arXiv:gr-qc/0312102 v1 23 Dec 2003

Gravitational waves interacting with a spinning charged particle in the presence of a uniform magnetic field

D. B. Papadopoulos^∗ Department of Physics,

Section of Astrophysics, Astronomy and Mechanics, Aristotelian University of Thessaloniki, 54124 Thessaloniki, GREECE

December 23, 2003

Abstract The equations which determine the response of a spinning charged particle moving in a uniform magnetic field to an incident gravitational wave are derived in the linearized approximation to general relativity. We verify that 1) the components of the 4-momentum, 4-velocity and the components of the spinning tensor, both electric and magnetic moments, exhibit resonances and 2) the co-existence of the uniform magnetic field and the GW are responsible for the resonances appearing in our equations. In the absence of the GW, the magnetic field and the components of the spin tensor decouple and the magnetic resonances disappear.

1 Introduction

In recent years, there exists an increasing interest in problems related to the motion of spinning particles in the presence of external fields (e.g. gravitational and electromagnetic fields). Thus, some interesting results related to this topic have been discussed by Mohseni et. al.[1,2,3]. Actually, they have discussed the motion of a classical spinning particle in the field of a weak gravitational wave (GW) and they found that the characteristic dimensions of the particle’s orbits are sensitive to the ratio of the spin to the mass of the particle.

The problem of spinning particle(s), in the frame of special relativity, has been discussed by Frenkel[4] and later on, Bargmann et.al.[5] extended Frenkel’s work for

∗E-mail address:papadop@astro.auth.gr

a spinning particle in the presence of an electromagnetic field. Karl Yee et al.[6] have obtained the equations of motion for the position and spin of a classical particle coupled to an external electromagnetic and gravitational potential from an action principle.

The discussion of a spinning particle in the frame of general relativity goes back to Mathisson [7] and Papapetrou [8] (For a recent discussion on Mathisson’s spinning electron equations see also Horvathy [9]). Neglecting self-gravitation and back reaction they have endowed a particle with spin by considering a rotating mass energy distribution in the limit of vanishing volume but with the angular momentum remaining finite. Later on the theory was clarified by Dixon [10] and developed by Ehlers and Rudolph [11].

Cho[12], using an energy-momentum tensor for spinning particles due to Dixon and Bailey-Israel[13], developed the post-Newtonian approximation for n spinning particles in a self-contained manner following closely the procedure presented in the well known text book by Weinberg [14].

The motion of a classical charged massive spinning particle in the frame of general relativity in the presence of an external electromagnetic and gravitational field was extensively investigated by Dixon [15,16] and Souriau [17,18,19]. The dynamics of spinning test particles which are close to massive compact objects was investigated by several authors; this kind of investigation includes, generation of gravitational waves as spinning particles fall into black holes [20,21,22], chaotic behavior of spinning particles in certain space times [23,24,25] and numerical computations for orbital motions in Kerr background [26]. Interesting results regarding the interaction of spinning test matter with gravitational and electromagnetic waves have been obtained by studying the classical motion of the spinning test particles in plane gravitational and electromagnetic field solution to the Einstein-Maxwell equations [27]. Planefronted gravitational waves (pp-waves) have received some attention recently because of their high symmetry and the fact that gravitational plane waves are a subclass of pp-waves [28,2]. They are assumed to describe the gravitational field at great distances from the radiating source and they can be purely gravitational, purely electromagnetic or both, depending on the source. In such backgrounds scattering effects of spinning particles have been discussed from a different point of view by several authors [27,28,29].

Using Grassmann variables Barducci et. al.[30], Ravndal [31] and Rietdijk and van Holten[32] have obtained several interesting results related to the spinning particles. Actually, in a paper by van Holten [33], the constrain p^aS_{ab} = 0, is satisfied by expressing the spin tensor S_{ab} as a product of two Grassmann variables. In this case, the equations of motions are derived using a Dirac-Poisson brackets formalism.

In this paper, we consider a charged massive spinning particle, in the Dixon- Souriau(DS) model[21], which includes spin-gravity terms and spin-electromagnetism terms as well (for an uncharged particle the model reduces to the well known Papapetrou one). Following the strategy of Ref.(1), in the so called DS equations of motion and neglecting the spin-electromagnetism interaction terms [21,35], we determine the response of a spinning charged particle in a uniform magnetic field to an incident GW and verify a strong coupling of the external fields (magnetic and gravitational fields) to the spin, producing resonaces. Those resonances may cause drastic enhancement in motion which may have interesting astrophysical applications.

The paper is organized as follows: In Section 2, we present the so called DS equation of motion and describe the components of the GW which disturbs the Minkowski space time with signature (−1, 1, 1, 1) . In Section 3, we consider only the case where λ = 0. In other words, in the DS equations we neglect the spin-electromagnetic interaction terms and in the frame of linearized theory of gravity we obtain, for the spinning charged particle, solutions for the components of the 4-momentum, its 4- velocity and its space components x^μ in a coordinate system (t, x, y, z). In Section 4, we discuss the obtained results.

2 The DS Equations of Motion

The equations of motion of a spinning test particle originally derived from Papapetrou [8] and later on reformulated by Dixon [10,15,16].

Souriau [18,19] derived the so called DS equations of motion of a spinning test particle with charge e in a given gravitational and electromagnetic background. These equations are [21]: dx^μ dτ = υ^μ (1) dp^μ dτ = −Γ^μ_{λν} υ^λp^ν − 1 2 R^μ_{νλρ}S^{λρ}υ^ν + eF^μ_β υ^β − λ 2 S^{κρ}∇^μF_{κρ} (2)

dS^{μν} dτ = −Γ^μ_{λρ}υ^λS^{ρν} − Γ^ν_{λρ}υ^λS^{μρ} + (p^μυ^ν − p^ν υ^μ) + λ(S^{μκ}F^ν_κ − S^{νκ}F^μ_κ ) (3)

where Greek indices take values 0,1,2,3, Latin 1,2,3, τ is an affine parameter across a word line L which is chosen as the proper time of the charged particle, υ^μ is the 4-velocity of the charged particle across the world line L, p^μ = ∫ T^{0μ}dV are the components of the 4-momentum of the spinning charged particle, F^{μν} is the electromagnetic tensor, λ is an electromagnetic coupling scalar and S^{μν} is the spin tensor. Unlike special relativity, p^μ and υ^μ are not generally proportional to each other. But it is well known that Eqs.(2) and (3) themselves, do not constitute an independent set of equations since they are less than the unknown quantities (3 components of the spin tensor are not determined). Therefore, several supplementary conditions have been used in the literature to remedy this problem [36]. Here we will adopt Dixon’s condition [15] e.g. p_μS^{μν} = 0(center of mass condition).

To find the trajectory of the spinning charged particle, we need to know its 4- velocity. But there are no equations of motion for this purpose. However, we may obtain indirectly a relation between υ^ν and p^ν from the following equation [1]:

υ^ν = N{u^ν − 1 2m^2Δ R_{μβλρ}S^{λρ}S^{μν} u^β + e m^2Δ S^{μν} F_{μβ} u^β + λ[ 1 2m^3Δ R_{μβλρ}S^{λρ}S^{μν} S^{βκ}(F^σ_κ u_σ) − 1 2m^2Δ S^{μν} S^{κρ}∇_μF_{κρ} − 1 m S^{νκ}(F^σ_κ u_σ)] − λe m^3Δ

S^{μν} F_{μβ}S^{βκ}(F^σ_κ u_σ)} (4)

where p^μ = mu^μ, p_μp^μ = −m^2, m is the mass of the particle and G = c = 1

Δ = 1 + 1 4m^2 R_{tμλρ}S^{λρ}S^{tμ} + 1 2m^2 eF_{tμ}S^{tμ} (5)

N = {1 − Λ^{(1)}_μ Λ^{(1)}_α S^{μν} S^α_ν − 2λ[Λ^{(2)}_μ Λ^{(1)}_α S^{μν} S^α_ν − (F^σ_κ u_σ )Λ^{(1)}_α S^{κν} S^α_ν ]

− λ^2[Λ^{(2)}_μ Λ^{(2)}_α S^{μν} S^α_ν − 2(F^σ_κ u_σ)Λ^{(2)}_α S^{κν} S^α_ν + (F^σ_κ u_σ)(F^α_β u_α)S^{κν} S^β_ν ] − 2λeΛ^{(3)}_μ Λ^{(3)}_α S^{μν} S^α_ν − 2eλ^2[−Λ^{(3)}_μ Λ^{(2)}_α S^{μν} S^α_ν + (F^σ_κ u_σ)Λ^{(3)}_μ S^{μν} S^κ_ν ] + λ^2e^3Λ^{(3)}_μ Λ^{(3)}_α S^{μν} S^α_ν }^{−1/2} (6) and Λ^{(1)}_x = 1 2m^2Δ R_{xσλρ}S^{λρ}u^σ + e m^2Δ

F_{xσ}u^σ (7)

Λ^{(2)}_x = − 1 2m^3Δ R_{xσλρ}S^{λρ}S^{σκ}(F^β_κ u_β) + 1 m^2Δ S^{κρ}∇_xF_{κρ} (8) Λ^{(3)}_x = 1 m^3Δ

F_{xσ}S^{σκ}(F^β_κ u_β ) (9)

where x stands for x = μ, α. Upon the consideration of the assumption(λ = 0) (Pomeranskiǐ et al. 2000 and references therein), we neglect particular terms in Eqs.(2),(3) and a simplified covariant model is obtained: dp^μ dτ = −Γ^μ_{λν} υ^λp^ν − 1 2 R^μ_{νλρ}S^{λρ}υ^ν + eF^μ_β υ^β (10) dS^{μν} dτ = −Γ^μ_{λρ}υ^λS^{ρν} − Γ^ν_{λρ}υ^λS^{μρ} + (p^μυ^ν − p^ν υ^μ) (11)

υ^ν = N{u^ν − 1 2m^2Δ R_{μβλρ}S^{λρ}S^{μν} u^β + e m^2Δ S^{μν} F_{μρ}u^ρ} (12) with N = [1 − N_a 4m^4Δ^2

]^{−1/2} (13) and N_a = (R_{μσλρ}S^{λρ}S^{μν} u^σ)[R_{μσλρ}S^{λρ}(η_{νβ} + h_{νβ} )S^{μβ}u^σ ] − 2e[R_{μσλρ}S^{λρ}(η_{νβ} + h_{νβ} )S^{μβ}u^σ ](F_{κγ}S^{κν} u^γ ) − 2e(R_{μσλρ}S^{λρ}S^{μν} u^σ )[F_{κσ}(η_{νβ} + h_{νβ} )S^{κβ} u^σ] + 4e^2[F_{κσ}(η_{νβ} + h_{νβ} )S^{κβ} u^σ](F_{κσ}S^{κν} u^σ ) (14)

In the next section, we discuss the above equations in the linearized theory of gravity.

3 The DS-equations of motion in the linearized theory of gravity

To understand the Eqs.(10-14) in the linearized approximation to general relativity, we decompose the metric in the fashion

g_{μν} = η_{μν} + h_{μν} (15)

By imposing the condition (h^ν_μ − δ^ν_μh^ρ)_{;ν} = 0 (16)

we reduce the vacuum field equations to homogeneous wave equations for all components of h^μ_ν . A coordinate transformation can now be effected to reduce the trace h^ν and the mixed components h_{0α}, to zero. The gravitational field is then described by a symmetric traceless, divergenceless tensor with two independent space components which, for simplicity, we call h_1 = h_+ and h_2 = h_×. Thus, the square of the line element is ds^2 = (η_{μν} + h_{μν} )dx^μdx^ν = −(dx^0)^2 + (1 + h_1)dx^2 + (1 − h_1)dy^2 + dz^2 + 2h_2dxdy (17)

where |h_1, h_2| ≪ 1. We consider a plane GW which is characterized by the wave 3-vector

k^i_g = ω_g (0, 0, 1) (18)

and the two possible states of polarization given by

h_1 = h_{10}e^{i(kgz−ωg t)}, h_2 = h_{20}e^{i(kg z−ωg t)} (19)

where h_{10}, h_{20} are the amplitudes of the two components of the GW.

We choose the electromagnetic field to be

F_{ij} = 0 0 0 0 0 0 −H_3 0 0 H_3 0 0 0 0 0 0

(20)

where the background magnetic field is constant e.g H^a = (0, 0, H^3) = const.(from now on H^3 = H). In this scenario, the metric is still a solution to the Einstein equations in vacuum, because we assume that the energy density of the magnetic field, is approximately zero(i.e. no effect of the magnetic field on either the η_{μν} or h_{μν} ).

We intend to discuss the electrodynamics of a spinning point-like charged particle with mass m, with an intrinsic angular momentum, in the presence of a uniform magnetic field across the z-axis, initially at rest with respect to the coordinate system in which the metric (17) is expressed. To achieve this task, a relation between the invariant proper time τ and the coordinate time t is needed. In the absence of external forces, this relation may be found from the expression

ds^2 = (η_{μν} + h_{μν} )dx^μdx^ν = −dτ^2 (21) because in Einstein’s theory of gravity, the word lines of classical point particles in curved space times are time-like (see Ref.[33,34]. In the case we have external forces, we have to use the expression dτ = dt[ 1 − υ^2 1 − eS^{μν} F_{μν} /m^2 ]^{1/2} (22)

where υ^2 is the total space velocity of the spinning particle. Looking at the Eq.(22) we would like to make the following comments: a)The physical meaning of the Eq.(22) is that relativistic time dilation occurs for a spinning charged particle with non-zero magnetic moments in an external magnetic field. b) The structure of Eq.(22) results from the fact that υ^μ and u^μ differ from each other, where τ is connected with υ^μ and where u^μ is normalized [33,34].

To make some further progress with the Eqs.(10-14), we decompose the particle’s components of the 4-velocity, 4-momentum and spin tensor as follows:

υ^μ ≃ υ^μ_0 + υ^μ_1 , p^μ ≃ p^μ_0 + p^μ_1 , S^{μν} ≃ S^{μν}_0 + S^{μν}_1 (23)

with υ^μ_1 , p^μ_1 and S^{μν}_1 being of the same order as h_{μν} .

Thus, from Eqs.(10-14) and with the aid of Eqs.(22-23) we obtain the following equations:

3.a) Zero Order Equations du^μ_0 dt = e m η^{μν} F_{νβ} υ^β_0 (24) dS^{μν}_0 dt = m(u^μ_0 υ^ν_0 − u^ν_0υ^μ_0 ) (25)

υ^ν_0 = [ 1 1 − eS^{μν} F_{μν} /m^2 ]^{1/2}[1 − e^2N_0 m^4Δ_0

]^{−1/2}{u^ν_0 + + e m^2Δ_0

S^{μν}_0 F_{μσ}u^σ_0 } (26)

where Δ_0 = 1 + 1 2m^2 eF_{σμ}S^{σμ}_0 (27)

N_0 = [F_{κσ}S^{κν}_0 u^σ_0 ][F_{κσ}η_{νβ} S^{κβ}_0 u^σ_0 ] (28) We assume that the spinning particle initially is at rest, u^μ_0 = (1, 0, 0, 0), υ^μ_0 = (1, 0, 0, 0); then the condition p_{μ(0)}S^{μν}_0 = 0, implies that the zero order electric moments of the spin-tensor vanish e.g S^{0ν}_0 = 0. After some straightforward calculations and with the aid of Eqs.(22),(27) and (28) we find; Δ_0 = 1 −^{eH}_m (^{S120}_m ) and, for the system (25), the following zero-order equations are derived: S^{12}_0 = constant, S^{13}_0 = constant, S^{23}_0 = constant (29) 3.b) First Order Equations dp^μ_1 dt = −Γ^μ_{λν} υ^λ_0 p^ν_0 − 1 2 η^{μκ}R_{κνλρ}S^{λρ}_0 υ^ν_0 + e[η^{μκ}F_{κβ}υ^β_1 + h^{μκ}F_{κβ}υ^β_0 ] (30) dS^{μν}_1 dt = −Γ^μ_{λρ}υ^λ_0 S^{ρν}_0 − Γ^ν_{λρ}υ^λ_0 S^{μρ}_0 + [p^μ_0 υ^ν_1 + p^μ_1 υ^ν_0 − p^ν_0 υ^μ_1 − p^ν_1 υ^μ_0 ] (31)

υ^ν_1 = [ 1 1 − eS^{μν} F_{μν} /m^2 ]^{1/2}{ 1 Δ^2_0

[2e^2N_{1a} − eN_{1b} − 4e^2

N_0Δ_1 Δ_0

][u^ν_0 + + e m^2Δ_0

F_{κσ} S^{κν}_0 u^σ_0 ]

+ [1 − e^2N_0 m^4Δ^2_0

]^{−1/2}[u^ν_1 − e 2m^2Δ_0 R_{μσλρ}S^{λρ}_0 S^{μν}_0 u^σ + e m^2Δ_0

F_{κσ} (S^{κν}_0 u^σ_1 + S^{κν}_1 u^σ_0 ) − eΔ_1 m^2Δ^2_0

F_{κσ} S^{κν}_0 u^σ_0 ]} (32)

where Δ_1 = 1 4m^2 R_{σμλρ}S^{λρ}_0 S^{μσ}_0 + e 2m^2

F_{σμ}S^{σμ}_1 (33)

N_{1a} = (F_{κσ} S^{κν}_0 u^σ_0 )[F_{κσ}η_{νβ} (S^{κβ}_0 u^σ_1 + S^{κβ}_1 u^σ_0 )] + (F_{κσ} η_{νβ} S^{κβ}_0 u^σ_0 )[F_{κσ}(S^{κν}_0 u^σ_1 + S^{κν}_1 u^σ_0 )] (34) and N_{1b} = −2eR_{μσλρ}[S^{λρ}_0 η_{νβ} S^{μβ}_0 u^σ_0 (F_{κβ} S^{κν}_0 u^β_0 ) − S^{λρ}_0 S^{μν}_0 u^σ_0 (F_{κσ} η_{νβ} S^{κβ}_0 u^σ_0 ) (35) Because of the assumptions made in paragraph (3.a) and the form of the metric (17), the Eqs.(28),(33),(34) and (35) give the following results; N_0 = N_{1a} = N_{1b} = 0,Δ_1 =^1_2 {h_{1,zz} [(^{S130}_m )^2 − (^{S230}_m )^2] + 2h_{1,zz} (^{S130}_m )(^{S230}_m )} −^{eH}_m (^{S120}_m )

du^0_1 dt = 0, du^3_1 dt = 0 (36)

du^1 dt + Ωυ^2_1 = 1 2m [h_{1,tz}S^{13}_0 + h_{2,tz}S^{23}_0 ] (37)

du^2_1 dt − Ωυ^1 = − 1 2m [h_{1,tz}S^{23}_0 − h_{2,tz}S^{13}_0 ] (38) dS^{0ν}_1 dt = m(υ^ν_1 − u^ν_1), dS^{12}_1 dt = 0 (39)

dS^{13}_1 dt = − 1 2 [h_{1,t}S^{13}_0 + h_{2,t}S^{23}_0 ] (40) and dS^{23}_1 dt = 1 2 [h_{1,t}S^{23}_0 − h_{2,t}S^{13}_0 ] (41)

The Eqs.(23) give:

υ^0_1 = u^0_1 Δ^{1/2}_0

(42)

υ^1 = u^1 Δ^{3/2}_0

(1 − 2Ω

S^{12}_0 m ) + 1 2Δ^{3/2}_0 [h_{1,tz} S^{12}_0 m S^{23}_0 m − h_{2,tz} S^{12}_0 m S^{13}_0 m ] (43)

υ^2_1 = u^2_1 Δ^{3/2}_0

(1 − 2Ω

S^{12}_0 m ) + 1 2Δ^{3/2}_0 h_{1,tz} S^{12}_0 m [ S^{13}_0 m − S^{23}_0 m ] (44)

υ^3_1 = u^3_1 Δ^{1/2}_0 + 1 Δ^{3/2}_0 {h_{1,tz}[( S^{13}_0 m )^2 − (

S^{23}_0 m )^2] + 2h_{2,tz}(

S^{23}_0 m )^2} − Ω Δ^{3/2}_0

[u^2_1

S^{13}_0 m − u^1

S^{23}_0 m ] (45)

where comma means partial differentiation and Ω =^{eH}_m is the cyclotron frequency. We solve the Eqs.(36-45) and find: u^0_1 = const., u^3_1 = const. (46)

u^1 =

Δ^{3/2}_0 D_+

{[B_{10} sin (k_g z) + B_{20} cos (k_gz)][cos (At) − cos (ω_gt)]

+ [B_{10} cos (k_g z) − B_{20} sin (k_g z)][sin (At) − sin (ω_gt)]} (47) and

u^2_1 =

Δ^{3/2}_0 D_+

{[B_{10} sin (k_g z) + B_{20} cos (k_gz)] sin (At)

− [B_{10} cos (k_gz) − B_{20} sin (k_g z)] cos (At)} + sin (ω_g t) D_− [B_{10} sin (k_gz) + B_{20} cos (k_g z)] + cos (ω_gt)

D_+

[B_{10} cos (k_gz) − B_{20} sin (k_gz)] (48) where

B_{10} = ω_gk_g 2 [h_{10}(

S^{13}_0 m ) + h_{20}(

S^{23}_0 m )] − Ωω_gk_g 2Δ^{3/2}_0 h_{10}(

S^{12}_0 m )[ S^{13}_0 m − S^{23}_0 m ] (49)

B_{20} = − ω_gk_g 2 [h_{10}(

S^{23}_0 m ) − h_{20}(

S^{13}_0 m )][1 − Ω Δ^{3/2}_0 ( S^{12}_0 m )] (50) A = Ω Δ^{3/2}_0

[1 − 2Ω(

S^{12}_0 m )] (51) and D_± = Ω − 2Ω^2(

S^{12}_0 m ) ± ω_gΔ^{3/2}_0 (52)

From Eqs.(42-45) and Eqs.(46-48) we find: υ^1_0 = u^1_0 = const. and

υ^1 = [

1 − 2Ω(^{S120 )}_m D_+

]{[cos (At) − cos (ω_g t)][B_{10} sin (k_g z) + B_{20} cos (k_gz)]

+ [sin (At) + sin (ω_g t)][B_{10} cos (k_gz) − B_{20} sin (k_gz)]} + ω_g k_g 2Δ^{3/2}_0

[h_{10}(

S^{12}_0 m )( S^{23}_0 m ) − h_{20}(

S^{12}_0 m )( S^{13}_0 m )]e^{i(kg z−ωg t)} (53)

υ^2_1 = [

1 − 2Ω(^{S120 )}_m D_+

]{sin (At)[B_{10} sin (k_gz) + B_{20} cos (k_gz)]

− [cos (At) − cos (ω_gt)][B_{10} cos (k_gz) − B_{20} sin (k_gz)]} + [ 1 − 2Ω(^{S120}_m ) D_− ] sin (ω_gt)[B_{10} sin (k_g z) + B_{20} cos (k_gz)] + ω_gk_g 2Δ^{3/2}_0 ( S^{12}_0 m )[( S^{13}_0 m ) − (

S^{23}_0 m )]h_{10}e^{i(kg z−ωg t)} (54)

υ^3_1 = u^3_1 Δ^{1/2}_0 − Ω D_+ ( S^{13}_0 m ){sin (At)[B_{10} sin (k_gz) + B_{20} cos (k_gz)]

− cos (At)[B_{10} cos (k_g z) − B_{20} sin (k_g z)]} + Ω D_+ ( S^{23}_0 m ){[cos (At) − cos (ω_gt)][B_{10} sin (k_gz) + B_{20} cos (k_g z)]

+ [sin (At) + sin (ω_gt)][B_{10} cos (k_g z) − B_{20} sin (k_g z)]} − Ω D_− ( S^{13}_0 m ) sin (ω_g t)[B_{10} sin (k_gz) + B_{20} cos (k_g z)] − Ω D_+ ( S^{13}_0 m ) cos (ω_gt)[B_{10} cos (k_gz) − B_{20} sin (k_gz)] + ωk_g 2Δ^{3/2}_0

{h_{10}[(

S^{13}_0 m )^2 − (

S^{23}_0 m )^2] + 2h_{20}(

S^{13}_0 m )( S^{23}_0 m )}e^{i(kg z−ωg t)} (55)

Derivation of the spinning’s particle trajectories: For such a particle, with υ^μ given from the above equations, the trajectories with respect to the coordinate system we consider and the initial conditions t = 0, X^μ_1 (t = 0) = 0 are:

X^0_1 = u^0_1t Δ^{3/2}_0

(56)

X^1_1 =

1 − 2Ω(^{S120 )}_m D_+ {[ sin (At) A − sin (ω_gt) ω_g ][B_{10} sin (k_gz) + B_{20} cos (k_g z)] + [ 1 − cos (ω_g t) ω_g + 1 − cos (At) A ][B_{10} cos (k_gz) − B_{20} sin (k_gz)]} − ik_g 2Δ^{3/2}_0 e^{ikg z} [1 − e^{−iωg t}][h_{10}( S^{12}_0 m )( S^{23}_0 m ) − h_{20}(

S^{12}_0 m )( S^{13}_0 m )] (57)

X^2_1 =

1 − 2Ω(^{S120}_m ) D_+ {[ sin (ω_gt) ω_g − sin (At) A ][B_{10} cos (k_g z) − B_{20} sin (k_gz)] + [ 1 − cos (At) A ][B_{10} sin (k_g z) + B_{20} cos (k_gz)]} + [ 1 − 2Ω(^{S120}_m ) D_+ ][ 1 − cos (ω_gt) ω_g ][B_{10} sin (k_gz) + B_{20} cos (k_g z)] − ik_g 2Δ^{3/2}_0 e^{ikg z} [1 − e^{−iωg t}]h_{10}( S^{12}_0 m )[( S^{13}_0 m ) − (

S^{23}_0 m )] (58) and

X^3_1 = u^3_1t Δ^{3/2}_0 + [ Ω D_+ ( S^{13}_0 m )]{[ sin (At) A − sin (ω_g t) ω_g ][B_{10} cos (k_gz) − B_{20} sin (k_gz)] − [ 1 − cos (At) A ][B_{10} sin (k_gz) + B_{20} cos (k_gz)]} − [ Ω D_− ( S^{13}_0 m )][ 1 − cos (ω_g t) ω_g ][B_{10} sin (k_g z) + B_{20} cos (k_gz)] + [ Ω D_+ ( S^{23}_0 m )]{[ sin (At) A − sin (ω_gt) ω_g ][B_{10} sin (k_gz) + B_{20} cos (k_g z)] + [ 1 − cos (At) A + 1 − cos (ω_gt) ω_g ][B_{10} cos (k_g z) − B_{20} sin (k_g z)]} + ik_g 2Δ^{3/2}_0 e^{ikg z} [1 − e^{−iωg t}]{h_{10}[( S^{13}_0 m )^2 − (

S^{23}_0 m )^2] + 2h_{20}(

S^{13}_0 m )( S^{23}_0 m )} (59)

Derivation of the spin equations: Integrating Eqs.(39-41) we find the components of the S^{μν}_1 tensor which are:

S^{01}_1 m = 1 D_+

[1 − 2Ω(

S^{12}_0 m ) − Δ^{3/2}_0 ]{[ sin (At) A − sin (ω_g t) ω_g ][B_{10} sin (k_g z) + B_{20} cos (k_gz)] + [ 1 − cos (At) A + 1 − cos (ω_g t) ω_g ][B_{10} cos (k_gz) − B_{20} sin (k_gz)]} − ik_g 2Δ^{3/2}_0 ( S^{12}_0 m )e^{ikg z} [1 − e^{−iωg t}][h_{10}( S^{23}_0 m ) − h_{20}(

S^{13}_0 m )] (60)

S^{02}_1 m = 1 D_+

[1 − 2Ω(

S^{12}_0 m ) − Δ^{3/2}_0 ]{[

1 − cos (At) A ][B_{10} sin (k_g z) + B_{20} cos (k_gz)] − [ sin (At) A ][B_{10} cos (k_gz) − B_{20} sin (k_gz)]}

+ [1 − 2Ω(

S^{12}_0 m ) − Δ^{3/2}_0 ]{[

1 − cos (ω_g t) ω_gD_− ][B_{10} sin (k_g z) + B_{20} cos (k_gz)] + [ sin (ω_gt) ω_gD_+

][B_{10} cos (k_g z) − B_{20} sin (k_g z)]} − ik_g 2Δ^{3/2}_0 e^{ikg z} [1 − e^{−iωg t}]h_{10}( S^{12}_0 m )[( S^{13}_0 m ) − (

S^{23}_0 m )] (61)

S^{03}_1 m = Ω D_+ ( S^{23}_0 m ){[ sin (At) A − sin (ω_gt) ω_g ][B_{10} sin (k_gz) + B_{20} cos (k_g z)] + [ 1 − cos (At) A + 1 − cos (ω_g t) ω_g ][B_{10} cos (k_gz) − B_{20} sin (k_gz)]} − Ω D_+ ( S^{13}_0 m ){[ 1 − cos (At) A ][B_{10} sin (k_g z) + B_{20} cos (k_gz)] − [ sin (At) A ][B_{10} cos (k_gz) − B_{20} sin (k_gz)]} − Ω D_− ( S^{13}_0 m )[ 1 − cos (ω_g t) ω_g ][B_{10} sin (k_g z) + B_{20} cos (k_gz)] − Ω D_+ ( S^{13}_0 m )[ sin (ω_gt) ω_g ][B_{10} cos (k_gz) − B_{20} sin (k_gz)] − ik_g 2Δ^{3/2}_0 e^{ikg z} [1 − e^{−iωg t}]{h_{10}[( S^{13}_0 m )^2 − (

S^{23}_0 m )^2] + 2h_{20}(

S^{13}_0 m )( S^{23}_0 m )} (62)

S^{12}_1 m = constant (63) S^{13}_1 m = 1 2 [h_{10}(

S^{13}_0 m ) + h_{20}(

S^{23}_0 m )]e^{ikg z} [1 − e^{−iωg t}] (64) and S^{23}_1 m = − 1 2 [h_{10}(

S^{23}_0 m ) − h_{20}(

S^{13}_0 m )]e^{ikg z}[1 − e^{−iωg t}] (65) From the Eqs.(60-65) we verify that because of the GW we have non-zero first order electric and magnetic moments of the spinning charged particle and in the absence of the GW, all these components disappear. The electric moments particularly exhibit resonances because in the denominators of the Eqs.(60-62) appear the expressions Δ_0 = 1 −^{eH}_m^{S120}_m , A =^Ω_{Δ3/20} [1 − 2Ω(^{S120}_m )] and D_± = Ω − 2Ω^2(^{S120}_m ) ± ω_gΔ^{3/2}_0 , which

become zero for certain values of the Larmor frequency Ω =^{eH}_m , the ratio^{S120}_m and angular frequency of the GW, ω_g. We notify that while the electric moments of the spinning charged particle exhibit such an interesting behavior, the magnetic moments are independent from the magnetic field and the S^{12}_0 zero order component of the spin tensor. Also, for the same reasons mentioned above the Eqs.(53-55) exhibit resonaces. In the neighborhood of those resonaces the charged spinning particle gains energy from the GW and accelerates radiating. The above comments become more plausible by examining a special case of the Eqs.(60-65) and Eqs.(53-55) in the appendix .

4. Discussion

Dealing with the interaction of a GW with a spinning particle in the presence of a uniform magnetic field in the linearized theory of general relativity, we found the following results:

1) In the case where the GW and magnetic field are across the z axis, the components of the 4-velocity, 4-momentum and the spin tensor S^{μν} , exhibit resonance at Ω = (^{S120}_m )^{−1} (Δ_0 = 0). Due to the co-existence of the constant magnetic field with GW, a strong coupling between the frequency Ω =^{eH}_m and the magnetic moment S^{12}_0 of the charged spinning particle occur. This coupling gives rise to the above resonance.

Also, for the same reasons mentioned above, some other resonances appear in the Eqs.(47-48),Eqs.(49-51), Eqs.(53-55),Eqs.(56-59) and Eqs.(60-65) which are solutions to 4-order polynomial in terms of Ω; D_± = 0 ⇒ 4Ω^4(^{S120}_m )^2 − 4Ω^3[ω^2_g (^{S120}_m )^3 − 4^{S120}_m )] + Ω^2[1 − 3ω^2_g (^{S120}_m )^2] + 3ω^2_g (^{S120}_m )Ω − ω^2_g = 0.

2) It is interesting to notify that in the absence of the GW, the magnetic field and the components of the spin tensor decouple and the magnetic resonances disappear. In this case, where the GW does not exist(see ref.33 and references there in), the motion of a spinning charged point-particle of mass m and charge q is described in an 4-dimensional Minkowski space time by its position X^μ(t), defining the particle’s world line, its 4-velocity u^μ, which is tangent to the world-line and its polarization tensor D_{μν} (t), an antisymmetric 4-tensor which combines the intrinsic magnetic dipole moment M( a pseudo 3-vector) with the intrinsic electric dipole moment d (a real 3-vector) at every given point of the world-line through the relations D_{ij} =^1_c ϵ_{ijk} M_k and −iD_{i4} = d_i where (i, j, k) = 1, 2, 3. In the absence of external fields, the intrinsic dipole moments are found from the values of M and d (rest frame of the free particle). Usually we are interested in charged particle with no intrinsic electric dipole moment in the rest frame of the free particle. This may expressed by the condition D_{μν} u^ν = 0. On the other hand, the polarization tensor is relate to an intrinsic angular momentum tensor S_{μν} (spin tensor) through the expression D_{μν} = (q/mc)S_{μν} . From the above mentioned equations we have the condition S_{μν} u^ν = 0. When this relation holds, S_{μν} is space-like with only 3 non-zero components in the rest frame of the free particle e.g. S^{(0)}_{ij} = ϵ_{ijk}s^k and S^{(0)}_{i0} = 0. Besides, we have to point out that in the case of the unperturbed Minkowski space-time the classical spin is introduced somehow indirectly, via the electromagnetic polarization tensor, because the empirical meaning of classical magnetic and electric dipole moments is clear.

3) In the case that the GW does exist and in the limit of the high frequency approximation[37,38], the charged particle which initial is at rest, starts to have a combination of an orbital and spinning motion, described by the Eqs.(56-59) and Eqs.(60-65), respectively. The spin tensor S^{μν} = S^{μν}_0 + S^{μν}_1 , exhibits electric and magnetic moments eventhough initially had magnetic moments only. Because of the Eqs.(39), the electric moments exhibit the same resonances as the components of the

4-momentum and in the neighborhood of those resonaces energy is transferred from the GW to the spinning particle. The magnetic moments do not depend neither on the magnetic field nor on the component S^{12}. Under these circumstances one could hope to detect such GW.

A possible astrophysical environment where the interaction studied in this paper maybe be of relevance is the binary neutron star merger. In this scenario, two magnetized neutron stars merge, forming (if the equation of state allows it) a very massive, differentially rotating object and a possible low-mass disk around it (the object could survive for hundreds of seconds before collapsing to a black hole [39]. The magnetosphere of this object will be rotating rapidly and be filled with plasma, while near the object, gravitational waves of large amplitude will be emitted. It would be interesting to study the conditions under which the interaction studied in the present paper could lead to observable phenomena during such a binary neutron star merger.

To make some further comments related to possible astrophysical application of the Eqs.(51-65), we have to consider the Pauli-Lubanski covariant spin vector formula S_σ =^1_2 ϵ_{ρμνσ} u^ρS^{μν} , which gives S^{12}_0 = S^3_0 , S^{13}_0 = −S^2_0 , S^{23}_0 = S^1_0 and assume, for simplicity, that e.g. S^3_0 = S^1_0 = S, while S^2_0 = 0, then some typical values for this scenario of some astrophysical importance may be met when, for example, the amplitude of the GW is h ≈ 10^{−10}, H ≈ 10^6G, and for an electron one has roughly S ≈ 10^{−13}m [1]. Such conditions can be found around various compact objects, for example near neutron stars which posses a magnetic field of the order 10^8 − 10^{12}G and emit GW due to glitches or rotational instabilities excited by accretion (see Ref.[40,41,42])

Acknowledgements: The author would like to express his gratitude to Enric Verdaguer for his comments, criticism and interesting references. Also the author would like to thank Loukas Vlahos, Kostas Kokkotas and Nick Stergioulas, for their helpful suggestions and discussions on this topic.

Appendix

In the appendix we will present a special case of the Eqs.(53-55) and Eqs.(60-67).

We assume z = 0 and for further simplicity we obtain h_{10} = h_{20} = h_0 and S^{13}_0 = 0. Because of the assumption c = G = 1, k_g = ω_g. Now Eqs.(53-52) read:

υ^1 = ω^2_g 2D_+ h_0(

S^{23}_0 m )[1 − 2Ω(

S^{12}_0 m )]{[cos (ω_gt) − cos (At)][1 − Ω Δ^{2/3}_0 ( S^{12}_0 m )] + [sin (ω_g t) + sin (At)][1 + Ω Δ^{2/3}_0 ( S^{12}_0 m )]} + h_0 sin (ω_gt) ω^2_g 2Δ^{2/3}_0 ( S^{23}_0 m )( S^{12}_0 m ) (66)

υ^2_1 = − ω^2_g 2D_+ h_0(

S^{23}_0 m )[1 − 2Ω(

S^{12}_0 m )]{sin (At)][1 − Ω Δ^{2/3}_0 ( S^{12}_0 m )] + [cos (At) − cos (ω_gt)][1 + Ω Δ^{2/3}_0 ( S^{12}_0 m )]} − h_0 sin (ω_gt) ω^2_g 2D_− ( S^{23}_0 m )[1 − 2Ω(

S^{12}_0 m )][1 − Ω Δ^{2/3}_0 ( S^{12}_0 m )] − h_0 cos (ω_gt) ω^2_g 2Δ^{2/3}_0 ( S^{23}_0 m )( S^{12}_0 m ) (67)

υ^3_1 = u^3_1 Δ^{1/2}_0 + Ωω_g 2D_+ h_0(

S^{23}_0 m )^2{[cos (ω_g t) − cos (At)][1 − Ω Δ^{2/3}_0 ( S^{12}_0 m )] + [sin (ω_gt) + sin (At)][1 + Ω Δ^{2/3}_0 ( S^{12}_0 m )]} − h_0 cos (ω_gt) ω^2_g 2Δ^{2/3}_0 ( S^{23}_0 m )^2 (68)

Also the Eqs.(60-67) become:

S^{01}_1 m = ω^2_g 2D_+ h_0(

S^{23}_0 m )[1 − 2Ω(

S^{12}_0 m ) − Δ^{3/2}_0 ]{[ sin (ω_gt) ω_g − sin (At) A ][1 − Ω Δ^{2/3}_0 ( S^{12}_0 m )] + [ 1 − cos (ω_gt) ω_g + 1 − cos (At) A ][1 + Ω Δ^{2/3}_0 ( S^{12}_0 m )]} − h_0 sin (ω_gt) ω_g 2Δ^{2/3}_0 ( S^{23}_0 m )( S^{12}_0 m ) (69)

S^{02}_1 m = − ω^2_g 2D_+ h_0(

S^{23}_0 m )[1 − 2Ω(

S^{12}_0 m ) − Δ^{3/2}_0 ]{

1 − cos (At) A [1 − Ω Δ^{2/3}_0 ( S^{12}_0 m )] + sin (At) A [1 + Ω Δ^{2/3}_0 ( S^{12}_0 m )]} − ω^2_g 2 h_0(

S^{23}_0 m )[1 − 2Ω(

S^{12}_0 m ) − Δ^{3/2}_0 ]{

1 − cos (ω_gt) ω_g D_− [1 − Ω Δ^{2/3}_0 ( S^{12}_0 m )] − sin (ω_gt) ω_gD+ [1 + Ω Δ^{2/3}_0 ( S^{12}_0 m )]} − h_0 sin (ω_gt) ω_g 2Δ^{2/3}_0 ( S^{23}_0 m )( S^{12}_0 m ) (70)

S^{03}_1 m = Ωω^2_g 2D_+ h_0(

S^{23}_0 m )^2{[ sin (ω_gt) ω_g − sin (At) A ][1 − Ω Δ^{2/3}_0 ( S^{12}_0 m )] + [ 1 − cos (ω_g t) ω_g + 1 − cos (At) A ][1 + Ω Δ^{2/3}_0 ( S^{12}_0 m )]} − h_0 sin (ω_g t) ω_g 2Δ^{2/3}_0 ( S^{23}_0 m )^2 (71)

S^{12}_1 m = const. (72) S^{13}_1 m = − S^{23}_1 m = 1 2 h_0(

S^{23}_0 m )[1 − cos (ω_g t)] (73)

References References

1. Mohseni, M. and Sepangi, H. R. (2000). Class. Quantum Grav. 17 4615 2. Mohseni, M.,Tucker, R.W. and Wang, C. (2001).Class. Quantum Grav. 18 3007 3. Mohseni, M. and Sepangi, H. R. (2002). gr-qc/0208072 4. Frenkel, J. Z. (1926). Phys. 37 243 5. Bargmann, V.,Michel,L. and telegdi,V.(1959) Phys.Rev.Lett. 2,435 6. Yee, K. and Bander, M.(1993). Phys.Rev.D. 48 2797 7. Mathisson, M. (1937) Das Zitternde Electron und seine Dynamic Acta Polonica 6 218 8. Papapetrou, A. (1951). Proc.R.Soc.A 209 248 9. Horvathy, P. A. (2003) hep/0303099 10. Dixon, W. G. (1964).Nuovo Cimento 34 317 11. Ehlers, J. and Rudolph, E. (1977). Nuovo Cimento 34 317 12. Cho, H.T. (1998). Class.Quantum Grav. bf 15 2465 13. Bailey, I. and Israel, W. (1980). Ann.Phys. NY 130 188 14. Weinberg, S. (1972). Gravitation and Cosmology (New York: Wiley) 15. Dixon, W. G. (1970). Proc.R.Soc. A 314 499 16. Dixon, W. G. (1973). Gen.Rel.Grav. 4 199 17. Souriau, J. M. (1970). C.R.Acad.Sci,Ser. A 271 751 18. Souriau, J. M. (1970). C.R.Acad.Sci,Ser. A 271 1086 19. Souriau, J. M. (1974). C.R.Acad.Sci,Ser. A 274 1082 20. Tod, K. P., de Felice, F. and Calvani, M. (1976). Nuovo Cimento B 34 365 21. Bini, D., Gemelli, G., Ruffini, R. (2000). Phys.Rev.D. 61 064013 22. Mino, Y., Shibata, M. and Tanaka, T. (1996). Phys. Rev. D. 53 622 23. Suzuki, S. and Maeda, K. (1996). Phys.Rev.D. 55 4848

24. Suzuki, S. and Maeda, K. (1999). Phys.Rev.D. 61 024005 25. Levin, J. (2000). Phys.Rev.Lett. 84 3515 26. Semerak, O. (1999). Mon.Not.R. Astron.Soc. 308 863 27. Kessari, S., Singh, D., Tucker, R.W. and Wang, C. (2002). gr-qc/0203038 and references there in.

28. Garriga, J., Verdaguer, E. (1991) Phys.Rev.D. 43 301 29. Gibbons, G. W. (1975). Commum. Math. Phys. 45 191 30. Barducci, et. al. (1997). Nucl. Phys.B. 124 521 31. Ravndal, F. (1980). Phys.Rev.D. 21 2823 32. Rietdijk, R. H. and van Holten, J.W. (1990). Class.Quantum Grav. 7 247 33. Van Holten, J.W. (1991). Nucl. Phys. B. 356 3 34. Van Holten, J.W. (1993). Class. Quantum Grav. 10 575 35. Pomeranskiǐ, A.A. ,Sen’kov, R.A., Khriplovich, I.B. (2000). Physics-Uspekhi 43 1055(and references therein) 36. Piran, F. (1956). Acta Phys.Pol. 15 389 37 Isaacson, R.A. (1968). Phys.Rev. 166,1263 38 M. Srevin, M., Brodin, G. and Marklund,M., (2001) Phys.Rev.D. 64 024013 39. Shibata, M. and Uryu, K. (2002). Progress of Theoretical Physics 107 265 40. Andersson, N., Jones, D. I., Kokkotas, K. D. (2001). astro-ph/0111582 41. Andersson, N., Jones, D. I., Kokkotas, K. D., Stergioulas, N. (2000). Astrophys J 534 L75 42. Andersson, N., Kokkotas, K. D., Stergioulas, N. (1999). Astrophys.J. 516 307