arXiv:gr-qc/0310124 v5 6 Jun 2005

Einstein-Schrödinger theory in the presence of zero-point fluctuations

J. A. Shifflett

Department of Physics, Washington University, St. Louis, Missouri 63130

Abstract. The Einstein-Schrödinger theory is modified by defining the metric and electromagnetic field differently than in previous work, and by adding a cosmological constant contribution caused by zero-point fluctuations. This “extrinsic” cosmological constant which multiplies the symmetric metric is assumed to be nearly cancelled by Schrödinger’s “bare” cosmological constant which multiplies the nonsymmetric fundamental tensor, such that the total cosmological constant is consistent with measurement. This modified Einstein- Schrödinger theory is shown to approximate ordinary general relativity and electromagnetism so closely that differences between the two theories may be too small to detect by experiment. The modified theory correctly predicts the equation of motion for charged particles, and avoids problems with negative energy particles. An exact solution to the modified field equations is derived which closely approximates the Reissner-Nordström solution for a non-rotating charged mass. The divergence of the Einstein equations vanishes exactly, allowing external fields to be accounted for with an energy-momentum tensor. Some ideas are presented concerning the uniqueness of the theory.

PACS numbers: 04.40.Nr,98.80.Es,04.20.Jb,12.10.-g

E-mail: shifflet@hbar.wustl.edu

1. Introduction

Schrödinger’s affine field theory[1, 2, 3, 4] is identical to the last version of Einstein’s generalized theory of gravitation[5, 6, 7, 8, 9] except that it requires a cosmological constant. The field equations of the theory are,

∗R_{(σμ)} + Λ_bN_{(σμ)} = 0, (1) ∗R_{[σμ,ν]} + Λ_bN_{[σμ,ν]} = 0, (2) N_{σμ,β} −^∗Γ^α_{σβ} N_{αμ} −^∗Γ^α_{βμ}N_{σα} = 0, (3) ∗Γ^α_{βα} =^∗Γ^α_β. (4)

Here^∗R_{σμ} = R_{σμ}(^∗Γ) is the Ricci tensor, and the symbols () and [ ] around indices indicate symmetrization and antisymmetrization. The theory reduces to vacuum general relativity when N_{σμ},^∗Γ^λ_{νβ} and^∗R_{σμ} are symmetric in their lower indices, and N_{σμ} is identified with the metric. In ordinary general relativity, an electromagnetic energy-momentum tensor must be appended to (1), and Maxwell’s equations are supplementary to the equations above. The primary goal of the Einstein-Schrödinger theory is to show that the electromagnetic field is contained in N_{[σμ]}, that an electromagnetic energy-momentum tensor does not need to be appended, and that

Einstein-Schrödinger theory in the presence of zero-point fluctuations 2

Maxwell’s equations are included in the equations above. We will show that with a small modification to include zero-point fluctuations, the Einstein-Schrödinger theory is successful in this goal.

For ordinary general relativity and electromagnetism, the Einstein-Infeld- Hoffmann (EIH) approximation scheme[10, 11, 12, 13] allows the equation of motion for both charged and neutral particles to be derived directly from the field equations. As proven by this method, and other more powerful methods developed later[14], it is not necessary to add additional postulates that neutral particles follow geodesics and charged particles are subject to a Lorentz force. When the EIH method was originally applied to the Einstein-Schrödinger theory, no Lorentz force was found between charged particles[15, 16]. This is the primary reason that the Einstein- Schrödinger theory was abandoned by most researchers long ago. It is significant that no cosmological constant was assumed in [15, 16]. Quantum field theory predicts that zero-point vacuum fluctuations should cause a very large cosmological constant. Also, a small but cosmologically significant cosmological constant has been measured[18, 19, 20]. With this knowledge, it is important to examine the equationof-motion problem for the Einstein-Schrödinger theory with a cosmological constant. In addition, one of the subtle aspects of this theory is that it does not specify a priori the exact relationship of the electromagnetic field with N_{[σμ]} or the exact relationship of the metric with N_{(σμ)}. We will show that when both of these fields are defined differently than in [15, 16], and when a cosmological constant contribution from zeropoint fluctuations is assumed, the EIH method applied to the Einstein-Schrödinger theory definitely predicts the Lorentz force.

Recent work[27, 69, 70, 71, 28, 29, 30] on this topic shows that the original Einstein-Schrödinger theory has problems with negative energy “ghosts”, and a strong coupling of matter fields to the curvature tensor. As will be seen in §5-§7, these problems are avoided in the present theory. In most of the work referenced above, N_{[σμ]} is assumed to be unrelated to the electromagnetic field, existing in addition to the electromagnetic field. This approach is explicitly not taken in this paper because the theory matches ordinary general relativity and electromagnetism to a very close approximation. This difference in approach means that problems[72, 73, 74] found in similar theories caused by interactions of the N_{[σμ]} field with an “added on” electromagnetic field do not apply to this theory.

In much previous work, the metric is assumed to be the symmetric part of the fundamental tensor N_{(σμ)}, or is undefined[1, 2, 3, 4, 15, 16, 21, 22, 5, 6, 7, 8, 9, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34]. We instead assume the definition[36, 14, 35, 37], g^{ρτ} = √ −N √ −g N^{⊣(ρτ)}, √ −g = [−det( √ −gg^{μν} )]^{1/(n−2)} = [−det( √ −N N^{⊣(μν)})]^{1/(n−2)}. (5)

Here N^{⊣μρ} is the inverse of N_{σμ}, N = det(N_{μν} ), g = det(g_{μν} ), and “n” is the dimension. This metric was first recognized as the natural choice[14] because it results in the motion of neutral particles being unaffected by N_{[σμ]} .

In much previous work, the electromagnetic field is assumed to be the dual of N_{[σμ]} or N^{∗[αρ]} = ε^{αρσμ}N_{[σμ]} /2, as originally proposed by Einstein[9]. With this definition, an Ampere’s law results with a non-vanishing current source, (ε^{ρασμ}N_{[σμ]} )_{;α}/2. However, all efforts have failed to connect this apparent current with a real charge current. With the above definition of the electromagnetic field, and using different methods than [15, 16], a Lorentz-like force can be demonstrated[37, 38, 39, 40] without a cosmological constant. However, the solutions[41, 42] that must be used for test

Einstein-Schrödinger theory in the presence of zero-point fluctuations 3

particles have bad asymptotic behavior, such as a radial electrostatic field which is independent of radius at large distances. For these and other reasons, we instead assume the definition[35], f^{ρτ} = − √ −N √ −g N^{⊣[ρτ]}. (6)

With this definition, the theory requires a source-free Ampere’s law, f^{ωτ}_{; ω} = 0. As long as one accepts the existence of singularities, this equation still allows charges, and currents of charge, as collections of individual Green-function solutions. This will be demonstrated in §8, where a satisfactory electric monopole solution is derived. Also, the definition (6) facilitates extensions of the Einstein-Schrödinger theory which include sources[43, 35, 44, 45]. With the definition (6), the field 2Λ_bϑ^ρ = (ε^{ρασμ}f_{[σμ]} )_{;α}/2, is not required to vanish. We will show that the theory requires ϑ_ρ to obey the Proca equation[50, 51].

In some previous work, the equations of the Einstein-Schrödinger theory are significantly modified. In one theory[23, 24, 43, 25, 26], N_{[τρ]} is interpreted as the electromagnetic field, and a Lorentz force is derived, but only because a term √ −N N^{⊣[ρτ]} N_{[τρ]} is appended onto the Einstein-Schrödinger Lagrangian density. This work is not very relevant to the theory presented here.

Recently, there has been much interest in Born-Infeld electrodynamics[46, 47], partly because it appears to result from string theory[48]. The similarity of the Einstein-Schrödinger theory to Born-Infeld electrodynamics is noted by [49] who suggest a connection to string theory. While a possible connection between the Einstein-Schrödinger theory and string theory is beyond the scope of this paper, it is nevertheless an additional reason to investigate the theory.

Quantum field theory predicts that zero-point fluctuations of fundamental particles should make a contribution to the cosmological constant of the form[52],

Λ_z = ∑ i ± 2l^2_P π ∫_{kc} 0 √ k^2 +m^2_i k^2dk ∼ ∑ i ± l^2_P k^4_c 2π , (7)

where

l_P = ( Planck length ) = √ ℏG c^3

= 1.6 ×10^{−33}cm. (8)

Here the summation is over all the fundamental particles and spin states, bosons and fermions make positive and negative contributions respectively, m_i is mass in normalized units, and k is wave-number. We will assume a cutoff wave-number of[53, 77, 76, 78, 79]

k_c = C_c/l_P , C_c ∼ 1. (9)

This wave-number corresponds to a mass much larger than the mass of known fundamental particles, so that according to (7), all of the known fundamental particles should contribute about equally in magnitude. With the standard model there are more types of fundamental fermions than bosons, so the total Λ_z comes out large negative,

Λ_z = −C_zl^2_P k^4_c ∼ −10^{66}cm^{−2} , C_z ∼ 60/2π? (10)

In supersymmetric models we have instead Λ_z ≫ 0, and this possibility will also be considered.

Einstein-Schrödinger theory in the presence of zero-point fluctuations 4

Scalar fields such as the Higgs boson, inflaton and grand unified theory (GUT) Higgs fields, may also contribute to the cosmological constant[54, 55]. These fields are often supposed to be subject to a potential such as V (Φ) = V_0 − (μ^2/2)Φ^2 + (λ/4)Φ^4. Their present-day contribution to the cosmological constant is usually assumed to be either close to zero if V_0 > 0 or large negative if V_0 = 0. Typical calculations for V_0 = 0 give[54, 55]

Λ_{Higgs} ∼ −10^{−5}cm^{−2} to −1 cm^{−2}, (11) Λ_{inflaton} ∼ 0 cm^{−2} to −10^{54}cm^{−2}, (12) Λ_{GUT} ∼ −10^{46}cm^{−2} to −10^{54}cm^{−2}. (13)

Let us define an extrinsic cosmological constant caused by zero-point fluctuations and scalar fields,

Λ_e = Λ_z + Λ_{Higgs} + Λ_{inflaton} + Λ_{GUT} ∼ −10^{66}cm^{−2}. (14)

Unlike most others[14, 38, 39, 56, 57, 35, 58, 15, 16, 21, 22, 5, 6, 7, 8, 9], we will follow Schrödinger[1, 2, 3, 4] and assume an intrinsic or “bare” cosmological constant Λ_b which is not caused by anything. Other researchers[70, 31, 32, 33, 34, 57] have also recently considered the use of a bare cosmological constant. The total cosmological constant is then

Λ = Λ_b + Λ_e. (15)

Measurements of the cosmic microwave background[17, 18], supernova red-shifts[19], and Cepheid variable stars[20] indicate Λc^2/(3H^2) ≈ .73, and a Hubble constant of H ≈ 71km/Mpc − s = 2.4 × 10^{−18}s^{−1}. This leads to

Λ ≈ 1.4 × 10^{−56}cm^{−2}, (16) Λ_b ≈ − Λ_e ∼ C_zl^2_P k^4_c ∼ 10^{66}cm^{−2}, (17) Λ/Λ_b ∼ 10^{−122}. (18)

For supersymmetry we have instead Λ_b ≪ 0. Regardless of the sign of Λ_b, we assume a near cancellation of the cosmological constant [52, 55, 59, 60, 61, 62, 63, 64, 65, 54, 66], and this will be discussed in §4.

This paper is organized as follows. In §2 we discuss notation, conventions, and the approximation that the antisymmetric part of the fundamental tensor is small compared to the symmetric part. In §3 we show that the theory can be derived from a Lagrangian density L(^♮Γ) where the resulting field equations require L_{,β} −^♮Γ^α_βL = 0. In §4 we derive the field equations and show how they compare to the original Einstein- Schrödinger field equations. In §5 we show that the symmetric part of the field equations contains a very close approximation to the Einstein equations of ordinary general relativity and electromagnetism. We also show that the divergence of the Einstein equations vanishes, and argue that this allows external fields to be accounted for by appending an energy-momentum tensor onto the equations. In §6 we show that the antisymmetric part of the field equations contains a very close approximation to Maxwell’s equations, and that the dual antisymmetric part of the field equations requires a new field ϑ_ρ to obey the Proca equation. In §7 we derive a Lagrangian density which is a close approximation to our original Lagrangian density, but is a function of the fields g_{σμ}, A_σ and ϑ_ρ instead of an affinity. In §8 we derive an exact solution to the modified field equations, and show that it closely approximates the Reissner-Nordström solution for a non-rotating charged mass. In §9 we derive the Lorentz force from the theory, and show why it was not found in previous efforts. In

Einstein-Schrödinger theory in the presence of zero-point fluctuations 5

§10 we discuss some of the unresolved issues concerning this theory. This includes a brief discussion on the uniqueness of the theory, how it might be quantized, and how it might result in additional fields via compacted higher dimensions.

2. Notation, Conventions and Approximations

For the fundamental tensor, we use N_{σμ} instead of the g_{σμ} used commonly in the literature. This is because we need to reserve g_{σμ} for the symmetric metric, which is standard in the much larger body of literature outside of the Einstein-Schrödinger theory. The metric g^{σμ} is defined by (5), and raising and lowering of indices is always done with g^{σμ} and its inverse g_{σμ}.

Parenthesis or square brackets around indices indicate symmetrization and antisymmetrization, as in N_{(σμ)} = (N_{σμ} + N_{μσ} )/2, N_{[σμ]} = (N_{σμ} − N_{μσ} )/2 and N_{[σμ;ρ]} = (N_{[σμ]; ρ}+N_{[ρσ];μ} +N_{[μρ]; σ})/3. The electromagnetic field is universally defined as F_{σμ} = 2A_{[μ,σ]}. The f_{σμ} field from (6) is given a different symbol because it contains a “dual” component in addition to the usual F_{σμ} = 2A_{[μ,σ]} component. To avoid confusion with the electromagnetic field, we will simply refer to f_{σμ} as the f_{σμ} field.

The term “contraction-symmetric” denotes the property^∗Γ^α_{βα} =^∗Γ^α_β. For the contraction-symmetric affinity, we use^∘Γ^α_{σμ} to distinguish it from Schrödinger’s^∗Γ^α_{σμ} which is different. Einstein’s Γ^α_{σμ} is not used because we need to reserve Γ^α_{σμ} for the Christoffel connection formed from the metric, which is standard outside of the Einstein-Schrödinger theory. Covariant derivative is denoted by “;” and is always done using the Christoffel connection and metric. Ordinary derivative is denoted by “,”.

Inverse is indicated explicitly with a compacted -1, N^{⊣αβ}N_{βν} = N_{νβ}N^{⊣βα} = δ^α_ν ≠ N^{⊣αβ}N_{νβ} ≠ N^{⊣βα}N_{βν} , (19) N^{⊣αβ} = 1 N ∂N ∂N_{βα} , N = det(N_{··}) , ∂ √ −N ∂N_{βα} = √ −N 2 N^{⊣αβ}, (20) ( √ −N )_{,ν} = ∂ √ −N ∂N_{βα} N_{βα,ν} = √ −N 2 N^{⊣αβ}N_{βα,ν} = − √ −N 2 N^{⊣αβ}_{,ν}N_{βα}. (21) We are unable to use the usual notation where we would instead write N^{βα}N_{βν} = δ^α_ν because this would be ambiguous when using g^{αβ} to raise indices.

We adopt the following conventions for the signature and for the Riemann, Ricci, and Levi-Civita tensors,

♮R^τ_{σαμ} = R^τ_{σαμ}(^♮Γ) = 2(^♮Γ^τ_{σ[μ,α]} +^♮Γ^ν_{σ[μ|}^♮Γ^τ_{ν|α]}), (22)

♮R_{σμ} =^♮R^α_{σαμ} = 2(^♮Γ^α_{σ[μ,α]} +^♮Γ^ν_{σ[μ|}^♮Γ^α_{ν|α]}), (23) [ σμρτ ] = +1 for even permutations of 0123 −1 for odd permutations of 0123 0 for two equal indices

, (24) ε_{σμρτ} = [ σμρτ ] √ −g , ε^{σμρτ} = −[ σμρτ ]/ √ −g , (25) g_{αα} ≈ η_{αα} = (+1, −1, −1, −1). (26) Note that the Ricci tensor sign is opposite to that used by Schrödinger. The dimension is indicated by a lowercase n. It is left unspecified in most of the paper, except in equations involving the Levi-Civita tensor where it must be n=4.

In this paper we repeatedly use the approximation that |N^{[α}_{β]}| ≪ 1, or equivalently |f^α_β| ≪ 1. This will be called the small-skew approximation, the word

Einstein-Schrödinger theory in the presence of zero-point fluctuations 6

skew being Schrödinger’s term for antisymmetric. It is a widely accepted technique, and is used heavily in research on this topic. We refer to equations as being accurate to order f^1 or f^2 etc., meaning that higher order terms such as f^α_βf^β_αf^σ_μ are being ignored. To prevent numerous constants from complicating the equations, N_{[σμ]} and f_{σμ} are kept unitless (like N_{(σμ)} and g_{σμ}), and the conversion to cgs units is f_{σμ} = √ −2G c^4Λ_b f^{(cgs)}_{σμ} . (27)

From this and (8,9,17) we can determine worst-case values of |f^α_β|. For a charged particle with f^1_0 = Q/r^2 we see that |f^1_0| = 1 would occur at the radius

r_e = √ |Q| ∼ l_P C_c ( 2α C_z )_{1/4} ∼ 10^{−33}cm, (28)

where Q = e √ −2G c^4Λ_b ∼ e √ 2G c^2 √ −C_zk^2_c l_P ∼ e l^2_P C^2_c √ −2 C_zℏc , (29)

α = e^2/ℏc ≈ 1/137. (30) For atomic radii near the Bohr radius (a_0 = ℏ^2/m_ee^2 = 5.3 ×10^{−9}cm) we have, |f^1_0|_{Bohr} ∼ r^2_e/a^2_0 ∼ 10^{−50}. (31) For the smallest radii probed by high energy particle physics experiments (10^{−17}cm), |f^1_0|_{HE} ∼ r^2_e /(10^{−17})^2 ∼ 10^{−32}. (32) The fields at this radius are larger than the strongest plane-wave fields. Clearly the small-skew approximation is extremely accurate. This is particularly true since terms which are ignored are usually two powers in f^σ_μ higher than terms which are kept.

3. The Lagrangian Density

Schrödinger derived his affine field theory from the Lagrangian density

L_s = √ −det(−R_{σμ}(^♮Γ)) . (33) It is a function, via the Ricci tensor R_{σμ}(^♮Γ), of only an affinity^♮Γ^α_{σμ} with no symmetry properties. Schrödinger’s Lagrangian density (33) is very simple, and simplicity is often a reliable guide in the search for the fundamental physical laws. However, as shown in §10, several other simple Lagrangian densities can be formed from a nonsymmetric affinity, and there is no clear reason why (33) should be the correct one. If the theory is correct, it should be derivable from more fundamental principles.

Here we will show that the original unmodified Einstein-Schrödinger theory can be derived from a Lagrangian density L(^♮Γ) which results in the field equations

0 = δ ∫ L(^♮Γ)dx^1dx^2...dx^n, (34) ⇒ 0 = ∂L ∂^♮Γ^β_{τρ} − ( ∂L ∂^♮Γ^β_{τρ,ω} ) , ω + ( ∂L ∂^♮Γ^β_{τρ,ω,ν} ) , ω, ν ..., (35) and where the field equations require L +^♮Γ^α_βLdx^β = L(x + dx), (36) ⇒ 0 = L_{,β} −^♮Γ^α_βL. (37)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 7

In §10 it is shown that the Einstein-Schrödinger theory appears to be unique in that it can be derived from a Lagrangian density which satisfies (37), and an idea is suggested as to why such a Lagrangian density might be expected. The task is then to solve (35,37) for the unknowns L(^♮Γ) and^♮Γ(x). For an arbitrary L(^♮Γ), these equations constitute more equations than unknowns, and no nontrivial solution can be expected. However, for the correct L(^♮Γ), (37) is contained in (35) and nontrivial solutions can be expected.

A Lagrangian density which allows a solution to (35,37) is the following,

L(^♮Γ) = √ −det(Λ_bN_{σμ}(^♮Γ)) (38)

where we define

Λ_bN_{σμ}(^♮Γ) = − R_{σμ}(^∘Γ) − 2Λ_bA_{[σ,μ]} , (39)

∘Γ^α_{σμ} =^♮Γ^α_{σμ} + 2 (n^2 −1)

(nδ^α_μ^♮Γ^ν_{[νσ]} −δ^α_σ^♮Γ^ν_{[νμ]}), (40)

A_σ = ζ^♮Γ^ν_{[νσ]}. (41)

The Λ_b is attached to N_{σμ}(^♮Γ) because this will be convenient later, but this Λ_b does not become a part of the Lagrangian density when (39) is substituted into (38). Also, the constant ζ is arbitrary except that it can not be zero, so the dependence of the Lagrangian density on Λ_b is only artificial. From (A.7) it can be seen that for ζ = −2/(Λ_b(n−1)) we have,

− R_{σμ}(^♮Γ) = − R_{σμ}(^∗Γ) + 2 (n−1) (^♮Γ^ν_{[νσ],μ} −^♮Γ^ν_{[νμ],σ} ) (42)

= − R_{σμ}(^∗Γ) − 2Λ_bA_{[σ,μ]} (43)

where^∗Γ^α_{σμ} is Schrödinger’s “star-affinity”,

∗Γ^α_{σμ} =^♮Γ^α_{σμ} − 2 (n−1) δ^α_σ^♮Γ^ν_{[νμ]}. (44)

Comparison of our Lagrangian density (38,39) with Schrödinger’s (33,43) shows that for ζ = −2/(Λ_b(n−1)), they are identical except that^∗Γ^α_{σμ} is replaced by^∘Γ^α_{σμ}. The affinities^∗Γ^α_{σμ} and^∘Γ^α_{σμ} are both contraction-symmetric by their definitions,

∗Γ^α_{[αβ]} = 0, (45) ∘Γ^α_{[αβ]} = 0. (46)

This is easily verified by contracting (40) or (44) on the right and left. Like^∗Γ^α_{σμ} and A_σ,^∘Γ^α_{σμ} and A_σ fully parameterize^♮Γ^α_{σμ} and can be considered to be independent variables. Therefore, when we set to zero the variational derivative of (38) with respect to^∘Γ^α_{σμ} and A_σ , the resulting field equations must be the same as when^♮Γ^α_{σμ} is used. Moreover, because of the similarity between (38,39,46) and (33,43,45), the field equations must be the same as Schrödinger’s except they will be in terms of^∘Γ^α_{σμ} instead of^∗Γ^α_{σμ}. The only difference will be in how the “observable” contractionsymmetric field relates to the fundamental field^♮Γ^α_{σμ}, and this difference is irrelevant in solving the equations and in predicting physical results. Before continuing, note that^∘Γ^α_{σμ} possesses an important property which^∗Γ^α_{σμ} lacks, and which will be used shortly,

∘Γ^α_β =^♮Γ^α_β. (47)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 8

4. Derivation of the Field Equations

Because of the similiarity of our Lagrangian density (38,39) to Schrödinger’s Lagrangian density (33,43), it is already apparent that it must result in the field equations of the original Einstein-Schrödinger theory. Here we will confirm this by deriving the field equations from the Euler-Lagrange equations. Taking the variational derivative with respect to A_τ using (6,20) gives Ampere’s law, 0 = LN^{⊣μσ} 2 ∂N_{σμ} ∂A_τ − ( LN^{⊣μσ} 2 ∂N_{σμ} ∂A_{τ,ω} ) , ω = −(LN^{⊣[τω]})_{, ω}, (48) 0 = ( √ −N N^{⊣[τω]})_{, ω} √ −g = ( √ −gf^{ωτ} )_{, ω} √ −g = f^{ωτ}_{; ω}. (49)

The variational derivative with respect to^∘Γ^α_{σμ} requires some preliminary calculations. With the definition ΔL Δ^∘Γ^β_{τρ} = ∂L ∂^∘Γ^β_{τρ} − ( ∂L ∂^∘Γ^β_{τρ,ω} ) , ω ... (50) and (20,23) we can calculate, ΔL Δ^∘Γ^β_{τρ} = LN^{⊣μσ} 2 ∂N_{σμ} ∂^∘Γ^β_{τρ} − ( LN^{⊣μσ} 2 ∂N_{σμ} ∂^∘Γ^β_{τρ,ω} ) , ω (51) = − 1 Λ_b

[LN^{⊣μσ}(δ^ν_β δ^τ_σ δ^ρ_{[μ|}^∘Γ^α_{ν|α]} +^∘Γ^ν_{σ[μ|}δ^α_β δ^τ_ν δ^ρ_{|α]}) − (LN^{⊣μσ}δ^α_β δ^τ_σ δ^ρ_{[μ}δ^ω_{α]})_{, ω}] (52) = 1 2Λ_b [(LN^{⊣ρτ} )_{, β} +^∘Γ^ρ_{βμ}LN^{⊣μτ} +^∘Γ^τ_{σβ}LN^{⊣ρσ} −^∘Γ^α_{βα}LN^{⊣ρτ} − δ^ρ_β((LN^{⊣ωτ} )_{, ω} +^∘Γ^τ_{σμ}LN^{⊣μσ})], (53) ΔL Δ^∘Γ^α_ρ = 1 Λ_b

(LN^{⊣[ρω]})_{, ω} = 0, (54) ΔL Δ^∘Γ^α_{τα} = − (n−1) 2Λ_b

((LN^{⊣ωτ} )_{, ω} +^∘Γ^τ_{σμ}LN^{⊣μσ}). (55)

In these last two equations, the index contractions occur after the derivatives. At this point we must be careful. Because^∘Γ^α_{σμ} is contraction-symmetric as in (46), it has only n^3 − n independent components, so there can only be n^3 − n independent field equations associated with it. It is shown in Appendix C that instead of just setting (53) to zero, the field equations associated with a contraction-symmetric field are given by the manifestly contraction-symmetric expression,

0 = 2Λ_b [ ΔL Δ^∘Γ^β_{τρ} − δ^τ_β (n−1) ΔL Δ^∘Γ^α_ρ − δ^ρ_β (n−1) ΔL Δ^∘Γ^α_{τα} ] (56)

= (LN^{⊣ρτ} )_{, β} +^∘Γ^ρ_{βμ}LN^{⊣μτ} +^∘Γ^τ_{σβ} LN^{⊣ρσ} −^∘Γ^α_{βα}LN^{⊣ρτ} . (57) Contracting (57) with N_{τρ} and using (21,46,47) gives 0 = (n−2)(L_{, β} −^∘Γ^α_βL) (58) = (n−2)(L_{, β} −^♮Γ^α_βL). (59) This shows that the Lagrangian density (38-41) does indeed exhibit the property (37). Note that this does not occur with Schrödinger’s Lagrangian density (33,43) because

Einstein-Schrödinger theory in the presence of zero-point fluctuations 9

∗Γ^α_β ≠^♮Γ^α_β, and therefore the last step from (58) to (59) would not apply. From (57,58) we get the contravariant field equations,

0 = N^{⊣ρτ}_{,β} +^∘Γ^τ_{νβ}N^{⊣ρν} +^∘Γ^ρ_{βν} N^{⊣ντ} . (60)

Contracting (60) with N_{τρ} gives (58). Antisymmetrizing (60), contracting, and using (46,58) gives Ampere’s law (49). Therefore, with the contraction symmetry of^∘Γ^α_{σμ} from (46), (60) contains all of the field equations within it. Multiplying (60) by −N_{σρ}N_{τμ} gives (3) but with^∘Γ^α_{σμ} instead of^∗Γ^α_{σμ},

0 = N_{σμ,β} −^∘Γ^α_{σβ} N_{αμ} −^∘Γ^α_{βμ}N_{σα}. (61)

In (61), the N_{σμ} are functions via (39) of the unknowns^∘Γ^α_{σμ}. However, (61) also implicitly describes a purely algebraic dependence of^∘Γ^α_{σμ} on N_{σμ} and N_{σμ, ν} . In the symmetric case where N_{σμ} = g_{σμ},^∘Γ^α_{σμ} = Γ^α_{σμ}, the solution for^∘Γ^α_{σμ}(N_{..}) yields the Christoffel connection,

Γ^α_{σμ} = 1 2 g^{αν} (g_{μν,σ} + g_{νσ,μ} − g_{σμ,ν} ). (62) In the non-symmetric case, the exact solution for^∘Γ^α_{σμ}(N_{..}) is much more complicated, but can nevertheless be done[67]. Assuming that we have such a solution, the equation ∘Γ^α_{σμ} =^∘Γ^α_{σμ}(N_{..}(^∘Γ, A)) can be viewed as just an alternate way of writing the field equations (61), obtained by manipulating these equations algebraically. Now, (39) is simply the definition of Λ_bN_{σμ} in terms of^∘Γ^α_{σμ} and A_σ , so it is inherently a true equation. Therefore if we substitute our algebraic solution^∘Γ^α_{σμ}(N_{..}) to (61) into the definition (39), we get an equation that is required by (61),

R_{σμ}(^∘Γ(N_{..})) + 2Λ_bA_{[σ,μ]} + Λ_bN_{σμ} = 0. (63)

These are what Schrödinger calls the “para-form” field equations. In (63), N_{σμ} and A_σ are the unknowns instead of^∘Γ^α_{σμ} and A_σ . By doing the algebra to find the solution ∘Γ^α_{σμ}(N_{..}), we have effectively reduced the problem from a system of n^3 differential equations (61) with n^3 unknowns^∘Γ^α_{σμ} and A_σ to a system of n^2 + n differential equations (63,49) with n^2 + n unknowns N_{σμ} and A_σ . At this point it is finally apparent that the field equations reduce to the vacuum Einstein equations for the symmetric case. In subsequent equations we will implicitly assume the para-form field equations so that we always have^∘R_{σμ} = R_{σμ}(^∘Γ(N_{..})).

The derivation of the Einstein-Schrödinger theory in this manner is remarkable because the only fundamental field assumed a priori was the connection^♮Γ^α_{σμ}. The fundamental tensor N_{σμ}, the metric g_{σμ}, the field f_{σμ}, the electromagnetic potential A_σ, and the contraction-symmetric connection^∘Γ^α_{σμ} all just appeared as convenient variables to work with when solving the field equations. It should be emphasized that the field equations could have also been obtained by simply setting to zero the variational derivative of (38) with respect to^♮Γ^α_{σμ}. When this is done, one obtains a rather complicated set of field equations in the unknowns^♮Γ^α_{σμ}. However, when the equations are rewritten in terms of the variable^∘Γ^α_{σμ} from (40), much simplification occurs and one eventually obtains the field equations (61). The same thing occurs if one sets to zero the variational derivative of Schrödinger’s Lagrangian density (33) with respect to^♮Γ^α_{σμ}, but then the equations simplify when rewritten in terms of the variable^∗Γ^α_{σμ} from (44).

It is important to note that this simple derivation only works for Schrödinger’s generalization of Einstein’s theory which includes an intrinsic cosmological constant, because if Λ_b = 0, the Lagrangian density (38) would not make sense. Also note that

Einstein-Schrödinger theory in the presence of zero-point fluctuations 10

the only reason we do not set Λ_b = 1 is because we are assuming the convention that N_{σμ} has values close to 1. If we chose to we would be free to absorb Λ_b into N_{σμ} because both^∘Γ^α_{σμ}(N_{..}) and R_{σμ}(^∘Γ(N_{..})) are independent of a constant multiplier on N_{σμ}. We would also be free to absorb Λ_b into the definition of A_σ. Therefore, Λ_b does not need to be in either the field equations or the Lagrangian density. It is only there to make the definitions of N_{σμ} and A_σ conform to conventions. The cosmological constant term has often been referred to as an undesirable complication, attached to otherwise elegant field equations to make them conform to reality. From the standpoint of the derivation above, it is nothing of the sort. Instead, Λ_b appears as the magnitude of the fundamental tensor N_{σμ} when N_{σμ} is put in more natural units. The cosmological constant term is not an added-on appendage to this theory but is instead an inherent part of it.

Because the exact algebraic solution^∘Γ^α_{σμ}(N_{..}) to (61) is very complicated in the general non-symmetric case, it is often necessary to use an approximation. For most purposes (except in §8) it will be sufficient to use an order f^2 solution as discussed in §2, and such a solution is given in [35] without derivation. This solution is also derived in Appendix D and confirmed with tetrad methods in [44]. The fundamental tensor N_{σμ} can also be thought of as a function of g_{σμ} and f_{σμ} as defined by (5,6). An order f^2 approximation for N_{σμ} in terms of g_{σμ} and f_{σμ} is derived in Appendix E and confirmed with tetrad methods in [44]. These approximations are,

∘Γ^α_{σμ} = Γ^α_{σμ} + Υ^α_{σμ}, (64)

Υ^α_{(σμ)} ≈ f^τ_{(σ} f_{μ)}^α_{;τ} + f^{ατ} f_{τ(σ;μ)} + 1 4(n−2) ( ℓ_,^αg_{σμ} − 2 ℓ_{,(σ}δ^α_{μ)}), (65)

Υ^α_{[σμ]} ≈ 1 2 (f_{σμ;}^α + f^α_{μ;σ} − f^α_{σ;μ}), (66) Υ^α_σ ≈ −1 2(n−2) ℓ_{,σ} , (67) N_{(σμ)} ≈ g_{σμ} + f_σ^ν f_{νμ} − 1 2(n−2) g_{σμ} ℓ, (68) N_{[σμ]} ≈ f_{σμ}, (69)

where

ℓ = f^{ρν} f_{νρ}. (70)

In (64), Γ^α_{σμ} is the Christoffel connection (62) formed from the metric (5). It can be shown that the next higher order terms in these approximations are two orders higher in f_{σμ} than the leading order terms. Referring back to (32) shows that for the values of C_c and C_z which we are assuming, such higher order terms can be expected to be < 10^{−64} of the leading order terms. Therefore, even though the equations above are approximations, they are extremely accurate approximations. Approximate field equations can be obtained by substituting these approximate solutions into (63), and we will do this in §5-§6. This gives a set of field equations where g_{σμ} and f_{σμ} are the unknowns instead of N_{σμ}. It makes little difference whether we solve for g_{σμ} and f_{σμ} or for N_{σμ} because they are just related algebraically via (5,6). The advantage of writing equations in terms of g_{σμ} and f_{σμ} is that the close approximation of (63,49) to the ordinary Einstein and Maxwell equations will become clear.

Einstein-Schrödinger theory in the presence of zero-point fluctuations 11

Here is where we depart from the original Einstein-Schrödinger theory. Similar to ordinary general relativity and to [37, 56, 57, 35, 58, 44, 45], we assume that external fields not predicted by this theory can be accounted for by appending onto (63) a term (8πG/c^4)S_{σμ} where S_{σμ} = T_{σμ} − g_{σμ}T^ρ_ρ /(n − 2), T_{σμ} = S_{σμ} − g_{σμ}S^ρ /2, and T_{σμ} is a symmetric and divergenceless energy-momentum tensor. The motivation for this will be clarified in §5 where it is shown that the divergence of the Einstein equations vanishes. The tensor T_{σμ} would presumably include contributions from the fields of the Standard Model, including A_σj_μ coupling terms, but not including an electromagnetic term. In this paper we will assume that no such external fields are present so that S_{σμ} = T_{σμ} = 0. However, the mere recognition that these external fields exist means that we must include a term Λ_eg_{σμ} which accounts for zero-point fluctuations and scalar fields associated with them,

∘R_{σμ} + 2Λ_bA_{[σ,μ]} + Λ_bN_{σμ} + Λ_eg_{σμ} = 0. (71)

Taking the symmetric part and the curl of (71), and repeating (61,46) gives the field equations,

∘R_{(σμ)} + Λ_bN_{(σμ)} + Λ_eg_{σμ} = 0, (72) ∘R_{[σμ,ν]} + Λ_bN_{[σμ,ν]} = 0, (73) N_{σμ,β} −^∘Γ^α_{σβ} N_{αμ} −^∘Γ^α_{βμ}N_{σα} = 0, (74) ∘Γ^α_{βα} =^∘Γ^α_β. (75)

From a theorem of tensor calculus[68], (73) implies the antisymmetric part of (71) for some A_μ, so (72,73) are really equivalent to (71). The essential difference between (72-75) and the original Einstein-Schrödinger field equations (1-4), is a splitting of the cosmological constant into two different values, Λ = Λ_b + Λ_e in the symmetric equations (72) and Λ_b in the antisymmetric equations (73). From (A.4, 64-67,68) we can state that to order f^0, − R_{σμ} ≈ −^∘R_{(σμ)} ≈ ΛN_{(σμ)} ≈ Λg_{σμ}. (76) We are assuming as in (16-18) that some unknown mechanism causes Λ_b and Λ_e to nearly cancel to the degree Λ/Λ_b ∼ 10^{−122}. The question as to why this cancellation occurs is commonly referred to as the cosmological constant fine tuning problem, and has been addressed by many authors[52, 55, 59, 60, 61, 62, 63, 64, 65, 54, 66]. The theory presented here does not appear to offer many clues as to how to this problem might be resolved. However, as emphasized earlier in this section, the theory does at least provide a very clear reason for the existence of a “bare” cosmological constant Λ_b, and makes it available to cancel the other contributions.

One last important point is the following. Other sources replace the Ricci tensor with the so-called “Hermitianized Ricci tensor”[5, 6, 43, 35],

∘Π_{σμ} =^∘R_{σμ} +^∘Γ^α_{[σ,μ]}. (77)

In this treatment we see from (58) that^∘Γ^α_{[σ,μ]} = (lnL)_{,[σ,μ]} = 0, so we have used ∘R_{σμ} for simplicity. However,^∘Π_{σμ} could be substituted for^∘R_{σμ} everywhere in this paper, including the Lagrangian density (38-41). This substitution in fact must be done when including current sources as in [35], or when using some other methods than the EIH method to calculate equations of motion.

Einstein-Schrödinger theory in the presence of zero-point fluctuations 12

5. The Symmetric Part of the Field Equations

Here we show that the symmetric part of the field equations contains a close approximation to the Einstein equations of ordinary general relativity and electromagnetism. From (72,68,15,70), the symmetric part of the field equations and its contraction are, to order f^2, 0 =^∘R_{(σμ)} + Λ_bN_{(σμ)} + Λ_eg_{σμ} (78)

≈^∘R_{(σμ)} + Λ_b ( g_{σμ} + f_σ^νf_{νμ} − 1 2(n−2) g_{σμ} ℓ ) + Λ_eg_{σμ} (79)

≈^∘R_{(σμ)} + Λ_b ( f_σ^νf_{νμ} − 1 2(n−2) g_{σμ} ℓ ) + Λg_{σμ}, (80)

0 =^∘R^ρ + Λ_bN^ρ_ρ + Λ_en ≈^∘R^ρ + Λ_b (n−4) 2(n−2) ℓ + Λn. (81)

Therefore, from (80,81,70), the Einstein equations are, to order f^2,

0 =^∘R_{(σμ)} + Λ_bN_{(σμ)} + Λ_eg_{σμ} − 1 2 g_{σμ}(^∘R^ρ + Λ_bN^ρ_ρ + Λ_en) (82)

≈^∘G_{σμ} + Λ_b ( f_σ^ν f_{νμ} − 1 4 g_{σμ}f^{ρν}f_{νρ} ) + Λ ( 1 − n 2 ) g_{σμ}, (83)

where ∘G_{σμ} =^∘R_{(σμ)} − 1 2 g_{σμ}^∘R^ρ. (84) When the conversion to cgs units (27) is applied, f_{σμ} = √ −2G c^4Λ_b f^{(cgs)}_{σμ} , it is clear that the second term in (83) is the ordinary electromagnetic energymomentum term. To obtain the correct sign on this term for Λ_b ≪ 0, f_{σμ} and all of the other fields must be real-valued. To obtain the correct sign for Λ_b ≫ 0, f_{σμ} before conversion must be imaginary. This is something that Einstein required in the initial version of his theory, and is why the theory was sometimes called the “Hermitian Theory of Relativity”. If f_{σμ} is imaginary, the fields N_{σμ}, N^{⊣σμ},^∘R_{σμ} and^∘Γ^α_{σμ} all become Hermitian, while √ −N and g_{σμ} remain real. This is attractive because it is a simple generalization of ordinary general relativity where the fields are all real-valued and symmetric. It is also attractive because the field equations possess a property called transposition invariance[7, 35], where they transform into themselves when the lower indices of all the fields are simultaneously transposed. If f_{σμ} is imaginary, then this transposition invariance becomes invariance under complex conjugation. It has often been speculated that the transposition invariance of the field equations might represent the symmetry between positive and negative charge. That is exactly what it represents in the present theory.

To show that the divergence of the Einstein equations vanishes we will use a generalization of the contracted Bianchi identity, derived for the case when the connection is not symmetric[7]. When the generalized contracted Bianchi identity is put in terms of g_{σμ}, f_{σμ} and^∘G_{σμ} as defined by (5,6,84), it becomes[36, 14, 35, 37, 45], ∘G^μ_{σ; μ} = 3 2 f^{νρ ∘}R_{[νρ,σ]} (85)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 13

As always in this paper, covariant derivative is done using the Christoffel connection Γ^α_{σμ} from (62). For the symmetric case, the generalized contracted Bianchi identity reduces to the usual contracted Bianchi identity, which is just a statement that the divergence of the Einstein tensor vanishes. The identity is derived solely from the algebraic dependence of^∘Γ^α_{σμ} on N_{σμ} and N_{σμ, ν} via (74), and from the contractionsymmetry of^∘Γ^α_{σμ} required by (75). It does not depend on the validity of the field equations (71).

In Appendix B we show that the divergence of the Einstein equations is exactly zero. Here we derive this result using the small-skew approximation because the calculation is simpler and more illuminating. When the divergence of (83) is taken, the Λ term drops out. Using Ampere’s law (49), the approximation of N_{[σμ]} from (69), the antisymmetric field equations (73), and the generalized contracted Bianchi identity (85), we obtain to order f^2,

D_σ ≈^∘G^μ_{σ; μ} + Λ_b ( f_σ^ν f_ν^μ − 1 4 δ^μ_σ f^{ρν} f_{νρ} ) ; μ (86)

≈^∘G^μ_{σ; μ} + Λ_b ( f^{νμ}f_{σν;μ} − 1 2 f^{ρν} f_{νρ; σ} ) (87)

≈^∘G^μ_{σ; μ} + Λ_b 3 2 f^{νρ}f_{[νρ, σ]} (88)

≈^∘G^μ_{σ; μ} + Λ_b 3 2 f^{νρ}N_{[νρ, σ]} (89) ≈^∘G^μ_{σ; μ} − 3 2 f^{νρ∘}R_{[νρ, σ]} (90) ≈ 0. (91) This and the exact result (B.14) shows that the field equations are not independent of one another, but are instead related by n “conservation identities”. These n identities are required for a set of generally covariant field equations to have a solution. This is because the number of unknowns are effectively reduced by n due to the freedom in the choice of coordinates, so therefore the number of independent equations must also be reduced by n or else the equations may be incompatible[4, 7]. The result (91,B.14) makes it clear why we assume that external fields can be accounted for by appending a term (8πG/c^4)S_{σμ} = (8πG/c^4)(T_{σμ} − g_{σμ}T^ρ_ρ /(n − 2)) onto the field equations. It is because S_{σμ} − g_{σμ}S^ρ /2 = T_{σμ}, so that when the Einstein equations are formed, an energy-momentum term (8πG/c^4)T_{σμ} gets appended onto them. Because T_{σμ} is divergenceless, this modification of the Einstein equations will not spoil the conservation identities required for a solution. Now, there will always be n conservation identities between a set of field equations derived entirely from a Lagrangian density. They can be found by requiring the integral of the Lagrangian density to be invariant under an infinitesimal linear coordinate transformation[4, 35]. However, these are not guaranteed in our case because we appended onto the field equations the large term Λ_eg_{σμ} after deriving them. Therefore, the result (91,B.14) is really rather unexpected. In fact, this nice result was obtained only because we were using the metric (5). The reason that the term f_σ^ν f_{νμ} − (1/4)g_{σμ}f^{ρν} f_{νρ} finds its way into the Einstein equations (83) is because it appears in (68), the approximation of N_{(σμ)} in terms of g_{σμ} and f_{σμ}. Therefore, from the perspective of this theory, the electromagnetic energy-momentum tensor has the form that it has because the divergence of the Einstein equations happens to vanish for the particular choice of metric (5).

Einstein-Schrödinger theory in the presence of zero-point fluctuations 14

Next we will convert the Einstein equations (83) into a form which uses the ordinary Einstein tensor, composed of the Christoffel connection and metric. When a connection addition is extracted from the Ricci tensor for the symmetric case, there are no order f^1 terms. Using the order f^2 terms of (A.4) gives

∘R_{(σμ)} = R_{(σμ)}(Γ + Υ) ≈ R_{σμ}(Γ) + Υ^α_{(σμ); α}− Υ^σ_{(α;μ)} − Υ^ν_{[σα]}Υ^α_{[νμ]}. (92) Therefore, from (65-67,49), the Ricci tensor and Ricci scalar are R_{σμ} ≈^∘R_{(σμ)} − ( f^τ_{(σ}f_{μ)}^α_{; τ} + f^{ατ} f_{τ(σ; μ)} + 1 4(n−2) ( ℓ_,^αg_{σμ} − 2 ℓ_{,(σ}δ^α_{μ)}) ) ; α − 1 2(n−2) ℓ_{,(σ; μ)} + 1 4 (f_{σα;}^ν +f^ν_{α;σ} −f^ν_{σ; α})(f_{νμ;}^α +f^α_{μ; ν} −f^α_{ν; μ}) (93)

≈^∘R_{(σμ)} − f^τ_{(σ}f_{μ)}^α_{;τ;α} − f^{ατ} f_{τ(σ; μ); α} − 1 4(n−2) ℓ_,^α_{;α}g_{σμ} + 1 2 f^ν_{σ;α}f^α_{μ;ν} − 1 2 f^ν_{σ; α}f_{νμ;}^α − 1 4 f^ν_{α;σ}f^α_{ν; μ}, (94) R ≈^∘R^ρ − f^{τβ} f_β^α_{;τ;α} − n 4(n−2) ℓ_,^α_{;α} + 1 2 f^{νβ}_{;α}f^α_{β;ν} − 1 4 f^{νβ}_{; α}f_{νβ;}^α (95) ≈^∘R^ρ − f^{τβ} f_β^α_{;τ;α} − n 4(n−2) ℓ_,^α_{;α} − 3 4 f_{[νβ;α]}f^{[νβ}_;^{α]}. (96)

Then from (94,96,83,84), the order f^2 Einstein equations become, G_{σμ} = R_{σμ} − 1 2 g_{σμ}R = −Λ ( 1 − n 2 ) g_{σμ} + 8πG c^4

T̃_{σμ}, (97)

where 8πG c^4 T̃_{σμ} ≈ − Λ_b ( f_σ^νf_{νμ} − 1 4 g_{σμ}f^{ρν}f_{νρ} ) − f^τ_{(σ}f_{μ)}^α_{;τ;α} − f^{ατ} f_{τ(σ; μ);α} + 1 2 f^ν_{σ;α}f^α_{μ;ν} − 1 2 f^ν_{σ;α}f_{νμ;}^α − 1 4 f^ν_{α;σ}f^α_{ν; μ} + 1 2 g_{σμ}f^{τβ} f_β^α_{;τ;α} + 1 8 g_{σμ} ℓ_,^α_{;α} + 3 8 g_{σμ}f_{[νβ;α]}f^{[νβ}_;^{α]}. (98)

Here, T̃_{σμ} is our “inherent” energy-momentum tensor. When the conversion to cgs units (27) is applied, the terms following the ordinary electromagnetic term are all divided by Λ_b from (17), and will therefore be negligible except for extremely rapidly changing fields. Note that T̃_{σμ} is distinguished from any possible additional energy-momentum tensor contributions T_{σμ} due to external fields.

6. The Antisymmetric Part of the Field Equations

Here we show that the antisymmetric part of the field equations contain a very close approximation to Maxwell’s equations, and that the dual antisymmetric part of the field equations require a new field ϑ_ρ to obey the Proca equation. The antisymmetric part of (71) is ∘R_{[σμ]} + 2Λ_bA_{[σ,μ]} + Λ_bN_{[σμ]} = 0. (99) When a connection addition is extracted from the Ricci tensor for the antisymmetric case, the order f^1 term of (A.5) gives ∘R_{[σμ]} = R_{[σμ]}(Γ+Υ) ≈ R_{[σμ]}(Γ) + Υ^α_{[σμ];α} ≈ Υ^α_{[σμ];α} . (100)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 15

Combining (99,100,69 ,66) gives, to order f^2,

Λ_bf_{σμ} ≈ 2Λ_bA_{[μ,σ]} − 1 2 (f_{σμ;}^α +f^α_{μ;σ} −f^α_{σ;μ})_{;α} (101) ≈ 2Λ_bA_{[μ,σ]} − 3 2 f_{[σμ,α];}^α + 2f_{α[σ;μ];}^α. (102)

Now the term 2f_{α[σ;μ];}^α must be simplified. Using the covariant derivative commutation rule, Ampere’s law (49), and the cyclic identity 2R_{σ[ρα]μ} = R_{σμαρ} gives

f_{ασ;μ;}^α = f_{ασ;}^α_{;μ} + R^ρ_{σμ}^αf_{αρ} + R^ρ_{αμ}^αf_{ρσ} = 1 2 R_{σμ}^{αρ}f_{αρ} + R^ρ_μf_{ρσ} , (103) 2f_{α[σ;μ]}^{;α} = R_{σμαρ}f^{αρ} + R_{ρμ}f^ρ_σ − R_{ρσ}f^ρ_μ = Ć_{σμαρ}f^{αρ}, (104) where Ć_{σμαρ} = R_{σμαρ} − g_{σ[α}R_{ρ]μ} + g_{μ[α}R_{ρ]σ}. (105) The symbol Ć_{ρσμα} is used because this quantity can be written in terms of the Weyl tensor and terms which can usually be ignored. From (72,A.4, 64-67, 68) we have Ć_{σμαρ} = C_{σμαρ} + ( 2 (n−2) − 1 ) (g_{σ[α}R_{ρ]μ} − g_{μ[α}R_{ρ]σ}) − 2 (n−1)(n−2) Rg_{σ[α}g_{ρ]μ} (106) = C_{σμαρ} − ( 2 (n−2) − 1 ) (g_{σ[α}Λg_{ρ]μ} − g_{μ[α}Λg_{ρ]σ}) + 2 (n−1)(n−2) nΛg_{σ[α}g_{ρ]μ} + ( order f^2 terms ) (107) = C_{σμαρ} + 2(n−2)Λ (n−1) g_{σ[α}g_{ρ]μ} + ( order f^2 terms ) . (108)

We will now make the following definitions, f_{[σμ,α]} = −2Λ_b 3 ϑ_τ ε^τ_{σμα} , ϑ_τ = 1 4Λ_b f_{[σμ,α]}ε_τ^{σμα}, (109) f̃_{[σμ,α]} = −2Λ^b 3 ϑ̃_τ ε^τ_{σμα} , ϑ̃_τ = 1 4Λ_b f̃_{[σμ,α]}ε_τ^{σμα}, (110) f̃_{σμ} = 1

Λ_b Ć_{σμαρ}f^{αρ}, (111) –F_{σμ} = 2A_{[μ,σ]} + ϑ_{[τ,α]}ε_{σμ}^{τα}. (112) Substituting (104) into (102) gives the order f^2 result f_{σμ} ≈ 2A_{[μ,σ]} − 3 2Λ_b f_{[σμ,α];}^α + 1 Λ_b Ć_{σμαρ}f^{αρ} (113) ≈ 2A_{[μ,σ]} + ϑ_{[τ,α]}ε_{σμ}^{τα} + f̃_{σμ} (114) ≈ –F_{σμ} + f̃_{σμ}. (115) This says that the f_{σμ} field has three parts. The first part is the familiar electromagnetic field F_{σμ} = 2A_{[μ,σ]}. The second part will be called the “dual” part because it appears as 2ϑ_{[μ,σ]} in the dual of f_{σμ}. The third part, f̃_{σμ}, is ordinarily very tiny, and we will show below that it can usually be ignored due to (17).

To assess the magnitude of f̃_{σμ} relative to f_{σμ} and ϑ̃_ρ relative to ϑ_ρ we must consider worst-case values of the ratio Ć_{σμαρ}/Λ_b. We will assume that the Λ term and order f^2 terms of (108) can be ignored due to (18,31,32), and focus on the Weyl

Einstein-Schrödinger theory in the presence of zero-point fluctuations 16

tensor component. The largest observable values of the Weyl tensor might be expected to occur near the Schwarzschild radius, r_s = 2Gm/c^2, of black holes, where it takes on values around r_s/r^3. However, since the lightest black holes have the smallest Schwarzschild radius, they will create the largest value of r_s/r^3_s = 1/r^2_s. The lightest black hole that we can expect to observe would be of about one solar mass, where Ć_{trtr} Λ_b ∼ 1 Λ_br^2_s = 1 Λ_b ( c^2 2Gm_⊙ )_2 ∼ 10^{−77}. (116)

Electrons could perhaps be considered as tiny black holes with an effective Schwarzschild radius of r_s = 2Gm_e/c^2 = 1.4 ×10^{−55} cm. Existing particle accelerators can only create energies high enough to probe radii of around r ∼ 10^{−17} cm, where Ć_{trtr} Λ_b ∼ r_s Λ_br^3 = 1 Λ_br^3 ( 2Gm_e c^2 ) ∼ 10^{−70}. (117)

Both of these ratios seem too small for f̃_{σμ} and ϑ̃^ρ to be noticeable.

When the divergence of (114) is taken, the dual part falls out. Using Ampere’s law (49) gives, to order f^2, 2A_{[μ,σ];}^μ ≈ −f̃_{σμ;}^μ. (118) Ignoring the f̃_{σμ;}^μ term due to (116) gives Maxwell’s equations, but without a source term, F_{σμ;}^μ = 2A_{[μ,σ];}^μ ≈ 0 (119) F_{[σμ,ν]} = 2A_{[μ,σ,ν]} = 0 (from the definition F_{σμ} = 2A_{[μ,σ]} ). (120) As noted previously, as long as one accepts the existence of singularities, these equations still allow charges, and currents of charge, as collections of individual Greenfunction solutions. Since physicists now generally accept the existence of black holes, and regard electrons as point particles, this idea is not as controversial as it was in the early days of the Einstein-Schrödinger theory.

Next we consider the “dual” part of (114). When the curl is taken, the 2A_{[μ,σ]} part falls out and we have f_{[σμ,ν]} ≈ ϑ_{τ;α;[ν} ε_{σμ]}^{τα} + f̃_{[σμ,ν]}. (121) Contracting with ε^{ρνσμ}/4Λ_b gives ϑ^ρ ≈ − 1 Λ_b ϑ^τ_;^α_{; ν} δ^{[ρ}_τ δ^{ν]}_α + ϑ̃^ρ ≈ − 1 Λ_b ϑ^{[ρ}_;^{ν]}_{; ν} + ϑ̃^ρ (122) ≈ − 1 2Λ_b

(ϑ^ρ_;^ν_{; ν} − ϑ^ν_{; ν;}^ρ − R_β^{νρ}_ν ϑ^β) + ϑ̃^ρ. (123)

Using (76) and ϑ^ν_{;ν} = 0 which is required by the definition (109) gives, to order f^2, ( 1+ Λ 2Λ_b ) ϑ_ρ ≈ − 1 2Λ_b ϑ_{ρ; ν;}^ν + ϑ̃_ρ. (124)

Ignoring the Λ/Λ_b and ϑ̃_ρ terms due to (18,116) gives the Proca equation[50, 51], 2Λ_bϑ_ρ ≈ − ϑ_{ρ; ν;}^ν . (125) This equation has the trivial solution ϑ_ρ = 0. If Λ_b ≪ 0, plane-wave solutions do not exist. If Λ_b ≫ 0, plane-wave solutions do exist, and in flat space they are of the form[50]

ϑ_ρ = ϑϵ_ρsin(k_αx^α+Φ) , k_αk^α = 2Λ_b , ϵ_αϵ^α = −1 , k_αϵ^α = 0, (126) E = ℏc √ 2Λ_b + k^2 , k_α = (−E/ℏc, k) . (127)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 17

Because (125) is linear, these plane-waves can be superimposed without interacting, except via gravitation. When interpreted as a particle, ϑ_ρ is a superheavy, neutral, spin-1 vector boson. From (125,9,10,14,17) its mass is perhaps

± m_ϑ = √ 2Λ_b ℏ c ∼ √ −2Λ_z ℏ c ∼ ℏ √ 2C_zk^2_c l_P c ∼ ℏ √ 2C_zC^2_c c l_P ∼ 10^{19}GeV/c^2. (128)

Note that the minimum energy for this particle is m_ϑc^2 = ℏc √ 2C_zC^2_c /l_P . This particle probably cannot exist if its energy exceeds the cutoff energy of zero-point fluctuations ℏck_c = ℏcC_c/l_P from (9), and from the two energy expressions, this will be the case if C_c > 1/ √ 2C_z . (129) This will in fact be the case for the values of C_c and C_z from (9,10) which we are assuming, but let us ignore this for the moment.

Now let us assume Λ_b ≫ 0 and consider the energy-momentum tensor (98) for a ϑ_ρ plane-wave solution to the Proca equation. Substituting (126,127) into (114,98) and assuming flat space gives,

f^{σν} = ε^{σνρτ} ϑ_{[ρ,τ]} = ϑε^{σνρτ} ϵ_{[ρ}k_{τ]}cos(k_αx^α), (130) f^{σν} f_{νμ} = ε^{σνρτ} ϑ_{[ρ,τ]} ε_{νμλβ}ϑ^{[λ}_;^{β]} = 6δ^{[σ}_μ δ^ρ_λδ^{τ]}_β ϑ_{ρ,τ} ϑ^{[λ}_;^{β]} (131) = 2(δ^σ_μ ϑ_{λ,β}ϑ^{[λ}_;^{β]} + ϑ_{μ,λ}ϑ^{[λ}_;^{σ]} + ϑ_{β,μ}ϑ^{[σ}_;^{β]}) (132) = ϑ^2(δ^σ_μ ϵ_λϵ^λk_βk^β − ϵ_μϵ^σ k_λk^λ − ϵ_β ϵ^βk_μk^σ)cos^2(k_αx^α) (133) = ϑ^2(−2Λ_bδ^σ_μ − 2Λ_bϵ_μϵ^σ + k_μk^σ )cos^2(k_αx^α), (134) f^{σν} f_{νσ} = − 4ϑ^2Λ_bcos^2(k_αx^α), (135) (136) 8πG c^4 ϑT_{σμ} ≈ Λ_bϑ^2(2Λ_bg_{σμ} + 2Λ_bϵ_σϵ_μ − k_σk_μ − Λ_bg_{σμ})cos^2(k_αx^α) + 0 + 0

− 2ϑ^2Λ^2_bg_{σμ}(sin^2(k_αx^α) − cos^2(k_αx^α)) + 0 − ϑ^2Λ_b(2Λ_bg_{σμ} + 2Λ_bϵ_σ ϵ_μ − k_σk_μ)sin^2(k_αx^α) + ϑ^2Λ_bk_σk_μsin^2(k_αx^α) + 0 + ϑ^2Λ^2_bg_{σμ}sin^2(k_αx^α) (137) ≈ ϑ^2Λ_b 2 [k_σk_μ − (3k_σk_μ − 6Λ_bg_{σμ} − 4Λ_b ϵ_σϵ_μ)cos(2k_αx^α)]. (138)

This can be compared to an electromagnetic plane-wave, where only the first term of (98) contributes,

A_μ = Aϵ_μsin(k_αx^α) , ϵ^αϵ_α = −1 , k^αk_α = k^αϵ_α = 0, (139) f_{σμ} = 2A_{[μ,σ]} = 2Aϵ_{[μ}k_{σ]}cos(k_αx^α), (140) 8πG c^4

AT_{σμ} ≈ −A^2Λ_bk_σk_μcos^2(k_αx^α) = −

A^2Λ_b 2 k_σk_μ(1 + cos(2k_αx^α)). (141)

From (126,127), it is easy to verify that the divergence of (138) vanishes. Assuming that “ϑ” and f_{σμ} are imaginary, and using the minimum energy condition k_α = (− √ 2Λ_b , 0, 0, 0), ϵ_ρ = (0, ϵ_1, ϵ_2, ϵ_3), we find that ⟨_ϑ T_{00} ⟩ < 0. Such negative energy particles are often called “ghosts” and have plagued other similar theories[27, 69, 70, 71, 28, 29, 30]. The negative energy can not be avoided by assuming that “ϑ” and f_{σμ} are real because this would make ⟨_A T_{00} ⟩ < 0. Neither can it be avoided by assuming that A_σ is imaginary and ϑ_ρ is real because this would make f_{σμ}, det(N_{..}) and L complex. The negative energy problem is disappointing because a superheavy,

Einstein-Schrödinger theory in the presence of zero-point fluctuations 18

neutral, spin-1 vector boson (with positive energy) would make a plausible dark matter candidate. It makes one wonder if there may be some way to circumvent the problem. For example, it is possible that an exact ϑ_ρ plane wave solution would involve something like a coexisting gravitational wave, resulting in a net positive energy.

If a negative energy ϑ_ρ particle definitely does result from (125), this would probably be undesirable. However, there are two ways that such a particle could be avoided altogether. First, while the approximate analysis suggests such a particle, it might be that there is simply no exact plane-wave solution which corresponds to it. Second, a ϑ_ρ particle can be avoided by assuming the most natural value for the cutoff wave-number of zero-point fluctuations, k_c ≈ 1/l_P as in (9). Then, from (129) a ϑ_ρ particle would have an energy above the cutoff energy of zero-point fluctuations, and presumably could not exist. It is assumed that we would only observe the trivial solution ϑ_ρ ≈ 0, except perhaps for non-plane-wave solutions. Here we are using the usual definition that k_c is a cutoff of the magnitude of the 4-D wavenumber in Euclidean space as in Wilson’s approach to renormalization[75], and in this case k_c is also a cutoff of frequency and energy. It is widely held that spacetime should exhibit some kind of discreteness or uncertainty near the Planck length[76, 77], and this is an assumption or result of several popular approaches to quantum gravity[78, 79, 80]. From this perspective we should expect k_c ≈ 1/l_P in (9) to apply to both virtual particles and real fundamental particles[53]. This seems particularly clear for a ϑ_ρ particle, where the stationary classical solution to (125) is ϑ_σ = (0, ϵ_ssin(ωt)), and from (9,10,17) the frequency ω = √ 2Λ_b c = √ 2C_z cC^2_c /l_P exceeds the cutoff frequency ck_c = cC_c/l_P . Comparing the frequency expressions, we again get the inequality (129). Since the prediction of a negative energy particle would probably be inconsistent with reality, this theory should be approached cautiously when considering it with values of C_c and C_z which do not satisfy (129).

7. An Order f^2 Lagrangian Density Formed From g_{σμ}, A_σ and ϑ_ρ

Here we derive a Lagrangian density which is an order f^2 approximation to our original Lagrangian density (38-41), but is a function of g_{σμ}, A_σ and ϑ_ρ instead of^♮Γ^α_{σμ}. The derivation is not claimed to be rigorous, but the resulting Lagrangian density nevertheless produces the correct field equations. First let us prove a couple identities,

f_{[νβ;σ]}f^{[νβ}_;^{μ]} =

4Λ^2_b 9 ε_{τνβσ} ϑ^τ ε^{ρνβμ}ϑ_ρ = − 16Λ^2_b 9 ϑ^τ δ^ρ_{[τ} δ^μ_{σ]}ϑ_ρ (142) = 8Λ^2_b 9 (ϑ^μϑ_σ −δ^μ_σ ϑ^ρϑ_ρ), (143)

f_{[νβ;α]}f^{[νβ}_;^{α]} = −

8Λ^2_b 3 ϑ^ρϑ_ρ. (144)

Using (104,111,144,96,81), the Ricci scalar is R ≈ − nΛ − Λ_b(n−4) 2(n−2) ℓ + Λ_b 2 f^{τβ} f̃_{βτ} − n 4(n−2) ℓ_,^α_{;α} + 2Λ^2_bϑ^ρϑ_ρ. (145)

Because (145) is just the contraction of the symmetrized field equations derived from the original Lagrangian density (38), the Lagrangian density should produce the same field equations if (145) is substituted into it. Using (E.11) and substituting gives −2Λ_b Λ^{n/2}_b L= − 2Λ_b √ −N ≈ −2Λ_b √ −g [ 1 − 1 2(n−2) ℓ ] (146)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 19 ≈ √ −g [ −2Λ_b +

Λ_b (n−2) ℓ ] (147) ≈ √ −g [ −2Λ_b +

Λ_b (n−2) ℓ + R + nΛ +

Λ_b(n−4) 2(n−2) ℓ − Λ_b 2 f^{τβ} f̃_{βτ} + n 4(n−2) ℓ_,^α_{; α} −2Λ^2_b ϑ^ρϑ_ρ ] (148) ≈ √ −g [ nΛ−2Λ_b +R+

Λ_b 2 f^{τβ} f_{βτ} − Λ_b 2 f^{τβ} f̃_{βτ} + n 4(n−2) ℓ_,^α_{; α} −2Λ^2_b ϑ^ρϑ_ρ ] .(149)

Because (115) is the antisymmetric part of the field equations derived from the original Lagrangian density (38), the Lagrangian density should produce the same field equations if (115) is substituted in for f_{σμ}. Also, because the ℓ_,^α_{; α} term is the divergence of a vector, we will assume that it can be removed. Obviously the constant −2Λ_b/Λ^{n/2}_b can be removed. Finally, the term nΛ−2Λ_b needs to be re-adjusted to (n−2)Λ to give the desired result. This gives

L_2 = √ −g [ (n−2)Λ + R+

Λ_b 2 f^{σμ} –F_{μσ} −2Λ^2_b ϑ^ρϑ_ρ ] (150) = √ −g [ (n−2)Λ + R+

Λ_b 2 –F^{σμ}–F_{μσ} + Λ^b 2 f̃^{σμ}–F_{μσ} −2Λ^2_b ϑ^ρϑ_ρ ] . (151)

Using (112), the product –F^{σμ}–F_{μσ} can be expanded out to

–F^{σμ}–F_{μσ} = 4A^{[μ}_;^{σ]}A_{[σ,μ]} + 4A^{[μ}_;^{σ]} ϑ_{[τ,α]}ε_{μσ}^{τα} + ϑ_{[β,ρ]}ε^{σμβρ} ϑ_{[τ,α]}ε_{μσ}^{τα} (152) = 4A^{[μ}_;^{σ]}A_{[σ,μ]} + 4 (A_{μ;σ} ε^{μστα}ϑ_τ )_{;α} − 4ϑ^{[μ}_;^{σ]}ϑ_{[σ,μ]}. (153) The middle term is the divergence of a vector, so assuming that δA_{σ,μ}, δg_{μσ} and δϑ_τ vanish on the boundary of integration, this term can be removed. Then (151) becomes

L_2= √ −g [ (n−2)Λ+R+2Λ_bA^{[μ}_;^{σ]}A_{[σ,μ]} +

Λ_b 2 f̃^{σμ} –F_{μσ} −2Λ_bϑ^{[μ}_;^{σ]}ϑ_{[σ,μ]} −2Λ^2_bϑ^ρϑ_ρ ] .(154)

As a reminder, the conversion to cgs units is f_{σμ} = √ −2G c^4Λ_b f^{(cgs)}_{σμ} (and likewise for A_σ , ϑ_ρ, f̃^{σμ} and –F_{μσ}). (155)

We will call L_2 the order f^2 Lagrangian density. It is the Lagrangian density of general relativity and electromagnetism, apart from the ϑ_ρ terms and a very weak interaction term. It is approximate, but only from using the small-skew approximation, which as shown by (32), is virtually exact for most purposes. The Lagrangian density is tied to n = 4 because of ϑ_ρ, but it can be made dimension independent by replacing ϑ_ρ with the totally antisymmetric variable ξ_{σμα}. ϑ^τ ε_{τσμα} = ξ_{σμα} = − 3 2Λ_b f_{[σμ,α]}, (156) ϑ^{[μ}_;^{σ]}ϑ_{[σ,μ]} = 1 4 ξ^{σμν}_{;ν} ξ_{σμα;}^α , ϑ^ρϑ_ρ = − 1 6 ξ^{σμα}ξ_{σμα}. (157) By setting to zero the variational derivatives of the Lagrangian densities (154) or (150) with respect to A_σ, ϑ_ρ and g_{σμ}, one can derive Maxwell’s equations (118,119,120), the Proca equation (122,125), and the Einstein equations (97), and this is done in Appendix F. The derivations of all three equations are most easily accomplished by using (150) and rewriting (115) as

Einstein-Schrödinger theory in the presence of zero-point fluctuations 20 f^{σμ} = –I^{⊣σμαρ}–F_{αρ}, (158) where –I_{αρσμ} = g_{α[σ}g_{μ]ρ} − 1 Λ_b Ć_{αρσμ}. (159) Then from (E.3) it is easy to prove that δ(f^{σμ}–F_{μσ}) = 2f^{σμ}δ–F_{μσ} + f^{σμ}f^{αρ}δ–I_{σμαρ}. (160) Expanding out the interaction term (Λ_b/2)f̃^{σμ}–F_{μσ} of (154) yields the components, L_{AA} ≈ − √ −g 2 A_{[μ,σ]}Ć^{μσρτ} A_{[ρ,τ]} , (161) L_{Aϑ} ≈ √ −g 2 A_{[μ,σ]}Ć^{μσ}_{ρτ} ε^{ρταβ} ϑ_{[α,β]}, (162) L_{ϑϑ} ≈ − √ −g 1 2 ϑ_{[μ,σ]} ε^{μσνλ}Ć_{νλρτ} ε^{ρταβ} ϑ_{[α,β]}. (163) These terms are the cause of the f̃_{σμ} and ϑ̃^ρ terms in (118,124). When converted to cgs units, these terms are multiplied by 1/Λ_b, and we showed in (116) that even for the worst case black holes, we might expect Ć_{trtr}/Λ_b ∼ 10^{−77}. Therefore, the interaction strength appears too weak for these terms to be noticeable.

8. An Exact Solution for a Non-Rotating Charged Mass

It can be shown[81] that spherical symmetry requires the fundamental tensor to be of the following form

N_{σμ} = γ −w 0 0 w −α 0 0 0 0 −β r^2v sin θ 0 0 −r^2v sin θ −β sin^2θ

. (164)

Both [81] and [82] assume this form with β = r^2, v = 0 to derive a solution to the original Einstein-Schrödinger field equations (1-4) which looks similar to a charged mass, but with some problems. Here we will derive a solution to the modified field equations (72-75) which is much closer to the Reissner-Nordström solution[83, 84] of ordinary general relativity and electromagnetism. We will follow a similar procedure to that used in [81, 82] but will use our own convention for the Ricci tensor (23), and indices 0123 instead of 1234. We will also use the variables a = 1/α, b = γα, š = −w, which allow a simpler solution than α, γ, w. This gives

N_{σμ} = ab š 0 0 −š −1/a 0 0 0 0 −r^2 0 0 0 0 −r^2sin^2θ

, (165)

N^{⊣μσ} = 1/ad š/d 0 0 −š/d −ab/d 0 0 0 0 −1/r^2 0 0 0 0 −1/r^2sin^2θ

, (166)

d = b − š^2, (167) √ −N = √ d r^2sin θ. (168)

From the definitions (5,6) of g_{σμ} and f_{σμ} we get

Einstein-Schrödinger theory in the presence of zero-point fluctuations 21

g^{σμ} = 1 č 1/ad 0 0 0 0 −ab/d 0 0 0 0 −1/r^2 0 0 0 0 −1/r^2sin^2θ

, (169)

g_{σμ} = č ad 0 0 0 0 −d/ab 0 0 0 0 −r^2 0 0 0 0 −r^2sin^2θ

, (170)

f_{σμ} = 1 č 0 š 0 0 −š 0 0 0 0 0 0 0 0 0 0 0

, (171)

č = √ b/d = √ −g √ −N , (172) √ −g = √ b r^2 sin θ. (173) As in [81, 82], Ampere’s law (49) requires that

0 = ( √ −N N^{⊣ [01]})_{,1} = ( šr^2sin θ √ d )_′ , (174) ⇒ šr^2 √ d = Q , š^2 = bǔ^2 , ǔ^2 =

Q^2 Q^2 + r^4

. (175)

From this we can derive the useful relationship

š^′ =

(š^2)^′ 2š = 1 2š ( b^′ǔ^2 − 4b r r^4 Q^2 ǔ^4 ) = 1 2š ( b^′ š^2 b − 4b r d š^2 š^4 b^2 ) = š b ( b^′ 2 − 2d r ) . (176)

Equations (74) are solved in [81, 82]. In terms of our variables, the non-zero connections are

∘Γ^1_{00} = a 2 (ab)^′ +

4a^2š^2 r ,^∘Γ^0_{10} =^∘Γ^0_1 = (ab)^′ 2ab + 2š^2 br ,^∘Γ^1_1 = −a^′ 2a , ∘Γ^2_{12} =^∘Γ^2_1 =^∘Γ^3_{13} =^∘Γ^3_1 = 1 r , (177)

∘Γ^1_{22} = −ar ,^∘Γ^1_{33} = −ar sin^2θ ,^∘Γ^3_{23} =^∘Γ^3_2 = cot θ ,^∘Γ^2_{33} = −sin θcos θ,

∘Γ^2_{02} = −^∘Γ^2_0 =^∘Γ^3_{03} = −^∘Γ^3_0 = − aš r ,^∘Γ^1_0 = −^∘Γ^1_{01} = − 2aš r . The non-zero Ricci tensor components are then

−^∘R_{00} = − aba^{′′} 2 − a^2b^{′′} 2 − 3aa^′b^′ 4 + a^2b^′b^′ 4b − a r (ab^′ + a^′b) − 8a^2šš^′ r + a^2š^2 r ( 3b^′ b − 3a^′ a − 10 r + 8š^2 br ) , (178)

−^∘R_{11} = a^{′′} 2a + b^{′′} 2b − b^′b^′ 4b^2 + 3a^′b^′ 4ab + a^′ ar + 4šš^′ br + š^2 br ( 3a^′ a + 4š^2 br − 2 r ) , (179)

−^∘R_{22} = ar 2 ( 2a^′ a + b^′ b ) + a − 1 +

2aš^2 b , (180)

−^∘R_{33} = −^∘R_{22} sin^2θ, (181)

−^∘R_{[10]} = 2 ( aš r )_′ + 6aš r^2 . {[81] has an error here} (182)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 22

The symmetric part of the field equations (71) is

0 =^∘R_{00} + Λ_bN_{00} + Λ_eg_{00} =^∘R_{00} + Λ_bab + Λ_e ab č , (183)

0 =^∘R_{11} + Λ_bN_{11} + Λ_eg_{11} =^∘R_{11} − Λ_b 1 a − Λ_e 1 ač , (184)

0 =^∘R_{22} + Λ_bN_{22} + Λ_eg_{22} =^∘R_{22} − Λ_br^2 − Λ_ečr^2. (185) Forming a linear combination of the 11 and 00 equations and using (176,167) gives

0 = b ( −^∘R_{11} + Λ_b 1 a + Λ_e 1 ač ) + 1 a^2 ( −^∘R_{00} − Λ_bab − Λ_e ab č ) (186) = 4šš^′ r + š^2 r ( 4š^2 br − 2 r ) − b^′ r − 8šš^′ r + š^2 r ( 3b^′ b − 10 r + 8š^2 br ) (187) = − 4š r [ š b ( b^′ 2 − 2d r )] + 12š^2 r ( š^2 br − 1 r ) − b^′ r + 3š^2b^′ br (188) = − d br^2 ( 4š^2 + rb^′ ) . (189)

From (175) this requires

0 = 4bǔ^2 + rb^′ = 4b ( Q^2 Q^2 + r^4 ) + rb^′. (190)

Solving this and using (175,167,172) gives identical results to [81, 82],

b = 1 +

Q^2 r^4

, (191)

š = √ b ǔ = Q r^2

, (192)

d = b − š^2 = 1, (193)

č = √ b/d = √ 1 + Q^2 r^4

. (194)

To find the variable “a”, the 22 component of the field equations will be used. The solution is guessed to be that of [81, 82] plus an extra term −Λ_eV /r,

a = 1 − 2m r − Λ_br^2 3 − Λ_eV r . (195)

Because “b” and “š” are the same as [81, 82], we just need to look at the extra terms that result from Λ_e,

0 = −^∘R_{22} + Λ_br^2 + Λ_ečr^2 = ar 2 ( 2a^′ a + b^′ b ) + a−1+ 2aš^2 b + Λ_br^2+ Λ_ečr^2 (196)

= − Λ_e [ r ( V r )_′ + V b^′ 2b + V r + 2V š^2 rb − čr^2 ] (197)

= − Λ_e [ V^′ + V 2br (b^′r + 4š^2) − čr^2 ] = −Λ_e [ V^′ − r^2 √ 1 + Q^2 r^4 ] . (198)

This same equation is also obtained if the 11 or 00 components of the field equations are used. The solution can be expressed in terms of an elliptic integral, but it is much

Einstein-Schrödinger theory in the presence of zero-point fluctuations 23

easier to use a power series, V = ∫ √ r^4 + Q^2 dr = 1 3 [ r √ r^4 + Q^2 − Q^{3/2}F ( 2 arctan (√ Q r ) , π 4 )] (199) = ∫ r^2 ( 1 + Q^2 2r^4 − Q^4 8r^8 ... ) dr = r^3 3 − Q^2 2r + Q^4 40r^5 ... . (200) Then from (195,200,15) we have

a = 1 − 2m r − Λ_br^2 3 − Λ_e r ( r^3 3 − Q^2 2r + Q^4 40r^5 ... ) (201)

= 1 − 2m r − Λr^2 3 − (Λ_b −Λ) ( Q^2 2r^2 − Q^4 40r^6 ... ) . (202)

From (29), the term −Λ_bQ^2/2r^2 = e^2G/c^4r^2 matches a term appearing in the Reissner- Nordström solution. The remaining terms are all divided by Λ_b and will therefore be negligible for ordinary radii. With Λ_e = 0, Λ_b = Λ, the Reissner-Nordström term disappears, which is partly why this solution was found to be unsatisfactory in [81].

Next we consider the antisymmetric part of the field equations (71), where only the 10 component is non-vanishing. Using (182,192,202) gives

0 =^∘R_{[10]} + 2Λ_bA_{[1,0]} + Λ_bN_{[10]} = − [ 2 ( aš r )_′ + 6aš r^2 ] − Λ_bA^′_0 − Λ_bš (203)

= − 2 ( aQ r^3 )_′ − 6aQ r^4

− Λ_bA^′_0 − Λ_b Q r^2 = − 2Qa^′ r^3

− Λ_bA^′_0 − Λ_b Q r^2

(204) = − 2Q r^3 [ 2m r^2 − 2Λr 3 + (Λ_b − Λ) ( Q^2 r^3 − 3Q^4 20r^7 ... )] − Λ_bA^′_0 − Λ_b Q r^2

(205) = − 4Qm r^5

− (Λ_b −Λ) ( 2Q^3 r^6 − 3Q^5 10r^{10} ... ) − Λ_bA^′_0 − Q r^2 ( Λ_b − 4Λ 3 ) . (206)

Integrating and dividing by Λ_b gives

A_0 = Q r ( 1 − 4Λ 3Λ_b ) + Qm Λ_br^4 + ( 1− Λ Λ_b )( 2Q^3 5r^5 − Q^5 30r^9 ... ) . (207)

The principle term here is the Q/r potential. The Qm/Λ_br^4 term would be a problem with Λ_e = 0, Λ_b = Λ, given the small Λ found from measurement. However, with Λ_e ≠ 0, this term and all others except Q/r contain at least a 1/Λ_b factor after conversion to cgs units via (27,29), and will therefore be negligible for ordinary radii.

From (202,207,28) we can conclude that this new solution does not have the deficiencies of the solution in [81, 82], and is probably indistinguishable from the Reissner-Nordström solution experimentally. The most notable difference between this solution and the Reissner-Nordström solution occurs on the Planck scale. From (191,194,28), with an imaginary Q, ”b” and ”č ” go to zero at r_e = √ |Q| ∼ 10^{−33}cm.

This behavior may in some sense conceal the r = 0 singularity[27]. Also, from (28,29,9,10), if one requires the area of the r_e surface to be no smaller than the Planck area, this determines the smallest charge,

l^2_P = 4πr^2_e = 4π|Q| = 4π e l^2_P C^2_c √ 2 C_zℏc (208) ⇒ e = C^2_c 4π √ C_zℏc 2 = 9.8 × 10^{−10}esu. (209)

This is rather close to e = 4.8 × 10^{−10}esu, given that the choice of C_c ∼ 1 is a guess.

Einstein-Schrödinger theory in the presence of zero-point fluctuations 24

9. The Equations of Motion

Here we derive the Lorentz force from the theory. For ordinary general relativity and electromagnetism, the Einstein-Infeld-Hoffmann (EIH) approximation scheme[11, 12, 13] allows the equation of motion for both charged and neutral particles to be derived directly from the field equations. When the EIH method was originally applied to the Einstein-Schrödinger theory, no Lorentz force was found between charged particles[15, 16]. The basic difference between our case and [15, 16], is the presence in our energy-momentum tensor (98) of the familiar term f_σ^ν f_{νμ} − (1/4)g_{σμ}f^{ρν} f_{νρ}. As shown in [13, 12], the EIH method applied with this term gives the desired Lorentz force. This term appears in our case for three reasons. First, we assumed the direct definition of the electromagnetic field (6,69) instead of the dual definition assumed in [15, 16]. Second, we assumed the metric (5) instead of N_{(σμ)} assumed in [15, 16]. Third, we assumed a cosmological constant, so that when (68) was used to substitute N_{(σμ)} ≈ g_{σμ}+f_σ^νf_{νμ}−(1/2(n−2))g_{σμ}f^{ρν} f_{νρ} into the Einstein equations, the ordinary electromagnetic energy-momentum tensor entered into the equations. The basic reason[85] for the null result of [15, 16] is that all of the terms in their energymomentum tensor have “extra derivatives”, with the whole thing looking similar to the remaining terms in our energy-momentum tensor. For the same reason that [15, 16] found no Lorentz force, the remaining terms in our energy-momentum tensor will cause no contribution to the equation of motion.

Because of the historical importance of [15, 16] in the premature dismissal of the Einstein-Schrödinger theory, the Lorentz force will be derived here using the EIH method. The method is rather complicated, and [11, 13, 12, 15, 16] should be consulted for a good explanation. We will only cover the bare essentials necessary for our purpose, and will only calculate leading order terms. The basic approach is to represent particles as singularities, and to work with a set of approximate Einstein equations with no time component,

Λ_{ik} ≈ Ğ_{ik} − (8πG/c^4)T̆_{ik}, (210)

Ğ_{ik} = R_{ik} − 1 2 η_{ik}η^{σμ}R_{σμ}, (211) T̆_{ik} = S_{ik} − 1 2 η_{ik}η^{σμ}S_{σμ}. (212) Here, and throughout this section, Latin indices run from 1-3. Because the field equations cannot be applied at singularities, we cannot require that Λ_{ik} = 0. Instead we integrate the field equations over small surfaces surrounding the singularities and require that

0 = C_i = 1 4π ∫_S 2Λ_{ik}n_kdS. (213)

Here n_k is the surface normal. Because the divergence of the Einstein equations vanishes, such integrals will be independent of surface shape.

The Ğ_{ik} contribution to (213) is found in references [11, 12] and it will not be re-derived. For two particles with masses m_1,m_2 and positions ξ_1, ξ_2, the lowest order nonzero term from the integral over the first particle is C_i ≈ − 4G c^4 { m_1ξ̈^i_1 − Gm_1m_2 ∂ ∂ξ^i_1 ( 1 r )} , (214) r = √ (ξ^s_1 − ξ^s_2)(ξ^s_1 − ξ^s_2). (215)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 25

If there is no other contribution to the integral, C_i must vanish, and the particle acceleration is proportional to a ∇(1/r) gravitational force. This is the equation of motion for a neutral particle with the vacuum Einstein equations.

The (8πG/c^4)T̆_{ik} contribution to (213) will add to the Ğ_{ik} contribution. To calculate it, we must first define the singularities which represent our particles. We will assume an approximation to the solution derived in §8, which is not coincidentally also a solution of Maxwell’s equations (119). We let f_{σμ} be the sum of two singularities at locations ξ^i_1 and ξ^i_2 of the form, A_μ = (φ, 0, 0, 0) , f_{0i} = 2A_{[i,0]} = −φ_{,i} , f_{ik} = 0, (216) φ = ψ^1 + ψ^2 , ψ^1 = Q_1/r_1 , ψ^2 = Q_2/r_2, (217)

r_p = √ (x^s − ξ^s_p)(x^s − ξ^s_p). (218) The EIH method assumes slow motion relative to the speed of light, so any magnetic part of f_{ik} due to motion can be ignored. Because our only purpose is to derive the Lorentz force, we will neglect any possible gravitational-electromagnetic interactions, which allows us to replace covariant derivatives with ordinary derivatives, and g_{σμ} with η_{σμ}. In this case, the approximate energy-momentum tensor T̆_{ik} can be replaced by the real energy-momentum tensor (98) calculated previously, T̆_{ik} = S_{ik} − 1 2 η_{ik}η^{σμ}S_{σμ} ≈ S̃_{ik} − 1 2 g_{ik}g^{σμ}S̃_{σμ} = T̃_{ik}. (219) Therefore, using (98,70), our T̆_{σμ} becomes 8πG c^4 T̆_{σμ} ≈ − Λ_b ( f_σ^νf_{νμ} − 1 4 η_{σμ}f^{ρν} f_{νρ} ) − f^τ_{(σ}f_{μ)}^α_{,τ,α} − f^{ατ} f_{τ(σ, μ), α} + 1 8 (f^{ρν} f_{νρ})_,^α_{,α}η_{σμ} + 1 2 f^ν_{σ,α}f^α_{μ,ν} − 1 2 f^ν_{σ, α}f_{νμ,}^α − 1 4 f^ν_{α,σ}f^α_{ν, μ} + 1 2 η_{σμ}f^{τβ} f_β^α_{,τ,α} + 3 8 η_{σμ}f_{[νβ,α]}f^{[νβ}_,^{α]}. (220) The terms −f^τ_{(σ} f_{μ)}^α_{,τ,α} and (1/2)η_{σμ}f^{τβ} f_β^α_{,τ,α} vanish due to Ampere’s law (49). The term (3/8)η_{σμ}f_{[νβ,α]}f^{[νβ}_,^{α]} vanishes because f_{[νβ,α]} = 2A_{[β,ν,α]} = 0. The EIH slow motion approximation allows the removal of terms with double time derivatives such as (1/2)f^ν_{s,α}f^α_{m,ν} ≈ (1/2)f^0_{s,0}f^0_{m,0}, and the simplification of other terms. Therefore, 8πG c^4 T̆_{sm} ≈ − Λ_b ( f_s^0f_{0m} − 1 2 η_{sm}f^{r0}f_{0r} ) − f^{a0}f_{0(s, m), a} + 1 4 (f^{r0}f_{0r} )_,^a_{,a}η_{sm} − 1 2 f^0_{s, a}f_{0m,}^a − 1 2 f^0_{a,s}f^a_{0, m} (221) ≈ Λ_b ( f_{0s}f_{0m} + 1 2 η_{sm}f_{0r}f_{0r} ) − f_{0a}f_{0(s, m), a} − 1 4 (f_{0r} f_{0r})_{,a,a}η_{sm} + 1 2 f_{0s, a}f_{0m,a} − 1 2 f_{0a,s}f_{0a, m}. (222) Substituting (216) and using Ampere’s law in the form φ_{,i,i} ≈ 0 gives 8πG c^4 T̆_{sm} ≈ Λ_b ( φ_{,s}φ_{,m} + 1 2 η_{sm}φ_{,r} φ_{,r} ) − φ_{,a}φ_{,s,m,a} − 1 4 (φ_{,r} φ_{,r})_{,a,a}η_{sm} + 1 2 φ_{,s,a}φ_{,m,a} − 1 2 φ_{,a,s}φ_{,a,m} (223) ≈ Λ_b ( φ_{,s}φ_{,m} + 1 2 η_{sm}φ_{,r} φ_{,r} ) − φ_{,a}φ_{,s,m,a} − 1 2 η_{sm}φ_{,r,a}φ_{,r,a}. (224)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 26

The term in the parenthesis of (224) is what one gets with ordinary general relativity and electromagnetism. Using φ_{,i,i} ≈ 0, the last two terms of (224) can be rewritten as (φ_{,[s}φ_{,a],m} − φ_{,r} φ_{,r,[a}η_{s]m})_{,a}, and from a lemma in [11] it is apparent that these terms can make no contribution to the equation of motion. However, we will retain these terms for the present in order to demonstrate this explicitly. The surface integral (213) is such that only terms which go as 1/r^2 can contribute. Because ψ^1_{,i} and ψ^2_{,i} both go as 1/r^2, but are in different locations, it is clear from (224) that contributions can only come from cross terms between the two. Including only those terms gives 8πG c^4

T̆^c_{sm} ≈ Λ_b (ψ^1_{,s}ψ^2_{,m} +ψ^2_{,s}ψ^1_{,m} + η_{sm}ψ^1_{,r}ψ^2_{,r}) − ψ^1_{,a}ψ^2_{,s,m,a} −ψ^2_{,a}ψ^1_{,s,m,a} − η_{sm}ψ^1_{,r,a}ψ^2_{,r,a}. (225) Some integrals we will need can be found in [11]. With ψ = 1/ √ x^sx^s we have, 1 4π ∫_0 ψ_{,m}n_mdS = −1, (226) 1 4π ∫_0 ψ_{,a}n_mdS = − 1 3 δ_{am}, (227) 1 4π ∫_0 x^rx^lψ_{,m,s,a}n_mdS = 2 5 δ_{rl}δ_{as} − 3 5 (δ_{ra}δ_{sl} + δ_{rs}δ_{al}), (228) 1 4π ∫_0 x^lψ_{,r,a}n_sdS = − 1 15 (2δ_{ls}δ_{ra} − 3δ_{lr} δ_{sa} − 3δ_{la}δ_{rs}). (229) We will focus on finding the equation of motion for the first particle, ψ^1, and we define the values of the second particle at the position of the first particle as ψ̃^2 = ψ^2(ξ_1), ψ̃2_{,i} = ψ2_{,i}(ξ_1) etcetera. Because only 1/r2 terms contribute, the second particle must be expanded about the position of the first particle in a Taylor series,

ψ^2(x) = ψ̃^2 + ψ̃^2_{,l}(x^l − ξ^l_1) + 1 2 ψ̃^2_{,r,l}(x^r − ξ^r_1 )(x^l − ξ^l_1) ... . (230)

Integrating over the first particle, the “extra derivative” terms vanish because of Ampere’s law, ψ^2_{,i,i} ≈ 0, 1 4π ∫_1 2ψ^1_{,a}ψ^2_{,s,m,a}n_mdS = − 2Q_1 3 ψ̃^2_{,s,m,a}δ_{am} = 0, (231) 1 4π ∫_1 2ψ^2_{,a}ψ^1_{,s,m,a}n_mdS = 1 4π ∫_1 ψ̃^2_{,a,r,l}(x^r − ξ^r_1)(x^l − ξ^l_1)ψ^1_{,s,m,a}n_mdS (232) = Q_1ψ̃^2_{,a,r,l} ( 2 5 δ_{rl} δ_{as} − 3 5 (δ_{ra}δ_{sl} + δ_{rs}δ_{al}) ) = 0, (233) 1 4π ∫_1 2 η_{sm}ψ^1_{,r,a}ψ^2_{,r,a}n_mdS = 1 4π ∫_1 −2ψ^1_{,r,a}ψ̃^2_{,r,a,l}(x^l − ξ^l_1)n_sdS (234) = 2Q_1 15 ψ̃^2_{,r,a,l}(2δ_{ls}δ_{ra} − 3δ_{lr} δ_{sa} − 3δ_{la}δ_{rs}) = 0. (235) However, the term from the ordinary electromagnetic energy-momentum tensor contributes a Lorentz force, 1 4π ∫_1 −2Λ_b ( ψ^1_{,s}ψ^2_{,m} + ψ^2_{,s}ψ^1_{,m} + η_{sm}ψ^1_{,r} ψ^2_{,r} ) n_mdS = − 2Q_1Λ_bψ̃^2_{,s} ( − 1 3 −1+ 1 3 ) (236)

= 2Q_1Λ_bψ̃^2_{,s}. (237)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 27

Using (214,29) we obtain the lowest order non-zero terms of the EIH approximation, 0 ≈ − 4G c^4 { m_1ξ̈^i_1 − Gm_1m_2 ∂ ∂ξ^i_1 ( 1 r )} + 2Q_1Λ_bψ̃^2_{,i} (238) ≈ − 4G c^4 { m_1ξ̈^i_1 − Gm_1m_2 ∂ ∂ξ^i_1 ( 1 r ) + e_1e_2 ∂ ∂ξ^i_1 ( 1 r )} , (239) r = √ (ξ^s_1 − ξ^s_2)(ξ^s_1 − ξ^s_2). (240)

These are the correct equations of motion for charged particles.

10. Discussion and Open Questions

There are many unclear aspects of this theory, and we will briefly touch on a few of them. They are best framed as questions:

Is the Einstein-Schrödinger theory unique in resulting from a Lagrangian density L(^♮Γ) which obeys the equation L_{,β} −^♮Γ^α_βL = 0 as in (37)? While a rigorous proof is probably not possible, a strong argument will be presented below that the theory is unique in this property. With no metric to use, the forms that a scalar density can take are limited. Also, because (37) exists for any dimension, we must only consider forms which exist for any dimension. To discuss this topic, it is convenient to use the fields^∘Γ^α_{σμ}, A_σ as defined by (40,41) instead of^♮Γ^α_{σμ}. The simplest form to consider is L = √ −N , where N_{σμ} is a linear combination of the terms^∘R_{σμ}, ∘R_{μσ},^∘Γ^α_{[μ,σ]}, A_{[σ,μ]} , A_{σ,μ} −^∘Γ^α_{σμ}A_α,^∘Γ^α_{[σμ]}A_α, and A_σA_μ. Many other terms can be decomposed into these, such as R_{σμ}(^∘Γ^T ) =^∘R_{μσ} +2^∘Γ^α_{[μ,σ]},^∘R^α_{ασμ} = 2^∘Γ^α_{[μ,σ]}, and anything dependent on^♮Γ^α_{σμ}. Our Lagrangian density (38-41) is a special case of this form. In fact, it happens that (37) is satisfied for any L = √ −N where N_{σμ} = a^∘R_{σμ} +bA_{[σ,μ]} +c^∘Γ^α_{[μ,σ]} and a ≠ 0, b ≠ 0. This would initially seem to indicate that the Einstein-Schrödinger theory is not unique, except for the surprising fact that the same field equations result regardless of the coefficients in the linear combination. The^∘Γ^α_{[μ,σ]} term causes δ^ρ_β( √ −N N^{⊣[τω]})_{, ω} terms in the δL/δ^∘Γ^β_{τρ} = 0 field equations (57), but these are required to vanish by the δL/δA_τ = 0 field equations (49). Also, (37) requires that^∘Γ^α_{[μ,σ]} = (lnL)_{,[μ,σ]} = 0, so this term disappears from the equations (63) as well. Different field equations result if any other terms are included in N_{σμ}, but then (37) is no longer satisfied. To argue the case for uniqueness, we must next consider more complicated forms. The most obvious generalization of a single √ −N consists of linear combinations of such terms, √ −^1N and √ −^2N etcetera. The resulting field equations contain different N^{⊣σμ} terms, and there is just no way to contract the equations to remove these terms as we did in (59). Linear combinations of terms such as √ −^1N √ −^2N / √ −^3N have the same characteristic. Next one can include linear combinations of terms like √ −^1N^1N^{⊣σμ 2}N_{μσ} . In this case the field equations contain terms with different powers of^1N^{⊣σμ}. From trying a few of these, it seems very likely that the simplicity of (37) demands simplicity in the Lagrangian density, and that the only real prospect is a single √ −N as we considered originally.

Einstein-Schrödinger theory in the presence of zero-point fluctuations 28

Why should a Lagrangian density L(^♮Γ) obey the equation L_{,β} −^♮Γ^α_βL = 0 as in (37)? One may speculate that it is related to the universe we perceive being an extremum state of the real universe, which is fluctuating between every possible state of the field^♮Γ^α_{βν} . If a Lagrangian density satisfies (37), that means its covariant derivative vanishes for the affinity^♮Γ^α_{βν} , which requires L to be in an extremum state in coordinate space. The field equations are derived by setting the variational derivative to zero, which requires^♮Γ^α_{βν} to be in an extremum state in state-space. In the pathintegral approach to quantum field theory, states which are close to an extremum add coherently, whereas other states cancel each other out. It may be that a similar mechanism causes us to perceive the extremum in both coordinate-space and statespace as “the” state of the universe. This is admittedly rather vague, but it is the best answer the author can offer.

Can this theory be quantized? Using the order f^2 Lagrangian density (154), A_σ could be quantized just as in quantum electrodynamics. There is an additional gauge invariant coupling term, but it is extremely weak and disappears in flat space. If Λ_b ≫ 0 and ϑ_ρ is real, the ϑ_ρ terms comprise the massive neutral spin-1 vector field treated in many quantum field theory texts[86, 87, 88]. If Λ_b ≪ 0 or ϑ_ρ is imaginary, it is unclear how the ϑ_ρ terms could be handled. While the quantization of the electromagnetic field is straightforward, gravitation has never been successfully quantized. The Einstein- Schrödinger theory unifies the easily-quantized electromagnetism with gravitation, so it could possibly provide some insight as to how gravitation might be quantized. For example, this theory would seem to support efforts[31, 34] to quantize^♮Γ^α_{σμ} instead of g_{σμ} because according to (41), A_σ is just a constant times^♮Γ^α_{[ασ]}.

Where do the other fields in the Standard Model originate from, besides the electromagnetic component? In particular, how is it that the Standard Model “unifies” the weak and electromagnetic forces, whereas the Einstein-Schrödinger theory “unifies” electromagnetism and gravitation? Ignoring the question of quantization, the other fields of the Standard Model can probably be included using an energymomentum tensor, and by adding current sources as in [45]. However, this does not provide an explanation of where these fields come from, such as we have for A_μ, g_{σμ} and ϑ_ρ. One possibility in this regard would be to consider the Einstein-Schrödinger theory for n > 4. Some current theories such as string theory propose that the short range forces can be explained by the existence of compacted higher dimensions. Similarly, in the Einstein-Schrödinger theory, fields associated with the short range forces could perhaps arise naturally in compacted higher dimensions, but manifest themselves in four dimensions via an energy-momentum tensor. A possible connection of the Einstein-Schrödinger theory to string theory has been noted previously[49]. Because of the possibility that additional fields may result from compacted higher dimensions, the dimension was left unspecified in most of this paper.

11. Conclusions

Einstein worked on almost the same theory as described in this paper between 1945 and his death in 1955. He was never able to prove its correctness, or to convince many others that it was worth pursuing further. According to one source[89] he once remarked privately that “the introduction of the cosmological term was the biggest blunder he ever made in his life”. If the conclusions of this paper are correct, it would now appear that his rejection of the cosmological term was his biggest blunder. It

Einstein-Schrödinger theory in the presence of zero-point fluctuations 29

would also appear that Einstein and Schrödinger were ahead of their time, having developed and persevered with this theory despite it being outside the mainstream of physics research during this period.

To conclude, we will list some of the important aspects of this theory: (1) The only fundamental field assumed a priori is an affinity^♮Γ^α_{σμ} with no symmetry properties. (2) The theory is derived using a Lagrangian density L(^♮Γ) which obeys the equation L_{,β} −^♮Γ^α_βL = 0, together with the assumption of a cosmological constant contribution from zero-point fluctuations. (3) Both the metric and the electromagnetic field appear naturally, without being assumed a priori. (4) The symmetric part of the field equations contain a very close approximation to the Einstein equations of ordinary general relativity and electromagnetism, with the correct electromagnetic energy-momentum tensor. (5) The antisymmetric part of the field equations contain a very close approximation to Maxwell’s equations, with a vector potential which is a constant times^♮Γ^α_{[αν]}. (6) The dual antisymmetric part of the field equations requires a field ϑ_ρ to obey the Proca equation, and a negative energy ϑ_ρ particle can be avoided if k_c ≈ 1/l_P . (7) A satisfactory electric monopole solution exists which closely approximates the Reissner-Nordström solution. (8) The correct equations of motion are predicted for charged and neutral particles. (9) The divergence of the Einstein equations vanishes, so that external fields (excluding electromagnetic fields) can be accounted for as in ordinary general relativity, by appending an energy-momentum tensor onto the Einstein equations. (10) The theory could potentially be discriminated from ordinary general relativity and electromagnetism by experiment, although with C_c ∼ 1 and C_z ∼ 60/2π from (9,10), it is not clear that there is a test which is sensitive enough.

As stated by Einstein[7] and Schrödinger[1], and confirmed by the simple derivation in this paper, the Einstein-Schrödinger theory is the natural non-symmetric generalization of ordinary general relativity. The theory presented in this paper is a modification of the original theory only via the introduction of a cosmological constant caused by zero-point fluctuations. It is difficult to believe that the close approximation of this theory to the laws of electromagnetism could be coincidental.

Appendix A. Extraction of a Connection Addition From the Ricci Tensor

Substituting (64) into (23) gives

R_{σμ}(Γ+Υ) = 2[(Γ^α_{σ[μ} +Υ^α_{σ[μ} )_{,α]} + (Γ^ν_{σ[μ|} +Υ^ν_{σ[μ|})(Γ^α_{ν|α]} +Υ^α_{ν|α]})] (A.1) = R_{σμ}(Γ) + Υ^α_{σμ,α} − Γ^ν_{σα}Υ^α_{νμ} + Γ^α_{να}Υ^ν_{σμ} − Γ^α_{νμ}Υ^ν_{σα}

− Υ^α_{σα,μ} + Γ^ν_{σμ}Υ^α_{να} − Υ^ν_{σα}Υ^α_{νμ} + Υ^ν_{σμ}Υ^α_{να} (A.2) = R_{σμ}(Γ) + Υ^α_{σμ;α} − Υ^α_{σα;μ} − Υ^ν_{σα}Υ^α_{νμ} + Υ^ν_{σμ}Υ^α_{να}, (A.3) R_{(σμ)}(Γ+Υ) = R_{σμ}(Γ) + Υ^α_{(σμ);α} −Υ^α_{(σ|α;|μ)} −Υ^ν_{(σα)} Υ^α_{(νμ)} −Υ^ν_{[σα]} Υ^α_{[νμ]} +Υ^ν_{(σμ)}Υ^α_{να}, (A.4) R_{[σμ]}(Γ+Υ) = Υ^α_{[σμ];α} −Υ^α_{[σ|α;|μ]} −Υ^ν_{(σα)}Υ^α_{[νμ]} −Υ^ν_{[σα]} Υ^α_{(νμ)} +Υ^ν_{[σμ]} Υ^α_{να}. (A.5)

Also, a connection addition of^⋄Υ^ν_{σμ} = δ^ν_σ h_μ gives

R_{σμ}(^⋄Γ+^⋄Υ) = 2[(^⋄Γ^α_{σ[μ} + δ^α_σ h_{[μ})_{,α]} + (^⋄Γ^ν_{σ[μ|} + δ^ν_σ h_{[μ|})(^⋄Γ^α_{ν|α]} + δ^α_ν h_{|α]})] (A.6) = R_{σμ}(^⋄Γ) − 2h_{[σ ,μ]}. (A.7)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 30

Appendix B. Exact Divergence of the Einstein Equations

Here we confirm the approximate calculation (91) by showing that the divergence of the Einstein equations vanishes exactly. From (72,84), the Einstein equations are

0 =^∘R_{(σμ)} + Λ_bN_{(σμ)} +Λ_eg_{σμ} − 1 2 g_{σμ}(^∘R^ρ + Λ_bN^ρ_ρ +Λ_en) (B.1)

=^∘G_{σμ} + Λ_b ( N_{(σμ)} − 1 2 g_{σμ}N^ρ_ρ ) +Λ_e ( 1 − n 2 ) g_{σμ}. (B.2)

When the divergence is taken, the Λ_e term drops out. Using the generalized contracted Bianchi identity (85), the antisymmetric field equations (73) and (5,6,21,49) gives

D_σ =^∘G^μ_{σ; μ} +Λ_b ( N^{(μ}_{σ)} − 1 2 δ^μ_σ N^ρ_ρ ) ; μ (B.3) = 3 2 f^{νρ∘}R_{[νρ,σ]} +Λ_b ( N^{(μ}_{σ); μ} − 1 2 N^ρ_{ρ ; σ} ) (B.4)

= −Λ_b 3 2 f^{νρ}N_{[νρ,σ]} + Λ_b 2 g^{νρ}(N_{(ρσ);ν} + N_{(σν);ρ} − N_{(ρν);σ} ) (B.5) = Λ_b 2 √ −N √ −g [N^{⊣[νρ]}(N_{[νρ];σ} +N_{[ρσ];ν} +N_{[σν];ρ} )+N^{⊣(νρ)}(N_{(ρσ);ν} +N_{(σν);ρ} −N_{(ρν);σ} )](B.6) = Λ_b 2 √ −N √ −g [N^{⊣νρ}(N_{[ρσ];ν} +N_{[σν];ρ} −N_{[ρν];σ} )+N^{⊣νρ}(N_{(ρσ);ν} +N_{(σν);ρ} −N_{(ρν);σ} )] (B.7) = Λ_b 2 √ −N √ −g N^{⊣νρ}(N_{ρσ;ν} + N_{σν;ρ} − N_{ρν;σ} ) (B.8) = Λ_b 2 √ −N √ −g [N^{⊣νρ}(N_{ρσ;ν} + N_{σν;ρ}) − N^{⊣νρ}(N_{ρν,σ} − Γ^α_{ρσ}N_{αν} − Γ^α_{νσ}N_{ρα})] (B.9) = − Λ_b 2 √ −N √ −g (N^{⊣νρ}_{;ν} N_{ρσ} + N^{⊣νρ}_{;ρ}N_{σν} ) − Λ_b 1 √ −g ( √ −N )_{;σ} (B.10) = − Λ_b 2 [(√ −N √ −g N^{⊣νρ} ) ;ν N_{ρσ} + ( √ −N √ −g N^{⊣νρ} ) ;ρN_{σν} ] (B.11) = − Λ_b 2 [(g^{ρν} + f^{ρν} )_{;ν} N_{ρσ} + (g^{ρν} + f^{ρν} )_{;ρ}N_{σν} ] (B.12)

= Λ_b f^{ρν}_{;ρ}N_{[νσ]} (B.13) = 0. (B.14)

Appendix C. Variational Derivatives With a Contraction-Symmetric Field

The variational derivative of a Lagrangian density with respect to a field with symmetry properties has the same number of independent components as the field. In order to write the variational derivative as a tensor density, these components must be embedded into a tensor density with similar symmetry properties. For a field which is contraction-symmetric (^∘Γ^λ_{[μλ]} = 0), this can be done by making an artificial substitution into the Lagrangian density before performing the derivative of the form

∘Γ^α_{σμ} = Γ́^α_{σμ} =^∘Γ^α_{σμ} +

(Ω+1) (n−1) δ^α_σ^∘Γ^λ_{[μλ]} +

(Ω−1) (n−1) δ^α_μ^∘Γ^λ_{[σλ]}. (C.1)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 31

Here Ω is an arbitrary constant. In the following calculations we will use the definition, ΔL Δ^∘Γ^β_{τρ} = ∂L ∂^∘Γ^β_{τρ} − ( ∂L ∂^∘Γ^β_{τρ,ω} ) , ω ... . (C.2) Then the variational derivative is δL δ^∘Γ^β_{τρ} = ∂L ∂Γ́^α_{σμ} ∂Γ́^α_{σμ} ∂^∘Γ^β_{τρ} − ( ∂L ∂Γ́^α_{σμ,ν} ∂Γ́^α_{σμ,ν} ∂^∘Γ^β_{τρ,ω} ) , ω ... (C.3) = ΔL Δ^∘Γ^β_{τρ} + (Ω+1) (n−1) ΔL Δ^∘Γ^α_μ δ^τ_{[μ}δ^ρ_{β]} +

(Ω−1) (n−1) ΔL Δ^∘Γ^α_{σα} δ^τ_{[σ} δ^ρ_{β]}. (C.4)

Here, index contractions occur after the derivatives. This variational derivative has the same number of independent components as^∘Γ^β_{τρ} for any Ω. This can be seen because the following relationship holds, 2 (1+Ω) δL δ^∘Γ^α_{τα} = 2 (1−Ω) δL δ^∘Γ^α_τ = ΔL Δ^∘Γ^α_τ + ΔL Δ^∘Γ^α_{τα}

. (C.5)

Again, index contractions occur after the derivatives. When the variational derivative is set to zero, the same field equations result for any Ω. As examples, Ω = 0 causes the variational derivative to be contraction-symmetric, and Ω = 1 requires δL/δ^∘Γ^β_ρ = 0. For Ω = 1 we obtain the useful result δL δ^∘Γ^β_{τρ} − δ^ρ_β (n−1) δL δ^∘Γ^α_{τα} = ΔL Δ^∘Γ^β_{τρ} + 2δ^τ_{[μ}δ^ρ_{β]} (n−1) ΔL Δ^∘Γ^α_μ − δ^ρ_β (n−1) ( ΔL Δ^∘Γ^α_τ + ΔL Δ^∘Γ^α_{τα} ) (C.6)

= ΔL Δ^∘Γ^β_{τρ} − δ^τ_β (n−1) ΔL Δ^∘Γ^α_ρ − δ^ρ_β (n−1) ΔL Δ^∘Γ^α_{τα}

. (C.7)

This quantity is a manifestly contraction-symmetric, and the field equations associated with a contraction-symmetric field can be obtained by setting it to zero.

Appendix D. Approximation of^∘Γ^α_{σμ} in Terms of g_{σμ} and f_{σμ}

Here we prove (64-67) using a method similar to [16] but with the metric (5). First let us define Ῡ^α_{σμ} = Υ^α_{(σμ)}, Υ̂^α_{σμ} = Υ^α_{[σμ]} and repeat (64,62,38,58),

∘Γ^α_{σμ} = Γ^α_{σμ} + Υ^α_{σμ} , Γ^α_{σμ} = 1 2 g^{αν} (g_{μν,σ} + g_{νσ,μ} − g_{σμ,ν} ) , g^{μσ}_{;α} = 0, (D.1) ∘Γ^ν_α = ( √ −N )_{,α} √ −N , N = det(N_{··}) , Γ^ν_α = ( √ −g)_{,α} √ −g , g = det(g_{··}). (D.2) These equations and (60,6,5) give 0 = √ −N √ −g (N^{⊣μσ}_{,α} +^∘Γ^σ_{τα}N^{⊣μτ} +^∘Γ^μ_{ατ} N^{⊣τσ}) (D.3) = (√ −N N^{⊣μσ} √ −g ) ,α + √ −N √ −g (^∘Γ^σ_{τα}N^{⊣μτ} +^∘Γ^μ_{ατ} N^{⊣τσ} − (^∘Γ^ν_α −Γ^ν_α)N^{⊣μσ} ) (D.4)

= (g^{σμ} + f^{σμ} )_{;α} + Υ^σ_{τα}(g^{τμ} + f^{τμ} ) + Υ^μ_{ατ} (g^{στ} + f^{στ} ) − Υ^ν_α(g^{σμ} + f^{σμ}) (D.5) = f^{σμ}_{;α} + Υ^σ_{τα}g^{τμ} + Υ^σ_{τα}f^{τμ} + Υ^μ_{ατ} g^{στ} + Υ^μ_{ατ} f^{στ} − Υ^ν_αg^{σμ} − Υ^ν_αf^{σμ}. (D.6) Contracting this with g_{μσ} gives

0 = (2 − n)Υ^ν_α − 2Υ̂^ν_{ατ} f^τ_ν ⇒ Υ^ν_α = 2 (n−2) Υ̂_{ντα}f^{τν} . (D.7)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 32

Lowering the indices of (D.6) and making linear combinations of its permutations gives Υ_{ασμ} = Υ_{ασμ} + 1 2 (f_{σμ;α} +Υ_{σμα} +Υ_{στα}f^τ_μ +Υ_{μασ} +Υ_{ματ} f_σ^τ −Υ^ν_αg_{σμ} −Υ^ν_αf_{σμ}) − 1 2 (f_{μα;σ} +Υ_{μασ} +Υ_{μτσ} f^τ_α +Υ_{ασμ} +Υ_{αστ} f_μ^τ −Υ^ν_σ g_{μα} −Υ^ν_σ f_{μα}) − 1 2 (f_{ασ;μ} +Υ_{ασμ} +Υ_{ατμ}f^τ_σ +Υ_{σμα} +Υ_{σμτ} f_α^τ −Υ^ν_μg_{ασ} −Υ^ν_μf_{ασ}) (D.8)

= Υ̂_{[αμ]τ} f^τ_σ + Υ̂_{[ασ]τ} f^τ_μ + Υ̂_{(σμ)τ} f^τ_α − 1 2 Υ^ν_αg_{μσ} + Υ^ν_{(μ}g_{σ)α} − Ῡ_{(αμ)τ} f^τ_σ + Ῡ_{(ασ)τ} f^τ_μ + Ῡ_{[σμ]τ} f^τ_α + 1 2 Υ^ν_αf_{μσ} − Υ^ν_{[μ}f_{σ]α} + 1 2 (f_{σμ;α} + f_{αμ;σ} − f_{ασ;μ}). (D.9) In this equation, Ῡ_{ασμ} is on the first line, and Υ̂_{ασμ} is on the following lines. This is an exact equation, and is completely equivalent to (D.3). The small-skew approximation will now be used. The left side of (D.9) has no f’s in it, so one could potentially solve for ever more accurate Υ_{ασμ} by recursively substituting the equation into itself. However, the faster method is to recursively substitute Ῡ_{ασμ} into Υ̂_{ασμ}, then Υ̂_{ασμ} into Ῡ_{ασμ}. A single iteration will be sufficient for our purposes. From (D.9,D.7) we have to order f^2,

Υ̂_{ασμ} ≈ 1 2 (f_{σμ;α} + f_{αμ;σ} − f_{ασ;μ}) , Υ̂_{(ασ)μ} ≈ −f_{μ(σ;α)} , Υ̂_{[ασ]μ} ≈ 1 2 f_{σα;μ}, (D.10) Υ^ν_α ≈ 1 (n−2) f_{τν;α}f^{τν} ≈ −1 2(n−2) ℓ_{,α} , ℓ = f^{τν} f_{ντ} . (D.11)

Substituting these equations into Ῡ_{ασμ} gives

Ῡ_{ασμ} ≈ 1 2 f_{μα;τ} f^τ_σ + 1 2 f_{σα;τ} f^τ_μ −f_{τ(μ;σ)} f^τ_α + 1 2(n−2) ( 1 2 ℓ_{,α}g_{μσ} − ℓ_{,(μ}g_{σ)α} ) . (D.12)

Raising the indices on (D.12,D.10) gives the order f^2 result,

Ῡ^α_{σμ} ≈ f^τ_{(σ}f_{μ)}^α_{;τ} + f^{ατ} f_{τ(σ;μ)} + 1 4(n−2) ( ℓ_,^αg_{σμ} − 2 ℓ_{,(σ}δ^α_{μ)}), (D.13)

Υ̂^α_{σμ} ≈ 1 2 (f_{σμ;}^α + f^α_{μ;σ} − f^α_{σ;μ}). (D.14)

Appendix E. Approximation of N_{σμ} in Terms of g_{σμ} and f_{σμ}

Here we will prove (68) and (69). The small-skew approximation will be used extensively, and all calculations will implicitly be done to order f^2. As a preliminary calculation, note that for a mixed dyadic M^α_τ and its inverse M^{⊣β}_α, 0 = ∂(M^{⊣β}_αM^α_τ ) ∂M^μ_ν = ∂M^{⊣β}_α ∂M^μ_ν M^α_τ + M^{⊣β}_α ∂M^α_τ ∂M^μ_ν (E.1) = ∂M^{⊣β}_α ∂M^μ_ν M^α_τ + M^{⊣β}_μδ^ν_τ (E.2) ⇒ ∂M^{⊣β}_α ∂M^μ_ν = −M^{⊣β}_μM^{⊣ν}_α. (E.3)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 33

Using this result, the quantity ln(det(M^·_· + ΔM^·_·)) may be expanded into a power series about ln(det(M^·_·)) = lnM . ln(det(M^·_· +ΔM^·_·)) = lnM + ∂(lnM ) ∂M^α_β ΔM^α_β + 1 2 ∂^2(lnM ) ∂M^μ_ν ∂M^α_β ΔM^α_βΔM^μ_ν ... (E.4)

= lnM + M^{⊣β}_αΔM^α_β + 1 2 ∂M^{⊣β}_α ∂M^μ_ν ΔM^α_β ΔM^μ_ν ... (E.5) = lnM + M^{⊣β}_αΔM^α_β − 1 2 M^{⊣β}_μM^{⊣ν}_αΔM^α_β ΔM^μ_ν ... . (E.6)

From (6,5) we have √ −N √ −g N^{⊣ασ} = √ −N √ −g (N^{⊣(ασ)} + N^{⊣[ασ]}) = g^{σα} + f^{σα}, (E.7) √ −N √ −g N^{⊣ασ}g_{μα} = δ^σ_μ + f^σ_μ. (E.8)

Taking ln(det()) of both sides using (E.6) and ℓ = f^ν_μf^μ_ν gives ln ( N^{(n/2−1)} g^{(n/2−1)} ) = (n−2) ln (√ −N √ −g ) ≈ − 1 2 f^ν_μf^μ_ν (E.9) ⇒ ln (√ −N √ −g ) ≈ − 1 2(n−2) ℓ. (E.10)

Taking e^x of both sides and using e^x ≈ 1 + x gives √ −N √ −g ≈ exp ( − 1 2(n−2) ℓ ) ≈ 1 − 1 2(n−2) ℓ, (E.11) √ −g √ −N ≈ 1 + 1 2(n−2) ℓ. (E.12)

This together with (E.7) gives N^{⊣ασ} = √ −g √ −N (g^{σα} + f^{σα}) ≈ g^{σα} + f^{σα} + g^{σα} 1 2(n−2) ℓ. (E.13)

The inverse of this expression can be found by inspection of the following, δ^α_μ ≈ ( g^{σα} + f^{σα} + g^{σα} 1 2(n−2) ℓ ) ( g_{σμ} + f_{σμ} + f_σ^νf_{νμ} − 1 2(n−2) g_{σμ} ℓ ) . (E.14)

Therefore, we have the order f^2 result, N_{σμ} ≈ g_{σμ} + f_{σμ} + f_σ^ν f_{νμ} − 1 2(n−2) g_{σμ} ℓ, (E.15) N_{(σμ)} ≈ g_{σμ} + f_σ^ν f_{νμ} − 1 2(n−2) g_{σμ} ℓ, (E.16)

N_{[σμ]} ≈ f_{σμ}. (E.17)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 34

Appendix F. Derivation of the Field Equations From the Order f^2 Lagrangian Density

The order f^2 Maxwell equations (119,120) can be derived by setting to zero the variational derivative of the order f^2 Lagrangian density (150) with respect to A_ν. Using (160,159,105,112,150) gives

0 = − 1 Λ_b δL_2 δA_ν = − √ −gf^{σμ} δ–F_{μσ} δA_ν = ( 2 √ −gf^{σμ} ∂A_{[σμ]} ∂A_{ν,ω} ) ,ω = 2( √ −gf^{νω})_{,ω} . (F.1)

This is Ampere’s law (49), and from (114,118) we get Maxwell’s equations (119,120) as before.

The order f^2 Proca equation (125) can be derived by setting to zero the variational derivative of the order f^2 Lagrangian density (150) with respect to ϑ_ν. Using (160,159,105, 112,114,150) gives

0 = − 1 Λ_b δL_2 δϑ_ν (F.2) = − √ −gf^{σμ} δ–F_{μσ} δϑ_ν + √ −g 4Λ_bϑ^ν (F.3) = ( √ −gf^{σμ} ∂(ε_{μσ}^{ρτ} ϑ_{ρ,τ} ) ∂ϑ_{ν,ω} ) ,ω + √ −g 4Λ_bϑ^ν (F.4) = ( √ −gf^{σμ}ε_{μσ}^{νω})_{,ω} + √ −g 4Λ_bϑ^ν (F.5) = 2( √ −gA_{μ,σ}ε^{μσνω} )_{,ω} + ( √ −g (ε^{σμρτ} ϑ_{ρ,τ} + f̃^{σμ})ε_{μσ}^{νω})_{,ω} + √ −g 4Λ_bϑ^ν (F.6) = 2 √ −g(A_{μ,σ}ε^{μσνω} )_{;ω} + 4( √ −gϑ^{[ν}_;^{ω]})_{,ω} + √ −g(f̃_{σμ}ε^{μσνω})_{;ω} + √ −g 4Λ_bϑ^ν (F.7) = 4 √ −g ϑ^{[ν}_;^{ω]}_{;ω} + √ −gf̃_{[σμ,ω]} ε^{μσνω} + √ −g 4Λ_bϑ^ν (F.8) = 4 √ −g [ϑ^{[ν}_;^{ω]}_{;ω} − Λ_bϑ̃^ν + Λ_bϑ^ν]. (F.9) This is (122), and from (122-125) we get the Proca equation (125) as before.

The order f^2 Einstein equations (97) can be derived by setting to zero the variational derivative of the order f^2 Lagrangian density (150) with respect to g_{σμ}. First we will deal with the Ć_{λραν} term in (160,159). From (105,103) we have f^{λρ}f^{αν} δĆ_{λραν} = f^{λρ}f^{αν} δ(R_{λραν} − g_{λ[α}R_{ν]ρ} + g_{ρ[α}R_{ν]λ}) (F.10) = f_τ^ρf^{αν} δ(R^τ_{ραν} −2δ^τ_αR_{νρ}) + f^{λρ}f^{αν} δg_{λτ} (R^τ_{ραν} − 2δ^τ_αR_{νρ}) (F.11) = f_τ^ρf^{αν} δ(R^τ_{ραν} −2δ^τ_αR_{νρ}) + 2δg_{λτ} f^{λρ}f^{ατ}_{;ρ;α}. (F.12) To calculate f_τ^ρf^{αν} δ(R^τ_{ραν} − 2δ^τ_αR_{νρ}) we will assume locally geodesic coordinates where Γ^ρ_{σμ} = 0. With this method, terms with a Γ^ρ_{σμ} factor can be ignored, and covariant derivatives are equivalent to ordinary derivatives, as long as they are not inside a derivative. Then using (22,23) gives f_τ^ρf^{αν} δ(R^τ_{ραν} −2δ^τ_αR_{νρ}) = 2f_τ^ρf^{αν} δΓ^τ_{ρ[ν,α]} + 4 ℓ^{ρν} δΓ^α_{ν[ρ,α]} (F.13) = 2f_τ^ρf^{αν} δΓ^τ_{ρν,α} + 2 ℓ^{ρν} δΓ^α_{νρ,α} − 2 ℓ^{ρν} δΓ^α_{να,ρ} (F.14) = 2f_τ^ρf^{αν} (δΓ^τ_{ρν} )_{;α} + 2 ℓ^{ρν} (δΓ^α_{νρ})_{;α} − 2 ℓ^{ρν} (δΓ^α_{να})_{;ρ} (F.15) = 2(f_τ^ρf^{αν} δΓ^τ_{ρν} )_{;α} + 2( ℓ^{ρν} δΓ^α_{νρ})_{;α} − 2( ℓ^{ρν} δΓ^α_{να})_{;ρ} − 2(f_τ^ρf^{αν} )_{;α}δΓ^τ_{ρν} − 2 ℓ^{ρν}_{;α}δΓ^α_{νρ} + 2 ℓ^{ρν}_{;ρ}δΓ^α_{να}, (F.16) where ℓ^{ρν} = f^ρ_τ f^{τν} . (F.17)

Einstein-Schrödinger theory in the presence of zero-point fluctuations 35

The first line of (F.16) is the divergence of a vector, so assuming that δΓ^α_{νρ} = 0 on the boundary of integration, these terms can be dropped. Substituting the Christoffel connection (62) into the remaining terms gives f_τ^ρf^{αν} δ(R^τ_{ραν} −2δ^τ_αR_{νρ}) = −(f_τ^ρf^{αν} )_{;α}g^{τβ} (δg_{νβ,ρ} + δg_{βρ,ν} − δg_{ρν,β}) − ℓ^{ρν}_{;α}g^{αβ} (δg_{ρβ,ν} + δg_{βν,ρ} − δg_{νρ,β}) + ℓ^{ρν}_{;ρ}g^{αβ}(δg_{αβ,ν} + δg_{βν,α} − δg_{να,β}) (F.18) = −(f^{βρ} f^{αν} )_{;α}2δg_{νβ,ρ} − ℓ^{ρν}_;^β(2δg_{ρβ,ν} − δg_{νρ,β}) + ℓ^{ρν}_{;ρ}g^{αβ} δg_{αβ,ν} (F.19) = −(f^{βρ} f^{αν} )_{;α}2(δg_{νβ})_{;ρ} − ℓ^{ρν}_;^β(2(δg_{ρβ} )_{;ν} − (δg_{νρ})_{;β}) + ℓ^{ρν}_{;ρ}g^{αβ}(δg_{αβ})_{;ν} (F.20) = −2((f^{βρ} f^{αν} )_{;α}δg_{νβ})_{;ρ} − 2( ℓ^{ρν}_;^βδg_{ρβ} )_{;ν} + ( ℓ^{ρν}_;^β δg_{νρ})_{;β} + ( ℓ^{ρν}_{;ρ}g^{αβ}δg_{αβ})_{;ν} + 2(f^{βρ}f^{αν} )_{;α;ρ}δg_{νβ} + 2 ℓ^{ρν}_;^β_{;ν} δg_{ρβ} − ℓ^{ρν}_;^β_{;β} δg_{νρ} − ℓ^{ρν}_{;ρ;ν} g^{αβ} δg_{αβ}. (F.21) The first line of (F.21) is the divergence of a vector, so assuming that δg_{σμ} = 0 on the boundary of integration, these terms can be dropped. Using (F.21,F.12,160,159,112, 109,E.3,142,144,104,150) and assuming a covariant ϑ_ρ, the terms of δL_2/δg_{σμ} are then − 1 2 f^{λρ}f^{αν} δĆ_{λραν} δg_{σμ} = − 1 2 ((f^{μρ}f^{ασ} )_{;α;ρ} + (f^{σρ} f^{αμ})_{;α;ρ} + ℓ^{σν}_;^μ_{;ν} + ℓ^{μν}_;^σ_{;ν}

− ℓ^{μσ}_;^β_{;β} − ℓ^{ρν}_{;ρ;ν} g^{σμ} + f^{σρ} f^{αμ}_{;ρ;α} + f^{μρ}f^{ασ}_{;ρ;α} ) , (F.22) Λ_b 2 ( 2f^{αρ} δ–F_{ρα} δg_{σμ} ) = Λ_b(f^{σρ} ε_ρ^{μτν} ϑ_{τ, ν} + f^{μρ} ε_ρ^{στν} ϑ_{τ, ν} ) − Λ_b 2 g^{σμ}f^{αρ} ε_{ρα}^{τν} ϑ_{τ, ν}(F.23) = − 3 2 f^σ_ρ f^{[ρμ}_;^{ν]}_{; ν} − 3 2 f^μ_ρ f^{[ρσ}_;^{ν]}_{; ν} + 3 4 g^{σμ}f_{αρ}f^{[ρα}_;^{ν]}_{; ν}, (F.24)

− 2Λ^2_b δ(ϑ^ρϑ_ρ) δg_{σμ} = 2Λ^2_bϑ^σϑ^μ = 9 4 g^{σρ}f_{[νβ;ρ]}f^{[νβ}_;^{μ]} + 2Λ^2_b g^{σμ}ϑ^ρϑ_ρ (F.25) = 1 4 (f_{νβ;}^σ +2f^σ_{ν;β})(f^{νβ}_;^μ +f^{μν}_;^β +f^{βμ}_;^ν ) + 2Λ^2_b g^{σμ}ϑ^ρϑ_ρ (F.26) = 1 4 f_{νβ;}^σ f^{νβ}_;^μ + 1 2 f_{νβ;}^σ f^{βμ}_;^ν + 1 2 f^σ_{ν;β}f^{νβ}_;^μ + 1 2 f^σ_{ν;β} f^{μν}_;^β + 1 2 f^σ_{ν;β}f^{βμ}_;^ν − 1 4 g^{σμ}f_{νβ; α}f^{νβ}_;^α − 1 2 g^{σμ}f_{νβ; α}f^{αν}_;^β, (F.27)

− 2Λ^2_b 1 √ −g δ √ −g δg_{σμ} ϑ^ρϑ_ρ = − Λ^2_b g^{σμ}ϑ^ρϑ_ρ = 3 8 g^{σμ}f_{[νβ; α]}f^{[νβ}_;^{α]}, (F.28)

Λ_b 2 ( 1 √ −g δ √ −g δg_{σμ} f^{αρ}–F_{ρα} ) = Λ_b 4 g^{σμ}f^{αρ}–F_{ρα} (F.29) = Λ_b 4 g^{σμ}f^{αρ} ( f_{ρα} − 1 Λ_b f^{τν} Ć_{τνρα} ) (F.30) = Λ_b 4 g^{σμ}f^{αρ}f_{ρα} − 1 2 g^{σμ}f^{αρ}f^β_{[ρ;α];β} , (F.31)

Λ_b 2 f^{λρ}f^{αν} δ(g_{λ[α}g_{ν]ρ}) δg_{σμ} =Λ_bf^{σρ}f^μ_ρ, (F.32) 1 √ −g δ( √ −g((n−2)Λ+R)) δg_{σμ} = (n − 2) 2 Λg^{σμ} − G^{σμ}. (F.33)

Setting the sum of these terms to zero and applying Ampere’s law (49) yields the order f^2 Einstein equations (97).

Einstein-Schrödinger theory in the presence of zero-point fluctuations 36

References

[1] E. Schrödinger, Proc. Royal Irish Acad. 51A (1947) 163. [2] E. Schrödinger, Proc. Royal Irish Acad. 51A (1948) 205. [3] E. Schrödinger, Proc. Royal Irish Acad. 52A (1948) 1.

[4] E. Schrödinger, Space-Time Structure (Cambridge Press, London, 1950) p 93,108,112. [5] A. Einstein and E. G. Straus, Ann. Math. 47 (1946) 731. [6] A. Einstein, Rev. Mod. Phys. 20 (1948) 35. [7] A. Einstein, Can. J. Math. 2 (1949) 120.

[8] A. Einstein and B. Kaufman, Ann. Math. 62 (1955) 128.

[9] A. Einstein, The Meaning of Relativity, 5th edition, revised (Princeton University Press, Princeton NJ, 1956).

[10] A. Einstein, L. Infeld, and B. Hoffmann, Ann. Math. 39 (1937) 65. [11] A. Einstein and L. Infeld, Canad. J. Math. 1 (1949) 209. [12] P. R. Wallace, Am. J. Math. 63 (1941) 729. [13] L. Infeld and P. R. Wallace, Phys. Rev. 57 (1940) 797. [14] C. R. Johnson, Phys. Rev. D 31 (1985) 1236. [15] J. Callaway, Phys. Rev. 92 (1953) 1567. [16] L. Infeld, Acta Phys. Pol. X (1950) 284.

[17] D. N. Spergel and et.al., Ap. J. Suppl. 148 (2003) 175 [arXiv:astro-ph/0302209]. [18] C. Pryke and et.al., Ap. J. 568 (2002) 46 [arXiv:astro-ph/0104490]. [19] S. Perlmutter and et.al., Ap. J. 517 (1999) 565 [arXiv:astro-ph/9812133]. [20] W. L. Freedman and et.al., Ap. J. 553 (2001) 47 [arXiv:astro-ph/0012376]. [21] A. Einstein, Sitzungsberichte der Preussischen Akademie der Wissenschaften 22 (1925) 414. [22] A. Einstein, Ann. Math. 46 (1945) 578. [23] B. Kurşunoğlu, Phys. Rev. 88 (1952) 1369. [24] W. B. Bonnor, Proc. R. Soc. A226 (1954) 366. [25] J. W. Moffat and D. H. Boal, Phys. Rev. D 11 (1974) 1375. [26] J. W. Moffat, J. Math. Phys. 36, (1995) 3722. [27] J. W. Moffat, Phys. Rev. D 19, (1979) 3554. [28] P. F. Kelly, Class. Quantum Grav. 8, (1991) 1217. [29] P. F. Kelly and R. B. Mann, Class. Quantum Grav. 3, (1986) 705. [30] P. F. Kelly and R. B. Mann, Class. Quantum Grav. 4, (1987) 1593. [31] H.-H. v. Borzeszkowski and H.-J. Treder, Gen. Rel. Grav. 28 (1996) 1. [32] H.-H. v. Borzeszkowski and H.-J. Treder, Gen. Rel. Grav. 29 (1997) 455. [33] H.-H. v. Borzeszkowski and H.-J. Treder, Gen. Rel. Grav. 34 (2002) 1909. [34] H.-H. v. Borzeszkowski and et. al., Foun. Phys. 32 (2002) 1701. [35] S. Antoci, Gen. Rel. Grav. 23 (1991) 47 [arXiv:gr-qc/0108052]. [36] J. Hély, C. R. Acad. Sci. (Paris) 239 (1954) 385. [37] H.-J. Treder, Annalen der Physik 19 (1957) 369. [38] C. R. Johnson and J. R. Nance, Phys. Rev. D 15 (1977) 377. [39] C. R. Johnson, Phys. Rev. D 31 (1985) 1252.

[40] V. V. Narlikar, and B. R. Rao, Proc. Nat. Inst. Sc. India 21A (1953) 409. [41] M. Wyman, Can. J. Math. 2 (1950) 427. [42] R. Tiwari and D. N. Pant, J. Phys. A 5 (1972) 394. [43] K. Borchsenius, Nuovo Cimento 46A (1978) 403. [44] J. A. Shifflett, arXiv:gr-qc/0403052. [45] J. A. Shifflett, arXiv:gr-qc/0411016.

[46] M. Born and L. Infeld, Proc. Roy. Soc. A144 (1934) 425.

[47] S. Deser and G. W. Gibbons, Class. Quant. Grav. 15 (1998) L35 [arXiv:hep-th/9803049]. [48] E. S. Fradkin and A. A. Tseytlin, Phys. Lett. B163 (1985) 123.

[49] G. W. Gibbons and C. A. R. Herdeiro, Phys. Rev. D 63 (2001) 064006 [arXiv:hep-th/0008052]. [50] W. Greiner, Relativistic Quantum Mechanics - Wave Equations (Springer-Verlag, Berlin, 1997) p 360,375.

[51] A. Proca, Le Journal de Physique et le Radium 7 (1936) 347.

[52] V. Sahni and A. Starobinsky, Int. J. Mod. Phys. D9 (2000) 373 [arXiv:astro-ph/9904398]. [53] A. D. Sakharov, Sov. Phys. Doklady 12 (1968) 1040.

[54] A. H. Guth, The Inflationary Universe (Perseus, Reading, Massachusetts, 1997). [55] S. E. Rugh and H. Zinkernagel, arXiv:astro-ph/0105130. [56] S. Antoci, Prog. Theor. Phys. 83 (1990) 953. [57] S. Antoci, Prog. Theor. Phys. 85 (1991 1223.

Einstein-Schrödinger theory in the presence of zero-point fluctuations 37

[58] S. Antoci, Annales de la Fondation Louis de Broglie 21 (1996) 11. [59] P. J. E. Peebles and B. Ratra, arXiv:astro-ph/0207347. [60] S. Weinberg, arXiv:astro-ph/9610044.

[61] J. P. Ostriker and P. J. Steinhardt, Sci. Am. 284 (2001) 46.

[62] I. Zlatev, L. Wang, and P. J. Steinhardt, Phys. Rev. Lett. 82 (1999) 896 [astro-ph/9807002]. [63] N. Straumann, arXiv:astro-ph/0203330. [64] M. S. Turner, arXiv:astro-ph/9904049.

[65] S. M. Carroll, W. H. Press, and E. L. Turner, Annu. Rev. Astron. Astrophys. 30 (1992) 499. [66] T. Padmanabhan, Phys. Rept. 380 (2003) 235 [arXiv:hep-th/0212290]. [67] M. A. Tonnelat, C. R. Acad. Sci. 239 (1954) 231.

[68] R. Adler, M. Bazin, and M. Schiffer, Introduction to General Relativity (McGraw-Hill, New York, 1975) p 87.

[69] T. Damour, S. Deser, and J. McCarthy, Phys. Rev. D 45 (1992) R3289. [70] T. Damour, S. Deser, and J. McCarthy, Phys. Rev. D 47 (1993) 1541 [arXiv:gr-qc/9207003]. [71] N. J. Cornish and J. W. Moffat, Phys. Rev. D 47 (1993) 4421 [arXiv:gr-qc/9207007]. [72] C. M. Will, Phys. Rev. Lett. 62 (1989) 369. [73] Z. Zhou and M. P. Haugan, Phys. Rev. D 45 (1992) 3336.

[74] M. D. Gabriel, M. P. Haugan, R. B. Mann and J. H. Palmer, Phys. Rev. D 67 (1991) 2123. [75] M.E. Peskin, D.V. Schroeder, An Introduction to Quantum Field Theory (Westview Press, 1995) p 790-791,394,402.

[76] T. Padmanabhan, Class. Quantum Grav. 19 (2002) 3551. [77] T. Padmanabhan, Gen. Rel. Grav. 17 (1985) 215.

[78] A. Ashtekar and C. Rovelli and L. Smolin, Phys. Rev. Let. 69 (1992) 237. [79] L. Smolin, Sci. Am. 290 (2004) 1.

[80] D. Amati and M. Ciafaloni and G. Veneziano, Phys. Let. B 216 (1989) 41. [81] A. Papapetrou, Proc. Royal Irish Acad. 52A (1948) 69. [82] H. Takeno, M. Ikeda, and S. Abe, Prog. Theor. Phys. VI (1951) 837. [83] H. Reissner, Ann. d. Phys. (Leipzig) 50 (1916) 106. [84] A. Nordstrom, Proc. Kon. Ned. Akad. Wet. 20 (1918) 1238. [85] J. Voros, Aust. J. Phys. 48 (1995) 45 [arXiv:gr-qc/9504047]. [86] K. Nishijima, Fields and Particles (W. A. Benjamin Inc., New York, 1969). [87] G. Wentzel, Quantum Theory of Wave Fields (Interscience, New York, 1949). [88] M. Kaku, Quantum Field Theory (Oxford University Press, New York, 1993) p 215. [89] G. Gamow, My World Line (Viking Press, New York, 1970) p 44.