in ξ^{[A}k̂^{B]} =^1_2 (ξ^Ak̂^B − ξ^Bk̂^A). Now the right hand side of (1.5) is identically zero. This is immediately clear from Stokes’ theorem if we integrate (1.5) over an arbitrary domain of spacetime with any vector ξ^A which is zero on the boundary. In Einstein’s or Einstein Gauss-Bonnet’s theory D_Aσ^{AB} = 0 are the (generalized) Bianchi identities.

Rearranging V^A, we then have that the “current” j^A = j^A_a + j^A_b (1.6) with

j^A_a = ( Lg^{AB} + 2σ^{AB} + β^{A(CD)E} R^B_{CDE} ) ξ_B − 2α^{A(BC)} D_B ξ_C − β^{A(BC)D}D_{BC} ξ_D (1.7) and j^A_b = 2D_B (ξ^{[A}k^{B]}) (1.8) is identically conserved :

D_Aj^A ≡ 0 ⇐⇒ ∂_Aĵ^A ≡ 0 . (1.9)

The conservation of j^A implies that there exists an antisymmetric “superpotential” j^{[AB]} such that ĵ^A ≡ D_Bĵ^{[AB]} = ∂_Bĵ^{[AB]} . (1.10) Looking for an expression of the form j^{[AB]} = j^{[AB]}_a + j^{[AB]}_b (1.11) with j^{[AB]}_a = A^{[AB]C}ξ_C + B^{[AB]CD}D_C ξ_D and j^{[AB]}_b = 2ξ^{[A} k^{B]} (1.12) we get from (1.7) A^{[AB]C} = −2α^{A(BC)} − D_D B^{[AD]BC} B^{[AB]CD} + B^{[AC]BD} = −2β^{A(BC)D} (1.13) D_B A^{[AB]E} − 1 2 B^{[AB]CD} R^E_{DBC} = Lg^{AE} + 2σ^{AE} + β^{A(CD)B} R^E_{CDB} . B^{[AB]CD} can be extracted from the second equation (1.13), the first one yields A^{[AB]C} and the third is an identity (which can serve to check the solution found for B^{[AB]CD} and A^{[AB]C}).

Consider now a region M of spacetime where (1.9) applies, bounded by ∂M, a timelike hypercylinder limited by 2 spacelike hypersurfaces X^0 = t_0 and X^0 = t_1, and apply Stokes’ theorem (N.B. : if j^A is singular at the origin a volume around it may have to be excluded) : ∫ M d^Dx ∂_Aĵ^A = 0 ⇐⇒ ∫ ∂M d^{D−1}x n_μĵ^μ = 0 ⇐⇒ ∫ t=t_1 d^{D−1}x ĵ^0 − ∫ t=t_0 d^{D−1}x ĵ^0 + ∫_{t1} t_0 dt ∫ S d^{D−2}x n_iĵ^i = 0 . (1.14) d^Dx = (dX^0 × ...dX^{(D−1)}) ; S is the (D − 2)-dimensional sphere at infinity, with n^i its unit normal vector pointing towards infinity. Using (1.10), we have that ĵ^0 = ∂_iĵ^{[0i]}, so that the “charge” q = ∫ S d^{D−2}x n_iĵ^{[0i]} (1.15)

is independent of time if the last term in (1.14) vanishes. The vanishing of that last term depends on the properties of spacetime (such as stationarity) as well as on the choice for the vectors ξ^A and k^A. (Of course, when S is the (D − 2)-dimensional sphere at infinity, q may not be finite.)

b. Choosing the vector ξ^A

We are interested in defining conserved charges such as the energy and angular momentum of a given spacetime. Such quantities are related to isometries under time translations and rotations and hence to the existence of Killing vectors. In the following we shall in fact restrict our attention to stationary spacetimes and choose ξ^A to be a Killing vector :

D_{(A}ξ_{B)} = 0 . (1.16)

(Note that ξ^A is defined up to an arbitrary constant, see Section IV.)

c. Choosing the vector k^A

The variation with respect to the metric of the action for pure gravity I = ∫ M d^Dx L̂ = ∫ M d^Dx L̂ + ∫ ∂M d^{D−1}x n_μk̂^μ (1.17)

follows from (1.2) and is δI = − ∫ M d^Dx σ̂^{AB} δg_{AB} + ∫ ∂M d^{D−1}x n_μ(V̂^μ + δk̂^μ) . (1.18)

It is customary (see however Section IV) to choose the vector k^A in such a way that the boundary term does not contain terms proportional to normal derivatives of the metric variations. In that case indeed, the field equations are obtained by keeping only the metric and its tangential derivatives fixed at the boundary, leaving their normal derivatives free, and the variational problem falls within the scope of ordinary Lagrangian field theory.

In view of the expression (1.3) for V^A, the vector k^A must be a linear combination of the metric and its first order derivatives, or, equivalently, the Christoffel symbols. However, since the Christoffel symbols are not tensors, k^A cannot be constructed from the metric and its first derivatives alone. One needs some extra element to get a covariant formalism, like tetrads [28], a foliation useful in the Hamiltonian formalism [29] or, as advocated by Rosen [13] and implemented in [14], a background. We shall define our conserved quantities with respect to a background. This method is well suited to the applications we shall study.

d. Superpotential and charge with respect to a background

More precisely we shall consider two spacetimes, M and M̄, with respective metrics and covariant metric derivatives (g_{AB} , D_C ) and (ḡ_{AB} , D̄_C ), together with a mapping which associates a point P in M with coordinates X^A to a point P̄ in M̄ with the same coordinates X^A. Then Δ^A_{BC} ≡ Γ^A_{BC} − Γ̄^A_{BC} = 1 2 g^{AD}(D̄_B g_{CD} + D̄_C g_{DB} − D̄_Dg_{BC} ) (1.19)

is a tensor under coordinate transformations which are the same in both spacetimes. (In the following a bar will denote a quantity constructed out of the metric ḡ_{AB} and its associated covariant metric derivative D̄_A.) The action is now defined by I − Ī, the Lagrangian density by L̂ − ^̄L and the corresponding superpotential density becomes

Ĵ^{[AB]} = 1 2κ ( ĵ^{[AB]} − ĵ[AB] ) , (1.20)

where κ is a coupling constant. This is the way it was defined in [15] and it is sometimes referred to as the KBL superpotential.

The corresponding charge Q of M with respect to M̄ is defined similarly as Q = ∫ S d^{D−2}x n_iĴ^{[0i]} . (1.21)

II. The example of Einstein’s theory

In Einstein’s theory, pure gravity is described by the Einstein-Hilbert Lagrangian

L_{[1]} = −2Λ + s . (2.1)

Λ accounts for a possible cosmological constant and s is the scalar curvature of spacetime : s = g^{AB}r_{AB} , r_{AB} being the Ricci tensor : r_{AB} = R^C_{ACB} . The variation of (1.1) with respect to the metric then gives (1.2) with

σ^{[1]}_{AB} = Λg_{AB} + σ^{(1)}_{AB} , σ^{(1)}_{AB} ≡ r_{AB} − 1 2 s g_{AB} ; V^A_{[1]} = − ( g^{AB} δΓ^C_{BC} − g^{BC} δΓ^A_{BC} ) , (2.2)

hence, see (1.3), α^{A(BC)}_{[1]} = 0 and β^{A(BC)D}_{[1]} = g^{AD} g^{BC} − g^{A(B} g^{C)D}. Solving equations (1.13) readily yields B^{[AB]CD}_{[1]} = 2g^{C[A}g^{B]D} and A^{[AB]C}_{[1]} = 0, so that the superpotential (1.12) is given by

j^{[AB]}_{[1]} = j^{[AB]}_{[1]a} + j^{[AB]}_{[1]b} with j^{[AB]}_{[1]a} = 2D^{[A} ξ^{B]} and j^{[AB]}_{[1]b} = 2ξ^{[A}k^{B]}_{[1]} . (2.3)

As for the associated charge (1.15) it becomes

q_{[1]} = q_{[1]a} +q_{[1]b} with q_{[1]a} = 2 ∫ S d^{D−2}x n_i D̂^{[0}ξ^{i]} and q_{[1]b} = 2 ∫ S d^{D−2}x n_i ξ̂^{[0}k^{i]}_{[1]} . (2.4) a. The KBL vector, superpotential and charge

A straightforward choice for k^A_{[1]}, which cancels all the terms proportional to δΓ^D_{BC} in V^A_{[1]} and also cancels not only normal but all derivatives of the metric variations δg_{AB} in the boundary term of δI, see (1.18), is obtained by replacing δΓ^A_{BC} by −Δ^A_{BC} in the expression (2.2) for V^A_{[1]} and is^1 k^A_{[1]} = −β^{A(BC)D} [1] Δ^D_{BC} = B^{[AB]CD}_{[1]} Δ^D_{BC} = g^{AB} Δ^C_{BC} − g^{BC} Δ^A_{BC} . (2.5)

The superpotential density Ĵ^{[AB]}_{[1]} is

Ĵ^{[AB]}_{[1]} = Ĵ^{[AB]}_{[1]a} + Ĵ^{[AB]}_{[1]b} (2.6)

with κĴ^{[AB]}_{[1]a} = D̂^{[A}ξ^{B]} − D̂^{[A} ξ^{B]} and κĴ^{[AB]}_{[1]b} = ξ^{[A}k̂^{B]}_{[1]} . (2.7)

The corresponding charge Q_{[1]} of M with respect to M̄ is

Q_{[1]} = 1 κ ∫ S d^{D−2}x n_i ( D̂^{[0}ξ^{i]} − D̂[0ξi] + ξ̂^{[0}k^{i]}_{[1]} ) . (2.8)

Provided adequate normalisation of the Killing vector ξ^A (for example ξ^A = (1, 0, 0, 0) to get the conserved mass, which is a natural choice in asymptotically flat four dimensional spacetimes as it identifies proper and coordinate times at infinity), and adequate definition of κ (κ = −^{8πG}_{c4} where G is Newton’s constant and c the speed of light, which is also the natural choice when one considers coupling to matter fields), the KBL superpotential (2.6-7) is the only superpotential which satisfies all the following properties [30] :

• It is generally covariant and then can be computed in any coordinate system,

• If the chosen coordinates are the Cartesian ones of an asymptotically flat (or AdS) spacetime, the KBL superpotential gives the ADM mass formula^2 or the AD mass,

• It gives the mass and angular momentum (and the Brown-Henneaux conformal charge for AdS_3) with the right normalization in any spacetime of dimension D ≥ 3. More generally it can be used for any asymptotic Killing vector ξ^A.

It has also been proven [31] that at null infinity, the KBL superpotential yields the Bondi mass, the Penrose linear momentum and the Penrose-Dray-Streubel angular momentum.

There are thus good reasons to try and find the generalization of the KBL superpotential to Einstein-Gauss-Bonnet Lagrangians. Before proceeding however we shall, as a warm up exercise and because the KBL superpotential has rarely been applied to non asymptotically flat backgrounds, compute its associated conserved charges in two different examples.

1Note that the action (1.17) with k^A_{[1]} defined by (2.5) is not the Einstein Gibbons-Hawking action [5]. 2references are given in [30]

b. The KBL mass of a static, spherically symmetric and asymptotically antide Sitter spacetime

Consider first a finite static, spherically symmetric distribution of matter in a D-dimensional anti-de Sitter background. The metric outside matter can be written as (setting X^0 ≡ cT and X^1 ≡ R) ds^2 = −f c^2 dT^2 + dR^2 f + R^2dΩ^2_{(D−2)} (2.9)

where f is a function of R and where dΩ^2_{(D−2)} is the line element of a (D − 2)-dimensional unit sphere^3. When gravity is described by Einstein’s theory with Λ < 0, f is given (outside matter) by the Schwarzschild anti-de Sitter solution

f(R) = 1 − μ R^{D−3} + R^2 ℓ^2

(2.10)

where ℓ^2 = −^{(D−1)(D−2)}_{2Λ} and where the integration constant μ is the “mass” parameter, that we want to relate to the KBL conserved mass of Schwarzschild anti-de Sitter spacetime as defined previously.

It is quite natural to choose the background spacetime M̄ to be the μ = 0 anti-de Sitter spacetime (or Minkowski if the cosmological constant is set to zero), that is

f̄ = 1 + R^2 ℓ^2 so that Δf ≡ f − f̄ = − μ R^{D−3} . (2.11)

In asymptotically flat spacetimes the timelike Killing vector associated with energy is normalized to represent translations at spatial infinity. Here we cannot use such normalization. It is customary (see e.g. [16]), although by no means fully justified (see e.g. [21]), to normalize the Killing vector to local T translations of the AdS background :

ξ^A = (1, 0, ..., 0) . (2.12)

The conserved mass M_{[1]} of Schwarzschild anti-de Sitter spacetime (with respect to the anti-de Sitter background) is therefore defined as, see (2.8) and denoting Q_{[1]} = M_{[1]} c^2 :

M_{[1]} = M_{[1]a} + M_{[1]b} (2.13)

with κM_{[1]a}c^2 = ∫ S d^{D−2}x ( D̂^{[0}ξ^{1]} − D̂[0ξ1] ) (2.14) and κM_{[1]b} c^2 = ∫ S d^{D−2}x ξ̂^{[0}k^{1]}_{[1]} (2.15)

where κ is a coupling constant that we shall relate to a D-dimensional “Newton” constant G_D and the speed of light c by κ = − 8πG_D c^4

, (2.16)

3for example : dΩ^2_{(1)} = dϕ^2, dΩ^2_{(2)} = dθ^2 + sin^2 θ dϕ^2, dΩ_{(3)} = dχ^2 + sin^2 χ(dθ^2 + sin^2 θ dϕ^2), etc

so that it reduces to the natural coupling in four dimensions.

The contribution of M_{[1]a} to the mass is obtained readily : since D^{[0}ξ^{1]} = −^1_2 f^′ (where a prime denotes differentiation with respect to X^1 ≡ R), we have, see (2.14)

κM_{[1]a} c^2 = −V_{(D−2)} lim_{R→∞} R^{D−2} Δf^′ 2 (2.17)

where V_{(D−2)} is the volume of the unit (D − 2)-dimensional unit sphere ; hence, from (2.11)

κM_{[1]a} c^2 = −V_{(D−2)}

(D − 3) 2 μ . (2.18)

(In D = 4 dimensions this is half Komar’s value [32].)

As for the vector k^A_{[1]} it is given by (2.5) and its R−component is easily found to be

k^1_{[1]} = Δf^′ +

(D − 2) R Δf − (Δf/f̄ )^2 1 + (Δf/f̄ ) f̄ ′ 2 . (2.19)

If f̄ = 1 the last term is absent ; if f̄ = 1 + R^2/ℓ^2 it is negligible at infinity when Δf is given by (2.11). Hence, see (2.15) κM_{[1]b} c^2 = − 1 2 V_{(D−2)} μ . (2.20)

(In D = 4 dimensions this is again half Komar’s value [32].)

Therefore, using the KBL superpotential, the mass parameter μ of an asymptotically Schwarzschild anti-de Sitter spacetime is related to the associated KBL conserved mass M_{[1]} = (M_{[1]a} + M_{[1]b}) by adding (2.17) and (2.20) and is μ = 16πG_D c^2V_{(D−2)}

M_{[1]} (D − 2)

. (2.21)

Now, in four dimensions, the mass parameter μ is related to the “gravitational” mass M_∗, as deduced from the motion of test particles say, by the Schwarzschild formula : μ =^{2GM∗}_{c2} , a formula which can be generalized to D dimension as μ = 16πG_D c^2V_{(D−2)} M_∗ (D − 2)

. (2.22)

Hence, as they should, the gravitational mass M_∗ and the KBL conserved mass M_{[1]} are equal. In this particular example there is perfect agreement with [17].

If instead of matter around the center there is a black hole, Stokes theorem does no more apply because there is a singularity at the origin and the interpretation of (2.13-15) as mass-energy becomes problematic because the Killing field is not timelike inside the horizon. It should however be noted that the calculation of the mass of a spherical spacetime by means of the superpotential and hence as a surface integral at infinity clearly indicates the global topological origin of what we called mass-energy which ignores the internal geometry of spacetime. The mass-energy is therefore attributed to the whole spacetime whether there is matter in the center or collapsed matter into a black-hole.

This being said, Stokes theorem is still applicable to any region of the static spacetime between two spheres. Integration between spatial infinity and the horizon of a black hole [33] combined with Beckenstein’s idea [34] of attributing an entropy to the black hole proportional to its area and the obtention by Hawking [35] of their quantum black body temperature led to a new branch of physics : black hole thermodynamics. Knowing the Hawking temperature T and the angular velocity Ω of the rotating hole as a function of its conserved mass M and angular momentum J, the entropy of the black hole is readily obtained by a simple quadrature, via the second law : TdS = dM − ΩdJ.

c. The angular momentum of the BTZ spacetime

As a second example we shall compute the angular momentum of the BTZ solution of the 3-dimensional Einstein vacuum equations with cosmological constant Λ [27]. The metric can be written as (denoting X^0 ≡ cT, X^1 ≡ R, X^2 ≡ ϕ)

ds^2 = −N^2 c^2 dT^2 + dR^2 N^2

+ R^2 ( dϕ − N^ϕc dT )_2

(2.23)

with N^2 = −μ +

R^2 ℓ^2 + a^2 R^2 and N^ϕ = − a R^2

(so that g_{0ϕ} = a) (2.24)

where ℓ^2 = −Λ^{−1} and where the integration constants μ and a are the “mass” and “angular momentum” parameters that we want to relate to the KBL conserved mass and angular momentum as defined previously.

As before we shall choose the background M̄ to be the μ = 0, a = 0 solution for which

N̄^2 = R^2

ℓ^2 and N̄^ϕ = 0 . (2.25)

The two Killing vectors that we shall consider are those associated with time translations and angular rotations and normalized as

ξ^A_{(T )} = (1, 0, 0) , ξ^A_{(ϕ)} = (0, 0, 1) . (2.26)

A straightforward calculation^4 then yields

D̂^{[0}ξ^{1]} = − ( R^2 ℓ^2 ξ^0 + aξ^2 ) (2.27)

and hence D̂^{[0}ξ^{1]} − D̂[0ξ1] = −aξ^2 . (2.28)

Another short calculation (see (2.5)) yields

ξ̂^{[0}k^{1]}_{[1]} = { R^2 2ℓ^2 ( 1 − R^2 ℓ^2N^2 ) − a^2 2R^2 ( 2 − R^2 ℓ^2N^2 )} ξ^0 (2.29)

4using −g_{00} ≡ N^2_1 = N^2 −^{a2}_{R2} , g_{11} =^1_{N 2} , g_{ϕϕ} = R^2, g_{0ϕ} = a as well as its determinant g = −R^2 and its inverse −g^{00} =^1_{N 2} , g^{11} = N^2 , g^{ϕϕ} =^{N 21}_{R2N 2} , g^{0ϕ} =^a_{R2N 2}

so that lim_{R→∞} ξ̂^{[0}k^{1]} = − 1 2 μξ^0 . (2.30)

The conserved charge (2.8) is therefore

Q_{[1]} = − π κ (μξ^0 + 2aξ^2) (2.31)

where, see (2.16), κ = −^{8πG3}_{c4} .

For ξ^A = ξ^A_{(T )} = (1, 0, 0), and denoting in that case Q_{[1]} ≡ M_{[1]} c^2, we therefore have, since V_1 = 2π, that the “mass parameter” μ is related to the conserved mass M_{[1]} by μ = 8G_3M_{[1]} c^2

. (2.32)

Comparing this expression with the general expression (2.22) for μ in terms of the gravitational mass M_∗, we find once again that the conserved mass M_{[1]} and the gravitational mass M_∗ are equal.

For ξ^A = ξ^A_{(ϕ)} = (0, 0, 1), and denoting in that case Q_{[1]} ≡ cJ_{[1]}, formula (2.31) relates the “angular momentum parameter” a to the conserved angular momentum J by a = 4G_3 c^3

J_{[1]} . (2.33)

Now, in four dimensions, the asymptotically flat form of the metric coefficient g_{0ϕ} is (see e.g. [36]) : g_{0ϕ} →^{2G4J∗}_{c3 R} sin^2 θ, where J_∗ is the “gravitational” angular momentum as measured by, say, gyroscopes. That formula can be generalized to D dimensions as g_{0ϕ} → 8π V_{(D−2)} G_D J_∗ c^3R^{D−3} Ω_{(D−2)} (2.34)

where, using the angular coordinates of footnote (3), Ω_1 = 1, Ω_2 = sin^2 θ, Ω_3 = sin^2 θ sin^2 χ, etc, so that g_{0ϕ} → 4G_3J_∗

c^3 for D = 3 . (2.35)

Comparing this expression with (2.24) we have a = 4G_3 c^3

J_∗ (2.36)

and hence, from (2.33), the “gravitational” angular momentum J_∗ and the KBL conserved one J_{[1]} are equal, as they must. Rotating, asymptotically AdS spacetimes have been studied, and their conserved angular momentum obtained, in, e.g. [38, 39, 40]. In [37] the KBL superpotential was used to compute the conserved angular momentum of the four dimensional AdS Kerr spacetime. We compute here the angular momentum of the BTZ solution.

III. Einstein Gauss-Bonnet theory

In Einstein Gauss-Bonnet theory, gravity is described by the sum of the Hilbert Lagrangian L_{[1]} and the Lanczos-Lovelock Lagrangian [41] [42] L_{(2)}

L_{[2]} = L_{[1]} + αL_{(2)} with L_{(2)} ≡ R_{ABCD}R^{ABCD} − 4r_{AB} r^{AB} + s^2 (3.1) where α is some coupling constant. It will be useful to write L_{(2)} as follows : L_{(2)} = R^{ABCD} P_{ABCD} where P_{ABCD} ≡ R_{ABCD} −2r_{A[C} g_{D]B} +2r_{B[C}g_{D]A} +s g_{A[C} g_{D]B} . (3.2) P_{ABCD} has the symmetries of R_{ABCD} [44] and is divergenceless over the indice C (or D) but not over A (or B). The variational derivative of (3.1) with respect to the metric is σ^{[2]}_{AB} = σ^{[1]}_{AB} + α σ^{(2)}_{AB} with σ^{[1]}_{AB} given in (2.2) and where σ^{(2)}_{AB} ≡ 2R^{CDE}_A P_{BCDE} − 1 2 g_{AB} R^{CDEF} P_{CDEF} . (3.3) The vector V^A defined in (1.3) is here of the form V^A_{(2)} = α^{A(BC)}_{(2)} δg_{BC} + β^{A(BC)}_{(2) D} δΓ^D_{BC} (3.4) with, see e.g. [1], α^{A(BC)} (2) = 4α D^{(B} σ^{C)A}_{(1)} and β^{A(BC)D}_{(2)} = −4α ( P^{A(BC)D} − Q^{A(BC)D} ) (3.5) in which Q^{ABCD} is antisymmetric in AB but symmetrical in CD : Q^{ABCD} = 2(r^{C[A} g^{B]D} + r^{D[A}g^{B]C} ) . (3.6) Solving equations (1.13) yields A^{[AB]C}_{(2)} = 0, and B^{[AB]CD}_{(2)} = 4α ( P^{ABCD} − Q^{ABCD} ) , (3.7) so that the first superpotential (1.12) associated with L_{[2]} = L_{[1]} + αL_{(2)} is j^{[AB]}_{[2]a} = 2D^{[A} ξ^{B]} + 4α [ P^{ABCD} D_{[C} ξ_{D]} − Q^{ABCD}D_{(C} ξ_{D)} ] . (3.8) If ξ^A is a Killing vector this expression simplifies since, then : D_{(C} ξ_{D)} = 0.

a. A proposal for the Einstein Gauss-Bonnet vector k^A In view of (3.4), and in keeping with the choice made for k^A_{[1]} in (2.5) in Einstein’s theory, we shall choose k^A_{(2)} as :

k^A_{(2)} = −β^{A(BC)}_{(2) D} Δ^D_{BC} = B^{[AB]C}_{(2) D} Δ^D_{BC} = 4α ( P^{ABC}_D − Q^{ABC}_D ) Δ^D_{BC} =

= 4α ( R^{ABC}_D + 4r^{C[B} δ^{A]}_D − s g^{C[B} δ^{A]}_D ) Δ^D_{BC} = (3.9)

= 4α [ R^{ABC}_DΔ^D_{BC} − 2 ( r^{AB} Δ^C_{BC} − r^{BC} Δ^A_{BC} ) + 1 2 s ( g^{AB} Δ^C_{BC} − g^{BC} Δ^A_{BC} )] . (See Section IV for further comments on that choice). Thus the second superpotential (1.12) is chosen to be j^{[AB]}_{[2]b} = 2ξ^{[A} k^{B]}_{[2]} (3.10)

with^5 k^A_{[2]} ≡ k^A_{[1]} + k^A_{(2)} = 2g^{C[A} Δ^{B]}_{BC} + 4α ( P^{ABCD} − Q^{ABCD} ) Δ^D_{BC} . (3.11)

b. The mass of a static, spherically symmetric and asymptotically anti-de Sitter spacetime

Consider again the class of static, spherically symmetric D-dimensional spacetimes whose metrics, outside matter, can be written as (2.9) :

ds^2 = −f c^2 dT^2 + dR^2 f + R^2dΩ^2_{(D−2)} .

When gravity is described by Einstein Gauss-Bonnet theory with Λ < 0, f is given (outside matter if any) by [2]

f(R) = 1 +

R^2 2α̃ − R^2 2α̃ √ 1 − 4α̃ ℓ^2 + 4μα̃ R^{D−1} (3.12)

where ℓ^2 = −^{(D−1)(D−2)}_{2Λ} , where α̃ = (D − 3)(D − 4)α and where μ is the “mass” parameter, that we want to relate to the conserved mass of spacetime as defined above.

We choose again the background spacetime M̄ to be the μ = 0 anti-de Sitter spacetime (or Minkowski if the cosmological constant is set to zero), that is

f̄ = 1 + R^2

L^2 with the length scale L given by 1 L^2 = 1 2α̃ 1 − √ 1 − 4α̃ ℓ^2 (3.13) so that Δf ≡ f − f̄ → − μ̃ R^{D−3} with μ̃ = μ √ 1 −^{4α̃}_{ℓ2} when R → ∞ . (3.14)

Finally, we choose again ξ^A to be the time translation Killing vector normalized as ξ^A = (1, 0, ..., 0), and we relate as before the coupling constant κ to the D-dimensional Newton constant by κ = −^{8πGD}_{c4} .

The conserved mass M_{[2]} of spacetime (with respect to anti-de Sitter) is therefore defined as M_{[2]} = M_{[2]a} + M_{[2]b} with κM_{[2]b} c^2 = ∫ S d^{D−2}x ξ̂^{[0}k^{1]}_{[2]} (3.15)

5Note that the action (1.17) with k^A given by (3.11) is not the action proposed by Myers [43], Davis [44] and Gravanis-Willison [45].

and M_{[2]a} c^2 = ∫ S d^{D−2}x Ĵ^{[01]}_{[2]a} with 2κĴ^{[AB]}_{[2]a} ≡ ĵ^{[AB]}_{[2]a} − ĵ^{[AB]}_{[2]a} (3.16)

where j^{[AB]}_{[2]a} is given by (3.8).

The steps to get M_{[2]a} are :

j^{[01]}_{[2]a} = 2D^{[0}ξ^{1]} + 4αP^{01CD} D_{[C} ξ_{D]} = −f^′ + 4αf^′P_{0101} ,

Now, from (3.2) : P_{0101} = R_{0101} + fr_{11} − 1 f r_{00} − 1 2 s , that is, using the explicit expression of the Riemann tensor for the metric (2.9) :^6

P_{0101} = −

(1 − f) 2R^2

(D − 2)(D − 3)

and hence : j^{[01]}_{[2]a} = −f^′ [ 1 + 2α

(1 − f)

R^2

(D − 2)(D − 3) ]

so that, finally :

κM_{[2]a} c^2 = − 1 2 V_{(D−2)} lim_{R→∞} R^{D−2}Δf^′+

+α lim_{R→∞} V_{(D−2)}R^{D−4}(D − 2)(D − 3)[Δf(f̄^′ + Δf^′) − Δf^′(1 − f̄)] . (3.17)

We now inject in this expression the solution (3.12-14) and get

κM_{[2]a} c^2 = −μ̃V_{(D−2)}

(D − 3) 2 1 − (D − 2)(D − 5) (D − 3)(D − 4) 1 − √ 1 − 4α̃ ℓ^2 . (3.18) (Note that when the cosmological constant is zero, that is ℓ → ∞ then μ replaces μ̃ and f̄ = 1 and we get for M_{[2]a} the same result as in pure Einstein’s theory, that is (2.18).)

As for the vector k^A_{(2)} it is given by (3.9). It is easy to compute the limit of its R-component k^1_{(2)} when R → ∞. Indeed one can replace the P^{ABCD} and Q^{ABCD} tensors in (3.9) by their asymptotic, anti-de Sitter expressions. One also uses the fact that lim_{R→∞} Δ^1_{BC}g^{BC} = −Δf^′ −^{(D−2)}_R Δf and lim_{R→∞} Δ^C_{1C} = 0; one then gets

lim_{R→∞} k^1_{[2]} = [ 1 − 2α L^2

(D − 2)(D − 3) ] lim_{R→∞} [ Δf^′ +

(D − 2) R Δf ] . If we now inject the expression (3.14) for Δf, we obtain, see (3.15)

κM_{[2]b} c^2 = − 1 2 μ̃V_{(D−2)} 1 − (D − 2) (D − 4) 1 − √ 1 − 4α̃ ℓ^2 . (3.19) 6that is : R_{0101} =^1_2 f^{′′}, R_{0i0j} =^1_2 Rff^′g̃_{ij}, R_{1i1j} = −^1_2 R^{f ′}_f g̃_{ij}, R_{ijkl} = (1 − f)R^2(g̃_{ik}g̃_{jl} − g̃_{jk}g̃_{il}) where g̃_{ij} are the coefficients of the metric on the unit (D − 2)-sphere

Adding the two contributions, M_{[2]a} as given by (3.18) and M_{[2]b} as given by (3.19),we obtain that the mass parameter μ of a static, spherically symmetric asymptotically anti-de Sitter spacetime is related to the conserved mass M_{[2]} = M_{[2]a} + M_{[2]b} by μ = 16πG_D c^2V_{(D−2)}

M_{[2]} (D − 2)

and, hence, see (2.22), the gravitational mass M_∗ and the KBL conserved mass M_{[2]} are equal, a result which justifies the choice (3.11) for the vector k^A_{[2]}. In this particular example of AdS Einstein Gauss-Bonnet static spherically symmetric spacetime there is perfect agreement between various definitions of mass-energy, for example, that of [16] [21] [23] [24] or that of [3] [7] [8] [9] [11].^7

IV. Critical comments

Let us point out two shortcomings of the approach used in this paper. One is the choice (2.12) (the same as in [16]) made for the normalisation of the Killing vector when spacetime is not asymptotically flat : as we have already mentionned there is no profound reason (see e.g. [21]) to choose that (asymptotically divergent) norm (g_{AB} ξ^Aξ^B → −R^2/ℓ^2 when R → ∞). A more severe criticism perhaps concerns the choice (3.9) we made for the vector k^A_{(2)}.

Contrarily to k^A_{[1]}, which cancels all the derivatives of the metric variations in the boundary term of the variation of the Einstein-Hilbert action (see (1.18)), the vector k^A_{(2)} does not cancel all the normal derivatives of the variation of the Einstein-Hilbert Gauss-Bonnet action. In order to fully justify our choice (which yields the right mass) it remains to see whether extra terms can be added to cure that and to check that they do not “spoil” our equality of the conserved mass M_{[2]} and the gravitational mass M_∗. Another test that the vector k^A_{(2)} should pass is to check whether or not it gives the right angular momentum: this check should not be too difficult to perform as some rotating solutions are already known in Einstein Gauss- Bonnet gravity [46]. Finally the calculation of the Bondi mass in Einstein Gauss-Bonnet theory remains to be done. We leave these questions to future work.

Acknowledgements : N.D. thanks the Kyoto Yukawa Institute for Theoretical Physics as well as the Cambridge Centre for Mathematical Sciences, and J.K. thanks the Cambridge Institute of Astronomy for their hospitality and financial support during the time this work was performed. N.D. thanks Ted Jacobson for fruitful discussions. S.O. thanks Kei-ichi Maeda and Ishwaree P. Neupane for useful discussions. The research of S.O. is supported by the Japan Society for the Promotion of Science.

7In [3] [7] [8] [9] [11] the result is obtained by means of the Euclidean path integral method, using a different boundary term for the action (but the boundary term does not contribute to the action on shell) and a different regularization procedure. See [47] for a detailed comparison.

References

[1] N. Deruelle and J. Madore, “On the quasi-linearity of the Einstein “Gauss-Bonnet” gravity field equations”, gr-qc/0305004

[2] D.G. Boulware and S. Deser, “String-Generated Gravity Models”, Phys. Rev. Lett. 55 (1985) 2656

[3] R-G. Cai,“Gauss-Bonnet Black Holes in AdS Spaces,” Phys. Rev. D65 (2002) 084014, hep-th/0109133

[4] R.C. Myers and J.Z. Simon, “Black hole thermodynamics in Lovelock gravity”, Phys.

Rev. D38 (1988) 2434

[5] G.W. Gibbons and S.W. Hawking, “Action integrals and partition functions in quantum gravity”, Phys. Rev. D15 (1977) 2752

[6] S.W. Hawking and D.N. Page, “Thermodynamics of Black Holes in Anti-de Sitter Space”, Commun. Math. Phys. 87 (1983) 577-588

[7] S. Nojiri, S.D. Odintsov and S. Ogushi, “Cosmological and black hole brane-world Universes in higher derivative gravity”, Phys. Rev. D65 (2002) 023521, hep-th/0108172

[8] M. Cvetic, S. Nojiri and S.D. Odintsov,“Black Hole Thermodynamics and Negative Entropy in de Sitter and Anti-de Sitter Einstein-Gauss-Bonnet gravity”, Nucl. Phys. B628 (2002) 295-330, hep-th/0112045

[9] Y.M. Cho and I.P. Neupane, “Anti-de Sitter black holes, thermal phase transition and holography in higher curvature gravity”, Phys. Rev. D66 (2002) 024044, hep-th/0202140

[10] I.P. Neupane,“Black hole entropy in string-generated gravity models”, Phys. Rev D67 (2003) 061501(R), hep-th/0212092

[11] I.P. Neupane,“Thermodynamic and gravitational instability on hyperbolic spaces”, hep-th/0302132

[12] J.D. Brown, S.R. Lau, J.W. York, “Action and energy of the gravitational field”, gr-qc/0010024

[13] N. Rosen, Ann. Phys. 57 (1940) 147 and 22 (1963) 1

[14] J. Katz, “A note on Komar’s anomalous factor”, Class. Quant. Grav., 2 (1985) 423

[15] J. Katz, J. Bicak, D. Lynden-Bell, “Relativistic conservation laws and integral constraints for large cosmological perturbations”, Phys. Rev. D55 (1997) 5759

[16] S. Deser and B. Tekin, “Energy in Generic Higher Curvature Gravity Theories”, Phys.

Rev. D67 (2003) 084009, hep-th/0212292

[17] L.F. Abbott and S. Deser, “Stability of gravity with a cosmological constant”, Nucl.

Phys. B 195 (1892) 76

[18] A. Padilla, “Surface terms and the Gauss-Bonnet Hamiltonian”, Class.Quant.Grav. 20 (2003) 3129-3150, gr-qc/0303082 [19] A.N. Petrov, J. Katz, “Relativistic conservation laws on curved backgrounds and the theory of cosmological perturbations”, Proc. Roy Soc. London A, 458 No 2018 (2002) 319, gr-qc/9911025 [20] R.M. Wald, “Black hole entropy is Noether charge”, Phys. Rev. D38 (1993) 3427, gr-qc/9307038 [21] T. Jacobson and R.C. Myers, “Entropy of Lovelock Black Holes,” Phys. Rev. Lett. 70 (1993) 3684-3687, hep-th/9305016 [22] T. Jacobson, G. Kang and R.C. Myers, “Increase of black hole entropy in higher curvature gravity”, Phys. Rev. D52 (1995) 3518, gr-qc/9502009 [23] M. Banados, C. Teitelboim, J. Zanelli, “Black hole entropy and the dimensional continuation of the Gauss-Bonnet theorem”, Phys.Rev.Lett. 72 (1994) 957-960, gr-qc/9309026 [24] J. Louko, J. Z. Simon, S. N. Winters-Hilt, “Hamiltonian thermodynamics of a Lovelock black hole”, Phys.Rev. D55 (1997) 3525-3535, gr-qc/9610071 [25] G. Allemandi, M. Francaviglia, M. Raiteri, “Charges and energy in Chern-Simons theories and Lovelock gravity”, Class.Quant.Grav. 20 (2003) 5103-5120, gr-qc/0308019 [26] P.G. Bergman and R. Schiller, Phys. Rev. 89 (1953) 4 [27] M. Banados, C. Teitelboim, J. Zanelli, Phys. Rev. Lett. 69 (1992) 1849, hep-th/9204099 [28] C. Moller, Ann. Phys. 12 (1961) 118 [29] J.W. York, Found. Phys. 16 (1986) 249 [30] B. Julia and S. Silva, “Currents and superpotentials in classical gauge theories : II.

Global aspects and the extension of affine gravity”, Class. Quan. Grav., 17 (1000) 4733, gr-qc/0005127 [31] J. Katz and D. Lerer, “On global conservation laws at null infinity”, Class. Quan.

Grav. 14 (1997) 2249, gr-qc/9612025 [32] A. Komar, Phys. Rev. 113 (1959) 934 [33] J. Bardeen, B. Carter and S.W. Hawking, “The four laws of black hole mechanics”, Comm. Math. Phys. 31 (1973) 161 [34] J. Bekenstein, “Black holes and entropy”, Phys. Rev. D7 (1973) 2333 [35] S.W. Hawking, “Particle creation by black holes”, Comm. Math. Phys. 43 (1975) 199 [36] N. Straumann, “General relativity and astrophysics”, Springer Verlag (1991)

[37] S. Silva, “Black hole entropy and thermodynamics from symmetries”, Class. and Quant. Grav. 19 (2002) 3947, hep-th/0204179

[38] S.W. Hawking, C.J. Hunter and M.M. Taylor-Robinson, “Rotation and the AdS/CFT correspondence”, Phys.Rev. D59(1999) 064005, hep-th/9811056

[39] R. Aros, M. Contreras, R. Olea, R. Troncoso and J. Zanelli, “Conserved charges for gravity with locally AdS aymptotics”, Phys.Rev.Lett.84 (2000) 1647-1650, hep-th/9909015

[40] A. Biswas and S. Mukherji, “On the Hawking-Page transition and the Cardy-Verlinde formula”, hep-th/0310238

[41] C. Lanczos, Z. Phys., 73 (1932) 147 ; C. Lanczos, Ann, Math., 39 (1938) 842

[42] D. Lovelock, “The Einstein tensor and its generalization”, J. Math. Phys., 12 (1971) 498-501

[43] R.C. Myers, “Higher-derivative gravity, surface terms and string theory”, Phys. Rev.

D36 (1987) 392

[44] S.C. Davis, “Generalized Israel junction conditions for a Gauss-Bonnet Brane World”, Phys.Rev. D67 (2003) 024030, hep-th/0208205

[45] E. Gravanis and S. Willison, “Israel conditions for the Gauss-Bonnet theory and the Friedmann equation on the brane universe”, Phys.Lett. B562 (2003) 118-126, hep-th/0209076

[46] M.H. Dehghani, “Charged Rotating Black Branes in anti-de Sitter

Einstein-Gauss-Bonnet Gravity”, Phys.Rev. D67 (2003) 064017, hep-th/0211191

[47] N. Deruelle and S. Ogushi, in preparation