arXiv:gr-qc/0403052 v5 5 Jul 2004

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism

J. A. Shifflett

Department of Physics, Washington University, St. Louis, Missouri 63130

Abstract. The Einstein-Schrödinger theory is expressed in Newman-Penrose form. A solution for the connections in terms of the fundamental tensor is derived in the tetrad frame. The theory is shown to approximate classical general relativity and electromagnetism when a large extrinsic cosmological constant is assumed. The tetrad form of an exact electric monopole solution is shown to approximate the Reissner-Nordström solution and to be of Petrov type-D.

PACS numbers: 04.40.Nr,98.80.Es,04.20.Jb,12.10.-g

E-mail: shifflet@hbar.wustl.edu

1. Introduction

The field equations of the Einstein-Schrödinger theory [1, 2, 3, 4, 5, 6, 7, 8, 9], including an extrinsic cosmological term[10] and charge currents[11, 12] are,

∘R̄_{σμ} + Λ_bN̄_{σμ} + Λ_eg_{σμ} = 8πG c^4 ( T_{σμ} − 1 (n − 2) g_{σμ}T^α_α ) , (1)

∘R̂_{[σμ,ν]} + Λ_bN̂_{[σμ,ν]} = 0, (2) N_{σμ,β} −^∘Γ^α_{σβ}N_{αμ} −^∘Γ^α_{βμ}N_{σα} = − 8π c(n−1) √ −g √ −N ( j^αN_{σ[α}N_{β]μ} + 1 (n−2) j^αN̂_{αβ}N_{σμ} ) ,(3)

∘Γ^α_{βα} =^∘Γ^α_β. (4) Here^∘R_{σμ} = R_{σμ}(^∘Γ) is the Ricci tensor, N = det(N_{..}), g = det(g_{..}), T_{σμ} is an energymomentum tensor with no electromagnetic component, j^α is a charge current, N_{σμ} is the fundamental tensor, “n” is the dimension, and bar and hat indicate symmetrization and antisymmetrization. The metric is defined as[14, 15, 16, 12] g^{νσ} = √ −N √ −g N^{⊣νσ}. (5) Here N^{⊣νσ} is the inverse of N_{σμ} so that N^{⊣νσ}N_{σμ} = δ^ν_μ. Like Schrödinger, we include an intrinsic or “bare” cosmological constant Λ_b, partly because this allows a very simple derivation of the theory[10]. We also include a large extrinsic cosmological constant Λ_e, perhaps caused by zero-point fluctuations[10]. The total Λ will then be Λ = Λ_b + Λ_e. (6) From a theorem of tensor calculus[13], (2) implies that^∘R̂_{σμ} + Λ_bN̂_{σμ} is a curl, so (2) can be written in the completely equivalent form ∘R̂_{σμ} +^∘Γ^α_{[σ,μ]} + 2Λ_bA_{[σ,μ]} + Λ_bN̂_{σμ} = 0, (7)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 2

and (1,2) can be combined together in the completely equivalent form,

∘R_{σμ} +^∘Γ^α_{[σ,μ]} + 2Λ_bA_{[σ,μ]} + Λ_bN_{σμ} + Λ_eg_{σμ} = 8πG c^4 ( T_{σμ} − 1 (n − 2) g_{σμ}T^α_α ) . (8)

The term^∘Γ^α_{[σ,μ]} is needed to retain Hermitian symmetry[5, 11, 12] and^∘R_{σμ}+^∘Γ^α_{[σ,μ]} is sometimes called the Hermitianized Ricci tensor. Contracting (3) with N^{⊣μσ}/2 shows that this extra term vanishes when charge currents are absent, ∘Γ^α_β − 8π c(n−1)(n−2) √ −g √ −N j^ρN̂_{ρβ} = 1 2 N^{⊣μσ}N_{σμ,β} = 1 2N ∂N ∂N_{σμ} N_{σμ,β} = ( √ −N )_{,β} √ −N , (9) ∘Γ^α_{[σ,μ]} − 8π c(n−1)(n−2) ( √ −g √ −N j^ρN̂_{ρ[σ} ) ,μ] = (ln √ −N )_{,[σ,μ]} = 0. (10)

Multiplying (3) by −N^{⊣ρσ} N^{⊣μτ} gives

N^{⊣ρτ}_{,β} +^∘Γ^τ_{νβ}N^{⊣ρν} +^∘Γ^ρ_{βν} N^{⊣ντ} = 8π c(n−1) √ −g √ −N ( j^{[ρ}δ^{τ]}_β + 1 (n−2) j^αN̂_{αβ}N^{⊣ρτ} ) . (11)

Taking the antisymmetric part of this, contracting, and using (9) gives Ampere’s law,

f^{τρ}_{;τ} = ( √ −gf^{τρ} )_{,τ} √ −g = ( √ −N ^N^{⊣ρτ} )_{,τ} √ −g = 4π c j^ρ, (12)

⇒ j^ρ_{;ρ} = (c/4π)f^{τρ}_{;[τ;ρ]} = 0, (13) where f^{ρτ} = − √ −N √ −g ^N ⊣ρτ . (14) The Einstein equations are obtained from (1), 8πG c^4

T_{σμ} =^∘Ḡ_{σμ} + Λ_b ( N̄_{σμ} − 1 2 g_{σμ}N̄^ρ_ρ ) +Λ_e ( 1 − n 2 ) g_{σμ}, (15)

where ∘Ḡ_{σμ} =^∘R̄_{σμ} − 1 2 g_{σμ}^∘R̄^ρ. (16)

The generalized contracted Bianchi identity with charge currents is[12],

∘Ḡ^ν_{σ; ν} = 3 2 f^{νρ ∘}R̂_{[νρ,σ]} + 4π c j^ν (^∘R̂_{νσ} +^∘Γ^α_{[ν,σ]}). (17)

Using (17,7,12) and appendix B of [10], the divergence of (15) gives, 8πG c^4

T^ν_{σ; ν} = 4π c j^ν (^∘R̂_{νσ} +^∘Γ^α_{[ν,σ]}) + Λ_b 4π c j^νN̂_{νσ} = 8π c Λ_bj^ν A_{[σ,ν]}. (18)

Assuming T_{αν} = μc^2u_αu_ν , with u^α = dx^α/ds = j^αm/ecμ and (μu^ν )_{;ν} = 0 from (13), equation (18) is just the Lorentz force coupled to Newton’s 2nd law, which is the same result obtained in classical general relativity and electromagnetism,

c^3 G Λ_bj^ν A_{[σ,ν]} = T^ν_{σ; ν} = (μc^2u^νu_σ)_{; ν} = μc^2u^νu_{σ; ν} = μ m ( m c dx_σ ds ) ;ν c dx^ν ds . (19)

Here the conversion to cgs units is, f_{σμ} = √ −2G c^4Λ_b f^{(cgs)} σμ (and likewise for A_σ and j^μ). (20)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 3

Eq. (3) describes an implicit algebraic dependence of^∘Γ^α_{σβ} on N_{σμ} and N_{σμ,β} . The solution for^∘Γ^α_{σβ}(N_{..}) yields the Christoffel connection for the symmetric case,

Γ^α_{σμ} = 1 2 g^{αν} (g_{μν,σ} + g_{νσ,μ} − g_{σμ,ν} ). (21) There is also a fairly simple solution[18] for the special case f^σ_μf^μ_σ = det(f^._.) = 0. The solution for^∘Γ^α_{σβ} (N_{..}) is much more complicated in the general non-symmetric case[17, 18], and this has been a big obstacle in working with the theory. Here we will derive a solution in the Newman-Penrose tetrad frame which applies for all cases except f^σ_μf^μ_σ = det(f^._.) = 0. It is given as an addition Υ^τ_{νβ} to the Christoffel connection, ∘Γ^τ_{νβ} = Γ^τ_{νβ} + Υ^τ_{νβ}. (22) Extracting Υ^τ_{νβ} from the Ricci tensor gives[10],

∘R_{σμ} +^∘Γ^α_{[σ,μ]} = R_{σμ} + Υ^α_{σμ;α} − Υ^α_{(σ;μ)} − Υ^ν_{σα}Υ^α_{νμ} + Υ^ν_{σμ}Υ^α_{να}. (23) Here R_{σμ} = R_{σμ}(Γ) is the ordinary Ricci tensor. Substituting (23) into (8) or into (1,2,7,15), and working in the tetrad frame, one then has an explicit version of the field equations. It must be mentioned that the solution for^∘Γ^α_{σβ} (N_{..}) in the Newman- Penrose tetrad frame has in a sense already been done in [18], prior to the development of the full Newman-Penrose formalism[19]. However, reference [18] uses a different metric definition and does not include charge currents. It also uses completely nonstandard conventions and notation, and does not simplify results.

This paper is organized as follows. In §2 the Newman-Penrose formalism is applied to the non-symmetric fields of the Einstein-Schrödinger theory. In §3 the field equations are expressed in tetrad form. In §4 a solution is derived for^∘Γ^α_{σβ}(N_{..}) in the tetrad frame. In §5 the theory is shown to approximate classical general relativity and electromagnetism when a large extrinsic cosmological constant is assumed. In §6 the tetrad form of an exact electric monopole solution is shown to approximate the Reissner-Nordström solution and to be of Petrov type-D.

2. Application of the Newman-Penrose Formalism

Let us write (5,14) as

M^{σμ} = √ −N √ −g N^{⊣σμ} = g^{σμ} − f^{σμ}. (24) It is proven in [18] and in Appendix D that if we do not have f^σ_μf^μ_σ = det(f^._.) = 0, then M^{σμ} can be decomposed such that, M^{σμ} = M^{(α)(β)}e_{(α)}^σe_{(β)}^μ, (25)

M^{(α)(β)} = (1−ǔ) (1+ǔ) −(1−iù) −(1+iù) , (26)

g_{(α)(β)} = g^{(α)(β)} = M̄^{(α)(β)} = 1 1 −1 −1 , (27)

f_{(α)(β)} = − f^{(α)(β)} = M̂^{(α)(β)} = −ǔ ǔ iù −iù . (28)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 4

As with the Newman-Penrose formalism[19], the tetrads e_{(α)}^σ and inverse tetrads e^{(α)}_μ both consist of two real vectors and two complex conjugate vectors, and are related via raising and lowering of indices with g^{(σ)(μ)} and g_{σμ}, l^σ = e_{(1)}^σ , n^σ = e_{(2)}^σ , m^σ = e_{(3)}^σ , m^{∗ σ} = e_{(4)}^σ, (29)

l_σ = e^{(2)}_σ , n_σ = e^{(1)}_σ , m_σ = −e^{(4)}_σ , m^∗_σ = −e^{(3)}_σ, (30)

δ^σ_μ = e_{(α)}^σ e^{(α)}_μ , δ^{(α)}_{(β)} = e_{(β)}^σ e^{(α)}_σ, (31)

ẽ = det(e^{(.)}_.) = ε^{αβσμ}l_αn_βm_σ m^∗_μ (32) ẽ^∗ = − ẽ. (33) If M^{σμ} is real, the scalars “ù” and “ǔ” are real and are given by[18]

ù = √√ D − ℓ/4 , (34) ǔ = √√ D + ℓ/4 , (35)

D = ( ℓ/4)^2 − f/g, (36) f = det(f_{..}) , g = det(g_{..}), (37) f/g = − ǔ^2ù^2, (38) ℓ = f^σ_μf^μ_σ = 2(ǔ^2−ù^2). (39) If M^{σμ} is instead Hermitian, things are unchanged except that “ù” and “ǔ” are imaginary instead of real.

From (24,26), the fundamental tensor of the Einstein-Schrödinger theory is,

N^{⊣(α)(β)} = √ −g_⋄ √ −N_⋄ (1−ǔ) (1+ǔ) −(1−iù) −(1+iù) , (40)

N_{(σ)(μ)} = (1−ǔ)č/c̀ (1+ǔ)č/c̀ −(1−iù)c̀/č −(1+iù)c̀/č , (41) where

c̀ = 1 √ 1+ù^2 = √ 1−s̀^2 , (42) ù = s̀/c̀, (43) č = 1 √ 1−ǔ^2 = √ 1+š^2 , (44) ǔ = š/č, (45) √ −N_⋄ = √ −det(N_{(.)(.)}) = i čc̀ , (46) √ −g_⋄ = √ −det(g_{(.)(.)}) = i, (47) √ −N = √ −N_⋄ ẽ = iẽ c̀č , (48) √ −g = √ −g_⋄ ẽ = iẽ. (49) Note the correspondence of s̀, c̀, ù and š, č, ǔ to circular and hyperbolic trigonometry functions.

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 5

Covariant derivative is done in the usual fashion, T^{(α)}_{(β)|(ν)} = e^{(α)}_σ e_{(β)}^μT^σ_{μ;τ} e_{(ν)}^τ = T^{(α)}_{(β),(ν)} + γ^{(α)}_{(ρ)(ν)}T^{(ρ)}_{(β)} − γ^{(ρ)}_{(β)(ν)}T^{(α)}_{(ρ)}. (50) For the spin coefficients we will follow the conventions of Chandrasekhar[20], γ_{(α)(β)(ν)} = 1 2 (λ_{(α)(β)(ν)} + λ_{(ν)(α)(β)} − λ_{(β)(ν)(α)}) = e_{(α)}^μe_{(β)μ;σ} e_{(ν)}^σ, (51) γ_{(α)(β)(ν)} = −γ_{(β)(α)(ν)} , γ^{(α)}_{(α)(ν)} = 0, (52) λ_{(α)(β)(ν)} = (e_{(β)σ,μ} − e_{(β)μ,σ} )e_{(α)}^σ e_{(ν)}^μ = γ_{(α)(β)(ν)} − γ_{(ν)(β)(α)}, (53) λ_{(α)(β)(ν)} = −λ_{(ν)(β)(α)}, (54) ρ = γ_{(3)(1)(4)} , μ = γ_{(2)(4)(3)} , τ = γ_{(3)(1)(2)} , π = γ_{(2)(4)(1)}, (55) κ = γ_{(3)(1)(1)} , σ = γ_{(3)(1)(3)} , λ = γ_{(2)(4)(4)} , ν = γ_{(2)(4)(2)}, (56) ϵ = (γ_{(2)(1)(1)} + γ_{(3)(4)(1)})/2 , γ = (γ_{(2)(1)(2)} + γ_{(3)(4)(2)})/2, (57) α = (γ_{(2)(1)(4)} + γ_{(3)(4)(4)})/2 , β = (γ_{(2)(1)(3)} + γ_{(3)(4)(3)})/2. (58) With these coefficients, complex conjugation causes the exchange (3) → (4), (4) → (3).

3. The Field Equations in Newman-Penrose Form

Substituting (23) into (8) and using (50) gives the field equations, 8πG c^4 ( T_{(σ)(μ)} − 1 2 g_{(σ)(μ)}T^{(α)}_{(α)} )

= R_{(σ)(μ)} + 2Λ_bA_{[(σ)|(μ)]} + Λ_bN_{(σ)(μ)} + Λ_eg_{(σ)(μ)}

+ Υ^{(α)}_{(σ)(μ)|(α)} − Υ^{(α)}_{(α)((σ)|(μ))} − Υ^{(ν)}_{(σ)(α)}Υ^{(α)}_{(ν)(μ)} + Υ^{(ν)}_{(σ)(μ)}Υ^{(α)}_{(ν)(α)} (59) = R_{(σ)(μ)} + 2Λ_bA_{[(σ),(μ)]} − 2Λ_bγ^{(β)}_{[(σ)(μ)]} A_{(β)} + Λ_bN_{(σ)(μ)} + Λ_eg_{(σ)(μ)} + Υ^{(α)}_{(σ)(μ),(α)} − γ^{(β)}_{(σ)(α)}Υ^{(α)}_{(β)(μ)} − γ^{(β)}_{(μ)(α)}Υ^{(α)}_{(σ)(β)} + γ^{(α)}_{(β)(α)}Υ^{(β)}_{(σ)(μ)} − Υ^{(α)}_{(α)((σ),(μ))} + γ^{(β)}_{((σ)(μ))}Υ^{(α)}_{(α)(β)} − Υ^{(ν)}_{(σ)(α)}Υ^{(α)}_{(ν)(μ)} + Υ^{(ν)}_{(σ)(μ)}Υ^{(α)}_{(ν)(α)}. (60) From (28,50), Ampere’s law (12) becomes, 4π c j^{(ρ)} = f^{(τ)(ρ)}_{,(τ)} + γ^{(τ)}_{(α)(τ)}f^{(α)(ρ)} +γ^{(ρ)}_{(α)(τ)} f^{(τ)(α)}, (61) 4π c j^{(2)} = f^{(1)(2)}_{,(1)} + γ^{(3)}_{(1)(3)}f^{(1)(2)} + γ^{(4)}_{(1)(4)}f^{(1)(2)} + γ^{(2)}_{(3)(4)}f^{(4)(3)} + γ^{(2)}_{(4)(3)}f^{(3)(4)} (62) = ǔ_{,(1)} − ρ^∗ǔ − ρǔ − ρiù + ρ^∗iù (63) = ǔ_{,(1)} − ρw − ρ^∗w^∗, (64) 4π c j^{(1)} = f^{(2)(1)}_{,(2)} + γ^{(3)}_{(2)(3)}f^{(2)(1)} + γ^{(4)}_{(2)(4)}f^{(2)(1)} + γ^{(1)}_{(3)(4)}f^{(4)(3)} + γ^{(1)}_{(4)(3)}f^{(3)(4)} (65) = − ǔ_{,(2)} − μǔ − μ^∗ǔ + μ^∗iù − μiù (66) = − ǔ_{,(2)} − μw − μ^∗w^∗, (67) 4π c j^{(4)} = f^{(3)(4)}_{,(3)} + γ^{(1)}_{(3)(1)}f^{(3)(4)} + γ^{(2)}_{(3)(2)}f^{(3)(4)} + γ^{(4)}_{(1)(2)}f^{(2)(1)} + γ^{(4)}_{(2)(1)}f^{(1)(2)} (68) = − iù_{,(3)} − π^∗iù + τ iù + τ ǔ + π^∗ǔ (69) = − iù_{,(3)} + τ w + π^∗w^∗, (70) where

w = ǔ + iù. (71)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 6

The connection equations are easier to work with in contravariant form (11) than in covariant form (3). Multiplying (11) by √ −N / √ −g and using (40,50,22,46,47) gives

0 = o^{(ρ)(τ)}_{(β)} = √ −N_⋄ √ −g_⋄ ( N^{⊣(ρ)(τ)}_{,(β)} + γ^{(τ)}_{(ν)(β)}N^{⊣(ρ)(ν)} + γ^{(ρ)}_{(ν)(β)}N^{⊣(ν)(τ)}

+Υ^{(τ)}_{(ν)(β)}N^{⊣(ρ)(ν)} + Υ^{(ρ)}_{(β)(ν)}N^{⊣(ν)(τ)} )

+ 8π 3c ( j^{[(τ)} δ^{(ρ)]}_{(β)} − 1 2 j^{(α)}N̂_{(α)(β)}N^{⊣(ρ)(τ)} ) , (72)

0 = o^{(1)(1)}_{(β)} = Υ^{(1)}_{(2)(β)}(1−ǔ) + Υ^{(1)}_{(β)(2)}(1+ǔ), (73)

0 = o^{(2)(2)}_{(β)} = Υ^{(2)}_{(1)(β)}(1+ǔ) + Υ^{(2)}_{(β)(1)}(1−ǔ), (74)

0 = o^{(3)(3)}_{(β)} = −Υ^{(3)}_{(4)(β)}(1−iù) − Υ^{(3)}_{(β)(4)}(1+iù), (75)

0 =^±o^{(1)(2)}_{(β)} = ∓ǔ_{,(β)} + (1∓ǔ) ( − ( √ −N_⋄ )_{,(β)} √ −N_⋄ +^±Υ^{(2)}_{(2)(β)} +^±Υ^{(1)}_{(β)(1)} )

+ 8π 3c ( ±j^{[(2)}δ^{(1)]}_{(β)} − 1 2 j^{(α)}N̂_{(α)(β)}c̀č(1∓ǔ) ) (76)

= (1∓ǔ) ( ∓ǔ_{,(β)}č^2 − ùù_{,(β)}c̀^2 +^±Υ^{(2)}_{(2)(β)} +^±Υ^{(1)}_{(β)(1)} )

+ 8π 3c ( ±1 (1±ǔ) j^{[(2)}δ^{(1)]}_{(β)} + iù (1∓ǔ) (1+ù^2) j^{[(4)}δ^{(3)]}_{(β)} ) , (77)

0 =^±o^{(3)(4)}_{(β)} = ±iù_{,(β)} + (1∓iù) ( ( √ −N_⋄ )_{,(β)} √ −N_⋄ −^±Υ^{(4)}_{(4)(β)} −^±Υ^{(3)}_{(β)(3)} )

+ 8π 3c ( ±j^{[(4)}δ^{(3)]}_{(β)} + 1 2 j^{(α)}N̂_{(α)(β)}c̀č(1∓iù) ) (78) = (1∓iù) ( ±iù_{,(β)}c̀^2 − ǔǔ_{,(β)}č^2 −^±Υ^{(4)}_{(4)(β)} −^±Υ^{(3)}_{(β)(3)} )

+ 8π 3c ( ±1 (1±iù) j^{[(4)}δ^{(3)]}_{(β)} + ǔ (1∓iù) (1−ǔ^2) j^{[(2)}δ^{(1)]}_{(β)} ) , (79)

0 =^±o^{(2)(4)}_{(β)} = γ_{(3)(1)(β)}(−(1±ǔ) + (1∓iù)) +^±Υ^{(4)}_{(1)(β)}(1±ǔ) −^±Υ^{(2)}_{(β)(3)}(1∓iù) ± 8π 3c j^{[(4)}δ^{(2)]}_{(β)} (80)

= ∓γ_{(3)(1)(β)}w +^±Υ^{(4)}_{(1)(β)}(1±ǔ) −^±Υ^{(2)}_{(β)(3)}(1∓iù) ± 8π 3c j^{[(4)}δ^{(2)]}_{(β)} , (81)

0 =^±o^{(1)(3)}_{(β)} = γ_{(2)(4)(β)}((1∓ǔ) − (1±iù)) +^±Υ^{(3)}_{(2)(β)}(1∓ǔ) −^±Υ^{(1)}_{(β)(4)}(1±iù) ± 8π 3c j^{[(3)}δ^{(1)]}_{(β)} (82)

= ∓γ_{(2)(4)(β)}w +^±Υ^{(3)}_{(2)(β)}(1∓ǔ) −^±Υ^{(1)}_{(β)(4)}(1±iù) ± 8π 3c j^{[(3)}δ^{(1)]}_{(β)} , (83)

To save space in the equations above we are using the notation,

−o^{(τ)(ν)}_{(β)} =^+o^{(ν)(τ)}_{(β)} = o^{(ν)(τ)}_{(β)} ,^−Υ^{(τ)}_{(ν)(β)} =^+Υ^{(τ)}_{(β)(ν)} = Υ^{(τ)}_{(β)(ν)}. (84)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 7

4. An Exact Solution for the Connection Addition in the Tetrad Frame

The connection equations (73-83) can be solved by forming linear combinations of them where all of the Υ^{(α)}_{(σ)(μ)} terms cancel except for the desired one. The required linear combinations are listed in Appendix A and the calculations are done in Appendix B. The result, split into symmetric and antisymmetric components is below,

Ῡ^{(2)}_{(1)(2)} = č^2ǔǔ_{,(1)} − 4πč^2ǔ 3c j^{(2)}, (85)

Ῡ^{(1)}_{(1)(2)} = č^2ǔǔ_{,(2)} + 4πč^2ǔ 3c j^{(1)}, (86)

Ῡ^{(4)}_{(3)(4)} = − c̀^2ùù_{,(3)} + 4πc̀^2iù 3c j^{(4)}, (87)

Ῡ^{(1)}_{(1)(1)} = ùù_{,(1)}c̀^2 − ǔǔ_{,(1)}č^2 + 4πǔč^2 3c j^{(2)}, (88)

Ῡ^{(2)}_{(2)(2)} = ùù_{,(2)}c̀^2 − ǔǔ_{,(2)}č^2 − 4πǔč^2 3c j^{(1)}, (89)

Ῡ^{(3)}_{(3)(3)} = ùù_{,(3)}c̀^2 − ǔǔ_{,(3)}č^2 − 4πiùc̀^2 3c j^{(4)}, (90)

Ῡ^{(2)}_{(1)(1)} = Ῡ^{(1)}_{(2)(2)} = Ῡ^{(3)}_{(4)(4)} = 0, (91)

Ῡ^{(2)}_{(2)(3)} = iù 2 (ǔ_{,(3)}č^2 − iù_{,(3)}c̀^2) − 2πiùc̀^2 3c j^{(4)}, (92)

Ῡ^{(1)}_{(1)(3)} = − iù 2 (ǔ_{,(3)}č^2 + iù_{,(3)}c̀^2) − 2πiùc̀^2 3c j^{(4)}, (93)

Ῡ^{(3)}_{(1)(3)} = − ǔ 2 (ǔ_{,(1)}č^2 + iù_{,(1)}c̀^2) + 2πǔč^2 3c j^{(2)}, (94)

Ῡ^{(3)}_{(2)(3)} = − ǔ 2 (ǔ_{,(2)}č^2 − iù_{,(2)}c̀^2) − 2πǔč^2 3c j^{(1)}, (95)

Ῡ^{(4)}_{(1)(2)} = − ǔč^2 2 ( ǔ_{,(3)} č^2 c̀^2 + τ w − π^∗w^∗ ) , (96)

Ῡ^{(2)}_{(3)(4)} = − iùc̀^2 2 ( iù_{,(1)} c̀^2 č^2 + ρw − ρ^∗w^∗ ) , (97)

Ῡ^{(1)}_{(4)(3)} = − iùc̀^2 2 ( iù_{,(2)} c̀^2 č^2 − μw + μ^∗w^∗ ) , (98)

Ῡ^{(2)}_{(1)(3)} = κwǔ Ž , Ῡ^{(1)}_{(2)(4)} = − νwǔ Ž , (99) Ῡ^{(4)}_{(1)(3)} = σwiù Z̀ , Ῡ^{(3)}_{(2)(4)} = − λwiù Z̀ , (100)

Ῡ^{(4)}_{(1)(1)} = κw^2 Ž , Ῡ^{(3)}_{(2)(2)} = − νw^2 Ž , (101)

Ῡ^{(2)}_{(3)(3)} = σw^2 Z̀ , Ῡ^{(1)}_{(4)(4)} = − λw^2 Z̀ , (102)

Υ̂^{(2)}_{(1)(2)} = − č^2ǔ_{,(1)} + 4πč^2 3c j^{(2)}, (103)

Υ̂^{(1)}_{(1)(2)} = − č^2ǔ_{,(2)} − 4πč^2 3c j^{(1)}, (104)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 8

Υ̂^{(4)}_{(3)(4)} = − ic̀^2ù_{,(3)} − 4πc̀^2 3c j^{(4)}, (105)

Υ̂^{(2)}_{(2)(3)} = 1 2 (ǔ_{,(3)}č^2 − iù_{,(3)}c̀^2) −

2πc̀^2 3c j^{(4)}, (106)

Υ̂^{(1)}_{(1)(3)} = − 1 2 (ǔ_{,(3)}č^2 + iù_{,(3)}c̀^2) −

2πc̀^2 3c j^{(4)}, (107)

Υ̂^{(3)}_{(1)(3)} = 1 2 (ǔ_{,(1)}č^2 + iù_{,(1)}c̀^2) −

2πč^2 3c j^{(2)}, (108)

Υ̂^{(3)}_{(2)(3)} = − 1 2 (ǔ_{,(2)}č^2 − iù_{,(2)}c̀^2) −

2πč^2 3c j^{(1)}, (109)

Υ̂^{(4)}_{(1)(2)} = č^2 2 ( ǔ_{,(3)} č^2 c̀^2 + τ w − π^∗w^∗ ) , (110)

Υ̂^{(2)}_{(3)(4)} = c̀^2 2 ( iù_{,(1)} c̀^2 č^2 + ρw − ρ^∗w^∗ ) , (111)

Υ̂^{(1)}_{(4)(3)} = − c̀^2 2 ( iù_{,(2)} c̀^2 č^2 − μw + μ^∗w^∗ ) , (112)

Υ̂^{(2)}_{(1)(3)} = − κw Ž , Υ̂^{(1)}_{(2)(4)} = − νw Ž , (113) Υ̂^{(4)}_{(1)(3)} = σw Z̀ , Υ̂^{(3)}_{(2)(4)} = λw Z̀ , (114) where

Z̀ = [(1±iù)^2(1±ǔ) + (1∓iù)^2(1∓ǔ)]/2 = 1 + 2iǔù − ù^2, (115) Ž = [(1±ǔ)^2(1±iù) + (1∓ǔ)^2(1∓iù)]/2 = 1 + 2iǔù + ǔ^2. (116)

As an error check, it is easy to verify that these results agree with (9) and (4),

Ῡ^{(α)}_{(β)(α)} = ùù_{,(β)}c̀^2 −ǔǔ_{,(β)}č^2 + 8π 3c ( ǔč^2δ^{[(1)}_{(β)} j^{(2)]} − iùc̀^2δ^{[(3)}_{(β)} j^{(4)]} ) (117) = − ( √ −g_⋄ )_{,(β)} √ −g_⋄ + ( √ −N_⋄ )_{,(β)} √ −N_⋄ + 4π 3c √ −g_⋄ √ −N_⋄ j^{(ρ)}N̂_{(ρ)(β)}, (118)

Υ̂^{(α)}_{(β)(α)} = 0. (119)

5. Approximation of Classical General Relativity and Electromagnetism

In [10] it is shown that this theory closely approximates classical general relativity and electromagnetism when a large extrinsic cosmological constant is assumed. Here we will confirm this by deriving some of the results in [10] by tetrad methods.

We will use the approximation that |N̂^α_β| ≪ 1, or equivalently |f^α_β| ≪ 1, which we will call the small-skew approximation[10]. It is a widely accepted technique, and is used heavily in much research on this topic. We will refer to equations as being accurate to order f^1 or f^2 etc., meaning that higher order terms such as f^α_β f^β_αf^σ_μ are being ignored. Assuming Λ_b ≈ −Λ_e ∼ ±10^{66} cm^{−2} as in [10], we can determine worst-case values of |f^α_β|. For a charged particle with f^1_0 = Q/r^2, applying the conversion to cgs units (20) shows that |f^1_0| = 1 would occur at the radius

r_e = √ |Q| = √ e √ −2G c^4Λ_b

= 10^{−33}cm. (120)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 9

For atomic radii near the Bohr radius (a_0 = ℏ^2/m_ee^2 = 5.3 ×10^{−9}cm) we have, |f^1_0|_{Bohr} ∼ r^2_e/a^2_0 ∼ 10^{−50}. (121) For the smallest radii probed by high energy particle physics experiments (10^{−17}cm), |f^1_0|_{HE} ∼ r^2_e /(10^{−17})^2 ∼ 10^{−32}. (122) The fields at this radius are larger than near any macroscopic charged object, and are also larger than the strongest plane-wave fields. Clearly the small-skew approximation is extremely accurate. This is particularly true since terms which are ignored are usually two powers in f^σ_μ higher than terms which are kept.

The tetrad formalism allows the small-skew approximation to be stated somewhat more rigorously as |ù| ≪ 1, |ǔ| ≪ 1. From (34-39), a charged particle will have ǔ ≈ Q/r^2, ù = 0. From (42,44,39,41,27,28) we have, to second order in ù and ǔ, č/c̀ ≈ 1 + ǔ^2/2 + ù^2/2 = 1 + ǔ^2 − ℓ/4, (123) − c̀/č ≈ − 1 + ǔ^2/2 + ù^2/2 = −1 + ù^2 + ℓ/4, (124)

N̄_{(σ)(μ)} = č/c̀ č/c̀ −c̀/č −c̀/č ≈ g(σ)(μ) + f(σ)^{(ν)}f(ν)(μ) − 1 4 g_{(σ)(μ)} ℓ, (125)

N̂_{(σ)(μ)} = −ǔč/c̀ ǔč/c̀ iùc̀/č −iùc̀/č ≈ f(σ)(μ). (126)

These n = 4 results match the order f^2 approximations derived in [10], N̄_{σμ} ≈ g_{σμ} + f_σ^ν f_{νμ} − 1 2(n−2) g_{σμ} ℓ, (127)

N̂_{σμ} ≈ f_{σμ}. (128)

In Appendix C it is shown that to second order in ù and ǔ, the exact n = 4 solution for Υ^{(α)}_{(σ)(μ)} in §4 matches the order f^2 approximation derived in [12, 10],

Ῡ^α_{σμ} ≈ f^τ_{(σ}f_{μ)}^α_{;τ} + f^{ατ} f_{τ(σ;μ)} + 1 4(n−2) ( ℓ_,^αg_{σμ} − 2 ℓ_{,(σ} δ^α_{μ)}) + 4π c(n−2) j^ρ ( f^α_ρ g_{σμ} + 2 (n−1) f_{ρ(σ}δ^α_{μ)} ) , (129)

Υ̂^α_{σμ} ≈ 1 2 (f_{σμ;}^α + f^α_{μ;σ} − f^α_{σ;μ}) + 8π c(n−1) j_{[σ} δ^α_{μ]}, (130) Υ^α_σ ≈ −1 2(n−2) ℓ_{,σ} + 8π c(n−1)(n−2) j^αf_{ασ}. (131)

Substituting (127) into (15) and using (39) gives ∘Ḡ_{σμ} ≈ 8πG c^4 T_{σμ} − Λ_b ( f_σ^νf_{νμ} − 1 4 g_{σμ}f^{ρν} f_{νρ} ) + Λ ( n 2 − 1 ) g_{σμ}. (132)

By substituting (129,130,131) into (23,16), one can derive[10] an order f^2 approximation of^∘Ḡ_{σμ} in terms of the ordinary Einstein tensor G_{σμ} = R_{σμ} − (1/2)g_{σμ}R. However, without actually doing the calculation, it is easy to see that^∘Ḡ_{σμ} and G_{σμ} can differ only by second order terms such as f^τ_{(σ}f_{μ)}^α_{;τ;α} and f^ν_{σ;α}f^α_{μ;ν} . This result applies with or without charge currents since 4πj^ρ/c = f^{τρ}_{;τ} from (12). With

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 10

the conversion to cgs units (20), these additional terms will all be divided by Λ_b, and will therefore be negligible except for extremely rapidly changing fields. With the conversion to cgs units, the second term in (132) is the ordinary electromagnetic energy-momentum tensor. Therefore (132) is clearly an approximation to the Einstein equations of classical general relativity and electromagnetism.

Combining (7,128,23, 130) gives, to order f^1, 2Λ_bA_{[σ,μ]} +Λ_bf_{σμ} ≈ − (^∘R̂_{σμ} +^∘Γ^α_{[σ,μ]}) ≈ −Υ̂^α_{σμ;α} (133) ≈ − 1 2 (f_{σμ;}^α +f^α_{μ;σ} −f^α_{σ;μ})_{;α} − 8π c(n−1) j_{[σ,μ]} (134) ≈ − 3 2 f_{[σμ,α];}^α + 2f_{α[σ;μ];}^α − 8π c(n−1) j_{[σ,μ]} , (135) f_{σμ} ≈ 2A_{[μ,σ]} + ϑ_{[τ,α]}ε_{σμ}^{τα} + 8π cΛ_b j_{[σ,μ]} − 8π c(n−1)Λ_b j_{[σ,μ]} , (136)

where f_{[σμ,α]} = −2Λ_b 3 ϑ_τ ε^τ_{σμα} , ϑ_τ = 1 4Λ_b f_{[σμ,α]}ε_τ^{σμα}. (137) The last two terms of (136) can be neglected if Λ_b is very large, as we are assuming. Taking the divergence of (136) using (12), the ϑ_{[τ,α]}ε_{σμ}^{τα} term drops out and we get an approximation to Maxwell’s equations,

F_{σμ;}^σ = 2A_{[μ,σ];}^σ ≈ 4π c j_μ, (138) F_{[σμ,ν]} = 2A_{[μ,σ,ν]} = 0 (from the definition F_{σμ} = 2A_{[μ,σ]}). (139) Taking the curl of (136), the 2A_{[μ,σ]} term drops out and we see that the additional supermassive vector field ϑ_ρ obeys a form of the Proca equation, Λ_bϑ_ρ ≈ −ϑ_{[ρ,ν];}^ν . (140)

6. An Electric Monopole Solution

Here we assume T_{σμ} = 0, j^ρ = 0, which is the Einstein-Schrödinger equivalent of electro-vac general relativity. The Newman-Penrose tetrads of the electric monopole solution derived in [10] are similar to those of the Reissner-Nordström solution[20], except for the č factors, e_{(1)α} = l_α = (1, −1/ač, 0, 0) , e_{(1)}^α = l^α = (1/ač, 1, 0, 0), (141)

e_{(2)α} = n_α = 1 2 (ač, 1, 0, 0) , e_{(2)}^α = n^α = 1 2 (1, −ač, 0, 0), (142)

e_{(3)α} = m_α = − r √ č/2 (0, 0, 1, i sin θ) , e_{(3)}^α = m^α = 1 r √ 2č (0, 0, 1, i csc θ), (143)

where from [10]

ù = 0 , s̀ = 0 , c̀ = 1, (144)

ǔ = š č = Q č r^2

, (145)

š = Q r^2

, (146)

č = 1 √ 1 − ǔ^2 = √ 1 + š^2 = √ 1 + Q^2 r^4

, (147)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 11

a = 1 − 2m r − Λ_br^2 3 − Λ_eV r = 1 − 2m r − Λr^2 3 − (Λ_b −Λ) ( Q^2 2r^2 − Q^4 40r^6 ... ) , (148) V = ∫ √ r^4 + Q^2 dr = 1 3 [ r √ r^4 + Q^2 − Q^{3/2}F ( 2 arctan (√ Q r ) , π 4 )] (149) = ∫ r^2 ( 1 + Q^2 2r^4 − Q^4 8r^8 ... ) dr = r^3 3 − Q^2 2r + Q^4 40r^5 ... , (150) Λ_b ≈ − Λ_e ∼ ±10^{66}cm^{−2} , Λ ∼ 10^{−56}cm^{−2} , Λ/Λ_b ∼ 10^{−122}, (151) Q = e √ −2G c^4Λ_b ∼ √ ∓1 × 10^{−66}cm^2. (152)

In (148), the term −Λ_bQ^2/2r^2 = e^2G/c^4r^2 matches a term appearing in the Reissner- Nordström solution, and the remaining Q terms are negligible for ordinary radii.

The nonzero tetrad derivatives are,

e_{(1)1,1} = − ( 1 ač )_′ , e_{(2)0,1} = (ač)^′ 2 , e_{(3)3,2} = −r √ č/2 i cos θ , (153)

e_{(3)2,1} = − √ č/2 − rč^′ 2 √ 2č = −č^2 + š^2 √ 2č č = −1 √ 2č č , e_{(3)3,1} = e_{(3)2,1} i sin θ . (154)

From these and (53), the λ_{(α)(β)(ν)} coefficients are λ_{(α)(1)(β)} = e_{(1)1,1}(e_{(α)}^1e_{(β)}^1 − e_{(α)}^1e_{(β)}^1) = 0, (155)

λ_{(2)(2)(1)} = e_{(2)0,1}(e_{(2)}^0e_{(1)}^1 − e_{(2)}^1e_{(1)}^0) = (ač)^′ 2 , (156)

λ_{(1)(2)(3)} = e_{(2)0,1}(e_{(1)}^0e_{(3)}^1 − e_{(1)}^1e_{(3)}^0) = 0, (157) λ_{(2)(2)(3)} = e_{(2)0,1}(e_{(2)}^0e_{(3)}^1 − e_{(2)}^1e_{(3)}^0) = 0, (158) λ_{(3)(2)(4)} = e_{(2)0,1}(e_{(3)}^0e_{(4)}^1 − e_{(3)}^1e_{(4)}^0) = 0, (159) λ_{(1)(3)(2)} = e_{(3)0,1}(e_{(1)}^0e_{(2)}^1 − e_{(1)}^1e_{(2)}^0) = 0, (160) λ_{(2)(3)(3)} = − e_{(3)2,1}e_{(2)}^1e_{(3)}^2 − e_{(3)3,1}e_{(2)}^1e_{(3)}^3 = 0, (161) λ_{(2)(4)(3)} = − e_{(4)2,1}e_{(2)}^1e_{(3)}^2 − e_{(4)3,1}e_{(2)}^1e_{(3)}^3 (162)

= − 2 ( −1 √ 2č č )( −ač 2 ) 1 r √ 2č = − a 2rč , (163)

λ_{(4)(4)(1)} = e_{(4)2,1}e_{(4)}^2e_{(1)}^1 + e_{(4)3,1}e_{(4)}^3e_{(1)}^1 = 0, (164) λ_{(4)(3)(1)} = e_{(3)2,1}e_{(4)}^2e_{(1)}^1 + e_{(3)3,1}e_{(4)}^3e_{(1)}^1 (165) = 2 ( −1 √ 2č č ) 1 r √ 2č = − 1 rč^2 , (166)

λ_{(3)(3)(4)} = e_{(3)3,2}(e_{(3)}^3e_{(4)}^2 − e_{(3)}^2e_{(4)}^3) (167) = 2(−r √ č/2 i cos θ) ( i csc θ r √ 2č ) 1 r √ 2č = cot θ r √ 2č . (168)

From (51), the spin coefficients are similar to those of the Reissner-Nordström solution[20], except for the č factors,

ρ = γ_{(3)(1)(4)} = λ_{(4)(3)(1)} = − 1 rč^2 , (169)

μ = γ_{(2)(4)(3)} = λ_{(2)(4)(3)} = − a 2rč , (170)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 12 β = 1 2 (γ_{(2)(1)(3)} +γ_{(3)(4)(3)}) = 1 2 λ_{(3)(3)(4)} = cot θ 2r √ 2č , (171) α = 1 2 (γ_{(2)(1)(4)} +γ_{(3)(4)(4)}) = 1 2 λ_{(3)(4)(4)} = −cot θ 2r √ 2č , (172) γ = 1 2 (γ_{(2)(1)(2)} +γ_{(3)(4)(2)}) = 1 2 λ_{(2)(2)(1)} = (ač)^′ 4 , (173) ϵ = 1 2 (γ_{(2)(1)(1)} +γ_{(3)(4)(1)}) = 0, (174) τ = γ_{(3)(1)(2)} = 0, (175) π = γ_{(2)(4)(1)} = 0, (176) κ = γ_{(3)(1)(1)} = 0, (177) σ = γ_{(3)(1)(3)} = 0, (178) λ = γ_{(2)(4)(4)} = 0, (179) ν = γ_{(2)(4)(2)} = 0. (180) The type-D classification of this solution is evident because κ = σ = λ = ν = ϵ = 0 and from the Weyl tensor components calculated with MAPLE,

Ψ_2 = − 1 č ( 1 + 2Q^2 r^4 )( m r^3 + Λ_eV 2r^3 − Λ_eč 6 ) + Λ_eQ^2 6r^4 + Q^2 2čr^6

, (181)

Ψ_0 = Ψ_1 = Ψ_3 = Ψ_4 = 0. (182) The electromagnetic vector potential from [10] and (141-143) completes the solution, A_{(α)} = (A_0/ač, A_0/2, 0, 0), (183)

A_0 = Q r ( 1 − 4Λ 3Λ_b ) + Qm Λ_br^4 + ( 1− Λ Λ_b )( 2Q^3 5r^5 − Q^5 30r^9 ... ) . (184)

Here all terms except Q/r are negligible for ordinary radii, assuming (151,152).

From (24,26,141-143,146-148), the tetrad solution matches the solution in [10], M^{σμ} = e^σ_{(α)}M^{(α)(β)}e_{(β)}^μ (185)

= e^σ_{(.)} 1−ǔ 1+ǔ −1 −1

1 ač 1 1 2 −^{ač}_{2 1} r √ 2č i csc θ r √ 2č 1 r √ 2č −^{i csc θ}_r^√_{2č}

(186)

= 1 ač 1 2 1 −^{ač}_{2 1} r √ 2č 1 r √ 2č i csc θ r √ 2č −^{i csc θ}_r^√_{2č}

(1−ǔ) 2 −^{(1−ǔ)ač}_2

(1+ǔ) ač (1+ǔ)

−^1_r^√_{2č}^{i csc θ}_r^√_{2č} −^1_r^√_{2č} −^{i csc θ}_r^√_{2č}

(187)

= 1/ač ǔ −ǔ −ač −1/čr^2 −1/čr^2sin^2θ

(188)

= 1 č 1/a š −š −ač^2 −1/r^2 −1/r^2sin^2θ

, (189)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 13

g^{σμ} = M̄^{σμ} = 1 č 1/a −ač^2 −1/r^2 −1/r^2sin^2θ

, (190)

g_{σμ} = M̄^⊣_{σμ} = č a −1/ač^2 −r^2 −r^2sin^2θ

, (191)

f^{σμ} = − M̂^{σμ} = 1 č 0 −š š 0 0 0 , (192)

f_{σμ} = − M̂_{σμ} = 1 č 0 š −š 0 0 0 , (193)

N_{σμ} = √ −N √ −g M^⊣_{σμ} = ač^2 š −š −1/a −r^2 −r^2sin^2θ

. (194)

Also, from (185,46-49,32) we have,

1/ẽ = det(e_{(.)}^.) = i csc θ/čr^2 , ẽ = det(e^{(.)}_.) = −ičr^2sin θ, (195) √ −N = √ −N_⋄ ẽ = iẽ/čc̀ = r^2sin θ, (196) √ −g = √ −g_⋄ ẽ = iẽ = čr^2sin θ. (197)

This solution reduces to the Papapetrou type I solution[21] for Λ_e = 0, Λ_b = Λ, and to the Schwarzschild solution for Q = 0. Note from (152,147) that for an elementary charge, “č ” diverges from one near r_e = √ |Q| ∼ 10^{−33}cm, and it goes to zero there if Q is imaginary. This r_e surface may lie inside or outside of the event horizon depending on the charge/mass ratio.

7. Conclusions

The Einstein-Schrödinger theory is particularly workable in Newman-Penrose form. The presented solution of the connection equations is fairly simple and is applicable for all cases except f^σ_μf^μ_σ = det(f^._.) = 0. It is very compatible with symbolic algebra programs such as REDUCE or MAPLE.

The equations in §1 and §5 demonstrate by different methods than used in [10] that this theory approximates classical general relativity and electromagnetism when a large extrinsic cosmological constant is assumed. This is corroborated by the Petrov type-D classification of the electric monopole solution, and by its close approximation to the Reissner-Nordström solution in tetrad form.

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 14

Appendix A. Linear Combinations to Solve for the Connection Addition

In the following linear combinations of equations (73-83), the right-hand-side Υ^{(α)}_{(σ)(μ)} terms cancel,

±Υ^{(2)}_{(1)(2)}=^±Υ^{(2)}_{(1)(2)} + 1 2 (_± o^{(1)(2)}_{(1)} − o^{(2)(2)}_{(2)} −^±o^{(2)(1)}_{(1)} (1∓ǔ) (1±ǔ) ) , (A.1)

±Υ^{(1)}_{(1)(2)}=^±Υ^{(1)}_{(1)(2)} + 1 2 (_± o^{(1)(2)}_{(2)} − o^{(1)(1)}_{(1)} −^±o^{(2)(1)}_{(2)} (1∓ǔ) (1±ǔ) ) , (A.2)

±Υ^{(4)}_{(3)(4)}=^±Υ^{(4)}_{(3)(4)} + 1 2 ( −^±o^{(3)(4)}_{(3)} + o^{(4)(4)}_{(4)} +^±o^{(4)(3)}_{(3)} (1∓iù) (1±iù) ) , (A.3)

Υ^{(1)}_{(1)(1)} = Υ^{(1)}_{(1)(1)} + 1 2 (−o^{(2)(1)}_{(1)} − o^{(1)(2)}_{(1)} + o^{(2)(2)}_{(2)} ), (A.4)

Υ^{(2)}_{(2)(2)} = Υ^{(2)}_{(2)(2)} + 1 2 (−o^{(1)(2)}_{(2)} − o^{(2)(1)}_{(2)} + o^{(1)(1)}_{(1)} ), (A.5)

Υ^{(3)}_{(3)(3)} = Υ^{(3)}_{(3)(3)} + 1 2 ( o^{(4)(3)}_{(3)} + o^{(3)(4)}_{(3)} − o^{(4)(4)}_{(4)} ), (A.6)

Υ^{(2)}_{(1)(1)} = Υ^{(2)}_{(1)(1)} − 1 2 o^{(2)(2)}_{(1)} , (A.7)

Υ^{(1)}_{(2)(2)} = Υ^{(1)}_{(2)(2)} − 1 2 o^{(1)(1)}_{(2)} , (A.8)

Υ^{(3)}_{(4)(4)} = Υ^{(3)}_{(4)(4)} + 1 2 o^{(3)(3)}_{(4)} , (A.9)

±Υ^{(2)}_{(2)(3)}=^±Υ^{(2)}_{(2)(3)} + 1 2 (_± o^{(2)(4)}_{(2)} −^±o^{(4)(1)}_{(1)} −^±o^{(1)(2)}_{(3)} (1±iù) (1∓ǔ) ) , (A.10)

±Υ^{(1)}_{(1)(3)}=^±Υ^{(1)}_{(1)(3)} + 1 2 ( −^±o^{(4)(2)}_{(2)} +^±o^{(1)(4)}_{(1)} −^±o^{(2)(1)}_{(3)} (1±iù) (1±ǔ) ) , (A.11)

±Υ^{(3)}_{(1)(3)}=^±Υ^{(3)}_{(1)(3)} + 1 2 ( ±o^{(4)(2)}_{(4)} −^±o^{(2)(3)}_{(3)} +^±o^{(3)(4)}_{(1)} (1∓ǔ) (1∓iù) ) , (A.12)

±Υ^{(3)}_{(2)(3)}=^±Υ^{(3)}_{(2)(3)} + 1 2 (_± o^{(4)(1)}_{(4)} −^±o^{(1)(3)}_{(3)} + o^{(3)(4)}_{(2)} (1±ǔ) (1∓iù) ) , (A.13)

±Υ^{(4)}_{(1)(2)}=^±Υ^{(4)}_{(1)(2)} + 1 2 ( −^±o^{(2)(4)}_{(2)} (1±iù) (1±ǔ) −^±o^{(4)(1)}_{(1)} (1∓iù) (1±ǔ) −^±o^{(1)(2)}_{(3)}

(1+ù^2) (1−ǔ^2) ) , (A.14)

±Υ^{(2)}_{(3)(4)}=^±Υ^{(2)}_{(3)(4)} + 1 2 (_± o^{(4)(2)}_{(4)} (1±ǔ) (1±iù) +^±o^{(2)(3)}_{(3)} (1∓ǔ) (1±iù) +^±o^{(3)(4)}_{(1)}

(1−ǔ^2) (1+ù^2) ) , (A.15)

±Υ^{(1)}_{(4)(3)}=^±Υ^{(1)}_{(4)(3)} + 1 2 ( ±o^{(3)(1)}_{(3)} (1∓ǔ) (1∓iù) +^±o^{(1)(4)}_{(4)} (1±ǔ) (1∓iù) +^±o^{(4)(3)}_{(2)}

(1−ǔ^2) (1+ù^2) ) , (A.16)

±Υ^{(2)}_{(1)(3)}=^±Υ^{(2)}_{(1)(3)} + 1 2Ž ( −^±o^{(4)(2)}_{(1)} (1−ǔ^2)+^±o^{(2)(4)}_{(1)} (1∓ǔ)^2 − o^{(2)(2)}_{(3)} (1±iù)(1±ǔ) ) , (A.17)

±Υ^{(1)}_{(2)(4)}=^±Υ^{(1)}_{(2)(4)} + 1 2Ž ( −^±o^{(3)(1)}_{(2)} (1−ǔ^2)+^±o^{(1)(3)}_{(2)} (1±ǔ)^2 − o^{(1)(1)}_{(4)} (1∓iù)(1∓ǔ) ) , (A.18)

±Υ^{(4)}_{(1)(3)}=^±Υ^{(4)}_{(1)(3)} + 1 2Z̀ (_± o^{(4)(2)}_{(3)} (1+ù^2)−^±o^{(2)(4)}_{(3)} (1±iù)^2 + o^{(4)(4)}_{(1)} (1∓iù)(1∓ǔ) ) , (A.19)

±Υ^{(3)}_{(2)(4)}=^±Υ^{(3)}_{(2)(4)} + 1 2Z̀ (_± o^{(3)(1)}_{(4)} (1+ù^2)−^±o^{(1)(3)}_{(4)} (1∓iù)^2 + o^{(3)(3)}_{(2)} (1±iù)(1±ǔ) ) , (A.20)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 15

Υ^{(4)}_{(1)(1)} = Υ^{(4)}_{(1)(1)}+ 1 2Ž ( −o^{(2)(4)}_{(1)} (1+iù)(1+ǔ)−o^{(4)(2)}_{(1)} (1−iù)(1−ǔ)−o^{(2)(2)}_{(3)} (1+ù^2) ) ,(A.21)

Υ^{(3)}_{(2)(2)} = Υ^{(3)}_{(2)(2)}+ 1 2Ž ( −o^{(1)(3)}_{(2)} (1−iù)(1−ǔ)−o^{(3)(1)}_{(2)} (1+iù)(1+ǔ)−o^{(1)(1)}_{(4)} (1+ù^2) ) ,(A.22)

Υ^{(2)}_{(3)(3)} = Υ^{(2)}_{(3)(3)}+ 1 2Z̀ ( o^{(4)(2)}_{(3)} (1+iù)(1+ǔ)+o^{(2)(4)}_{(3)} (1−iù)(1−ǔ)+o^{(4)(4)}_{(1)} (1−ǔ^2) ) , (A.23)

Υ^{(1)}_{(4)(4)} = Υ^{(1)}_{(4)(4)}+ 1 2Z̀ ( o^{(3)(1)}_{(4)} (1−iù)(1−ǔ)+o^{(1)(3)}_{(4)} (1+iù)(1+ǔ)+o^{(3)(3)}_{(2)} (1−ǔ^2) ) . (A.24)

Appendix B. Calculation of the Exact Connection Addition

Performing the linear combinations in Appendix A and using (64,67,70) and the notation (84,115) gives

±Υ^{(2)}_{(1)(2)} = ∓ ǔ_{,(1)} (1±ǔ) ± 4π 3c(1±ǔ) j^{(2)}, (B.1)

±Υ^{(1)}_{(1)(2)} = ∓ ǔ_{,(2)} (1±ǔ) ∓ 4π 3c(1±ǔ) j^{(1)}, (B.2)

±Υ^{(4)}_{(3)(4)} = ∓ iù_{,(3)} (1±iù) ∓ 4π 3c(1±iù) j^{(4)}, (B.3)

Υ^{(1)}_{(1)(1)} = ( √ −N_⋄ )_{,(1)} √ −N_⋄ + 4πǔč^2 3c j^{(2)} = ùù_{,(1)}c̀^2 − ǔǔ_{,(1)}č^2 + 4πǔč^2 3c j^{(2)}, (B.4)

Υ^{(2)}_{(2)(2)} = ( √ −N_⋄ )_{,(2)} √ −N_⋄ − 4πǔč^2 3c j^{(1)} = ùù_{,(2)}c̀^2 − ǔǔ_{,(2)}č^2 − 4πǔč^2 3c j^{(1)}, (B.5)

Υ^{(3)}_{(3)(3)} = ( √ −N_⋄ )_{,(3)} √ −N_⋄ − 4πiùc̀^2 3c j^{(4)} = ùù_{,(3)}c̀^2 − ǔǔ_{,(3)}č^2 − 4πiùc̀^2 3c j^{(4)}, (B.6)

Υ^{(2)}_{(1)(1)} = Υ^{(1)}_{(2)(2)} = Υ^{(3)}_{(4)(4)} = 0, (B.7)

±Υ^{(2)}_{(2)(3)} = ∓ 1 2 (τ w + π^∗w^∗) − 1 2 (∓ǔ_{,(3)}č^2 − ùù_{,(3)}c̀^2)(1±iù) ± 2π(2 ∓ 3iù) 3c(1∓iù) j^{(4)} (B.8) = ∓ 1 2 (iù_{,(3)}c̀^2(1∓iù) − ǔ_{,(3)}č^2 ∓ ùù_{,(3)}c̀^2)(1±iù) ∓ 2π 3c(1∓iù) j^{(4)} (B.9) = ± 1 2 (ǔ_{,(3)}č^2 − iù_{,(3)}c̀^2)(1±iù) ∓ 2π 3c(1∓iù) j^{(4)}, (B.10)

±Υ^{(1)}_{(1)(3)} = ∓ 1 2 (τ w + π^∗w^∗) − 1 2 (±ǔ_{,(3)}č^2 − ùù_{,(3)}c̀^2)(1±iù) ± 2π(2 ∓ 3iù) 3c(1∓iù) j^{(4)} (B.11) = ∓ 1 2 (iù_{,(3)}c̀^2(1∓iù) + ǔ_{,(3)}č^2 ∓ ùù_{,(3)}c̀^2)(1±iù) ∓ 2π 3c(1∓iù) j^{(4)} (B.12) = ∓ 1 2 (ǔ_{,(3)}č^2 + iù_{,(3)}c̀^2)(1±iù) ∓ 2π 3c(1∓iù) j^{(4)}, (B.13)

±Υ^{(3)}_{(1)(3)} = ± 1 2 (ρw + ρ^∗w^∗) + 1 2 (±iù_{,(1)}c̀^2 − ǔǔ_{,(1)}č^2)(1∓ǔ) ±

2π(2 ± 3ǔ) 3c(1±ǔ) j^{(2)} (B.14) = ± 1 2 (ǔ_{,(1)}č^2(1±ǔ) + iù_{,(1)}c̀^2 ∓ ǔǔ_{,(1)}č^2)(1∓ǔ) ∓ 2π 3c(1±ǔ) j^{(2)} (B.15) = ± 1 2 (ǔ_{,(1)}č^2 + iù_{,(1)}c̀^2)(1∓ǔ) ∓ 2π 3c(1±ǔ) j^{(2)}, (B.16)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 16

±Υ^{(3)}_{(2)(3)} = ± 1 2 (μw + μ^∗w^∗) + 1 2 (±iù_{,(2)}c̀^2 − ǔǔ_{,(2)}č^2)(1±ǔ) ±

2π(2 ∓ 3ǔ) 3c(1∓ǔ) j^{(1)} (B.17) = ± 1 2 (−ǔ_{,(2)}č^2(1∓ǔ) + iù_{,(2)}c̀^2 ∓ ǔǔ_{,(2)}č^2)(1±ǔ) ∓ 2π 3c(1∓ǔ) j^{(1)} (B.18) = ∓ 1 2 (ǔ_{,(2)}č^2 − iù_{,(2)}c̀^2)(1±ǔ) ∓ 2π 3c(1∓ǔ) j^{(1)}, (B.19)

±Υ^{(4)}_{(1)(2)} = 1 2(1±ǔ) ( ±τ w(1±iù) ∓ π^∗w^∗(1∓iù) ± ǔ_{,(3)} č^2 c̀^2

+ ùù_{,(3)} − 4π c iùj^{(4)} ) (B.20) = ±1 2(1±ǔ) ( ǔ_{,(3)} č^2 c̀^2 + τ w − π^∗w^∗ ) , (B.21)

±Υ^{(2)}_{(3)(4)} = 1 2(1±iù) ( ±ρw(1±ǔ) ∓ ρ^∗w^∗(1∓ǔ) ± iù_{,(1)} c̀^2 č^2

− ǔǔ_{,(1)} + 4π c ǔj^{(2)} ) (B.22) = ±1 2(1±iù) ( iù_{,(1)} c̀^2 č^2 + ρw − ρ^∗w^∗ ) , (B.23)

±Υ^{(1)}_{(4)(3)} = 1 2(1∓iù) ( ±μw(1∓ǔ) ∓ μ^∗w^∗(1±ǔ) ∓ iù_{,(2)} c̀^2 č^2 − ǔǔ_{,(2)} − 4π c ǔj^{(1)} ) (B.24) = ∓1 2(1∓iù) ( iù_{,(2)} c̀^2 č^2 − μw + μ^∗w^∗ ) , (B.25)

±Υ^{(2)}_{(1)(3)} = κw(ǔ∓1) Ž ,^±Υ (1) (2)(4) = − νw(ǔ±1) Ž , (B.26)

±Υ^{(4)}_{(1)(3)} = σw(iù±1) Z̀ ,^±Υ^{(3)}_{(2)(4)} = − λw(iù∓1) Z̀ , (B.27)

Υ^{(4)}_{(1)(1)} = κw^2 Ž , Υ (3) (2)(2) = − νw^2 Ž , (B.28)

Υ^{(2)}_{(3)(3)} = σw^2 Z̀ , Υ (1) (4)(4) = − λw^2 Z̀ . (B.29)

Appendix C. Check of the Approximate Connection Addition Formula

Here we will show that the order f^2 approximation of Υ^α_{σμ} in (129,130,131) matches the exact solution in §4 for c̀ = č = Z̀ = Ž = 1, which amounts to a second order approximation in ù and ǔ. Much use is made of g_{(σ)(μ)} and f_{(σ)(μ)} from (27,28), γ_{(α)(β)(ν)} = −γ_{(β)(α)(ν)} from (52), ℓ_{,(σ)}/4 = ǔǔ_{,(σ)} − ùù_{,(σ)} from (39), and the field equations (64,67,70). To save space, only one component of each type will be shown.

In tetrad form (129) becomes,

Ῡ_{(α)(σ)(μ)} ≈ 1 2 (f^{(τ)}_{(σ)}(f_{(μ)(α),(τ)} − γ^{(ν)}_{(μ)(τ)} f_{(ν)(α)} − γ^{(ν)}_{(α)(τ)}f_{(μ)(ν)})

+ f^{(τ)}_{(μ)}(f_{(σ)(α),(τ)} − γ^{(ν)}_{(σ)(τ)} f_{(ν)(α)} − γ^{(ν)}_{(α)(τ)}f_{(σ)(ν)})

+ f_{(α)}^{(τ)}(f_{(τ)(σ),(μ)} − γ^{(ν)}_{(τ)(μ)}f_{(ν)(σ)} − γ^{(ν)}_{(σ)(μ)} f_{(τ)(ν)})

+ f_{(α)}^{(τ)}(f_{(τ)(μ),(σ)} − γ^{(ν)}_{(τ)(σ)}f_{(ν)(μ)} − γ^{(ν)}_{(μ)(σ)} f_{(τ)(ν)})) + 1 8 ( ℓ_{,(α)}g_{(σ)(μ)} − ℓ_{,(σ)}g_{(μ)(α)} − ℓ_{,(μ)}g_{(σ)(α)})

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 17 + 2π c ( j^{(ρ)}f_{(α)(ρ)}g_{(σ)(μ)} + 1 3 j^{(ρ)}f_{(ρ)(σ)}g_{(μ)(α)} + 1 3 j^{(ρ)}f_{(ρ)(μ)}g_{(σ)(α)} ) , (C.1)

Ῡ_{(1)(1)(2)} ≈ 1 2 (f^{(τ)}_{(1)}(f_{(2)(1),(τ)} − γ^{(ν)}_{(2)(τ)}f_{(ν)(1)} − γ^{(ν)}_{(1)(τ)}f_{(2)(ν)})

+ f^{(τ)}_{(2)}(f_{(1)(1),(τ)} − γ^{(ν)}_{(1)(τ)}f_{(ν)(1)} − γ^{(ν)}_{(1)(τ)}f_{(1)(ν)})

+ f_{(1)}^{(τ)}(f_{(τ)(1),(2)} − γ^{(ν)}_{(τ)(2)}f_{(ν)(1)} − γ^{(ν)}_{(1)(2)}f_{(τ)(ν)})

+ f_{(1)}^{(τ)}(f_{(τ)(2),(1)} − γ^{(ν)}_{(τ)(1)}f_{(ν)(2)} − γ^{(ν)}_{(2)(1)}f_{(τ)(ν)})) + 1 8 ( ℓ_{,(1)}g_{(1)(2)} − ℓ_{,(1)}g_{(2)(1)} − ℓ_{,(2)}g_{(1)(1)}) + 2π c ( j^{(2)}f_{(1)(2)}g_{(1)(2)} + 1 3 j^{(2)}f_{(2)(1)}g_{(2)(1)} + 1 3 j^{(1)}f_{(1)(2)}g_{(1)(1)} ) (C.2)

= ǔǔ_{,(1)} − 4π 3c ǔj^{(2)}, (C.3) Ῡ_{(2)(1)(1)} ≈ f^{(τ)}_{(1)}(f_{(1)(2),(τ)} − γ^{(ν)}_{(1)(τ)}f_{(ν)(2)} − γ^{(ν)}_{(2)(τ)}f_{(1)(ν)})

+ f_{(2)}^{(τ)}(f_{(τ)(1),(1)} − γ^{(ν)}_{(τ)(1)}f_{(ν)(1)} − γ^{(ν)}_{(1)(1)}f_{(τ)(ν)}) + 1 8 ( ℓ_{,(2)}g_{(1)(1)} − ℓ_{,(1)}g_{(1)(2)} − ℓ_{,(1)}g_{(1)(2)}) + 2π c ( j^{(1)}f_{(2)(1)}g_{(1)(1)} + 1 3 j^{(2)}f_{(2)(1)}g_{(1)(2)} + 1 3 j^{(2)}f_{(2)(1)}g_{(1)(2)} ) (C.4)

= ùù_{,(1)}−ǔǔ_{,(1)} + 4π 3c ǔj^{(2)}, (C.5) Ῡ_{(1)(1)(1)} ≈ f^{(τ)}_{(1)}(f_{(1)(1),(τ)} − γ^{(ν)}_{(1)(τ)}f_{(ν)(1)} − γ^{(ν)}_{(1)(τ)}f_{(1)(ν)})

+ f_{(1)}^{(τ)}(f_{(τ)(1),(1)} − γ^{(ν)}_{(τ)(1)}f_{(ν)(1)} − γ^{(ν)}_{(1)(1)}f_{(τ)(ν)}) + 1 8 ( ℓ_{,(1)}g_{(1)(1)} − ℓ_{,(1)}g_{(1)(1)} − ℓ_{,(1)}g_{(1)(1)}) + 2π c ( j^{(2)}f_{(1)(2)}g_{(1)(1)} + 1 3 j^{(2)}f_{(2)(1)}g_{(1)(1)} + 1 3 j^{(2)}f_{(2)(1)}g_{(1)(1)} ) (C.6)

= 0, (C.7) Ῡ_{(1)(2)(3)} ≈ 1 2 (f^{(τ)}_{(2)}(f_{(3)(1),(τ)} − γ^{(ν)}_{(3)(τ)}f_{(ν)(1)} − γ^{(ν)}_{(1)(τ)}f_{(3)(ν)})

+ f^{(τ)}_{(3)}(f_{(2)(1),(τ)} − γ^{(ν)}_{(2)(τ)}f_{(ν)(1)} − γ^{(ν)}_{(1)(τ)}f_{(2)(ν)})

+ f_{(1)}^{(τ)}(f_{(τ)(2),(3)} − γ^{(ν)}_{(τ)(3)}f_{(ν)(2)} − γ^{(ν)}_{(2)(3)}f_{(τ)(ν)})

+ f_{(1)}^{(τ)}(f_{(τ)(3),(2)} − γ^{(ν)}_{(τ)(2)}f_{(ν)(3)} − γ^{(ν)}_{(3)(2)}f_{(τ)(ν)})) + 1 8 ( ℓ_{,(1)}g_{(2)(3)} − ℓ_{,(2)}g_{(3)(1)} − ℓ_{,(3)}g_{(2)(1)}) + 2π c ( j^{(2)}f_{(1)(2)}g_{(2)(3)} + 1 3 j^{(1)}f_{(1)(2)}g_{(3)(1)} + 1 3 j^{(4)}f_{(4)(3)}g_{(2)(1)} ) (C.8) = 1 2 (iùǔ_{,(3)} + ǔǔ_{,(3)}) − 1 2 (ǔǔ_{,(3)} −ùù_{,(3)}) − 2π 3c iùj^{(4)} (C.9) = iù 2 (ǔ_{,(3)} − iù_{,(3)}) − 2π 3c iùj^{(4)}, (C.10)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 18

Ῡ_{(3)(1)(2)} ≈ 1 2 (f^{(τ)}_{(1)}(f_{(2)(3),(τ)} − γ^{(ν)}_{(2)(τ)}f_{(ν)(3)} − γ^{(ν)}_{(3)(τ)}f_{(2)(ν)})

+ f^{(τ)}_{(2)}(f_{(1)(3),(τ)} − γ^{(ν)}_{(1)(τ)}f_{(ν)(3)} − γ^{(ν)}_{(3)(τ)}f_{(1)(ν)})

+ f_{(3)}^{(τ)}(f_{(τ)(1),(2)} − γ^{(ν)}_{(τ)(2)}f_{(ν)(1)} − γ^{(ν)}_{(1)(2)}f_{(τ)(ν)})

+ f_{(3)}^{(τ)}(f_{(τ)(2),(1)} − γ^{(ν)}_{(τ)(1)}f_{(ν)(2)} − γ^{(ν)}_{(2)(1)}f_{(τ)(ν)})) + 1 8 ( ℓ_{,(3)}g_{(1)(2)} − ℓ_{,(1)}g_{(2)(3)} − ℓ_{,(2)}g_{(1)(3)}) + 2π c ( j^{(4)}f_{(3)(4)}g_{(1)(2)} + 1 3 j^{(2)}f_{(2)(1)}g_{(2)(3)} + 1 3 j^{(1)}f_{(1)(2)}g_{(1)(3)} ) (C.11) = 1 2 ǔ(−γ_{(3)(2)(1)}iù − γ_{(2)(3)(1)}ǔ + γ_{(3)(1)(2)}iù − γ_{(1)(3)(2)}ǔ) + 1 2 iù(γ_{(1)(3)(2)}ǔ − γ_{(3)(1)(2)}iù − γ_{(2)(3)(1)}ǔ − γ_{(3)(2)(1)}iù) + 1 2 (ǔǔ_{,(3)} −ùù_{,(3)}) + 2π c iùj^{(4)} (C.12) = 1 2 ǔ(ǔ_{,(3)} − π^∗ǔ + τ ǔ) + 1 2 iù(iù_{,(3)} − τ iù + π^∗iù) + 2π c iùj^{(4)} (C.13) = 1 2 ǔ(ǔ_{,(3)} − π^∗ǔ + τ ǔ) + 1 2 iù(τ w + π^∗w^∗ − τ iù + π^∗iù) (C.14) = 1 2 ǔ(ǔ_{,(3)} − π^∗ǔ + τ ǔ) + 1 2 iù(τ ǔ + π^∗ǔ) (C.15) = 1 2 ǔ(ǔ_{,(3)} − π^∗ǔ + τ ǔ + τ iù + π^∗iù) (C.16) = 1 2 ǔ(ǔ_{,(3)} + τ w − π^∗w^∗), (C.17)

Ῡ_{(1)(1)(3)} ≈ 1 2 (f^{(τ)}_{(1)}(f_{(3)(1),(τ)} − γ^{(ν)}_{(3)(τ)}f_{(ν)(1)} − γ^{(ν)}_{(1)(τ)}f_{(3)(ν)})

+ f^{(τ)}_{(3)}(f_{(1)(1),(τ)} − γ^{(ν)}_{(1)(τ)}f_{(ν)(1)} − γ^{(ν)}_{(1)(τ)}f_{(1)(ν)})

+ f_{(1)}^{(τ)}(f_{(τ)(1),(3)} − γ^{(ν)}_{(τ)(3)}f_{(ν)(1)} − γ^{(ν)}_{(1)(3)}f_{(τ)(ν)})

+ f_{(1)}^{(τ)}(f_{(τ)(3),(1)} − γ^{(ν)}_{(τ)(1)}f_{(ν)(3)} − γ^{(ν)}_{(3)(1)}f_{(τ)(ν)})) + 1 8 ( ℓ_{,(1)}g_{(1)(3)} − ℓ_{,(1)}g_{(3)(1)} − ℓ_{,(3)}g_{(1)(1)}) + 2π c ( j^{(2)}f_{(1)(2)}g_{(1)(3)} + 1 3 j^{(2)}f_{(2)(1)}g_{(3)(1)} + 1 3 j^{(4)}f_{(4)(3)}g_{(1)(1)} ) (C.18)

= ǔ(−γ_{(1)(3)(1)}ǔ + γ_{(3)(1)(1)}iù) (C.19) = κǔw, (C.20) Ῡ_{(3)(1)(1)} ≈ f^{(τ)}_{(1)}(f_{(1)(3),(τ)} − γ^{(ν)}_{(1)(τ)}f_{(ν)(3)} − γ^{(ν)}_{(3)(τ)}f_{(1)(ν)})

+ f_{(3)}^{(τ)}(f_{(τ)(1),(1)} − γ^{(ν)}_{(τ)(1)}f_{(ν)(1)} − γ^{(ν)}_{(1)(1)}f_{(τ)(ν)}) + 1 8 ( ℓ_{,(3)}g_{(1)(1)} − ℓ_{,(1)}g_{(1)(3)} − ℓ_{,(1)}g_{(1)(3)}) + 2π c ( j^{(4)}f_{(3)(4)}g_{(1)(1)} + 1 3 j^{(2)}f_{(2)(1)}g_{(1)(3)} + 1 3 j^{(2)}f_{(2)(1)}g_{(1)(3)} ) (C.21)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 19

= ǔ(−γ_{(3)(1)(1)}iù + γ_{(1)(3)(1)}ǔ) − iù(−γ_{(1)(3)(1)}ǔ + γ_{(3)(1)(1)}iù) (C.22) = − κw^2. (C.23) In tetrad form (130) becomes, Υ̂_{(α)(σ)(μ)} ≈ 1 2 (f_{(σ)(μ),(α)} − γ^{(ν)}_{(σ)(α)}f_{(ν)(μ)} − γ^{(ν)}_{(μ)(α)}f_{(σ)(ν)} + f_{(α)(μ),(σ)} − γ^{(ν)}_{(α)(σ)}f_{(ν)(μ)} − γ^{(ν)}_{(μ)(σ)}f_{(α)(ν)} − f_{(α)(σ),(μ)} + γ^{(ν)}_{(α)(μ)}f_{(ν)(σ)} + γ^{(ν)}_{(σ)(μ)}f_{(α)(ν)}) + 4π 3c ( j_{(σ)}g_{(μ)(α)} − j_{(μ)}g_{(σ)(α)} ) , (C.24) Υ̂_{(1)(1)(2)} ≈ 1 2 (f_{(1)(2),(1)} − γ^{(ν)}_{(1)(1)}f_{(ν)(2)} − γ^{(ν)}_{(2)(1)}f_{(1)(ν)} + f_{(1)(2),(1)} − γ^{(ν)}_{(1)(1)}f_{(ν)(2)} − γ^{(ν)}_{(2)(1)}f_{(1)(ν)} − f_{(1)(1),(2)} + γ^{(ν)}_{(1)(2)}f_{(ν)(1)} + γ^{(ν)}_{(1)(2)}f_{(1)(ν)}) + 4π 3c ( j_{(1)}g_{(2)(1)} − j_{(2)}g_{(1)(1)} ) (C.25)

= − ǔ_{,(1)} + 4π 3c j^{(2)}, (C.26) Υ̂_{(1)(2)(3)} ≈ 1 2 (f_{(2)(3),(1)} − γ^{(ν)}_{(2)(1)}f_{(ν)(3)} − γ^{(ν)}_{(3)(1)}f_{(2)(ν)} + f_{(1)(3),(2)} − γ^{(ν)}_{(1)(2)}f_{(ν)(3)} − γ^{(ν)}_{(3)(2)}f_{(1)(ν)} − f_{(1)(2),(3)} + γ^{(ν)}_{(1)(3)}f_{(ν)(2)} + γ^{(ν)}_{(2)(3)}f_{(1)(ν)}) + 4π 3c ( j_{(2)}g_{(3)(1)} − j_{(3)}g_{(2)(1)} ) (C.27) = 1 2 (ǔ_{,(3)} − γ_{(3)(2)(1)}iù − γ_{(2)(3)(1)}ǔ − γ_{(3)(1)(2)}iù + γ_{(1)(3)(2)}ǔ) − 4π 3c j_{(3)} (C.28) = 1 2 (ǔ_{,(3)} − π^∗w^∗ − τ w) − 4π 3c j_{(3)} (C.29) = 1 2 (ǔ_{,(3)} − iù_{,(3)}) − 2π 3c j^{(4)}, (C.30) Υ̂_{(3)(1)(2)} ≈ 1 2 (f_{(1)(2),(3)} − γ^{(ν)}_{(1)(3)}f_{(ν)(2)} − γ^{(ν)}_{(2)(3)}f_{(1)(ν)} + f_{(3)(2),(1)} − γ^{(ν)}_{(3)(1)}f_{(ν)(2)} − γ^{(ν)}_{(2)(1)}f_{(3)(ν)} − f_{(3)(1),(2)} + γ^{(ν)}_{(3)(2)}f_{(ν)(1)} + γ^{(ν)}_{(1)(2)}f_{(3)(ν)}) + 4π 3c ( j_{(1)}g_{(2)(3)} − j_{(2)}g_{(1)(3)} ) (C.31) = 1 2 (−ǔ_{,(3)} + γ_{(2)(3)(1)}ǔ + γ_{(3)(2)(1)}iù + γ_{(1)(3)(2)}ǔ − γ_{(3)(1)(2)}iù) (C.32) = − 1 2 (ǔ_{,(3)} + τ w − π^∗w^∗), (C.33) Υ̂_{(1)(1)(3)} ≈ 1 2 (f_{(1)(3),(1)} − γ^{(ν)}_{(1)(1)}f_{(ν)(3)} − γ^{(ν)}_{(3)(1)}f_{(1)(ν)} + f_{(1)(3),(1)} − γ^{(ν)}_{(1)(1)}f_{(ν)(3)} − γ^{(ν)}_{(3)(1)}f_{(1)(ν)}

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 20

− f_{(1)(1),(3)} + γ^{(ν)}_{(1)(3)}f_{(ν)(1)} + γ^{(ν)}_{(1)(3)}f_{(1)(ν)}) + 4π 3c ( j_{(1)}g_{(3)(1)} − j_{(3)}g_{(1)(1)} ) (C.34) = − γ_{(3)(1)(1)}iù + γ_{(1)(3)(1)}ǔ) (C.35) = − κw. (C.36)

Appendix D. The Non-symmetric Matrix Decomposition Theorem

Theorem: Assume M^{σμ} is a real tensor, f^{σμ} = −M^{[σμ]}, and g^{σμ} = M^{(σμ)} is an invertible metric which can be put into Newman-Penrose tetrad form

g_{(σ)(μ)} = g^{(σ)(μ)} = g^{αβ} e^{(σ)}_α e^{(μ)}_β = 1 1 −1 −1 , (D.1)

l^σ = e_{(1)}^σ , n^σ = e_{(2)}^σ , m^σ = e_{(3)}^σ , m^{∗ σ} = e_{(4)}^σ, (D.2) l_σ = e^{(2)}_σ , n_σ = e^{(1)}_σ , m_σ = −e^{(4)}_σ , m^∗_σ = −e^{(3)}_σ, (D.3) δ^σ_μ = e_{(α)}^σ e^{(α)}_μ , δ^{(α)}_{(β)} = e_{(β)}^σ e^{(α)}_σ, (D.4) where l_σ and n_σ are real, m_σ and m^∗_σ are complex conjugates. Then, if we do not have f^σ_μf^μ_σ = det(f^._.) = 0, tetrads may be chosen such that

M^{(σ)(μ)} = M^{αβ}e^{(σ)}_α e^{(μ)}_β = (1−ǔ) (1+ǔ) −(1−iù) −(1+iù) , (D.5)

where ù and ǔ are real.

Proof: From [20] p.51, f_{(σ)(μ)} can be parameterized by the three complex scalars ϕ_0 = f_{(1)(3)} , ϕ_1 = (f_{(1)(2)} + f_{(4)(3)})/2 , ϕ_2 = f_{(4)(2)}. (D.6) From [20] p.53-54, there are a series of tetrad transformations which do not alter (D.1). A type I tetrad transformation has the following effect, l_σ → l_σ , m_σ → m_σ + al_σ , m^⋆_σ → m^⋆_σ + a^⋆l_σ , n_σ → n_σ + a^⋆m_σ + am^⋆_σ + aa^⋆l_σ, (D.7) ϕ_0 → ϕ_0, ϕ_1 → ϕ_1 + a^⋆ϕ_0, ϕ_2 → ϕ_2 + 2a^⋆ϕ_1 + (a^⋆)^2ϕ_0, (D.8) and a type II tetrad transformation is similar, n_σ → n_σ , m_σ → m_σ + bn_σ, m^⋆_σ → m^⋆_σ + b^⋆n_σ, l_σ → l_σ + b^⋆m_σ + bm^⋆_σ + bb^⋆n_σ, (D.9) ϕ_2 → ϕ_2, ϕ_1 → ϕ_1 + bϕ_2, ϕ_0 → ϕ_0 + 2bϕ_1 + b^2ϕ_2. (D.10) Therefore, we can always make either ϕ_2 = 0 or ϕ_0 = 0 by solving a quadradic equation and performing a tetrad transformation with

a^⋆ =

−2ϕ_1 ± √ (2ϕ_1)^2 − 4ϕ_0ϕ_2 2ϕ_0 or b =

−2ϕ_1 ± √ (2ϕ_1)^2 − 4ϕ_2ϕ_0 2ϕ_2

. (D.11)

Note that a type I transformation does not alter ϕ_0 and a type II transformation does not alter ϕ_2. Therefore we can make ϕ_0 = ϕ_2 = 0 by doing a second transformation of the opposite type to the first one with b = − ϕ_0 2ϕ_1 or a^⋆ = − ϕ_2 2ϕ_1

. (D.12)

Einstein-Schrödinger theory using Newman-Penrose tetrad formalism 21

The only case where this procedure fails is if ϕ_1 = 0 in (D.12). However, this would mean that there is only one nonzero scalar, either ϕ_0 or ϕ_2. If we suppose the nonzero scalar to be ϕ_0, then from (D.6) we have

f_{(α)(β)} =

0 0 ϕ_0 0 0 0 0 0 −ϕ_0 0 0 0 0 0 0 0

, f^{(α)}(β) =

0 0 0 0 0 0 ϕ_0 0 0 0 0 0 ϕ_0 0 0 0

, (D.13)

⇒ f^{(σ)}_{(μ)}f^{(μ)}_{(σ)} = f^σ_μf^μ_σ = 0 , det(f^{(.)}_{(.)}) = det(f^._.) = 0. (D.14)

The result (D.14) also occurs if the only nonzero scalar is ϕ_2 instead of ϕ_0. But (D.14) contradicts our original assumption that we do not have f^σ_μf^μ_σ = det(f^._.) = 0. Therefore, after all transformations are done, we can set ǔ = −2Re(ϕ_1) = −f_{(1)(2)}, ù= −2Im(ϕ_1) = if_{(4)(3)} and we have (D.5). This proves the theorem.

References

[1] E. Schrödinger, Proc. Royal Irish Acad. 51A (1947) 163. [2] E. Schrödinger, Proc. Royal Irish Acad. 51A (1948) 205. [3] E. Schrödinger, Proc. Royal Irish Acad. 52A (1948) 1.

[4] E. Schrödinger, Space-Time Structure (Cambridge Press, London, 1950) p 93,108,112. [5] A. Einstein and E. G. Straus, Ann. Math. 47 (1946) 731. [6] A. Einstein, Rev. Mod. Phys. 20 (1948) 35. [7] A. Einstein, Can. J. Math. 2 (1949) 120.

[8] A. Einstein and B. Kaufman, Ann. Math. 62 (1955) 128.

[9] A. Einstein, The Meaning of Relativity, 5th edition, revised (Princeton University Press, Princeton NJ, 1956).

[10] J. A. Shifflett, arXiv:gr-qc/0310124. [11] K. Borchsenius, Nuovo Cimento 46A (1978) 403.

[12] S. Antoci, Gen. Relativ. Gravit. 23 (1991) 47 [arXiv:gr-qc/0108052].

[13] R. Adler, M. Bazin, and M. Schiffer, Introduction to General Relativity (McGraw-Hill, New York, 1975) p 87.

[14] J. Hély, C. R. Acad. Sci. (Paris) 239 (1954) 385. [15] H.-J. Treder, Annalen der Physik 19 (1957) 369. [16] C. R. Johnson, Phys. Rev. D 31 (1985) 1236. [17] M. A. Tonnelat, C. R. Acad. Sci. 239 (1954) 231.

[18] V. Hlavaty, Geometry of Einstein’s Unified Field Theory (P. Noordhoff Ltd., Groningen, 1957) p 11-16.

[19] E. T. Newman and R. Penrose, J. Math. Phys. 3 (1962) 566.

[20] S. Chandrasekhar, The Mathematical Theory of Black Holes (Oxford University Press, New York, 1992) p 34,40,224,543.

[21] A. Papapetrou, Proc. Royal Irish Acad. 52A (1948) 69.