arXiv:gr-qc/0401022 v2 12 Sep 2005

Shear-free radiating collapse and conformal flatness

L. Herrera^{1∗}, G. Le Denmat^{2†}, N. O. Santos^{2,3,4‡}and A. Wang^{5,6§}

1Escuela de Física, Facultad de Ciencias, Universidad Central de Venezuela, Caracas, Venezuela.

2LERMA/CNRS-FRE 2460, Université Pierre et Marie Curie, ERGA, Boîte 142, 4 Place Jussieu, 75005 Paris Cedex 05, France.

3Laboratório Nacional de Computação Científica, 25651-070 Petrópolis RJ, Brazil.

4Centro Brasileiro de Pesquisas Físicas, 22290-180 Rio de Janeiro RJ, Brazil. 5Departamento de Física Teórica, Universidade do Estado do Rio de Janeiro, 20550-013 Rio de Janeiro RJ, Brazil.

6Department of Physics, University of Illinois at Urbana-Champaign, 1110 West Green Street, Urbana, IL 61801-3080, United States.

September 12, 2005

Abstract Here we study some general properties of spherical shear-free collapse. Its general solution when imposing conformal flatness is reobtained [1, 2] and matched to the outgoing Vaidya spacetime. We propose a simple model satisfying these conditions and study its physical consequences. Special attention deserve, the role played by relaxational processes and the conspicuous link betweeen dissipation and density inhomogeneity.

∗e-mail: laherrera@telcel.net.ve †e-mail: gele@ccr.jussieu.fr ‡e-mail: nos@cbpf.br §e-mail: aw@guava.physics.uiuc.edu

1 Introduction

Gravitational collapse of stars is an important problem of astrophysics and building realistic models of collapse remains a formidable task. One interesting problem is to add heat flow to spherically symmetric models.

Indeed, dissipation due to the emission of massless particles (photons and/or neutrinos) is a characteristic process in the evolution of massive stars. In fact, it seems that the only plausible mechanism to carry away the bulk of the binding energy of the collapsing star, leading to a neutron star or black hole is neutrino emission [3].

In the diffusion approximation, it is assumed that the energy flux of radiation (as that of thermal conduction) is proportional to the gradient of temperature. This assumption is in general very sensible, since the mean free path of particles responsible for the propagation of energy in stellar interiors is in general very small as compared with the typical length of the object. Thus, for a main sequence star as the sun, the mean free path of photons at the centre, is of the order of 2 cm. Also, the mean free path of trapped neutrinos in compact cores of densities about 10^{12} g.cm.^{−3} becomes smaller than the size of the stellar core [4, 5].

Furthermore, the observational data collected from supernovae 1987A indicates that the regime of radiation transport prevailing during the emission process, is closer to the diffusion approximation than to the streaming out limit [6].

Many solutions of Einstein’s field equations with dissipative fluids carrying heat flow have been studied (see [7] for references up to 1989 and [8, 10, 9] for more recent ones).

In this vein here we study dissipative spherical collapse with shear-free motion. Spherical conformally flat fluids undergoing dissipation in the form of radial heat flow where first considered in [1] and generalized in [2]. Here we reobtain the general conformally flat solution in a slightly different way. We match this spacetime to a radiating null field described by the outgoing Vaidya spacetime. A simple model is considered satisfying these conditions.

The paper is organized as follows. In section 2 the field equations are presented; in section 3 we reobtain the general solution by considering conformal flatness of spacetime; in section 4 we state the junction conditions to the external outgoing Vaidya null radiating field; section 5 presents a simple collapsing dissipative model and we finish with a brief conclusion.

2 Field equations

We assume a sphere of collapsing perfect fluid with heat flow. Its spherical surface Σ has center 0 and is filled with radially moving perfect fluid conducting heat flow, so having energy momentum tensor T_{αβ} = (μ + p) w_αw_β + pg_{αβ} + q_αw_β + w_αq_β, (1) where μ and p are the proper density and pressure of the fluid, w_α its unit four-velocity, q_α the heat conduction satisfying q_αw^α = 0 and g_{αβ} is the metric tensor of spacetime.

We choose comoving coordinates within Σ and impose shear-free fluid motion which allows the metric be written in the form [11]

ds^2 = −A^2dt^2 + B^2 [ dr^2 + r^2 ( dθ^2 + sin^2 θdϕ^2 )] , (2) where A and B are only functions of r and t. We number the coordinates x^0 = t, x^1 = r, x^2 = θ and x^3 = ϕ and then we have the four-velocity given by w_α = −Aδ^0_α, (3) and the heat flows radially, q^α = qδ^α_1 , (4) where q is a function of r and t.

The rate of collapse Θ = w^α_{;α} of the fluid sphere is given, from (2) and (3), by

Θ = 3 Ḃ AB , (5) where the dot stands for differentiation with respect to t.

The spacetime described by (2) has the following non-null components of the Weyl tensor C_{αβγδ},

C_{2323} = r^4 3 B^2 sin^2 θ [( A^′ A − B^′ B ) ( 1 r + 2 B^′ B ) − ( A^{′′} A − B^{′′} B )] , (6) and C_{2323} = −r^4 (B A )_2

sin^2 θC_{0101} = 2r^2 ( B A )_2

sin^2 θC_{0202}

= 2r^2 (B A )_2

C_{0303} = −2r^2 sin^2 θC_{1212} = −2r^2C_{1313}, (7) where the primes stand for differentiation with respect to r.

The non null components of Einstein’s field equations G_{αβ} = κT_{αβ}, where G_{αβ} is the Einstein tensor and T_{αβ} is given by (1), with metric (2) are

G_{00} = −

A^2 B^2 2 B^{′′} B − ( B^′ B )_2 + 4 r B^′ B + 3 ( Ḃ B )_2

= κμA^2, (8)

G_{11} = ( B^′ B )_2 + 2 r B^′ B + 2 A^′ A B^′ B + 2 r A^′ A + B^2 A^2 −2 B̈ B − (Ḃ B )_2 + 2 Ȧ A Ḃ B = κpB^2, (9)

G_{22} =

G_{33} sin^2 θ

= r^2 A^{′′} A + 1 r A^′ A + B^{′′} B − ( B^′ B )_2 + 1 r B^′ B +r^2

B^2 A^2 −2 B̈ B − (Ḃ B )_2 + 2 Ȧ A Ḃ B = κpr^2B^2, (10)

G_{01} = −2 ( Ḃ AB )_′ A = −κqAB^2. (11) ¿From (11) with (5) we obtain

κqB^2 = 2 3 Θ^′, (12)

which shows that the outflow of heat, q > 0, imposes Θ^′ > 0, meaning that, if Θ < 0, dissipation diminishes the rate of collapse towards the outer layers of matter. If q = 0 then from (12) Θ^′ = 0 which means that collapse is homogeneous [10].

The mass function m(r, t) of Cahill and McVittie [12] is obtained from the Riemann tensor component R_{23}^{23} and it is for metric (2) m(r, t) = (rB)^3 2 R_{23}^{23} = r^3B 2 (Ḃ A )_2 − ( B^′ B )_2 − r^2B^′. (13)

Differentiating m(r, t) with respect to r and t and considering the field equations (8-11) we obtain

m^′ = κ 2 [ μ(rB)^2(rB)^′ + qr^3B^4 Ḃ A ] , (14) ṁ = − κ 2 [ pr^3B^2Ḃ + q(rB)^2(rB)^′A ] . (15)

¿From (14) and (15) we have that the heat flow diminishes the gradient and the time derivative of m(r, t). This agrees with the discussion concerning (12), since dissipation diminishes the total amount of matter, it is expected that the rate of collapse slows down. Furthermore, this agrees too with the results obtained for the dynamical instability of nonadiabatical spherical collapse [18, 7] where it is proved that relativistically dissipation diminishes instability due to the decrease of matter content inside a collapsing sphere.

The Riemann curvature tensor can be split into the Weyl tensor and parts which involve only the Ricci tensor and the curvature scalar. This allows to say that the Weyl part is constructed only by the gravitational field. Considering the scalar of the Weyl tensor C^2 = C_{αβγδ}C^{αβγδ}, (16) with (6), (8) and (13) we obtain after a long calculation

C^2 = 48 [ m (rB)^3 − κμ 6 ]_2

= 48 m^2_C (rB)^6

, (17)

where m_C is defined as the pure gravitational mass, m_C = m − κ 6 μ(rB)^3. (18)

3 Conformally flat solution

Here we impose conformal flatness to the spacetime given by (2), i.e. all its Weyl tensor components must be zero valued. From (6) and (7) we see that if C_{2323} = 0 this condition is fulfilled, hence we have r ( A^{′′} A − B^{′′} B ) − ( A^′ A − B^′ B ) ( 1 + 2r B^′ B ) = 0. (19)

We can integrate (19) and after reparametrizing t we obtain A = [ C_1 (t) r^2 + 1 ] B, (20) where C_1 is an arbitrary function of t. ¿From the isotropy of pressure, (9) and (10), equating r^{−2}G_{22} − G_{11} to zero and using (20) we find B^{′′} B^′ − 2 B^′ B − 1 r = 0, (21)

which is easily integrated, B = 1 C_2(t)r^2 + C_3(t)

, (22)

where C_2 and C_3 are arbitrary functions of t. The solution found in [1] is a particular case of (20) and (22) with C_1 = 0. All conformally flat perfect fluid solutions with q = 0 have been obtained by Stephani [13, 14] Conformal flatness imposes C = 0 and from (17) we have that the pure gravitational mass m_C = 0 and m = κ 6 μ (rB)^3 , (23)

which is similar to the result obtained in [15] with q = 0. ¿From (14) with (23) we have μ^′ = qB^2Θ, (24) which shows that for q > 0 and Θ < 0 then μ^′ < 0 implying that the density diminishes with increasing r. While from (5) with (12) we obtain κμ^′ = 1 3 (Θ^2)^′, (25)

which can be integrated, giving κμ = Θ^2 3 + g(t), (26)

where g is a function only of t.

Substituting solution (20) and (22) into (9), (10) and (13) we obtain, κμ = 3 ( Ċ_2r^2 + Ċ_3

C_1r^2 + 1

)_2

+ 12C_2C_3, (27) κp = 1 (C_1r^2 + 1)^2 [ 2(C̈_2r^2 + C̈_3)(C_2r^2 + C_3) − 3(Ċ_2r^2 + Ċ_3)^2

−2 Ċ_1 C_1r^2 + 1

(Ċ_2r^2 + Ċ_3)(C_2r^2 + C_3)r^2 ]

+ 4 C_1r^2 + 1 [ C_2(C_2 − 2C_1C_3)r^2 + C_3(C_1C_3 − 2C_2) ] , (28)

κq = 4(Ċ_3C_1 − Ċ_2) ( C_2r^2 + C_3 C_1r^2 + 1

)_2

r. (29)

The expansion Θ of the fluid sphere given by (5) with (20), (22) and (29), is

Θ = −3

Ċ_2r2 + Ċ_3 C_1r^2 + 1

= −3 [ Ċ_3 − κqr 4 C_1r^2 + 1 (C_2r^2 + C_3)^2 ] . (30)

We see from (30) that if q = 0 the contraction is homogeneous, however if q ≠ 0, dissipation produces inhomogeneous collapse, which has already been remarked in (12).

The density μ in (27) confirms the result (26) with g(t) = 12C_2C_3. It is possible to prove, after a long calculation, that the fluid (27-29) does not satisfy an equation of state of the form p = cμ, where c is a constant, with q ≠ 0. A family of solutions with heat flux satisfying an equation of state is given in [16].

In the next section we consider the junction conditions of the collapsing dissipative fluid to a radiating field.

4 Junction conditions

If the collapsing fluid lies within a spherical surface Σ it must be matched to a suitable exterior. Since heat will be leaving the fluid across Σ the exterior is not vacuum, but the outgoing Vaidya spacetime which models the radiation and has metric

ds^2 = − [ 1 − 2m(v) ρ ] dv^2 − 2dvdρ + ρ^2(dθ^2 + sin^2 θdϕ^2), (31)

where m(v) is the total mass inside Σ and is a function of the retarded time v. In (31) ρ is a radial coordinate given in a non-comoving frame. The matching of these two spacetimes (2) and (31), using the field equations (9-11) and the mass function (13) satisfies [17, 7]

(rB)_Σ = ρ_Σ, (32) p_Σ = (qB)_Σ, (33) m(v) = { r^3 2 [Ḃ^2B A^2 − (B^′)^2 B ] − r^2B^′ } Σ . (34)

¿From (28), (29) and (33) we have { C̈_2r^2 + C̈_3 − 3 2 (Ċ_2r^2 + Ċ_3)^2 C_2r^2 + C_3 − Ċ_1r2(Ċ_2r2 + Ċ_3) C_1r^2 + 1

− 2(Ċ_3C_1 − Ċ_2)r +2 (C_1r^2 + 1) C_2r^2 + C_3 [ C_2(C_2 − 2C_1C_3)r^2 + C_3(C_1C_3 − 2C_2) ] } Σ = 0. (35)

5 A simple model

A simple approximate solution for the functions C_1(t), C_2(t) and C_3(t) satisfying the junction condition (35) is

C_1 = ϵc_1(t), C_2 = 0, C_3 = a t^2

, (36)

where 0 < ϵ ≪ 1 and a > 0 a constant. When c_1 = 0 then (36) describes a collapsing Friedmann dust sphere, with k = 0, whose radius diminishes from arbitrarily large values until, at t = 0, a singularity is formed. The time t runs from −∞ to 0 and the constant a is proportional to the total mass inside the radius r. Substituting (36) into (35) we obtain up to O(ϵ),

ċ_1 + ( t r^2_Σ + 2 r_Σ ) c_1 ≈ 0, (37)

which after integration yields,

c_1 ≈ c_1(0) exp ( − t^2 2r^2_Σ − 2t r_Σ ) . (38)

Substituting the solution (36,38) into (27-29) we obtain κμ ≈ 12a^2 t^6 ( 1 − ϵ2c_1r^2 ) , (39) κp ≈ ϵ 4a^2c_1 t^4 [ 1 − ( 1 + 2r_Σ t ) r^2 r^2_Σ ] , (40) κq ≈ −ϵ 8a^3c_1r t^7

, (41)

which satisfy plausible physical conditions. It should be observed, however, that in the general case ϵ ≠ 0, the range of t is restricted by physical considerations. Thus for example if we want the the central pressure not to exceed the value of the central energy density, then we should have, 3 t^2

> ϵc_1. (42)

We see from (39) that the energy density diminishes to the outer regions due to dissipation; from (40) we have that pressure diminishes too towards the outer regions while from (41) we have that the heat flow increases in that same direction.

The mass function (13) inside a radius r with (36) and (38) becomes, m(r, t) ≈ 2r^2 a ( 1 − ϵ2c_1r^2 ) , (43)

showing that dissipation diminishes the mass inside r. Now calculating the rate of collapse (5) with (36) and (38) we obtain Θ ≈ 6a t^3 ( 1 − ϵc_1r^2 ) , (44)

implying that dissipation slows down collapse. This result agrees with the fact that m(r, t) is diminished by dissipation.

The effective adiabatic index Γ = d ln p d ln μ , (45)

gives a measure of the dynamical instability of the body at given instant of time. Calculating (45) for r = 0 and r = r_Σ with (36) and (38) up to the order O(ϵ) in p we obtain,

Γ_{r=0} ≈ 2 3 + t^2 6r^2_Σ + t 3r_Σ

, (46)

Γ_{r=rΣ} ≈ 5 6 + t^2 6r^2_Σ + t 3r_Σ

. (47)

We see from (46) and (47) that Γ_{r=0} < Γ_{r=rΣ} which shows that the centre is more unstable than the surface region of the collapsing body. This conclusion too agrees with our previous analysis.

5.1 Calculation of the temperature

Finally it is worth calculating the temperature distribution, T (r, t), for our model, through the Maxwell-Cattaneo heat transport equation [19, 20, 21, 22, 23], τ h^{αβ}w^γ q_{β;γ} + q^α = −Kh^{αβ}(T_{,β} + T a_β), (48)

where τ is the relaxation time, K the thermal conductivity and h^{αβ} = g^{αβ} + w^αw^β the projector orthogonal to w^α. Considering (2-4) then (48) becomes

τ (qB)˙B + qAB^2 = −K(T A)^′. (49)

Substituting (20), (22) and (29) into (49) and considering C_2 = 0 we obtain, up to order ϵ

τ (C_1C_3Ċ_3)˙r + C_1Ċ_3r = − κK 4 [ T (C_1r^2 + 1) ]_′ , (50)

Now, in the non–dissipative case ( C_1 = ϵc_1 = 0) it follows at once from (50) that T = T_0(t), implying that in that case the temperature is homogeneous within the fluid distribution. Therefore, in the general dissipative case C_1 ≠ 0, we shall have T = T_0(t) + ϵT_ϵ(r, t), (51)

Then introducing (51) into (50) we obtain up to O(ϵ) T ≈ T_c + ϵc_1 ( 4a κKt^3 − T_0 ) r^2 − ϵ

4a^2τ c_1 κKt^5 ( t r^2_Σ + 2 r_Σ + 5 t ) r^2. (52)

where we have assumed for simplicity K =constant and T_c(t) denotes the central temperature. The second term on the right hand side of expression (52) exhibits the influence of dissipation on the decreasing of temperature (remember that t < 0 ) with respect to the non–dissipative case, as calculated from the non–causal (Landau–Eckart) [24, 25] transport equation, whereas the last term describes the contribution of relaxational effects. The relevance of such effects have been brought out in recent works (see [16, 26] and references therein). In particular it is worth noticing the increasing of the spatial inhomogeneity of temperature produced by the relaxational term, an effect which has been established before [27].

6 Conclusion

We have presented the general field equations for a spherical dissipative shearfree collapse. Some general properties concerning the effects of dissipation on the collapsing body and its mass were discussed. By imposing conformal flatness we showed that the system is completely soluble in its radial part and producing three arbitrary time functions. Then we matched this solution to the outgoing Vaidya radiating spacetime. A simple model with a Friedmann limit is constructed satisfying the junction conditions.

Besides its simplicity, the merit of the model resides in the fact that it exhibits in a very clear way the influence of relaxational effects on the temperature, and thereby on the evolution of the system.

It is also worth noticing the appearance of density inhomogeneities directly related to dissipation, even though the space–time remains conformally flat. This reinforces doubts [28] on the proposal that the Weyl tensor [29] or some functions of it [30], could provide a gravitational arrow of time. The rationale behind this idea being that tidal forces tend to make the gravitating fluid more inhomogeneous as the evolution proceeds, thereby indicating the sense of time.

References

[1] Som M M and Santos N O 1981 Phys. Lett. 87A 89

[2] Maiti S R 1982 Phys. Rev. D 25 2518

[3] Kazanas D and Schramm D 1979 Sources of Gravitational Radiation, L.

Smarr ed., (Cambridge University Press, Cambridge)

[4] Arnett W D 1977 Astrophys. J. 218 815

[5] Kazanas D 1978 Astrophys. J. 222 2109

[6] Lattimer J 1988 Nucl. Phys. A478 199 [7] Bonnor W B, de Oliveira A K G and Santos N O 1989 Phys. Rep. 181 269 [8] Schäfer D and Goenner H F 2000 Gen. Rel. Grav. 32 219 [9] Chan R, da Silva M F A and da Rocha J F Villas 2003 Int. J. Modern Phys. D 12 347 [10] Herrera L and Santos N O 2003 Month. Not. R. Astron. Soc. 343 1207 [11] Glass E N 1979 J. Math. Phys. 20 1508 [12] Cahill M E and McVittie G C 1970 J. Math. Phys. 11 1382 [13] Stephani H 1967 Commun. Math. Phys. 5 337 [14] Kramer D, Stephani H, Herlt E and MacCallum M 1980 Exact Solutions of Einstein’s Field Equations, Cambridge University Press, Cambridge, England [15] Lake K 1989 Phys. Rev. D 40 1344; erratum 1989 Phys. Rev. D 40 4201 [16] Wagh S M, Govender M, Govinder K S, Maharaj S D, Muktibodh P S and Moodley M 2001 Class. Quantum Grav. 18 2147 [17] Santos N O 1985 Mon. Not. R. Astron. Soc. 216 403 [18] Herrera L, Le Denmat G and Santos N O 1989 Month. Not. R. Astron.

Soc. 237 257 [19] Israel W 1976 Ann. Phys., NY 100 310 [20] Israel W and Stewart J 1976 Phys. Lett. A58 2131; Ann. Phys. NY 1979 118 341 [21] Pavón D, Jou D and Casas-Vázquez J 1982 Ann. Inst. H Poicaré A36 79 [22] Maartens R 1996 Preprint astro-ph 9609119

[23] Triginer J and Pavon D 1995 Class. Quantum Grav. 12 689

[24] Eckart C 1940 Phys. Rev. 58 919

[25] Landau L and Lifshitz E 1959 Fluid Mechanics (Pergamon Press, London)

[26] Di Prisco A, Herrera L and Esculpi M 1996 Class. Quantum Grav. 13 1053; Di Prisco A, Falcón N, Herrera L, Esculpi M and Santos N O 1997 Gen. Rel. Grav. 29 1391; Herrera L and Martínez J 1998 Gen. Rel. Grav. 30 445; Govender M, Maharaj S, Maartens R 1998 Class.Quantum.Grav. 15 323; Govender M, Maartens R, Maharaj S, 1999 Month.Not.R. Astron.Soc. 310 557; Govender M, Govinder K 2001 Phys.Lett.A 283 71; Herrera L 2002 Phys. Lett. A 300 157

[27] Herrera L and Santos N O 1997 Mon. Not. R. Astron. Soc. 287 161

[28] Bonnor W B 1987 Phys. Lett. 122A 305; Goode S W, Coley A A and Wainwright J 1992 Class. Quantum Grav. 9 445; Pelavas N and Lake K 1998 preprint gr-qc/9811085

[29] Penrose R 1979 General Relativity, An Einstein Centenary Survey Ed.

S W Hawking and W Israel (Cambridge: Cambridge University Press) p. 581–638

[30] Wainwright J 1984 Gen. Rel. Grav. 16 657; Goode S W and Wainwright J 1985 Class. Quantum Grav. 2 99; Bonnor W B 1985 Phys. Lett. 112A 26