arXiv:gr-qc/0312051 v2 24 May 2004

Nonlinear coupled Alfvén and gravitational waves

Andreas Källberg,^∗ Gert Brodin,^† and Michael Bradley^‡ Department of Physics, Umeå University, SE-901 87 Umeå, Sweden (Dated: May 24, 2004)

In this paper we consider nonlinear interaction between gravitational and electromagnetic waves in a strongly magnetized plasma. More specifically, we investigate the propagation of gravitational waves with the direction of propagation perpendicular to a background magnetic field, and the coupling to compressional Alfvén waves. The gravitational waves are considered in the high frequency limit and the plasma is modelled by a multifluid description. We make a self-consistent, weakly nonlinear analysis of the Einstein-Maxwell system and derive a wave equation for the coupled gravitational and electromagnetic wave modes. A WKB-approximation is then applied and as a result we obtain the nonlinear Schrödinger equation for the slowly varying wave amplitudes. The analysis is extended to 3D wave pulses, and we discuss the applications to radiation generated from pulsar binary mergers. It turns out that the electromagnetic radiation from a binary merger should experience a focusing effect, that in principle could be detected.

PACS numbers: 04.30.Nk, 52.35.Mw, 95.30.Sf

I. INTRODUCTION

Recently much work has been devoted to the study of gravitational waves, largely due to the increased possibility of detection by facilities in operation such as LIGO (Laser Interferometer Gravitational Wave Observatory), or by ambitious detector projects under development such as LISA (Laser Interferometer Space Antenna) [1]. The possibility of interaction between electromagnetic and gravitational fields has also led to alternative proposals for gravitational wave detectors, see e.g. Refs. [2]-[3] and references therein. Closer to the source, in an astrophysical context, the gravitational waves often propagate in a plasma medium, and the amplitudes can be much larger, which increases the number of possible interaction mechanisms, see e.g. Refs. [4]-[22]. Linear gravitational wave theory in a magnetized plasma has been studied by for example Refs [4]-[5], including the backreaction from the plasma on the gravitational wave. In Refs. [6]-[9] the authors have studied nonlinear responses to the gravitational wave by the plasma medium, although the backreaction has been neglected. The nonlinear response gives raise to effects such as parametric instabilities [7, 9, 11, 12], large density fluctuations [8, 10] and photon acceleration [8]. The application of gravitational wave processes to astrophysics has been discussed by for example Refs. [13]-[15], and to cosmology by Refs. [16]-[18]. A number of works studying nonlinear propagation of gravitational waves including the backreaction from the plasma have also been written, see e.g. [10, 11, 19].

In Refs. [20, 21] geometrical nonlinearities from the Einstein tensor were considered, and a nonlinear evolution equation was derived. However, it was found that the nonlinear coefficient was proportional to the small difference of the phase velocity and the velocity of light in vacuum. In the present paper we neglect nonlinearities from the Einstein tensor and instead focus on the nonlinear response from matter. In particular we consider coupled gravitational and electromagnetic waves propagating in a magnetized plasma, with the direction of propagation perpendicular to the background magnetic field. For this wave coupling to be efficient, the interaction should be (almost) resonant, i.e. the electromagnetic wave propagation velocity in the plasma should be close to the speed of light. This increases the interaction strength and allows us to neglect the effect of the background curvature, in comparison with the direct interaction with matter.

The plasma is modelled by a multifluid description, and we perform a self-consistent weakly nonlinear analysis of the Einstein-Maxwell system of equations for 1D spatial variations in the high-frequency limit. This system is reduced to a single nonlinear wave equation for the coupled gravitational and electromagnetic waves. We then apply a WKB-approximation to this wave equation, and it turns out that the slowly varying wave amplitude obey the wellknown nonlinear Schrödinger (NLS) equation [23]. In section IV B, the analysis is expanded to include a 3D spatial dependence, allowing us to consider diffraction and/or nonlinear self-focusing of the wave. For certain conditions

∗E-mail: andreas.kallberg@physics.umu.se †E-mail: gert.brodin@physics.umu.se ‡E-mail: michael.bradley@physics.umu.se

the sign of the nonlinear coefficient is of focusing type, which for sufficient initial amplitudes implies solutions that undergo wave collapse. The conditions for collapse and the possible applications to astrophysics are discussed.

II. OVERVIEW OF THE APPROXIMATION SCHEME

The problem treated in this paper contains a number of small parameters used in the different approximations and expansions made throughout the paper. The aim of this section is to give an overview of these parameters, at what stages of the calculations they are introduced, and to what order the expansions need to be made.

In section III, we introduce the small gravitational wave amplitudes, h_{+,×}, and in calculating Maxwell and fluid equations, (27)-(33), we only keep terms to O(h_{+,×}). However, for the case when the gravitational wave interacts with an almost resonant Alfvén wave, nonlinearities become important. The reason is that the resonance magnifies |δB|/|B_0| where δB and B_0 are the wave magnetic field and background magnetic field, respectively. The magnification is of the order |δB|/|B_0| ∼ h_+ω/δω where δω is the frequency mismatch as compared to the Alfvén mode. Therefore, we keep terms up to order O(|δB|^3/|B_0|^3), in the expansion of the wave equation (41), in order to obtain the nonlinear amplitude modulation. Other nonlinearities originating from the Einstein tensor and the effective currents in (7)-(12) will not be magnified due to the resonance, and may be neglected in our treatment, see also the discussion following Eq. (20).

Furthermore, in section III we introduce the high frequency approximation, valid for wavenumbers k ≫ 1/r_c, where r_c is a characteristic radius of curvature of the background. This condition may also be written as the small parameter κB^2_0 /k^2 ≪ 1, where κ = 8πG (we use units where c = μ_0 = ϵ_0 = 1). We have to keep terms to O(κB^2_0 /k^2), in order to include the weak coupling between the gravitational mode and the Alfvén mode.

In section IV we first use the approximations ∂_t ≈ −∂_z, except in the linear wave operators, in order to simplify our system of equations. This is justified in the high frequency approximation. Furthermore, we use ∂_t ≪ ω_c, i.e. we assume that the frequency of variations of fields is much smaller than the cyclotron frequency of all particle species in the plasma. In the expansion of Eq. (36), we must include terms to O(∂_t/ω_c). This is because the equations of motion to zeroth order in ∂_t/ω_c gives just the E × B drift of all particle species, and we must include terms of one order higher to obtain a nonzero current in the plasma.

Next, in section IV A, we introduce a weakly modulated wave (WKB-approximation), with the underlying assumption that the characteristic length scale for amplitude modulations obeys L_‖ ≫ λ. In deriving Eq. (50), we need terms to O(λ^2/L^2_‖) in order to include the dispersive term in (50). We also use 1/C^2_A ≪ 1, where C_A is the Alfvén velocity, and only keep terms to lowest non-vanishing order to simplify the equations. Then, in section IV B, we extend the problem to include small variations in the directions perpendicular to the direction of propagation. We apply the condition L_⊥ ≫ λ, where L_⊥ is the characteristic length for perpendicular variations. In subsequent calculations, we must keep terms to O(λ^2/L^2_⊥) to obtain the diffractive term in Eq. (67), see the discussion at the beginning of section IV B for more details.

The parameters in this section are in principle independent of each other, with the sole exception that δω/ω ∼ 1/C^2_A, which is our main motivation for considering the regime C^2_A ≫ 1. In addition to these parameters there are a few other small parameters introduced throughout the paper, but those quantities are related in different ways to the ones presented in this section, and the relations are explained in the text. The only restrictions on the parameters in this section, besides their smallness, is due to physical applicability, i.e. the values of the parameters should be chosen to fit environments close to emitters of reasonably strong gravitational waves. An example of such parameter values is presented in the final section.

III. BASIC EQUATIONS

The gravitational and electromagnetic fields are governed, respectively, by the Einstein field equations

G_{ab} = κT_{ab} (1)

and the Maxwell field equations

∇_aF^{ab} = j^b (2) ∇_aF_{bc} + ∇_bF_{ca} + ∇_cF_{ab} = 0 (3)

where G_{ab} is the Einstein tensor, T_{ab} is the energy-momentum tensor, F_{ab} is the electromagnetic field tensor, j^b is the 4-current density and ∇ denotes covariant differentiation. We use the spacelike signature (− + ++) for the metric.

For the plasma we use a multifluid description, where the plasma is seen as a number of charged fluids, one for each plasma species, and collisions between particles are neglected. The total energy-momentum tensor is then T_{ab} = T^{(fl)}_{ab} + T^{(em)}_{ab} . Here the fluid part is

T^{(fl)}_{ab} = ∑ s [ (μ_{(s)} + p_{(s)})u_{(s)a}u_{(s)b} + p_{(s)}g_{ab} ] (4) where μ_{(s)}, p_{(s)} and u_{(s)a} are the internal energy density, pressure and four-velocity for each plasma species, s, g_{ab} is the metric tensor and the electromagnetic part is

T^{(em)}_{ab} = F^c_a F_{bc} −^1_4 g_{ab}F^{cd}F_{cd} (5)

In the absence of collisions, the evolution equations for each fluid species can be written [24]

∇_bT^{ab}_{(s)} = F^{ab}j_{b(s)} (6)

as is consistent with Eq. (1)

With these preliminaries, we now follow the approach applied in Refs. [8, 9, 13, 19, 25, 26] and introduce an observer four-velocity, V^a, so that the electromagnetic field can be decomposed relative to this into an electric and a magnetic part, E_a = F_{ab}V^b and B_a =^1_2 ϵ_{abc}F^{bc} respectively. Here ϵ_{abc} = V^dϵ_{abcd} where ϵ_{abcd} is the 4-dimensional volume element with ϵ_{0123} = √ |det g_{ab}|. Next we introduce an orthonormal frame (ONF) with basis {e_a = e^μ_a ∂_xμ }, where e_0 = V = V^ae_a, (i.e. V^a = δ^a_0 ), and write the fluid 4-velocity as u^a = (γ, γv), where γ = (1 − v_αv^α)^{− 12} , α = 1, 2, 3, and v is the fluid three velocity. Dividing the four-current j^a = ∑ s q_{(s)}n_{(s)}u^a_{(s)} in the same manner, the

Maxwell equations (2, 3) and fluid equations (6) can be written [13, 19, 26]

∇ · E = ρ + ρ_E (7) ∇ · B = ρ_B (8) e_0E − ∇ × B = −j − j_E (9) e_0B + ∇ × E = −j_B (10) e_0(γn) + ∇ · (γnv) = Δn (11) (μ + p)(e_0 + v · ∇)γv = −γ^{−1}∇p − γv(e_0 + v · ∇)p + qn(E + v × B) + (μ + p)g (12)

where we have omitted the fluid species index, s, and it is understood that we have one pair of fluid equations (11, 12) for each plasma fluid species. We have introduced the 3-vector notation E ≡ (E^α) = (E^1, E^2, E^3) etc. and ∇ ≡ (e_1, e_2, e_3). The charge density is ρ = ∑ s q_{(s)}γn_{(s)} and n is the proper particle number density. The effective charges, currents and forces, originating from the inclusion of the gravitational field, are given by

ρ_E ≡ −Γ^α_{βα}E^β − ϵ^{αβγ} Γ^0_{αβ}B_γ (13) ρ_B ≡ −Γ^α_{βα}B^β + ϵ^{αβγ} Γ^0_{αβ}E_γ (14)

j_E ≡ [ −(Γ^α_{0β} − Γ^α_{β0})E^β + Γ^β_{0β}E^α − ϵ^{αβγ} (Γ^0_{β0}B_γ + Γ^δ_{βγ} B_δ ) ] e_α (15)

j_B ≡ [ −(Γ^α_{0β} − Γ^α_{β0})B^β + Γ^β_{0β}B^α + ϵ^{αβγ} (Γ^0_{β0}E_γ + Γ^δ_{βγ} E_δ) ] e_α (16)

Δn ≡ −γn(Γ^α_{0α} + Γ^α_{00}v_α + Γ^α_{βα}v^β ) (17) g ≡ −γ [ Γ^α_{00} + (Γ^α_{0β} + Γ^α_{β0})v^β + Γ^α_{βγ} v^β v^γ ] e_α (18)

where Γ^a_{bc} are the Ricci rotation coefficients associated with the tetrad {e_a}.

From now on we will assume that the plasma is cold, so that we can neglect the pressure terms in Eq. (12) and let μ_{(s)} = m_{(s)}n_{(s)}, where m_{(s)} is the mass of each particle species. We will also apply the high frequency approximation [27] for the gravitational waves. Thus we will assume that the background gravitational field and the unperturbed plasma and electromagnetic fields fulfill Einstein’s field equations (1), and we introduce perturbations to the metric, g_{μν} = g^{(0)}_{μν} + h_{μν} , (greek indices are coordinate indices), and to the energy-momentum tensor, T_{ab} = T^{(0)}_{ab} + δT_{ab}, which should then fulfill δG_{ab} = κδT_{ab} (19) where δG_{ab} is the (linearized) perturbation to the Einstein tensor caused by the metric perturbation.

It was recently shown by Ref. [19] that in the high frequency approximation the gravitational wave can be taken to be in the transverse and traceless (TT) gauge even in the presence of matter. In this gauge the metric of a linearized gravitational wave propagating in the z-direction is given by [28]

ds^2 = −dt^2 + (1 + h_+)dx^2 + (1 − h_+)dy^2 + 2h_×dxdy + dz^2 (20)

where h_+ ≡ h_+(z, t) and h_× ≡ h_×(z, t) denotes the two polarization modes of weak gravitational waves in the TTgauge, and |h_+|, |h_×| ≪ 1. The quantities h_+ and h_× differ from the corresponding quantities in the vacuum case, h_+ ≡ h_+(z − t), h_× ≡ h_×(z − t), because of the weak interaction with the plasma. However, this difference is very small, which will allow us to use ∂_t ≈ −∂_z in many of the subsequent approximations. We note that components of the metric tensor corresponding to the quadratically nonlinear contribution from the pseudo-energy momentum tensor, as well as higher order cubic nonlinearities are neglected in (20).The basic motivation for this is that we neglect nonlinearities from the Einstein tensor, and focus on the nonlinear response from matter. When determining the regime of validity for this approach, a couple of things should be noted

• As shown by Ref. [20], for uni-directional propagation of a weakly modulated plane wave in a flat background (in the absence of the gravitational wave), the nonlinearities in the Einstein tensor cancel up to cubic order as far as the evolution of the amplitude function is considered. (Although the background curvature due to the pseudo-energy momentum tensor of the wave is affected, this does not lead to amplitude modulations. We note that this result is consistent with the exact PP-wave solutions where the amplitude function is unaffected by the nonlinearities in the Einstein tensor, although the background curvature is modified due to the wave. )

• If the background in the absence of the gravitational wave is weakly curved (with a characteristic radius of curvature r_c fulfilling kr_c ≫ 1, where k is the gravitational wave number), nonlinearities in the Einstein tensor lead to amplitude modulations of the order of ∂_th_{+,×} ∼ ωh^3_{+,×}/(k^2r^2_c ), see Ref. [21].

• If there are wave perturbations in matter close to resonance (i.e. assuming a wave mode in matter fulfilling ω = k + δω, where δω ≪ ω), the matter response due to the gravitational wave is magnified. As will be shown below, for our case the nonlinear contribution, close to resonance, to the amplitude modulation scales as ∂_th_{+,×} ∼ κT_0h^3_{+,×}ω/δω^2, where T_0 is the magnitude of the background energy-momentum tensor. We note that the nonlinear matter response dominates over that associated with the combined effect of the background curvature and the Einstein tensor nonlinearities, provided k^{−2}r^{−2}_c ≪ κT_0/δω^2.

• Using the high-frequency approximation (kr_c ≫ 1, see [27, 29]) and assuming a weakly nonlinear response from matter, it is always possible to use the TT-gauge [19]. As far as the direct interaction with the medium is concerned, i.e. the contribution that is magnified due to the resonance, the background metric can then be considered as flat (i.e. g^{(0)}_{ab} = η_{ab}), see [29]

Next we choose our tetrad basis for the metric (20) as

e_0 = ∂_t , e_1 = (1 −^1_2 h_+)∂_x −^1_2 h_×∂_y , e_2 = (1 +^1_2 h_+)∂_y −^1_2 h_×∂_x , e_3 = ∂_z (21)

Using (20) and (21) in the linearized Einstein field equations (19), subtracting the_{11} and_{22}, and adding the_{12} and 21 components of the equations one gets [8, 19, 29] ( ∂^2_t − ∂^2_z ) h_+ = κ (δT_{11} − δT_{22}) (22) ( ∂^2_t − ∂^2_z ) h_× = κ (δT_{12} + δT_{21}) (23)

In the basis (21) the non-zero terms in (13)-(18) are

j_E = −^1_2 (E_1∂_th_+ + B_2∂_zh_+ + E_2∂_th_× − B_1∂_zh_×) e_1

+^1_2 (E_2∂_th_+ − B_1∂_zh_+ − E_1∂_th_× − B_2∂_zh_×) e_2 (24)

j_B = −^1_2 (B_1∂_th_+ − E_2∂_zh_+ + B_2∂_th_× + E_1∂_zh_×) e_1

+^1_2 (B_2∂_th_+ + E_1∂_zh_+ − B_1∂_th_× + E_2∂_zh_×) e_2 (25)

g = −^1_2 γ (v_1∂_th_+ + v_1v_3∂_zh_+ + v_2∂_th_× + v_2v_3∂_zh_×) e_1

+^1_2 γ (v_2∂_th_+ + v_2v_3∂_zh_+ − v_1∂_th_× − v_1v_3∂_zh_×) e_2

+^1_2 γ ( (v^2_1 − v^2)∂_zh_+ + 2v_1v_2∂_zh_× ) e_3 (26)

The generalization to a finite gravitational wave pulse width, i.e. including a weak spatial dependence perpendicular to the direction of propagation, leads to additional terms in (24)-(26) and (22)-(23). An outline of this case is found in section IV B.

IV. COUPLED ALFVÉN AND GRAVITATIONAL WAVES

In Ref. [8] a test fluid approach was taken to show that a gravitational wave can drive the amplitude of an electromagnetic wave to a nonlinear regime, and in Ref. [19] a linear analysis of the interaction between a gravitational wave and the extraordinary electromagnetic wave was made using the equations presented in section III. Here we intend to take a similar approach, but guided by the results in Ref. [8], we will include a nonlinear response of matter and fields, while still assuming the metric perturbation to remain small.

We assume the presence of a background magnetic field, B_0 = B_0e_1, and introduce the perturbations: n = n_0 + δn, B = (B_0 + B_x)e_1, E = E_ye_2 + E_ze_3 and v = v_ye_2 + v_ze_3 [30]. We also note that in the case of gravitational waves propagating in a magnetized plasma, with the magnetic field perpendicular to the direction of propagation, only the h_+-polarization part of the gravitational wave couples effectively [31] to the electromagnetic wave, see also Ref. [19]. Thus we put h_× = 0 in order to simplify the algebra. As in Ref. [8], we assume v_y ≪ 1, (because v_y ∼ h_+), and therefore neglect terms of the type v^2_y and v_yh_+, but we allow for v_z ∼ 1. We will also consider slow variations such that ∂_t ≪ ω_c ≡ qB_0/m for each plasma species. With these restrictions the Maxwell and fluid equations (7)-(12) can be reduced to the following set of equations [32]:

∂_zE_z = ∑ s qγ(n_0 + δn) (27)

∂_tE_y − ∂_z B_x = − ∑ s (qγ(n_0 + δn)v_y) −^1_2 E_y∂_th_+ +^1_2 (B_0 + B_x)∂_z h_+ (28)

∂_tE_z = − ∑ s qγ (n_0 + δn) v_z (29)

∂_tB_x − ∂_zE_y = −^1_2 E_y∂_z h_+ +^1_2 (B_0 + B_x)∂_th_+ (30) ∂_t (γ(n_0 + δn)) = −∂_z (γ(n_0 + δn)v_z) (31) ∂_t(γv_y ) + v_z ∂_z(γv_y ) =^q_m (E_y + v_z(B_0 + B_x)) (32) ∂_t(γv_z ) + v_z∂_z (γv_z ) =^q_m (E_z − v_y(B_0 + B_x)) (33)

and the linearized Einstein equations, (22)-(23), become

(∂^2_t − ∂^2_z )h_+ = κ(E^2_y − 2B_0B_x − B^2_x) (34)

For the electromagnetic wave to exchange energy effectively with the gravitational wave, the two waves must be almost resonant, so we will consider all perturbations to be of the form B_x ≈ B_x(z − t), which allows us to use ∂_t ≈ −∂_z in simplifying our system of equations. A certain care must be taken here though; this approximation may of course not be used directly in the operator (∂^2_t − ∂^2_z ). Equations (27)-(33) can then be reduced to

(∂^2_t − ∂^2_z )B_x + ∑ s m^2ω^2_p

q^2 ∂_z ( ∂_z(γv_z ) B_0 + B_x ) = ∂_t((B_x + E_y)∂_th_+) + B_0∂^2_t h_+ (35)

∂_t(γv_y ) + v_z∂_z(γv_y ) =^q_m (v_z(B_0 + B_x) + E_y) (36)

where ω_p = √ n_0q^2/m is the plasma frequency. In order to eliminate E_y we can start with the linearized version of Eq. (30). Using ∂_t ≈ −∂_z and integrating we obtain

E_y = −B_x +^1_2 B_0h_+ (37)

Re-inserting this into (30) we find that the equation is fulfilled to O(h_+), which means that we can use the expression (37) for E_y even when the electromagnetic amplitude is large, i.e. comparable to B_0.

We now make an expansion of Eq. (36) in the small parameter ∂_t/ω_c and use (37) to obtain v_z . The result is

v_z =

B_x −^1_2 B_0h_+ B_0 + B_x

+ O( ∂_t ω_c ) ≈ B_x B_0 + B_x

(38)

We see that v_z does not depend on the charge of the particles, but is the same for all particle species, which means that the z-component of the current is zero, and the current is in the y-direction. Inserting v_z, E_y and expanding the wave operator in Eq. (35) as ∂^2_t − ∂^2_z = (∂_t − ∂_z )(∂_t + ∂_z ) ≈ 2(∂_t + ∂_z )∂_t we are left with the following coupled system of equations:

(∂_t + V(B_x)∂_z )B_x = 1 2 B_0∂_th_+ (39)

(∂^2_t − ∂^2_z )h_+ = −2κB_0B_x (40)

where V(B_x ) = 1 − (1/2C^2_A) (B_0/ (B_0 + 2B_x))^{3/2} and we have introduced the Alfvén velocity C_A ≡ (1/ ∑ s ω^2_p/ω^2_c )^{1/2}.

We note from (39) that our previous assumption ∂_t ≈ −∂_z requires the background parameters to satisfy C^2_A ≫ 1. In arriving at Eq. (40) we have also neglected a small term −κh_+B_0B_x, resulting from the substitution of (37) into (34). The left hand side of Eq. (39) contains the wave operator for compressional Alfvén waves (also called fast magnetosonic waves), which in the considered regime propagates close to the speed of light. Furthermore, the left hand side of Eq. (40) describes gravitational waves in vacuum. The right hand sides of Eqs. (39) and (40) are the mutual interaction terms, which may provide a comparatively effective energy exchange, since the propagation velocities of the wave modes are close to each other. Now combining these two equations, and again expanding ∂^2_t −∂^2_z we obtain, after one time integration, the following wave equation for the combined electromagnetic and gravitational wave mode:

(∂_t + ∂_z)(∂_t + V(B_x)∂_z )B_x = − κB^2_0 2 B_x (41)

A. WKB-approximation for Quasimonochromatic waves

Here we intend to show that for quasimonochromatic waves, the wave equation (41) leads to the nonlinear Schrödinger (NLS) equation [23] for the weakly varying amplitude. We begin the analysis of equation (41) by first considering the linear case. Thus replacing V(B_x) with V(B_0) = 1 − 1/2C^2_A we get

(∂_t + ∂_z) ( ∂_t + ( 1 − 1 2C^2_A ) ∂_z ) B_x = − κB^2_0 2 B_x (42)

From a plane wave ansatz, B_x = B̄ exp(i(kz − ωt)), we then directly obtain the linear dispersion relation D(ω, k) = (ω − k)(ω − k + k 2C^2_A ) − κB^2_0 2 = 0 (43)

This is in agreement with the dispersion relation presented by Ref. [8], if we in their result make the appropriate approximations corresponding to ∂_t ≈ −∂_z. Solving the dispersion relation we get the following result: ω = k ( 1 − 1 4C^2_A ) ± √ k^2 16C^4_A + κB^2_0 2 (44)

We see that there are two roots of (43) and we will hereafter refer to these two modes as the fast mode, for the root with positive sign, and the slow mode, for the root with negative sign. We see that for large k, i.e. k ≫ √ κB^2_0 C^2_A, we can neglect the small quantity κB^2_0 /2, and the dispersion relation for the fast mode takes the form ω ≈ k, while for the slow mode we get ω ≈ k(1 − 1/2C^2_A). We note that in this regime, the main part of the energy is in the form of gravitational wave energy for the fast mode, whereas most of the energy is electromagnetic for the slow mode. This can be seen from the approximate dispersion relations above, together with the coupled equations (39) and (40). For very long wavelengths, k ≲ √ κB^2_0 C^2_A, we of course still have two roots of the dispersion relation, but in this case the two modes divide their energies roughly equal between the gravitational and electromagnetic form. Therefore we refer to this regime as that of mixed modes.

The next step is to include higher order terms in the amplitude expansion of V(B_x) and let the wave amplitude vary weakly in space and time, as compared to ω and k. Keeping terms up to third order in B_x, Eq. (41) now reads

(∂_t + ∂_z ) ( ∂_t + ( 1 − 1 2C^2_A + 3 2C^2_AB_0 B_x − 15 4C^2_AB^2_0

B^2_x ) ∂_z ) B_x = − κB^2_0 2 B_x (45)

We note that the nonlinear terms induces second harmonic (SH) and low frequency (LF) perturbations, and we must therefore modify our ansatz according to: B_x = B(z, t)e^{i(kz−ωt)} + B_{SH} (z, t)e^{2i(kz−ωt)} + c.c. + B_{LF} (z, t) (46) where c.c. stands for complex conjugate of the preceding terms, and we define ω and k in (46) to fulfill the dispersion relation (43) exactly. Inserting this into (45) we get a long equation involving both SH- and LF-terms as well as terms of the original frequency ω. To analyze this we use standard techniques for nonlinear wave equations, which we give an outline of here (see e.g. Ref. [23] for details):

• First we note that the induced SH- and LF-terms are one order smaller in an amplitude expansion than terms of the original frequency, which allows us to neglect all terms of higher order in B_{SH} and B_{LF} .

• From linear theory we know that the envelope of the original perturbation B(z, t) travels with the group velocity v_g. Since quadratic perturbations of the original amplitude acts as a driver for both second harmonic and lowfrequency perturbations, we observe that also B_{SH} as well as B_{LF} will propagate with the group velocity. Thus we may use the approximation ∂_t ≈ −v_g∂_z for derivatives acting on the amplitudes. Note also that in general we must use this approximation here instead of ∂_t ≈ −∂_z. This is because of the operator (∂_t + ∂_z), which otherwise will give zero to lowest order when acting on the wave perturbation.

• The different time scales in the equation (second harmonics, low frequency, original frequency) are picked out by multiplying with the appropriate exponential function and then averaging over many wavelengths and period times in order to omit the rapidly oscillating terms in the resultant equation, see [23]. (E.g. to find the equation governing the wave of original frequency, ω, we multiply by exp(−i(kz − ωt)) and take an average over several wavelengths and period times.)

To lowest order, the equation for the SH-terms becomes D(2ω, 2k)B_{SH} = 3(ωk − k^2)

B_0C^2_A

B^2 (47)

where, from (43), we note that D(2ω, 2k) = 3κB^2_0/2. Similarly, the equation for the low frequency wave is ( ∂^2_z − C^4_A ( 4ω − 4k + k C^2_a

)_2) B_{LF} = 3(4ω − 4k + k/C^2_A) 2B_0(ω − k + k/2C^2_A)

∂^2_z |B|^2 (48)

where, in arriving at (48), we have used ∂_t ≈ −v_g ∂_z and v_g is given by

v_g =

2ω(1 − 1/4C^2_A) − 2k(1 − 1/2C^2_A) 2ω − 2k(1 − 1/4C^2_A)

(49)

Note that if C^2_A → ∞, i.e. the plasma density goes to zero, v_g → 1, although, as can be seen from (43), ω − k ≠ 0.

The back reaction at the original frequency is determined by the equation ( i (∂_t + v_g∂_z ) + v^′_g 2 ∂^2_z ) B = F B_0 ( B_{SH} B^∗ + B_{LF} B + 5 2B_0 |B|^2B ) (50)

where the group dispersion, v^′_g , is given by v^′_g 2 = κB^2_0

C^4_A ( 4ω − 4k +^k_{C2A} )_3 , (51)

F = 3(k^2 − ωk) 2C^2_A ( 2k − 2ω −^k_{2C2A} ) (52)

and the star denotes complex conjugate.

In order to simplify the system of equations (47)-(50), we first consider the LF-equation (48). We see that for the different modes we can compare the solution of equation (48) with the SH-term and get B_{LF} /B_{SH} ∼ ∂^2_z |B|^2/k^2. Now remembering that the wave amplitudes vary weakly in space, as compared to k, we then conclude that this quantity is very small and we therefore neglect the term involving the low frequency field from now on.

Let us now write equation (50) in a more simple form by using (47) to eliminate B_{SH} and making the following coordinate transformations

ξ = β(z − v_gt) (53) τ = | |v′_g | | β2 2 t (54)

where

β = C^2_A ( 4ω − 4k +^k_{C2A} ) (55)

and the absolute value in the transformation (54) has been introduced in order to keep τ positive at all positive times, t. Note that the sign of v^′_g depends on the roots of the dispersion relation; for the mode with positive sign in (44) v^′_g is positive and for the mode with negative sign v^′_g is negative. Furthermore we use the linearized equations to relate B to the gravitational perturbation h_+. Keeping only lowest order terms in Eq. (39) we get

h_+ = 2 ( ω − k +^k_{2C2A} ) B_0ω

B (56)

Transforming the gravitational perturbation amplitude according to

h̃_+ = Ψ_1h_+ (57)

where

Ψ^2_1 =

3ω^2k ( 5ω − 5k +^{9k}_{2C2A} )

16C^2_A ( ω − k +^k_{2C2A} )_4 (58)

then allows us to rewrite Eq. (50) as a standard NLS equation for the rescaled gravitational perturbation amplitude: ( i∂_τ ± ∂^2_ξ )~ h_+ = ±|h̃_+|^2h̃ (59)

Here the plus and minus sign correspond to the fast and the slow mode respectively. Eq. (59) can be solved by the inverse scattering technique, as discussed by for example Ref. [23]. Asymptotically in time, the solution is a train of solitons.

B. Generalization to a 3D spatial dependence

In this section we address the fact that in reality we will not have exact plane wave solutions to the linearized Einstein and Maxwell equations. Rather the involved quantities will also depend on the x- and y-coordinates if we have wave propagation in the z-direction. We will here assume that this deviation from plane waves is small, and use a perturbative treatment. The underlying assumption is that ∂_x and ∂_y is of order of 1/L_⊥, where 1/L_⊥ is the characteristic width of the pulse fulfilling λ/L_⊥ ≪ 1 (λ is the wavelength), while ∂_z is of order 1/λ.

Assuming an x- and y-dependence in the metric perturbation function, h_+, will induce perturbations in the form of additional components in the Einstein tensor, as seen from the Lorentz gauge condition (60). We thus note that there must be corresponding perturbations in the energy-momentum tensor in order to fulfill Einstein’s equations (19). The metric must of course be adjusted correspondingly, and this leads to the addition of components in the metric perturbation, h_{ab}; specifically the following components (of order λ/L_⊥) must be added: h_{01}, h_{02}, h_{13} and h_{23}. Inserting this metric perturbation into (19) and using the Lorentz-condition

∂_bh^{ab} = 0 (60)

we get the following modified version of Eq. (22):

(∂^2_t − ∂^2_z − ∇^2_⊥)h_+ = κ(δT_{11} − δT_{22}) (61) where we again have subtracted the_{11} and_{22} components of Eq. (19), and we have introduced ∇^2_⊥ ≡ ∂^2_x + ∂^2_y .

The variation of the perturbed fields in the x- and y-directions will also induce other components of the electromagnetic and velocity field perturbations, so we introduce additional terms in the perturbed fields according to E = E_xe_1 + E_ye_2 + E_ze_3 and correspondingly for other fields. These extra perturbations are small, of order λ/L_⊥. Note that we now have several small quantities here and we neglect terms of the type ∂_xh_+, ∂_xE_x, v_xB_y etc., i.e. we neglect all terms that include more than one small quantity (with the important exception of the ∇^2_⊥-operator in (61), because this operator compares with the operator (∂^2_t − ∂^2_z ), which is small in itself). We also make the same approximations made previously.

With these approximations we can calculate the effective charges, currents and forces (13)-(18) and work out the Maxwell and fluid equations (7)-(12). The result is a large set of equations, that can be reduced using ∂_z ≈ −∂_t, and the first order results (37) and (38). We finally arrive at the following equation for the magnetic field perturbation ( ∂^2_t − ∂^2_z − ∇^2_⊥ ) B_x + 1 C^2_A ∂_z (( B_0 B_0 + 2B_x

) 3_2 ∂_zB_x ) = B_0∂^2_t h_+ (62)

and Eq. (61) reduces to

(∂^2_t − ∂^2_z − ∇^2_⊥)h_+ = −2κB_0B_x (63)

In order to simplify this system further we expand the operator (∂^2_t − ∂^2_z − ∇^2_⊥) ≈ 2∂_t(∂_t + ∂_z) − ∇^2_⊥ and insert this in (62)-(63). Let us also introduce the notation ∂^{−1}_t for the inverse operation of ∂_t. Using (63) we can then combine these two equations into the following modified version of the wave equation (41) ( ∂_t + ∂_z − 1 2 ∂^{−1}_t ∇^2_⊥ ) ( ∂_t + V(B_x )∂_z − 1 2 ∂^{−1}_t ∇^2_⊥ ) B_x = − κB^2_0 2 B_x (64)

Next we note that for perturbations on the form B_x ∼ B(t) exp i(kz − ωt) we can expand the operator ∂_t as ∂_t = −iω + ~∂_t, where ~∂_t acts only on the amplitude. If B(t) varies slowly compared to the exponential part (i.e. ~∂_t ω ≪ 1), we can then expand the inverse operator, ∂^{−1}_t as

∂^{−1}_t = 1 −iω + ~∂_t = i ω ( 1 − i ~∂_t ω + . . . ) ≈ i ω (65)

Using this result and expanding the velocity function V(B_x) up to second order in B_x we get the equation

(∂_t + ∂_z) (∂_t + V_{exp}(B_x)∂_z) B_x − ( i ω ( ∂_t + ∂_z − 1 4C^2_A ∂_z ) ∇^2_⊥ ) B_x = − κB^2_0 2 B_x (66)

where V_{exp}(B_x) = 1 − (1/2C^2_A) + (3B_x/2C^2_AB_0) − (15B^2_x/4C^2_AB^2_0 ). We see that this is just equation (45) with an extra term on the left hand side corresponding to the small variation in the x- and y-directions. In order to analyze this equation we make a small modification to our ansatz (46) in order to include the weak spatial dependence in the amplitudes and insert this into (66). Working out the algebra, we see that the equations for the SH- and LF-terms are unaltered to the desired accuracy. This means that the only alteration to our previous results in section IV A will be an extra term in the operator on the left hand side of equation (50), corresponding to the ∇^2_⊥-term in (66). Making the same transformations made in section IV A, the final result for the transformed gravitational perturbation amplitude, h̃_+, is: ( i∂_τ ± ∂^2_ξ + Υ∇^2_⊥ )~ h_+ = ±|h̃_+|^2h̃_+ (67)

where the coefficient Υ is given by

Υ = | | | ( 4ω − 4k +^k_{C2A} )| | 4ω(ω − k) ( ω − k +^k_{2C2A} ) (68)

and where the plus and minus signs again refer to the fast and slow mode respectively.

V. SUMMARY AND DISCUSSION

We have studied the weakly nonlinear propagation of coupled Alfvén and gravitational waves (AGW) propagating perpendicular to an external magnetic field in a plasma with C^2_A ≫ 1, using the coupled Einstein and Maxwell equations. One of our main results is the general evolution equation (41), which holds for a broad band spectrum. A thorough study of this equation is a project for further study. In order to simplify (41), we have made a WKB-ansatz, and showed that this leads to the well-known NLS-equation (59), where the generalization to a 3D spatial dependence has been described in section IV B.

Possible astrophysical sources for large amplitude AGW are binary pulsars, particularly in the later stages of their evolution, i.e. not too far from merging. Clearly such a system produces gravitational waves, and, as discussed by for example Ref. [13], this leads also to large amplitude electromagnetic perturbations. Through the back reaction in EE the electromagnetic perturbation is coupled to the gravitational one, and linearly this is described by the dispersion relation (43). For typical wavelengths and background parameters (i.e. for k ≫ √ κB^2_0 C^2_A), the dispersion relation approximately separates in the fast mode, ω ≈ k, and the slow mode, ω ≈ k(1 − 1/2C^2_A), where the former mainly has gravitational character and the later one electromagnetic character. However, very close to collapsing binaries we have magnetic fields B_0 ∼ 10^8T , in which case there is no clear distinction in character between the modes. On the other hand, for moderate values of B_0 further from the source, the modes will be clearly separated. However, due to the strong coupling in the near region of pulsars, both the fast and slow mode will be represented at larger distances, although the energy density of the later will be smaller. The amount of energy given to the slow mode can be estimated from the results of Ref. [13], and correspond to an electromagnetic power of the order 10^{25} W close to merging.

In order to discuss the nonlinear evolution, we consider pulses including a perpendicular dependence that is described by Eq. (67). For simplicity we study long pulses with a shape that depend only on a (normalized) cylindrical radius, r̃ = √ (x^2 + y^2)/Υ, thus neglecting dispersive effects. On reinstating the speed of light c, the condition for this is 16πGB^2_0C^2_AL^2_⊥/c^6μ_0 ≪ k^2L^2_‖, where L_⊥ and L_‖ are the characteristic length scales for variations in the perpendicular and parallel directions respectively. In this case we get a cylindrically symmetric NLS equation ( i∂_τ + 1 r̃ ∂ ∂r̃ ( r̃ ∂ ∂r̃ )) h̃_+ = ±|h̃_+|^2h̃_+ (69)

Contrary to Eq. (59), there are no exact solutions known for the cylindrical version (69) , except for some physically uninteresting special cases. Still Eq. (69) has been studied in some detail, both analytically, using approximate variational techniques [33], and numerically [34]. Of most interest to us is the case with the minus-sign, corresponding to the slow, electromagnetically dominated mode. The main motivation for considering this mode, is that this choice gives a nonlinearity of focusing type. For strong enough nonlinearity the solutions to (69) then show wave collapse, i.e. the pulse focuses indefinitely and the pulse radius r̃_p → 0 in a finite time. The main characteristics of the collapse can be described within an approximate variational framework. Following Ref. [33] we use a trial function h̃_+(r̃, τ ) = A(τ )sech(r̃/a(τ )) exp(ib(τ )r̃^2) together with Rayleigh-Ritz optimization in order to derive a single ordinary differential equation for the pulse width a(τ ). Pulse energy conservation then follows from the optimization scheme according to a(τ )A(τ ) = A(0)a(0). Furthermore, the evolution of the width scales as [a(τ )(a(0)]^2 − 1 ∝ (1 − A(0)^2a(0)^2/I_c)τ^2 where I_c ≈ 1.35. Thus if A(0)^2a(0)^2 > 1.35, the pulse will collapse to zero width in a finite time, and in the opposite case linear diffraction will dominate to spread out the pulse indefinitely. Of course, for the case of collapse, higher order nonlinearities neglected in the derivation of (69) will eventually become important, which will change the later stages of the given scenario.

Let us study whether the electromagnetically dominated slow mode, excited by binary pulsars close to collapse may undergo wave collapse. Here a word of caution is at hand. In a real system of this type a number of effects outside the model equation (69) are likely to play important roles for the pulse dynamics. For the sake of simplicity we will here exclude such effects. From the variational approach mentioned above, which agrees with numerical works [34], we find that collapse takes place if |h̃_+|^2 > I_c/r̃^2_p, which can be written

B^2 B^2_0 c^6 C^6_A

3μ_0k^2c^4 8πGB^2_0 k^2r^2_p > 1.35 (70)

where we have reintroduced dimensional quantities. The electromagnetic fields leaving the binary system is excited by gravitational quadrupole radiation, which has a certain directionality, but not a very pronounced one. Thus before significant focusing takes place, the pulse width can be replaced by the radial distance from the source, r_{dist}, as a rough order of magnitude estimate for the pulse width. Thus we substitute r_p → r_{dist} in (70), use B^2r^2_{dist} = 10^{25}μ_0/c4π Tm^2 and take k = 10^{−5} m^{−1} corresponding to the parameter values mentioned above, discussed in more detail in Ref.

[13]. The only extra parameters we need to specify are B_0 and ρ_0. For a broad range of relevant background values 10^{−20} kg/m^3 < ρ_0 < 10^{−5} kg/m^3 and 10^{−10} T < B_0 < 0.1 T, the condition (70) is always fulfilled. The main concern is to find values fulfilling the previous assumption C^2_A/c^2 = B^2_0 /μ_0ρ_0c^2 ≫ 1, which holds for a low-density plasma ρ_0 ∼ 10^{−20} kg/m^3, provided B_0 > 10^{−4} T. However, we note that the condition (70) can be misleading, since for the strong powers considered, the level of the second harmonic fields typically obeys B_{SH} > B_0 at relevant distances from the source. This level lies outside the regime of validity for weakly nonlinear waves. We note that the left hand side of (70) is proportional to B_{SH} . Replacing the expression for B_{SH} found from (47) by its limit of validity B_{SH} ∼ B_0 (relevant for more moderate powers than 10^{25} W), we note that collapse will occur when

c^2k^2r^2_{dist} C^2_A

≳ 1 (71)

which is easily fulfilled at reasonable distances (r_{dist} ≳ 10^7 m) from the source. The characteristic timescale for significant focusing corresponding to the example given above (with B_{SH} ∼ B_0) is given by T_{foc} ∼ C^2_A/c^2ω.

The nonlinearity of the fast (gravitationally dominated) mode is not of focusing type. We note that from Eq. (59) there is still the possibility of other nonlinear effects, such as (dark) soliton formation that might, in principle, be detected. The characteristic time scale for such nonlinear processes is typically very large [35], which can be seen from eqs. (54)-(59) inserting realistic background parameter values for the relevant quantities. This means that for nonlinear effects to be important for this mode, we must assume extreme parameter values which cannot be justified by astrophysical observations.

The condition (71) does not contain gravitational parameters, which is a consequence of the electromagnetic dominance of the slow mode. However, we note that the considered process is induced by the gravitational-electromagnetic coupling, and thus it still has a gravitational origin. The condition for wave collapse of this mode can be fulfilled for a reasonable range of parameters, which opens up for the possibility of structure formation of the electromagnetic radiation pattern. In the example considered above, the focusing takes place on fractions of a second (unless C^2_A is extremely large), and thus the nonlinearities may cause noticeable structures in the later stages of binary merging. We wish to point out here, though, that this example is to be seen as a somewhat crude estimation of the focusing effect, and that this example do not express all of the physics involved. In the absolute vicinity of a binary merger, other significant effects are almost certain to appear. A more complete treatment is a project for future research.

Acknowledgments

This work was supported by the Swedish National Graduate School of Space Technology.

[1] M. Maggiore, Phys. Rep. 331, 283 (2000); See also URL http://www.ligo.caltech.edu/ and URL http://lisa.jpl.nasa.gov/ [2] G. Brodin and M. Marklund, Class. Quantum Grav. 20, 45 (2003).

[3] R. Ballantini, Ph. Bernard, E. Chiaveri, A. Chincarini, G. Gemme, R. Losito, R. Parodi and E. Picasso, Class. Quantum Grav. 20, 3505 (2003).

[4] P. G. Macedo and H. Nelson, Phys. Rev. D 28, 2382 (1983). [5] M. Servin, G. Brodin and M. Marklund, Phys.Rev. D 64, 024013 (2001). [6] G. Brodin and M. Marklund, Phys. Rev. Lett. 82, 3012 (1999). [7] D. Papadopoulos, N. Stergioulas, L. Vlahos and J. Kuijpers, A&A 377, 701 (2001). [8] G. Brodin, M. Marklund and M. Servin, Phys. Rev. D 63, 124003 (2001). [9] G. Brodin, M. Marklund and P. K. S. Dunsby, Phys. Rev. D 62, 104008 (2000). [10] Yu G. Ignat’ev, Phys. Lett. A 320, 171 (1997).

[11] A. B. Balakin, V. R. Kurbanova and W. Zimdahl, J. Math. Phys., 44, 5120 (2003) [12] M. Servin, G. Brodin, M. Bradley and M. Marklund, Phys. Rev E, 62, 8493 (2000). [13] M. Marklund, G. Brodin and P. K. S. Dunsby, Astrophys. J. 536, 875 (2000). [14] J. Moortgat and J. Kuijpers, A&A 402, 905 (2003). [15] H. J. M. Cuesta, Phys. Rev. D 65, 64009 (2002). [16] D. Papadopoulos, Class Quantum Grav. 19, 2939 (2002).

[17] M. Marklund, P.K.S. Dunsby, and G. Brodin, Phys. Rev. D 62, 101501 (2000). [18] P. A. Hogan and E. M. O’Shea, Phys. Rev D 65, 124017 (2002). [19] M. Servin and G. Brodin, Phys. Rev. D 68, 044017 (2003).

[20] M. Servin, M. Marklund, G. Brodin, J. T. Mendonca and V. Cardoso Phys. Rev. D 67, 087501 (2003). [21] J. T. Mendonça, V. Cardoso, M. Marklund, M. Servin and G. Brodin, Phys. Rev D 68, 084025 (2003).

[22] A. M. Anile, J. K. Hunter and B. Turong, J. Math. Phys. 40, 4474 (1999).

[23] R. K. Dodd, J. C. Eilbeck, J. D. Gibbon and H. C. Morris, Solitons and Nonlinear Wave Equations (Academic Press, London,1982).

[24] Here it is assumed that the different fluid species only interact through the collective electromagnetic field, and otherwise the different fluids can pass freely through each other. This is true in a plasma, where the characteristic length scales for variations are much smaller than the collisional mean free path.

[25] G. F. R. Ellis and H. van Elst, Theoretical and Observational Cosmology ed. Lachièze-Rey M (Kluwer, Dordrecht, 1999) chap. 1-3 [26] G. Brodin, M. Marklund and P. K. S. Dunsby, Class. Quant. Grav. 18, 5249 (2001). [27] R. A. Isaacson, Phys. Rev. 166, 1263 (1968).

[28] L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields (Pergamon Press, Oxford, 1975) [29] L. P. Grishchuk and A. G. Polnarev, General Relativity and Gravitation Vol. 2 ed. Held A (Plenum Press, New York, 1980) pp 416-430.

[30] Note here that the components Bx, Ey etc. still refers to the basis (21), and should not be confused with field components referring to a coordinate basis. Although the difference between tetrad components and coordinate components is very small, this difference may still be significant in certain situations.

[31] Actually there exists a weak coupling to h× , but working out the equations we see that h× ∼ Ex Ey while h+ ∼ B0 Bx. The interaction between h×, By and Ex is non-resonant so that By, Ex ∼ h× will not grow, which means that the coupling to h+ is much stronger than to h×.

[32] Note that, provided that the constraint equation (27) is initially fulfilled, the equations (28)-(33) make sure that (27) is always fulfilled.

[33] M. Desaix, D. Anderson and M. Lisak, J. Opt. Soc. Am. B 8, 2082 (1991) [34] E. A. Kuznetsov, A. M. Rubenchik and V. E. Zakharov, Phys. Rep. 142, 103 (1986); J. J. Rasmussen and K. Rypdal, Physica Scripta 33, 481 (1986) [35] Note that there exist astrophysical background parameter values that may give short nonlinear timescales, for example the environment close to magnetars, but typically those regions occupy too small volumes to be of real relevance in this context.