arXiv:gr-qc/0403081 v2 1 Jul 2004

The Physical Role of Gravitational and Gauge Degrees of Freedom in General Relativity - I: Dynamical Synchronization and Generalized Inertial Effects.

Luca Lusanna

Sezione INFN di Firenze Polo Scientifico Via Sansone 1 50019 Sesto Fiorentino (FI), Italy E-mail LUSANNA@FI.INFN.IT

Massimo Pauri

Dipartimento di Fisica - Sezione Teorica Universita’ di Parma Parco Area Scienze 7/A 43100 Parma, Italy E-mail PAURI@PR.INFN.IT

Abstract

This is the first of a couple of papers in which the peculiar capabilities of the Hamiltonian approach to general relativity are exploited to get both new results concerning specific technical issues, and new insights about old foundational problems of the theory. The first paper includes:

1) a critical analysis of the various concepts of symmetry related to the Einstein-Hilbert Lagrangian viewpoint on the one hand, and to the Hamiltonian viewpoint, on the other. This analysis leads, in particular, to a re-interpretation of active diffeomorphisms as passive and metric-dependent dynamical symmetries of Einstein’s equations, a re-interpretation which enables to disclose the (up to now unknown) connection of a subgroup of them to Hamiltonian gauge transformations on-shell;

2) a re-visitation of the canonical reduction of the ADM formulation of general relativity, with particular emphasis on the geometro-dynamical effects of the gauge-fixing procedure, which amounts to the definition of a global (non-inertial) space-time laboratory. This analysis discloses the peculiar dynamical nature that the traditional definition of distant simultaneity and clocksynchronization assume in general relativity, as well as the gauge relatedness of the ”conventions” which generalize the classical Einstein’s convention.

3) a clarification of the physical role of Dirac and gauge variables, as their being related to tidallike and generalized inertial effects, respectively. This clarification is mainly due to the fact that, unlike the standard formulations of the equivalence principle, the Hamiltonian formalism allows to define a generalized notion of ”force” in general relativity in a natural way;

July 1, 2004

I. INTRODUCTION.

This is the first of a couple of papers in which we aim to show the peculiar capability of the Hamiltonian ADM formulation of metric gravity to grasp a series of conceptual and technical problems that appear to have not been directly discussed so far. Some of such problems, although possibly not of primary importance for the working relativist, are deeply rooted into the foundational level of the theory and seems particularly worth of clarification in connection with the alternative programs os string theory and loop quantum gravity. Some other problems are in fact new problems which give rise to interesting new solutions about general issues. Our two papers should be read in sequence, since the first contains various technical premises for the second. One of the main foundational issues we want to revisit in the second paper (hereafter referred to as II) is the well-known Hole Argument or Lochbetrachtung, raised by Einstein in 1915-1916 [1] and, after two years of struggle, dismissed by him mainly on pragmatic grounds. The deep conceptual content of the argument has been rebirth by a seminal paper by Stachel [2], and essentially seized since then by the philosophers of science. On the other hand, in the physical literature, the Hole Argument has been bypassed by the recognition that a 4-geometry does not correspond to a single tensor solution of Einstein’s equation but rather to a whole equivalence class of solutions in a definite sense (see, e.g., [3]). We believe, however, that the problem deserves further investigation even from a physicist’s point of view and in paper II we shall show indeed that there is still some beef to bite around the issue.

Previous partial accounts of the material of this and the following paper can be found in Refs. [4, 5, 6].

The first reason we have to adopt the Hamiltonian approach to general relativity is that all of the problems we are interested in are deeply entangled with the initial value problem of the theory. On the other hand, we do believe that the constrained ADM methodology is just the only proper way to analyze all the relevant aspects of such a problem. This is no surprise, after all, and it is not by chance that the modern treatment of the initial value problem within the Lagrangian configurational approach [7] must in fact mimic the Hamiltonian methods (see more in Section II).

Second, in the context of the Hamiltonian formalism, we can exploit the nearly unknown Bergmann and Komar’s theory of general coordinate group symmetries [8]. This help us in clarifying the various concepts of symmetry related to the Einstein-Hilbert Lagrangian viewpoint, on the one hand, and to the Hamiltonian view point, on the other. In particular, it enables us to show that active diffeomorphisms, as dynamical symmetries of Einstein’s equations, admit a subgroup which can be interpreted in a passive way as the Legendre pull-back of Hamiltonian gauge transformations on shell. This is the first relevant outcome that will also turn out to be a crucial premise for the discussions given in II.

Third, only in the Hamiltonian approach can we isolate the gauge variables, which carry the descriptive arbitrariness of the theory, from the Dirac observables (DO), which are gauge invariant quantities carrying the intrinsic degrees of freedom of the gravitational field, and are subjected to hyperbolic (and therefore ”determinate”, or ”causal” in the customary sense) evolution equations. The superiority of the Hamiltonian approach is essentially due to the fact that it allows working off shell, i.e., avoiding immediate transition to the space of solutions of Einstein’s equations.

All of our results are obtained by working within a class of space-times of the Christodoulou-Klainermann type [9], which are globally hyperbolic space-times asymptotically flat at spatial infinity, enjoying some other interesting properties. Such space-times can be foliated in Cauchy 3-hypersurfaces Σ_τ (where τ plays the role of parameter time) which play also the role of simultaneity surfaces and are the basic starting point of the ADM canonical formulation. These surfaces are mathematically described by an embedding x^μ = z^μ(τ, ⃗σ) (⃗σ arbitrary 3-coordinates adapted to the Σ_τ surfaces). Once the embedding is given, one can evaluate the unit normals and the extrinsic curvature of Σ_τ , and two specific congruences of time-like observers. The first, defined by the field of unit normals, is a surface-forming congruence; the second, defined by the field of τ -gradients of the embedding functions, is in general a rotating congruence, viz. a non-surface-forming one. Starting from this mathematical background, the ADM formulation is realized by a multilevel circular procedure which, bringing to the solution of the Einstein-Hamilton equations in terms of 4 initial data for the DO on a given Σ_{τ0} , backfires to a dynamical identification of the initial chrono-geometrical 3+1 setting.

The procedure starts with the Hamiltonian transcription of Einstein’s equations in terms of 20 canonical variables, functions of the components of the 4-metric and their derivatives and adapted to the 3+1 splitting. Note, incidentally, that unlike such canonical variables, the initial embedding functions x^μ = z^μ(τ, ⃗σ) stay as external elements of the game until the canonical procedure reaches its aim with the solution of Einstein’s equations.

Since the original Einstein’s equations are not hyperbolic, it turns out that the canonical variables are not all functionally independent, but satisfy eight constraints, given as functions of the canonical variables that vanish on a 12-dimensional constraint surface (not a phase space!) to which the physically meaningful states are restricted. When used as generators of canonical transformations, the eight constraints map points on the constraint surface to points on the same surface; these transformations are known as Hamiltonian gauge transformations. If, following Dirac, we make the reasonable demand that the evolution of all physical variables be unique, then - barring subtler complications - the points of the constraint surface lying on the same gauge orbit, i.e. linked by gauge transformations, must describe the same physical state. Conversely, only the functions in phase space that are invariant with respect to gauge transformations can describe physical quantities. To eliminate this ambiguity and create a one-to-one mapping between points in the phase space and physical states, further constraints must be imposed, known as gauge conditions or gauge-fixings. The number of independent gauge-fixing must be equal to the number of independent constraints, i.e. 8. Such gauge-fixings can be implemented by arbitrary functions of the canonical variables, except that they must define a 4-dimensional reduced phase space that intersects each gauge orbit exactly once (orbit conditions) and is coordinatized by the above mentioned Dirac observables (DO). Technically, this coordinatization is carried through by the so-called Shanmugadhasan transformation[10] which (though almost implicitly) ends with the construction of a new array of 20 canonical variables in which the 4 canonically conjugate DO are separated from the eight (Abelianized) constraints and their conjugated variables^1. These latter are precisely the eight gauge variables that parametrize the gauge orbits generated by the constraints. The gauge-fixing of the gauge variables, together with the enforcement of the eight constraints, reduce the 20-dimensional phase space to the 4-dimensional phase space of the intrinsic degrees of freedom of the theory.

The analysis of the canonical reduction and of the geometro-dynamical meaning of the

1 As a matter of fact, things are subtler: see Section IIC

gauge fixings is instrumental to clarify an important issue. Actually, a complete gauge fixing, has the following implications: i) it removes all the gauge arbitrariness of the theory by determining the functional form of all the gauge variables in terms of the Dirac observables, which, at this stage of the procedure, are 4 arbitrary fields of (τ, ⃗σ); ii) given the geometrodynamical meaning of the gauge variables and of their variations (see Section IID), the determination of their functional form in terms of DO entails the implicit fixation of all the elements characterizing the 3+1 splitting of space-time, in particular: a) the form and 4- dimensional packing of the Cauchy surfaces, together with a standard of (mathematical) local proper time; b) the choice of the 3-coordinates on the Cauchy surfaces; c) the determination of the two congruences of time-like observers; and d) on-shell (i.e., on the solutions of Einstein’s equations) the unique fixation of a 4-coordinate system.

In physical terms this set of choices amount eventually to individuate a network of intertwined and synchronized local laboratories made up with test matter (obviously up to a coherent choice of chrono-geometric standards). We shall call such network a global (noninertial) space-time laboratory. This interpretation shows that, unlike in ordinary gauge theories where the gauge variables are inessential degrees of freedom, the concept of reduced phase space is very abstract and not directly useful in general relativity: it is nothing else than the space of gravitational equivalence classes each of which is described by the set of all laboratory networks living in a gauge orbit.

These effects of the gauge-fixing procedure entail in turn a physically interesting consequence which typically characterizes the canonical description of metric gravity. Actually, once the complete gauge fixing has determined the functional form of the gauge variables in terms of DO, we are eventually left with the problem of solving the Einstein equations for the DO themselves, in terms of their initial values, on some Cauchy surface Σ_{τ0} . It is only this fundamental step that brings to its end the whole ADM construction, for the solution determines in particular the extrinsic curvature of the surfaces Σ_τ , which, in its turn, can make explicit the embedding functions x^μ = z^μ(τ, ⃗σ). This fixes, as it were, explicitly the space-time universe corresponding to the given initial values of the DO, including the definition of simultaneity, distant clock synchronization and gravito-magnetism.

It is important to stress, therefore, that the complete determination of the chronogeometry depends upon the solution of Einstein-Hamilton equations of motion i.e., once the Hamiltonian formalism is fixed by the gauge choices, upon the initial conditions for the Dirac observables. This implies that the admissible notions of distant simultaneity turn out to be dynamically determined. Every solution of Einstein equations with a given set of admissible initial data admits as many dynamical simultaneity notions as admissible on-shell 3+1 splittings of space-time. On-shell, each such splitting defines the synchronization of clocks in the family of complete Hamiltonian gauges differing only in the choice of the 3-coordinates on the simultaneity leaves and in the implied choice of the shift functions (namely in the gravito-magnetic properties) as shown in Subsection IIID. These dynamically determined simultaneity notions are much less in number than those admissible in special relativity, where such notions are non-dynamical due to the absolute chrono-geometrical structure of Minkowski space-time. The upshot, however, is that, in canonical metric gravity in analogy to what happens in a non-dynamical way within the framework of parametrized Minkowski theories (see Ref.[11, 12] and Appendix A of Ref.[13]), different admissible conventions about distant simultaneity within the same universe are merely gauge-related conventions, corresponding to different complete gauge options. We believe that this result throws an interesting new light even on the old - and outdated - debate about the so-called conventionality of distant simultaneity in special relativity, showing the trading of conventionality with gauge freedom. It is clear that this trading owes its consistency to the complete Hamiltonian gauge mechanism based on the 3+1 splitting of space-time. Of course, it rests to be shown how the above dynamical determination can be enforced in practice to synchronize actual clocks, i.e., essentially, how to generalize to the gravity case the formal structure of Einstein-Reichenbach’s convention. This discussion is given in all details in Ref.[12] for the case of special relativity and can easily be extended to general relativity.

Finally, the separation carried out by the Shanmugadhasan transformation (conjoined with the circumstance that the Hamiltonian point of view brings naturally to a re-reading of geometrical features in terms of the traditional concept of force), leads to a third result of our investigation which, again, would be extremely difficult to characterize within the Lagrangian viewpoint at the level of the Hilbert action or Einstein’s equations. This result, concerning the overall physical role of gravitational and gauge degrees of freedom, is something that should be added to the traditional wisdom of the equivalence principle asserting the local impossibility of distinguishing gravitational from inertial effects. Actually, the isolation of the gauge arbitrariness from the true intrinsic degrees of freedom of the gravitational field is instrumental to understand and visualize which aspects of the local effects, showing themselves, e.g., on test matter, have a genuine gravitational origin and which aspects depend solely upon the choice of the reference frame and could therefore even be named inertial in analogy with their non-relativistic Newtonian counterparts. Indeed, two main differences characterize the issue of inertial effects in general relativity with respect to the non-relativistic situation: the existence of autonomous degrees of freedom of the gravitational field independently of the presence of matter sources, on the one hand, and the local nature of any single general-relativistic reference system, on the other. We shall show that, although the very definition of inertial forces (and of gravitational force in general) appears to be rather arbitrary in general relativity, it seems natural to characterize first of all as genuine gravitational effects those which are directly correlated to the DO, while the gauge variables appear to be correlated to the general relativistic counterparts of Newtonian inertial effects. Another aspect of the Hamiltonian connection ”gauge variables - inertial effects” is related to the 3+1 splitting of space-time mentioned above. Since a variation of the gauge variables modifies the foliation and thereby the identification of the global (non-inertial) space-time laboratory, a variation of gauge variables also modifies the generalized inertial effects that manifest themselves locally.

The only weakness of the analysis leading to the physical characterization of tidal-like and generalized inertial effects is that the separation of the two autonomous degrees of freedom of the gravitational field from the gauge variables is, as yet, a gauge (i.e. coordinate) - dependent concept. The known examples of pairs of conjugate DO are neither invariant under passive diffeomorphisms (PDIQ, i.e., coordinate-independent) nor tensors. In view of clarifying this point, in paper II we will discuss the relation between the notion of DO and that of the so-called Bergmann observables (BO)[14] which are defined (although rather ambiguously) to be, again, as uniquely predictable from the initial data, but also invariant under standard passive diffeomorphisms (PDIQ).

A possible starting point to attack the problem of the connection of DO with BO seems to be a Hamiltonian re-formulation of the Newman-Penrose formalism [15] (that contains only PDIQ) employing Hamiltonian null-tetrads carried by the surface-forming congruence of time-like observers. In view of this program, in paper II we will argue in favor of a main conjecture according to which special Darboux bases for canonical gravity should exist in which the inertial effects (gauge variables) are described by PDIQ while the autonomous degrees of freedom (DO) are also BO. The hoped for validity of this conjecture, besides amounting in particular to state the internal consistency of Bergmann’s multiple definition (which is not fully evident as it stands), would render our distinction about generalized inertial and tidal-like effects an invariant statement, giving a remarkable contribution to the old-standing debate about the equivalence principle. Note in addition that, since the Newman-Penrose PDIQ are tetradic quantities, the validity of the conjecture would eliminate the existing difference between the observables for the gravitational field and the observables for matter, usually built by means of tetrads associated to some time-like observer. Furthermore, this would also provide a starting point for defining a metrology in general relativity in a generally covariant way^2, replacing the empirical metrology [16] used till now. Finally, it would also enable to replace the test matter of the axiomatic approach to measurement theory (see Appendix A of paper II ) with dynamical matter.

The plan of the paper is the following. In Section II the Einstein-Hilbert Lagrangian viewpoint and the related local symmetries are summarized. Particular emphasis is given to the analysis of the most general group Q of dynamical symmetries of Einstein’s equations (Bergmann-Komar group), and the passive view of active diffeomorphisms is clarified. Finally, some remarks are given about the issue of the choice of coordinate systems and its relation to the Lagrangian gauge fixings. The ADM Hamiltonian viewpoint and its related canonical local symmetries are synthetically expounded in Section III. Building on the acquired knowledge about the structure of Q, particular emphasis is given to a discussion of the general Hamiltonian gauge group and to the correspondence between active diffeomorphisms and on-shell gauge transformations. Furthermore, the analysis of the chrono-geometrical meaning of a complete gauge fixing and the particularities of the closure of the ADM construction are related to the issue of the dynamical nature of the conventions about distant simultaneity and gravito-magnetism in general relativity. As shown in Section IV, the results obtained in Section III about the canonical reduction lead naturally to the physical interpretation of the DO and the gauge variables as characterizing tidal-like and inertial-like effects, respectively. The up to now gauge-dependent status of this distinction is stressed at the end, as well as the possibility of further clarification of the issue to be discussed in paper II, together all concluding remarks. Finally, Appendix A contains a miscellanea of properties of the accelerated observers, extracted from various scattered sources.

2 Recall that this is the main conceptual difference from the non-dynamical metrology of special relativity

II. THE EINSTEIN-HILBERT LAGRANGIAN VIEWPOINT AND THE RE- LATED LOCAL SYMMETRIES.

The basic assertion of the general covariance of general relativity amounts to the statement that Einstein’s equations have a tensor character. This is a statement of symmetry with many facets.

A) Local Noether Symmetries of the Einstein-Hilbert action.

Given a pseudo-Riemannian 4-dimensional manifold M^4 with its maximal coordinate atlas, the Einstein-Hilbert action for pure gravity without matter

S_H = ∫ d^4x L(x) = ∫ d^4x

√_4 g^4R, (2.1)

defines a variational principle for the metric 2-tensor over M^4 whose components, in the coordinate chart x^μ, are^4g_{μν} (x) . The associated Euler-Lagrange equations are Einstein’s equations

4G_{μν} (x)^{def}=^4R_{μν} (x) − 1 2 4R(x)^4g_{μν} (x) = 0. (2.2)

As well known, the action (2.1) is invariant under general coordinate transformations (the passive diffeomorphisms_P Diff M^4 ), which are a subset of local Noether symmetries (second Noether theorem) of the action. This has the consequence that:

i) Einstein’s equations are form invariant under general coordinate transformations; ii) the Lagrangian density L(x) is singular, namely its Hessian matrix has vanishing determinant.

This in turn entails that:

i) four of the ten Einstein equations are Lagrangian constraints, namely restrictions on the Cauchy data;

ii) four combinations of Einstein’s equations and their gradients vanish identically (contracted Bianchi identities).

In conclusion, there are only two dynamical second-order equations depending on the accelerations of the metric tensor. As a consequence, the ten components^4g_{μν} (x) of the metric tensor are functionals of two ”deterministic” dynamical degrees of freedom and eight further degrees of freedom which are left completely undetermined by Einstein’s equations even once the Lagrangian constraints are satisfied. This state of affairs makes the treatment of both the Cauchy problem of the non-hyperbolic system of Einstein’s equations and the definition of observables within the Lagrangian context [7] extremely complicated.

In modern terminology, general covariance is interpreted as the statement that a physical solution of Einstein’s equations properly corresponds to a 4-geometry, namely the equivalence class of all the 4-metric tensors, solutions of the equations, written in all possible 4-coordinate systems. This equivalence class is usually represented by the quotient 4Geom =^4Riem/_P Diff M^4, where^4Riem denotes the space of metric tensors solutions of Einstein’s equations. Then, any two inequivalent Einstein space-times are different 4- geometries.

B) Invariance of Einstein’s Equations under active diffeomorphisms.

Let us recall the basic underlying mathematical concept of active diffeomorphism and its consequent action on the tensor fields defined on the differentiable manifold M^4 (see for instance Ref.[3]). Consider a (geometrical or active) diffeomorphism D_A which maps points of M^4 to points of M^4: D_A : p→ p^′ = D_A · p, and its tangent map D^∗_A which maps tensor fields T → D_A∗ · T in such a way that [T ](p)→ [D^∗_A · T ](p) ≡ [T^′ ](p). Then [D^∗_A · T ](p) = [T ](D^{−1}_A · p). It is seen that the transformed tensor field D^∗_A · T is a new tensor field whose components in general will have at p values that are different from those of the components of T . On the other hand, the components of D^∗_A · T have at p^′ - by construction - the same values that the components of the original tensor field T have at p: T^′ (D_A · p) = T (p) or T^′(p) = T (D^{−1}_A · p). The new tensor field D^∗_A · T is called the dragalong of T . For later use it is convenient to recall that there is another, non-geometrical - so-called dual - way of looking at the active diffeomorphisms. This duality is based on the circumstance that in each region of M^4 covered by two or more charts there is a one-to-one correspondence between an active diffeomorpshism and a specific coordinate transformation. The coordinate transformation T_{DA} : x(p)→ x^′(p) = [T_{DA} x](p) which is dual to the active diffeomorphism D_A is defined such that [T_{DA} x](D_A · p) = x(p). In its essence, this duality transfers the functional dependence of the new tensor field in the new coordinate system to the old system of coordinates. By analogy, the coordinates of the new system [x^′] are said to have been dragged-along with the active diffeomorphism D_A. It is important to note here, however, that the above dual view of active diffeomorphisms, as particular coordinatetransformations, is defined only implicitly (see more below).

In abstract coordinate-independent language, Einstein’s equations (2.2) can be written as G = 0, where G is the Einstein 2-tensor (G = G_{μν} (x) dx^μ ⨂ dx^ν in the coordinate chart x^μ). Under an active diffeomorphism D_A : M^4 → M^4, D_A ∈_ADiff M^4, we get G = 0 → D^∗_A G = 0 (D^∗_A G is the drag-along or push-forward of G), which shows that active diffeomorphisms are symmetries of the tensor Einstein’s equations.^3.

C) Dynamical symmetries of Einstein’s partial differential equations (PDE)

Einstein’s equations, considered as a set of partial differential equations in a given coordinate chart, conjoined with a choice of a function space for the solutions, have their own passive dynamical symmetries [17] which only partially overlap with the local Noether symmetries. Let us stress that:

i) A dynamical symmetry is defined only on the space of solutions of the equations of motion, namely it is an on-shell concept. As a consequence, the very definition of dynamical symmetries entails the study of the integrability of the equations of motion. In

3 Note that a subset of active diffeomorphisms are the conformal isometries, i.e. those conformal transformations which are also active diffeomorphisms, namely^4g̃ = Ω^{2 4}g ≡ ϕ^{∗ 4}g for some ϕ ∈_ADiff M^4 with Ω strictly positive. Since the Hilbert action is not invariant under the conformal transformations which are not ordinary isometries (i.e. conformal isometries with Ω = 1 for which L_X^4g = 0, if X is the associated Killing vector field), only these latter are Noether dynamical symmetries.

particular, in the case of completely Liouville - integrable systems dynamical symmetries are re-interpretable as maps of the space of Cauchy data onto itself. Let us stress that in gauge theories, and especially in Einstein’s theory, the space of Cauchy data is partitioned in gauge-equivalent classes of data: all of the Cauchy data in a given class identify a single Einstein space-time (or 4-geometry). The dynamical symmetries of Einstein’s equations follow therefore in two classes: a) those mapping inequivalent Einstein space-times among themselves, and b) those acting within a single Einstein space-time mapping gauge-equivalent Cauchy data among themselves (actually, they are on shell gauge transformations).

ii) Only a subset of such symmetries (called Noether dynamical symmetries) can be extended off-shell in the variational treatment of the action principle.

The passive diffeomorphisms_P Diff M^4 are just an instantiation of Noether dynamical symmetries of Einstein’s equations.

Let us observe that in the physical literature on field theory one is mainly concerned with the natural Noether symmetries of the Hilbert action, i.e. with passive diffeomorphisms. On the other hand, according to Stachel [2], it is just the dynamical symmetry nature of active diffeomorphisms that expresses the real physically relevant content of general covariance. This dualism active-passive has been a continuous source of confusion and ambiguity in the literature, which we would like to clarify presently.

Let us look preliminarily at some implications of points A) and B). Choose a reference coordinate chart x^μ, where the metric components are^4g_{μν} (x). Every passive diffeomorphism defines a new system of coordinates x^μ → x^{′ μ} = f^μ(x) [with inverse x^{′ μ} → x^μ = h^μ(x^′ )] where the new form of the metric components is given by the standard tensorial transformation rule

4g^′_{μν} (x^′ (x)) =

∂h^α(x^′ ) ∂x^{′ μ} ∂h^β(x^′ ) ∂x^{′ ν} 4g_{αβ}(x). (2.3)

On the contrary, an active diffeomorphism D_A p → p^′ defines both a coordinate transformation (the drag-along coordinate system) x^μ → y^μ_A(x) with y^μ_A|_p′ = x^μ|_p and the dragalong D^∗_A^4g of the metric tensor, whose components are defined through the equation dy^μ_A dy^ν_A (D^∗_A^4g)_{μν} (y_A)|_p′ = dx^μ dx^{ν 4}g_{μν} (x)|_p. As a consequence, we have: i) the tensor components (D^∗_A^4g)_{μν} (y_A) are not the components of the metric tensor in the chart y^μ_A implied by Eq.(2.3); ii) in the original coordinate chart (D^∗_A^4g)_{μν} (x) ≠^4g_{μν} (x).

The hints for a clarification of the active/passive ambiguity can be found in a nearly forgotten paper by Bergmann and Komar [8] [see, however, Ref.[18]] in which it is shown that the biggest group Q of passive dynamical symmetries of Einstein’s equations is not P Diff M^4 [x^{′ μ} = f^μ(x^ν )] but instead a larger group of transformations of the form

Q : x^{′ μ} = f^μ(x^ν ,^4g_{αβ}(x)),

4g^′_{μν} (x^′ (x)) =

∂h^α(x^′ ,^4g^′ (x^′ )) ∂x^{′ μ} ∂h^β(x^′ ,^4g^′ (x^′ )) ∂x^{′ ν} 4g_{αβ}(x). (2.4)

It is clear that in this way we allow for metric dependent coordinate systems, whose associated 4-metrics are in general different from those obtainable from a given 4-metric solution of Einstein’s equations by passive diffeomorphisms: actually, the transformations (2.4) map points to points, but associate with a given point x an image point x^′ that depends also on the metric field^4. It is remarkable, however, that not only these new transformed 4-metric tensors are still solutions of Einstein’s equations, but that, at least for the subset Q^′ ⊂ Q which corresponds to mappings among gauge-equivalent Cauchy data, they belong indeed to the same 4-geometry, i.e. the same equivalence class generated by applying all passive diffeomorphisms to the original 4-metrics:^4Geom =^4Riem/_P Diff M^4 =^4Riem/Q^′. Note, incidentally, that this circumstance is mathematically possible only because_P Diff M^4 is a non-normal sub-group of Q. The 4-metrics built by using passive diffeomorphisms are, as it were, only a dense sub-set of the metrics obtainable by means of the group Q. The restricted set of active diffeomorphisms passively reinterpreted with Eq.(2.4) belongs to the set of local Noether symmetries of the Einstein-Hilbert action.

There is no clear statement in the literature about the dynamical symmetry status of the group_ADiff M^4 of active diffeomorphisms and their relationship with the group Q, a point which is fundamental for our program. To clarify this point, let us consider an infinitesimal transformation of the type (2.4) connecting a 4-coordinate system [x^μ] to a new one [x^{′μ}] by means of metric-dependent infinitesimal descriptors:

x^{′ μ} = x^μ + δ x^μ = x^μ + ξ^μ(x,^4g). (2.5)

This will induce the usual formal variation of the metric tensor^5

δ̄^4g_{μν} = − ( ξ_{μ;ν} (x,^4g) + ξ_{ν;μ}(x,^4g) ) . (2.6)

If δ̄^4g_{μν} (x) is now identified with the local variation of the metric tensor induced by the drag along of the metric under an infinitesimal active diffeomorphism^4g →^4g̃ so that

δ̄^4g_{μν} ≡^4g̃_{μν} (x) −^4g_{μν} (x) = − ( ξ_{μ;ν} (x,^4g) + ξ_{ν;μ}(x,^4g) ) , (2.7)

the solution ξ_μ(x,^4g) of these Killing-type equations identifies a corresponding passive Bergmann-Komar dynamical symmetry belonging to Q. We see that the new system of coordinates [x^{′μ}] is identical to the drag along of the old coordinate system, so that here we have made explicit the merely implicit dual view quoted above.

This result should imply that all the active diffeomorphisms connected to the identity in ADiff M^4 can be reinterpreted as elements of a non-normal sub-group of generalized passive transformations in Q. Clearly this sub-group is disjoint from the sub-group_P Diff M^4: again, this is possible because diffeomorphism groups do not possess a canonical identity. However, let us recall that, unfortunately, there is no viable mathematical treatment of the diffeomorphism group in the large.

In conclusion, what is known as 4-geometry, or as Einstein (or on-shell, or dynamical) gravitational field, is also an equivalence class of solutions of Einstein’s equations modulo the dynamical symmetry transformations of_ADiff M^4. Therefore, usually one finds the following statement [8]

4 Strictly speaking, Eqs.(2.4) should be defined as transformations on the tensor bundle over M 4. 5 What is relevant here is the local variation δ̄^4g_{μν} (x) = L_{−ξ}γ_{∂γ}^4g_{μν}(x) =^4g^′_{μν} (x) −^4g_{μν} (x) which differs from the total variation by a convective term: δ^4g_{μν}(x) =^4g^′_{μν} (x^′ ) −^4g_{μν} (x) = δ̄^4g_{μν}(x) + δ x^γ ∂_γ^4g_{μν}(x).

4Geom =^4Riem/_P Diff M^4 =^4Riem/Q^′ =^4Riem/_ADiff M^4. (2.8) It should be stressed, however, that the last two equalities hold in the previously explained weak sense.

It is clear that a parametrization of the 4-geometries should be grounded on the two independent dynamical degrees of freedom of the gravitational field. Within the framework of the Lagrangian dynamics, however, no algorithm is known for evaluating the observables of the gravitational field, viz. its two independent degrees of freedom. The only result we know of is given in Ref.[9] where, after a study of the index of Einstein’s equations, it is stated that the two degrees of freedom are locally associated to symmetric trace-free 2-tensors on two-planes, suggesting a connection with the Newman-Penrose formalism [15].

On the other hand, as we shall see in the next Section, it is the Hamiltonian framework which has the proper tools to attack these problems. Essentially, this is due to the fact that the Hamiltonian methods allow to work off-shell, i.e., without immediate transition to the space of solutions of Einstein’s equations. Thus the soldering to the above results is reached only at the end of the canonical reduction, when the on-shell restriction is made^6.

Let us now make some remarks about the choice of coordinate systems. On the one hand, it is clear from Eq.(2.8) that, given a solution of Einstein’s equations in a coordinate system, its form in any other system, either ordinary or extended, can be obtained by means of Eqs.(2.3) or (2.4). On the other hand, in practice one looks for the most convenient coordinate system for dealing with specific problems. This is always done by imposing some conditions to be satisfied by the metric tensor in the wanted coordinate system, so that such coordinate conditions amount to a complete or partial breaking of general covariance. In the variational approach A) these conditions are named Lagrangian gauge fixings^7. If we start with Einstein’s equations in an arbitrary coordinate system x^μ of the atlas of M^4, the transition to the special coordinate system x^{′μ}, identified by a set of conditions on the metric, may either correspond to an ordinary coordinate transformation (passive diffeomorphism) x^{′μ} = f^μ(x) between two charts of the atlas of M^4 or, most likely, to an extended transformation of the type (2.4) (passive re-interpretation of an active diffeomorphism).

i) The usual search for exact solutions of Einstein’s equations relies on a choice of coordinates dictated by the assumed Killing symmetries of the metric tensor, which are special metric conditions.

ii) The Lagrangian gauge fixing procedure amounts to the determination of the inverse coordinate transformation x^μ = h^μ(x^′ ) as a solution of Eq.(2.3) interpreted as a partial differential equation for h^μ(x^′ ), with the metric^4g^′_{μν} (x^′ ) satisfying the required conditions. Since the group of passive diffeomorphisms as well as its extension (2.4) depend on four arbitrary functions, a choice of either a specific coordinate system or a family of coordinate

6 Note nevertheless that even at the Lagrangian level one can define off-shell (or kinematical) gravitational fields defined as^4Riem^′ /_P Diff M^4, where^4Riem^′ are all the possible metric tensors on M^4. Of course only the subset of solutions of Einstein equations are Einstein gravitational fields.

7 As we shall see, in the canonical formulation of general relativity one speaks of Hamiltonian gauge fixings, which correspond to a fixation of the coordinates of M^4 only on-shell. In particular, the fixation of the 3-coordinates on a Cauchy surface are made by imposing 3 gauge fixing constraints on the 3-metric.

systems has to be done by imposing N suitable functional conditions on the metric tensor (either N = 4 or N ≤ 4). Typical instantiations of this fact are the following:

a) Algebraic Lagrangian gauge fixings:

a1) Family of synchronous coordinates:^4g^′_{oi}(x^′ ) = 0, i = 1, 2, 3; since N = 3, there is a residual gauge freedom, namely the solution h^μ depends upon an arbitrary function.

a2) Family of 3-orthogonal coordinates:^4g^′_{ij} (x^′ ) = 0, i ≠ j; again there is a residual gauge freedom depending upon an arbitrary function.

b) Non-algebraic Lagrangian gauge fixings, in which the metric^4g^′_{μν} (x^′ ) is only restricted to be a solution of partial differential equations, so that there is an extra dependence upon new arbitrary functions:

b1) Family of harmonic coordinates: they are associated to all the functional forms of 4g^′_{μν} (x^′ ) which satisfy the four partial differential equations: Γ^α_{μν} [^4g^′ (x^′ )]^4g^{′ μν} (x^′ ) = 0.

b2) Family of Riemann normal coordinates around a point [19]: they are defined by asking that the geodesics emanating from the point are straight lines.

Let us end this Section with a remark on general covariance that, with the exception of Kretschmann [20], is usually considered a genuine and fundamental feature of general relativity which can be extended to special relativity and Newton mechanics only in a formal and artificial way^8.

Let us remark that, in special relativity, the embedding x^μ = z^μ(τ, ⃗σ) is usually described with respect to the axes of an instantaneous inertial observer (see Appendix A for the terminology concerning time-like observers) chosen as origin of a global inertial reference frame, namely a congruence of time-like straight-lines parallel to the time axis of the instantaneous inertial observer. More generally, we can introduce (already in Minkowski space-time) a global non-inertial reference frame defined as a congruence of time-like world-lines, determined by a unit vector field, one of which is selected as an instantaneous non-inertial observer X^μ(τ ). This latter is then used as the centroid, origin of the curvilinear 3-coordinate system σ^r, r = 1, 2, 3, on the simultaneity τ = const. 3-surfaces Σ_τ , so that the embeddings can be parametrized as z^μ(τ, ⃗σ) = X^μ(τ ) + F^μ(τ, ⃗σ), F^μ(τ,⃗0) = 0. See Ref.[12] for the definition of the admissible embeddings in special relativity.

Obviously, in curved space-times, globally inertial reference frames do not exist (only local ones do, freely falling along 4-geodesics), but still we can safely use the notion of global non-inertial laboratory provided that the topology of M^4 is trivial. To every such frame a special global coordinate chart x^μ in the atlas of M^4 can be associated.

8 In Ref.[13] it is shown that within parametrized Minkowski theories it is possible to re-formulate the dynamics of isolated systems in special relativity on arbitrary space-like hyper-surfaces that are leaves of the foliation associated with an arbitrary 3+1 splitting and also define a surface-forming congruence of accelerated time-like observers. In these theories the embeddings z^μ(τ, σ) of the space-like hyper-surfaces are new configuration variables at the Lagrangian level. However, they are gauge variables because the Lagrangian is invariant under separate τ - and ⃗σ-reparametrizations (which are diffeomorphisms). This form of special relativistic general covariance implies the existence of four first class constraints analogous to the super-hamitonian and super-momentum constraints of ADM canonical gravity, which assure the independence of the description from the choice of the 3+1 splitting.

III. THE ADM HAMILTONIAN VIEWPOINT AND THE RELATED CANONI- CAL LOCAL SYMMETRIES.

This Section provides the analysis of the Cauchy problem and the counting of degrees of freedom within the framework of the ADM canonical formulation of metric gravity [21]. Since we are interested in a model of general relativity able to incorporate the standard model of elementary particles and its extensions, and since these models are a chapter of the theory of representations of the Poincare’ group on Minkowski space-time, we will consider only non-compact, topologically trivial space-times. Moreover they must be globally hyperbolic pseudo-Riemannian 4-manifolds M^4 asymptotically flat at spatial infinity, because only in this case a Hamiltonian formulation is possible. Actually, unlike the Lagrangian formulation, the Hamiltonian formalism requires a 3+1 splitting of M^4 and a global mathematical time function τ . This entails in turn a foliation of M^4 by space-like hyper-surfaces Σ_τ^9(simultaneity Cauchy surfaces, assumed diffeomorphic to R3 so that any two points on them are joined by a unique 3-geodesic), to be coordinatized by adapted 3-coordinates ⃗σ^{10}.

If τ is the mathematical time labeling these 3-surfaces, Σ_τ , and ⃗σ are 3-coordinates (with respect to an arbitrary observer, a centroid X^μ(τ ), chosen as origin) on them, then σ^A = (τ, ⃗σ) can be interpreted as Lorentz-scalar radar 4-coordinates and the surfaces Σ_τ are described by embedding functions x^μ = z^μ(τ, ⃗σ) = X^μ(τ ) + F^μ(τ, ⃗σ), F^μ(τ,⃗0) = 0. In these coordinates the metric is^4g_{AB} (τ, ⃗σ) = z^μ_A(τ, ⃗σ)^4g_{μν} (z(τ, ⃗σ)) z^ν_B(τ, ⃗σ) [z^μ_A = ∂z^μ/∂σ^A]. Since the 3-surfaces Σ_τ are equal time 3-spaces with all clocks synchronized, the spatial distance between two equal-time events will be dl_{12} = ∫ 12 dl √_3 g_{rs}(τ, ⃗σ(l))^{dσr (l)}_{dl}^{dσs(l)}_{dl} [⃗σ(l) is a parametrization of the 3-geodesic γ_{12} joining the two events on Σ_τ ]. Moreover, by using test rays of light we can define the one-way velocity of light between events on different Σ_τ ’s. Therefore, the Hamiltonian description has naturally built in the tools (essentially the 3+1 splitting) to make contact with experiments in a relativistic framework, where simultaneity is a frame-dependent property. Let us note that the manifestly covariant description using Einstein’s equations is the natural one for the search of exact solutions, but is inadequate to describe experiments.

9 The 3-surfaces Σ_τ are instances of equal time surfaces corresponding to a convention of synchronization of distant clocks, a definition of 3-space and a determination of the one-way velocity of light, generalizing the customary Einstein convention valid only in the inertial systems of special relativity. For a discussion of this topic see Ref.[12]. The use of the parameter τ , labeling the leaves of the foliation, as an evolution parameter corresponds to the hyper-surface point of view of Ref.[22]. The threading point of view is instead a description involving only a rotating congruence of observers: since the latter is rotating, it is not surface-forming (non-zero vorticity) and in each point we can only divide the tangent space in the direction parallel to the 4-velocity and the orthogonal complement (the local rest frame). On the other hand, the slicing point of view, originally adopted in ADM canonical gravity, uses two congruences: the non-rotating one with the normals to Σ_τ as 4-velocity fields and a second (rotating, non-surface-forming) congruence of observers, whose 4-velocity field is the field of time-like unit vectors determined by the τ derivative of the embeddings identifying the leaves Σ_τ (their so-called evolution vector field). Furthermore, as Hamiltonian evolution parameter it uses the affine parameter describing the world-lines of this second family of observers.

10 An improper vector notation is used throughout for the sake of simplicity.

As shown in Ref.[13], with this formulation the so-called problem of time can be treated in such a way that in presence of matter and in the special-relativistic limit of vanishing Newton constant, one recovers the parametrized Minkowski theories, quoted at the end of the previous Section, equipped with a global time τ . A canonical formulation with well-defined Poisson brackets requires in addition the specification of suitable boundary conditions at spatial infinity and a definite choice of the functional space for the fields. While the problem of the boundary conditions constitutes an intriguing issue within the Lagrangian approach, the Hamiltonian one is more easy to treat. Even if we shall consider only metric gravity, let us remark that with the inclusion of fermions it is natural to resolve the metric tensor in terms of cotetrad fields [23] [^4g_{μν} (x) = E^{(α)}μ (x) η_{(α)(β)} E^{(β)}ν (x); η_{(α)(β)} is the flat Minkowski metric in Cartesian coordinates] and to reinterpret the gravitational field as a theory of time-like observers endowed with tetrads, whose dynamics is controlled by the ADM action thought as a function of the cotetrad fields.

Only the aspects important to our program will be reviewed here. The reader is referred to Ref.[13] for the relevant notations and the general technical development of the Hamiltonian description of metric gravity, which requires the use of Dirac-Bergmann [24, 25, 26, 27, 28] theory of constraints (see Refs.[29, 30] for updated reviews). We use a Lorentzian signature ϵ (+ − −−), with ϵ = ±1 according to particle physics and general relativity conventions, respectively.

A. ADM Action, Asymptotic Symmetries and Boundary Conditions.

We start off with replacement of the ten components^4g_{μν} of the 4-metric tensor by the configuration variables of ADM canonical gravity: the lapse N(τ, ⃗σ) and shift N_r(τ, ⃗σ) functions and the six components of the 3-metric tensor on Σ_τ ,^3g_{rs}(τ, ⃗σ). We have^4g_{AB} = (_4

g_{τ τ} = ϵ(N^2 −^3g_{rs}N^rN^s)^4g_{τ s} = −ϵ^3g_{su}N^u 4g_{τ r} = −ϵ^3g_{rv}N^{v 4}g_{rs} = −ϵ^3g_{rs} ) . Einstein’s equations are then recovered as

the Euler-Lagrange equations of the ADM action

S_{ADM} = ∫ dτ L_{ADM} (τ ) = ∫ dτ d^3σL_{ADM} (τ, ⃗σ) = = −ϵk ∫ △τ dτ ∫ d^3σ { √ γN [^3R +^3K_{rs}^3K^{rs} − (^3K)^2]}(τ, ⃗σ), (3.1)

which differs from Einstein-Hilbert action (2.1) by a suitable surface term. Here^3K_{rs} is the extrinsic curvature of Σ_τ ,^3K its trace, and^3R the 3-curvature scalar.

Besides the ten configuration variables listed above, the ADM functional phase space Γ_{20} is coordinatized by ten canonical momenta π̃^N (τ, ⃗σ), π̃^r_{⃗N} (τ, ⃗σ),^3Π̃^{rs}(τ, ⃗σ). Such canonical variables, however, are not independent since they are restricted to the constraint submanifold Γ_{12} by the eight first class constraints [^3G_{rstw} =^3g_{rt}^3g_{sw} +^3g_{rw}^3g_{st} −^3g_{rs}^3g_{tw} is the Wheeler-DeWitt super-metric] π̃^N (τ, ⃗σ) ≈ 0, π̃^r_{⃗N} (τ, ⃗σ) ≈ 0, H̃(τ, ⃗σ) = ϵ[k√γ^3R − 1 2k √ γ 3G_{rsuv}^3Π̃^{rs 3}Π̃^{uv} ](τ, ⃗σ) ≈ 0,

3H̃^r (τ, ⃗σ) = −2^3Π̃^{rs}_{|s}(τ, ⃗σ) = −2[∂_s^3Π̃^{rs} +^3Γ^r_{su}^3Π̃^{su}](τ, ⃗σ) ≈ 0. (3.2)

While the first four are primary constraints, the remaining four are the super-hamiltonian and super-momentum secondary constraints arising from the requirement that the primary constraints be constant in τ . More precisely, this requirement guarantees that, once we have chosen the initial data inside the constraint sub-manifold Γ_{12}(τ_o) corresponding to a given initial Cauchy surface Σ_{τo} , the time evolution does not take them out of the constraint sub-manifolds Γ_{12}(τ ), for τ > τ_o.

The evolution in τ is ruled by the Hamilton-Dirac Hamiltonian H_{(D)ADM} = ∫ d^3σ [ N H̃ + N_r^3H̃^r + λ_N π̃^N + λ^{⃗N}_r π̃^r_{⃗N} ] (τ, ⃗σ) ≈ 0, (3.3) where λ_N (τ, ⃗σ) and λ^r_{⃗N} (τ, ⃗σ) are arbitrary Dirac multipliers in front of the primary constraints^{11}. The resulting hyperbolic system of Hamilton-Dirac equations has the same solutions of the non-hyperbolic system of (Lagrangian) Einstein’s equations with the same boundary conditions. Let us stress that Hamiltonian hyperbolicity is explicitly paid by the arbitrariness of the Dirac multipliers^{12}.

At this point let us see the further conditions to be required with respect to the above standard ADM formulation.

Additional requirements [13] on the Cauchy and simultaneity 3-surfaces Σ_τ induced by particle physics are:

i) Each Σ_τ must be a Lichnerowitz 3-manifold [31], namely it must admit an involution so that a generalized Fourier transform can be defined and the notion of positive and negative frequencies can be introduced (otherwise the notion of particle cannot be properly defined, like it happens in quantum field theory in arbitrary curved space-times [32]).

ii) Both the metric tensor and the fields of the standard model of elementary particles must belong to the same family of suitable weighted Sobolev spaces so that there are no Killing vector fields on space-time (this avoids the cone-over-cone structure of singularities in the space of metrics) and no Gribov ambiguity (either gauge symmetries or gauge copies [33]) in the particle sectors; in both cases no well defined Hamiltonian description could be available.

iii) Space-time must be asymptotically flat at spatial infinity and satisfying boundary conditions there in a way independent of the direction (in analogy to what is required for

11 These are four velocity functions (gradients of the metric tensor) which are not determined by Einstein’s equations.

12 Of course this is just the Hamiltonian counterpart of the ”indeterminateness” or the so-called ”indeterminism” surfacing in what Einstein called Hole Argument (”Lochbetrachtung”) in 1915-1916 [1].

the defining non-Abelian charges in Yang-Mills theory [33]). This eliminates the supertranslations (i.e., the obstruction to define angular momentum in general relativity) and reduces the spi group of asymptotic symmetries to the ADM Poincare’ group. The constant ADM Poincare’ generators should become the standard conserved Poincare’ generators of the standard model of elementary particles when gravity is turned off and space-time (modulo a possible renormalization of the ADM energy to subtract an infinite term coming from its dependence on both G and 1/G) becomes Minkowskian^{13}. As a consequence, the admissible foliations of the space-time must have the simultaneity surfaces Σ_τ tending in a directionindependent way to Minkowski space-like hyper-planes at spatial infinity, where they must be orthogonal to the ADM 4-momentum. Now, these are exactly the conditions satisfied by the Christodoulou-Klainermann space-times [9] , which are near Minkowski space-time in a norm sense and have a rest-frame condition of zero ADM 3-momentum. The hypersurfaces Σ_τ define the rest frame of the τ -slice of the universe and admit asymptotic inertial observers to be identified with the fixed stars (this also defines the standard of rotations the spatial precession of gyroscopes is referred to)^{14}. Another interesting point is that this class of space-times admits an asymptotic Minkowski metric (asymptotic background) which allows to define weak gravitational field configurations and background-independent gravitational waves [36] that do not require splitting of the metric in a background term plus a perturbation (and without being a bimetric theory of gravity).

13 Incidentally, this is the first example of consistent deparametrization of general relativity. In presence of matter we get the description of matter in Minkowski space-time foliated with the space-like hyperplanes orthogonal to the total matter 4-momentum (Wigner hyper-planes intrinsically defined by matter isolated system). Of course, in closed space-times, the ADM Poincare’ charges do not exist and the special relativistic limit is lost.

14 These properties are concretely enforced [13] by using a technique introduced by Dirac [24] for the selection of space-times admitting asymptotically flat 4-coordinates at spatial infinity. Dirac’s method brings to an enlargement of the ADM phase space, subsequently reduced to the standard one by adding suitable constraints, as shown explicitly in Ref.[13]. As a consequence the admissible embeddings of the simultaneity leaves Σ_τ have the following direction-independent limit at spatial infinity: z^μ(τ, ⃗σ) = X^μ(τ )+F^μ(τ, ⃗σ) →_{|⃗σ|→∞} X^μ_{(∞)}(0)+ϵ^μ_A σ^A = X^μ_{(∞)}(τ )+ϵ^μ_r σ^r. Here X^μ_{(∞)}(τ ) = X^μ_{(∞)}(0)+ϵ^μ_τ τ is just the world-line of an asymptotic inertial observer having τ as proper time and ϵ^μ_A denotes an asymptotic constant tetrad with ϵ^μ_τ parallel to the ADM 4-momentum (it is orthogonal to the asymptotic space-like hyper-planes). Such inertial observers corresponding to the fixed stars can be endowed with a spatial triad^3e^r_{(a)} = δ^r_{(a)}, a = 1, 2, 3. Then the asymptotic spatial triad^3e^r_{(a)} can be transported in a dynamical way (on-shell) by using the Sen-Witten connection [34] (it depends on the extrinsic curvature of the Σ_τ ’s) in the Frauendiener formulation [35] in every point of Σ_τ , where it becomes a well defined triad^3e^{(W SW )r}

(a) (τ, ⃗σ). This defines a local compass of inertia, to be compared with the local gyroscopes (whether Fermi-Walker transported or not). The Wigner-Sen-Witten (WSW) local compass of inertia consists in pointing to the fixed stars with a telescope. It is needed in a satellite like Gravity Probe B to detect the frame-dragging (or gravito-magnetic Lense-Thirring effect) of the inertial frames by means of the rotation of a FW transported gyroscope.

Finally from Eq.(12.8) of Ref.[13] we get the following set of partial differential equations for the determination of the embedding x^μ = z^μ(τ, ⃗σ) (x^μ is an arbitrary 4-coordinate system in which the asymptotic hyper-planes of the Σ_τ ’s have ϵ^μ_A as asymptotic tetrad)

As shown in Ref.[13], a consistent treatment of the boundary conditions at spatial infinity requires the explicit separation of the asymptotic part of the lapse and shift functions from their bulk part: N(τ, ⃗σ) = N_{(as)}(τ, ⃗σ) + n(τ, ⃗σ), N_r(τ, ⃗σ) = N_{(as)r}(τ, ⃗σ) + n_r(τ, ⃗σ), with n and n_r tending to zero at spatial infinity in a direction-independent way^{15} . On the contrary, N_{(as)}(τ, ⃗σ) = −λ_τ (τ ) −^1_2 λ_{τ u}(τ ) σ^u and N_{(as)r}(τ, ⃗σ) = −λ_r(τ ) −^1_2 λ_{ru}(τ ) σ^u. In the Christodoulou-Klainermann space-times [9] we have N_{(as)}(τ, ⃗σ) = ϵ, N_{(as)r}(τ, ⃗σ) = 0.

Recall that the evolution is parametrized by the mathematical parameter τ of the adapted coordinate system (τ, ⃗σ) on M^4, which labels the surfaces Σ_τ . As shown in Ref.[13], the Hamiltonian ruling the evolution is the weak ADM energy [37] (the volume form E_{ADM} ). As shown by DeWitt [38], this is a consequence of the fact that in non-compact space-times the weakly vanishing ADM Dirac Hamiltonian (3.3) has to be modified with a suitable surface term in order to have functional derivatives, Poisson brackets and Hamilton equations mathematically well defined.

It follows, therefore, that the boundary conditions of this model of general relativity imply that the real Dirac Hamiltonian is^{16} H_D = E_{ADM} + H_{(D)ADM} ≈ E_{ADM} , (3.4) and this entails that an effective evolution takes place in mathematical time τ^{17}, and that a non-vanishing Hamiltonian survives in the reduced phase space of the intrinsic degrees of freedom (no frozen reduced phase space picture).

The weak ADM energy, and also the other nine asymptotic weak Poincare’ charges ⃗P_{ADM} , J^{AB}_{ADM} , are Noether constants of the motion whose numerical value has to be given as part of the boundary conditions. The numerical value of E_{ADM} is the mass of the τ -slice of the

z^μ(τ, ⃗σ) = X^μ_{(∞)}(0) + F^A(τ, ⃗σ) ∂z^μ(τ, ⃗σ) ∂σ^A ,

F^τ (τ, ⃗σ) = −ϵ τ −ϵ + n(τ, ⃗σ) , F^r(τ, ⃗σ) = σ^r + [^3e^{(W SW )r}_{(a)} (τ, ⃗σ) − δ^r_{(a)}] δ_{(a)s} σ^s + ϵ n^r(τ, ⃗σ) −ϵ + n(τ, ⃗σ) .

15 We would like to recall that Bergmann [14] made the following critique of general covariance: it would be desirable to restrict the group of coordinate transformations (space-time diffeomorphisms) in such a way that it could contain an invariant sub-group describing the coordinate transformations that change the frame of reference of an outside observer; the remaining coordinate transformations would be like the gauge transformations of electromagnetism. This is just what is done here by the redefinition of the lapse and shift functions after separating out their asymptotic part. In this way, preferred inertial asymptotic coordinate systems are selected that can be identified as fixed stars.

16 As shown in Ref.[13], the correct treatment of the boundary conditions leads to rewrite Eqs.(3.3) and (3.4) in terms of n and n_r. Moreover the momenta π̃^N , π̃^r_{⃗N} should be always replaced by π̃^n, π̃^r_{⃗n}.

17 As we shall see, the super-hamiltonian constraint is only the generator of the gauge transformations connecting different admissible 3+1 splittings of space-time and has nothing to do with the temporal evolution (no Wheeler-DeWitt interpretation).

universe, while J^{rs}_{ADM} gives the value of the spin of the universe. Since, in our case, spacetime is of the Christodoulou-Klainermann type [9], the ADM 3-momentum has to vanish. This implies three first class constraints ⃗P_{ADM} ≈ 0, (3.5) which identify the rest frame of the universe. As shown in Ref.[13], the natural gauge fixing to these three constraints is the requirement the the ADM boosts vanish: J^{τ r}_{ADM} ≈ 0. In this way we decouple from the universe its 3-center of mass^{18} and only relative motions survive, recovering a Machian flavour.

B. Hamiltonian Gauge Transformations.

At this point a number of important questions must be clarified. When used as generators of canonical transformations, the eight first class constraints will map points of the constraint surface to points on the same surface. We shall say that they generate the infinitesimal transformations of the off-shell Hamiltonian gauge group G_8^{19}. The action of G_8 gives rise to a Hamiltonian gauge orbit through each point of the constraint sub-manifold Γ_{12}. Every such orbit is parametrized by eight phase space functions - namely the independent offshell Hamiltonian gauge variables - conjugated to the first class constraints. We are left thereby with a pair of conjugate canonical variables, the off-shell DO, which are the only Hamiltonian gauge-invariant and deterministically ruled quantities. The same counting of degrees of freedom of the Lagrangian approach is thus obtained. Finally, let us stress here, in view of the later discussion, that both the off-shell Christoffel symbols and the off-shell Riemann tensor can be read as functions of both the off-shell DO and the Hamiltonian gauge variables.

The eight infinitesimal off-shell Hamiltonian gauge transformations have the following interpretation[13]:

i) those generated by the four primary constraints modify the lapse and shift functions: these in turn determine how densely the space-like hyper-surfaces Σ_τ are distributed in space-time and also the conventions to be pre-fixed on each Σ_τ about gravito-magnetism (see Section IV of Ref.[36] for its dependence upon the choice of gauge, i.e. on-shell of the 4-coordinates);

ii) those generated by the three super-momentum constraints induce a transition on Σ_τ from a given 3-coordinate system to another one;

iii) that generated by the super-hamiltonian constraint induces a transition from a given 3+1 splitting of M^4 to another, by operating normal deformations [39] of the space-like hyper-surfaces^{20}.

18 This is equivalent to a choice of the centroid X^μ(τ ) [or of the asymptotic one X^μ_{(∞)}(τ )], origin of the 3-coordinates on each Σ_τ .

19 Note that the off-shell Hamiltonian gauge transformations are local Noether transformations (second Noether theorem) under which the ADM Lagrangian (3.1) is quasi-invariant.

20 Note that in compact space-times the super-hamiltonian constraint is usually interpreted as generator of the evolution in some internal time, either like York’s internal extrinsic time or like Misner’s internal intrinsic time. In this paper instead the super-hamiltonian constraint is the generator of those Hamiltonian

iv) those generated by the three rest-frame constraints (3.5) can be interpreted as a change of centroid to be used as origin of the 3-coordinates.

As a consequence, the whole set of Hamiltonian off-shell gauge transformations contains also a change of the global non-inertial space-time laboratory and its associated coordinates.

Making the quotient of the constraint hyper-surface with respect to the off-shell Hamiltonian gauge transformations by defining Γ_4 = Γ_{12}/G_8, we obtain the so-called reduced off-shell conformal super-space. Each of its points, i.e. a Hamiltonian off-shell (or kinematical) gravitational field, is an off-shell equivalence class, called an off-shell conformal 3-geometry, for the space-like hyper-surfaces Σ_τ : note that, since it contains all the off-shell 4-geometries connected by Hamiltonian gauge transformations, it is not a 4-geometry.

An important digression is in order here. The space of parameters of the off-shell gauge group G_8 contains eight arbitrary functions. Four of them are the Dirac multipliers λ_N (τ, ⃗σ), λ^{⃗N}_r (τ, ⃗σ) of Eqs.(3.3), while the other four are functions α(τ, ⃗σ), α_r(τ, ⃗σ) which generalize the lapse and shift functions in front of the secondary constraints in Eqs.(3.3)^{21}. These arbitrary functions correspond to the eight local Noether symmetries under which the ADM action is quasi-invariant.

On the other hand, from the analysis of the dynamical symmetries of the Hamilton equations (equivalent to Einstein’s equations), it turns out (see Refs.[40, 41]) that on-shell only a sub-group G_{4 dyn} of G_8 survives, depending on four arbitrary functions. But in the present context, a crucial result for our subsequent discussion is that a further subset, denoted by G_{4 P} ⊂ G_{4 dyn}, can be identified within the sub-group G_{4 dyn}: precisely the subset corresponding to the phase space counterparts of those passive diffeomorphisms which are projectable to phase space. On the other hand, as already said, Einstein’s equations have Q as the largest group of dynamical symmetries and, even if irrelevant to the local Noether symmetries of the ADM action, the existence of this larger group is a fundamental mathematical premise to our second paper II. In order to take it into account in the present context, the parameter space of G_8 must be enlarged to arbitrary functions depending also on the 3-metric, λ_N (τ, ⃗σ) → λ_N (τ, ⃗σ,^3g_{rs}(τ, ⃗σ)), ... , α_r(τ, ⃗σ) → α_r(τ, ⃗σ,^3g_{rs}(τ, ⃗σ)). Then, the restriction of this enlarged gauge group to the dynamical symmetries of Hamilton equations defines an extended group G̃_{4 dyn} which, under inverse Legendre transformation, defines a new non-normal sub-group Q_{can} of the group Q (see Ref.[8]). But now, the remarkable and fundamental point is that Q_{can} contains both active and passive diffeomorphisms. In particular:

i) the intersection Q_{can} ∩_P Diff M^4 identifies the space-time passive diffeomorphisms which, respecting the 3+1 splitting of space-time, are projectable to G_{4 P} in phase space;

ii) the remaining elements of Q_{can} are the projectable subset of active diffeomorphisms in their passive view.

This entails that, as said in Ref.[8], Eq.(2.8) may be completed with

gauge transformations which imply that the description is independent of the choice of the allowed 3+1 splitting of space-time: this is the proper answer to the criticisms raised against the phase space approach on the basis of its lack of manifest covariance.

21 In Ref. [8] they are called descriptors and written in the form α = N ξ, α^r =^3g^{rs} α_s = ξ^r ± N^r ξ.

4Geom =^4Riem/Q_{can}. (3.6) In conclusion, the real gauge group acting on the space of the solutions of the Hamilton- Dirac equations is the on-shell extended Hamiltonian gauge group G̃_{4 dyn} and the on-shell equivalence classes obtained by making the quotient with respect to it eventually coincide with the on-shell 4-geometries of the Lagrangian theory. Therefore, the Hamiltonian Einstein (or on-shell, or dynamical) gravitational fields coincide with the Lagrangian Einstein (or onshell, or dynamical) gravitational fields.

Let us remark that, while it is known how to formulate an initial value problem for the partial differential equations of the Hamiltonian theory in a complete Hamiltonian gauge and how to connect the problems in different gauges by using on-shell transformations in Q_{can}, no mathematical technique is known for dealing with active diffeomorphisms in Q^′ but not in Q_{can} in connection to the Cauchy problem within the framework of abstract differential geometry. As already said, for the configurational Einstein equations a technique, mimicking the Hamiltonian treatment, does exist and the Cauchy problems in different 4-coordinate systems are connected by transformations in_P Diff M^4.

This is the way in which passive space-time diffeomorphisms, under which the Hilbert action is invariant, are reconciled on-shell with the allowed Hamiltonian gauge transformations adapted to the 3+1 splittings of the ADM formalism. Furthermore, our analysis of the Hamiltonian gauge transformations and their Legendre counterparts gives an extra bonus: namely that the on-shell phase space extended gauge transformations include also symmetries that are images of active space-time diffeomorphsms. The basic relevance of this result for a deep understanding of the so-called Hole Argument will appear fully in paper II.

C. The Shanmugadhasan Canonical Transformation and the Canonical Reduction.

Having clarified these important issues, let us come back to the canonical reduction. The off-shell freedom corresponding to the eight independent types of Hamiltonian gauge transformations is reduced on-shell to four types like in the case of_P Diff M^4: precisely the transformations in [Q_{can} ∩_P Diff M^4]. At the off-shell level, this property is manifest by the circumstance that the original Dirac Hamiltonian contains only 4 arbitrary Dirac multipliers and that the correct gauge-fixing procedure [13, 42] starts by giving only the four gauge fixing to the secondary constraints. The gauge fixing functions must satisfy the orbit conditions ensuring that each gauge orbit is intersected only in one point by the gauge fixing surface (locally this requires a non-vanishing determinant of the Poisson brackets of the gauge functions with the secondary constraints). Then, the requirement of time constancy generates the four gauge fixing constraints to the primary constraints, while time constancy of such secondary gauge fixings leads to the determination of the four Dirac multipliers^{22}. Since the original constraints plus the above eight gauge fixing constraints form a second class set, it is possible to introduce the associated Dirac brackets and conclude the canonical

22 This agrees with the results of Ref.[43] according to which the projectable space-time diffeomorphisms depend only on four arbitrary functions and their time derivatives.

reduction by realizing an off-shell reduced phase space Γ_4. Of course, once we reach a completely fixed Hamiltonian gauge (a copy of Γ_4), general covariance is completely broken. Finally, recall that a completely fixed Hamiltonian gauge is equivalent on-shell to a definite choice of the space-time 4-coordinates on M^4, within the Lagrangian viewpoint [40, 41].

In order to visualize the meaning of the various types of degrees of freedom^{23} we need the construction of a Shanmugadhasan canonical basis [10] of metric gravity having the following structure (ā = 1, 2 are non-tensorial indices of the DO^{24} r_ā, π_ā) with

n n_r^3g_{rs} π̃^n ≈ 0 π̃^r_{⃗n} ≈ 0^3Π̃^{rs} −→ n n_r ξ^r ϕ r_ā π̃^n ≈ 0 π̃^r_{⃗n} ≈ 0 π̃^{⃗H}_r ≈ 0 π_ϕ π_ā −→ n n_r ξ^r Q_H ≈ 0 r^′_ā π̃^n ≈ 0 π̃^r_{⃗n} ≈ 0 π̃^{⃗H}_r ≈ 0 Π_H π^′_ā

. (3.7)

It is seen that we need a sequence of two canonical transformations.

a) The first transformation replaces seven first-class constraints with as many Abelian momenta (ξ^r are the gauge parameters, namely coordinates on the group manifold, of the passive 3-diffeomorphisms generated by the super-momentum constraints) and introduces the conformal factor ϕ of the 3-metric as the configuration variable to be determined by the super-hamiltonian constraint^{25}. Note that the final gauge variable, namely the momentum π_ϕ conjugate to the conformal factor, is the only gauge variable of momentum type: it plays the role of a time variable, so that the Lorentz signature of space-time is made manifest by the Shanmugadhasan transformation in the set of gauge variables (π_ϕ; ξ^r ); this makes the difference with respect to the proposals of Refs.[48, 49]. More precisely, the first canonical transformation should be called a quasi-Shanmugadhasan transformation, because nobody has succeeded so far in Abelianizing the super-hamiltonian constraint. Note furthermore that this transformation is a point canonical transformation, whose inverse is known as a

23 This visualization remains only implicit in the conformal Lichnerowicz-York approach [44, 45, 46, 47]. 24 Let us recall that the DO are in general neither tensors nor invariants under space-time diffeomorphisms.

Therefore their (unknown) functional dependence on the original variables changes (off-shell) with the gauge and, therefore, (on-shell) with the 4-coordinate system.

25 Recall that the strong ADM energy is the flux through the surface at spatial infinity of a function of the 3-metric only, and it is weakly equal to the weak ADM energy (volume form) which contains all the dependence on the ADM momenta. This implies [13] that the super-hamiltonian constraint must be interpreted as the equation (Lichnerowicz equation) that uniquely determines the conformal factor ϕ = (det^3g)^{1/12} of the 3-metric as a functional of the other variables. This means that the associated gauge variable is the canonical momentum π_ϕ conjugate to the conformal factor: this latter carries information about the extrinsic curvature of Σ_τ . It is just this variable, and not York’s time, that parametrizes the normal deformation of the embeddable space-like hyper-surfaces Σ_τ . As a matter of fact, a gauge fixing for the super-hamiltonian constraint, i.e. a choice of a particular 3+1 splitting, is done by fixing the momentum π_ϕ conjugate to the conformal factor. This shows the dominant role of the conformal 3-geometries in the determination of the physical degrees of freedom, just as in the Lichnerowicz-York conformal approach.

consequence of the effect of finite gauge transformations (see Ref.[23] for the case of tetrad gravity) .

b) The second canonical transformation would be instead a complete Shanmugadhasan transformation, where Q_H(τ, ⃗σ) ≈ 0 would denote the Abelianization of the superhamiltonian constraint^{26}. The variables n, n_r, ξ^r, Π_H are the final Abelianized Hamiltonian gauge variables, while r^′_ā, π^′_ā are the final DO.

In absence of explicit solutions of the Lichnerowicz equation, the best we can do is to construct the quasi-Shanmugadhasan transformation. On the other hand, such transformation has the remarkable property that, in the special gauge π_ϕ(τ, ⃗σ) ≈ 0, the variables r_ā, π_ā form a canonical basis of off-shell DO for the gravitational field even if the solution of the Lichnerowicz equation is not known.

Let us stress the important fact that the Shanmugadhasan canonical transformation is a highly non-local transformation^{27}. Since it is not known how to build a global atlas of coordinate charts for the group manifold of diffeomorphism groups, it is not known either how to express the ξ^r ’s, π_ϕ and the DO in terms of the original ADM canonical variables^{28}.

D. The Gauge Fixings and their Chrono-Geometrical Interpretation.

The four gauge fixings to the secondary constraints, when written in the quasi- Shanmugadhasan canonical basis, have the following meaning:

i) the three gauge fixings for the parameters ξ^r of the spatial passive diffeomorphisms generated by the super-momentum constraints correspond to the choice of a system of 3-coordinates on Σ_τ^{29}. The time constancy of these gauge fixings generates the gauge fixings

26 If ϕ̃[r_ā, π_ā, ξ^r, π_ϕ] is the solution of the Lichnerowicz equation, then Q_H = ϕ − ϕ̃ ≈ 0. Other forms of this canonical transformation should correspond to the extension of the York map [50] to asymptotically flat space-times: in this case the momentum conjugate to the conformal factor would be just York time and one could add the maximal slicing condition as a gauge fixing. Again, however, nobody has been able so far to build a York map explicitly.

27 This feature has a Machian flavor, although in a non-Machian context: with or without matter, the whole 3-space is involved in the definition of the observables. Furthermore, these space-times allow the separation [13] of the 4-center of mass of the universe (decoupled point particle clock) reminding the Machian statement that only relative motions are dynamically relevant.

28 This should be compared to the Yang-Mills theory in case of a trivial principal bundle, where the corresponding variables are defined by a path integral over the original canonical variables [29, 30, 33].

29 Since the diffeomorphism group has no canonical identity, this gauge fixing has to be done in the following way. We choose a 3-coordinate system by choosing a parametrization of the six components^3g_{rs}(τ, ⃗σ) of the 3-metric in terms of only three independent functions. This amounts to fix the three functional degrees of freedom associated with the diffeomorphism parameters ξ^r (τ, ⃗σ). For instance, a 3-orthogonal coordinate system is identified by^3g_{rs}(τ, ⃗σ) = 0 for r ≠ s and^3g_{rr} = ϕ^2 exp(

∑_2

ā=1 γrārā). Then, we

impose the gauge fixing constraints ξ^r (τ, ⃗σ) − σ^r ≈ 0 as a way of identifying this system of 3-coordinates with a conventional origin of the diffeomorphism group manifold.

for the shift functions n_r (determination of gravito-magnetism) while the time constancy of the latter leads to the fixation of the Dirac multipliers λ^{⃗n}_r ;

ii) the gauge fixing to the super-hamiltonian constraint determines π_ϕ: it is a fixation of the form of Σ_τ . It amounts to the choice of one particular 3+1 splitting of M^4 as well as to the choice of a notion of simultaneity, namely of a convention for the synchronization of all the clocks lying on Σ_τ . Since the time constancy of the gauge fixing on π_ϕ determines the gauge fixing for the lapse function n (and then of the Dirac multiplier λ_n), it follows a connection with the choice of the standard of local proper time (see below).

Finally the gauge fixings to the rest-frame conditions (3.5) have the following meaning:

iii) they completely determine a global non-inertial space-time laboratory associated to the embedding z^μ(τ, ⃗σ) = X^μ(τ ) + F^μ(τ, ⃗σ) describing the 3+1 splitting selected by i) and ii).

In conclusion, in a completely fixed Hamiltonian gauge all the gauge variables ξ^r, π_ϕ, n, n_r become uniquely determined functions of the DO r_ā(τ, ⃗σ), π_ā(τ, ⃗σ), which at this stage are four arbitrary fields. Conversely, this entails that, after such a fixation of the gauge G, the functional form of the DO in terms of the original variables becomes gauge-dependent. At this point it is convenient to denote them as r^G_ā , π^G_ā .

As a consequence, a representative of a Hamiltonian kinematical or off-shell gravitational field, in a given gauge equivalence class, is parametrized by r_ā, π_ā and is an element of a conformal gauge orbit (it contains all the 3-metrics in a conformal 3-geometry) spanned by the gauge variables ξ^r , π_ϕ, n, n_r. Therefore, according to the gauge interpretation based on constraint theory, a Hamiltonian kinematical or off-shell gravitational field is an equivalence class of 4-metrics modulo the Hamiltonian group of gauge transformations, which contains a well defined conformal 3-geometry. Clearly, this is a consequence of the different invariance properties of the ADM and Hilbert actions, even if they generate the same equations of motion.

Moreover, also the (unknown) solution ϕ(τ, ⃗σ) of the Lichnerowicz equation becomes a uniquely determined functional of the DO, and this implies that all the geometrical tensors like the 3-metric^3g_{rs}(τ, ⃗σ), the extrinsic curvature^3K_{rs}(τ, ⃗σ) of the simultaneity surfaces Σ_τ (determining their final actual form, see below), and the 4-metric^4g_{AB} (τ, ⃗σ) become uniquely determined functionals of the DO only.

This is true in particular for the weak ADM energy E_{ADM} = ∫ d^3σ E_{ADM} (τ, ⃗σ), since the energy density E_{ADM} (τ, ⃗σ) depends not only on the DO but also on ϕ and on the gauge variables ξ^r and π_ϕ (this is how the non-tensorial nature of the energy density in general relativity reveals itself in our approach). In a fixed gauge we get E_{ADM} = ∫ d^3σ E^G_{ADM} (τ, ⃗σ) and this becomes the functional that rules the Hamilton equations [37] for the DO in the completely fixed gauge ∂r^G_ā (τ, ⃗σ) ∂τ = {r^G_ā (τ, ⃗σ), E_{ADM}}^∗, ∂π^G_ā (τ, ⃗σ) ∂τ = {π^G_ā (τ, ⃗σ), E_{ADM}}^∗, (3.8)

where E_{ADM} is intended as the restriction of the weak ADM energy to Γ_4 and where the {·, ·}^∗ are Dirac Brackets. By using the inversion of the first set of Eqs.(3.8) to get π^G_ā = π^G_ā [r^G_{b̄} ,^{∂rḠb}_{∂τ} ], we arrive at the second order in time equations^{∂2rḠa (τ,⃗σ)}_{∂τ 2} =

F^G_ā [r^G_{b̄} (τ, ⃗σ),^{∂rḠb (τ,⃗σ)}_{∂τ} , spatial gradients of r^G_{b̄} (τ, ⃗σ)], where the F^G_ā ’s are effective forces whose functional form depends on the gauge G.

Thus, once we have chosen any surface of the foliation as initial Cauchy surface Σ_{τo} and assigned the initial data r_ā(τ_o, ⃗σ), π_ā(τ_o, ⃗σ) of the DO, we can calculate the solution of the Einstein-Hamilton equations corresponding to these initial data. Having found the solution in a completely fixed gauge, besides the values of the DO throughout space-time we get the value of the extrinsic curvature^3K_{rs}(τ, ⃗σ) of the simultaneity surfaces Σ_τ as an extra bonus. Therefore, on-shell, in the gauge G with given initial data for the DO on Σ^{(G)}τ_o , the leaves Σ^{(G)}τ of the 3+1 splitting are dynamically determined in the adapted radar 4- coordinates (τ, ⃗σ) (which, as shown in II, also determine the point-events of M^4 in the gauge G). As said in footnote 14, the knowledge of the lapse and shift functions and of the extrinsic curvature in the gauge G allows to find the embedding z^μ_G(τ, ⃗σ) of the simultaneity leaves and the 4-metric^4g_{G μν} (x_G) in the gauge G in an arbitrary 4-coordinate system x^μ_G = z^μ_G(τ, ⃗σ) of M^4. If we redo all the calculations in another complete Hamiltonian gauge G_1 with adapted radar 4-coordinates (τ_1, ⃗σ_1), then we can find the embedding z^μ_{G1} (τ_1, ⃗σ_1) of the new simultaneity surfaces Σ^{(G1 )}τ_1 and the 4-metric^4g_{G1 μν} (x_{G1} ) in another arbitrary 4-coordinate system x^μ_{G1} = z^μ_{G1} (τ_1, ⃗σ_1). The new initial data for the DO on the new Cauchy surface Σ^{(G1 )}τ_{1 o} , corresponding to the same universe identified by the initial data on Σ^{(G)}τ_o , have to be extracted from the requirements x^μ_{G1} = x^μ_{G1} (x_G) and^4g_{G1 μν} (x_{G1} ) =^{∂xαG}_{∂x}μ_{G1}^{∂xβG}_{∂xνG1}^4g_{G αβ}(x_G).

This circular setting brings the ADM procedure to its end by determining the ”universe”, corresponding to the given initial conditions for the DO in every gauge and including the associated admissible dynamical definitions of simultaneity, distant clocks synchronization and gravito-magnetism.

It is important to stress, therefore, that the complete determination of the chronogeometry clearly depends upon the solution of Einstein-Hamilton equations of motion i.e., once the Hamiltonian formalism is fixed by the gauge choices, upon the initial conditions for the DO. This implies that the admissible notions of distant simultaneity turn out to be dynamically determined as said in the Introduction. However, as stressed there, within the Hamiltonian approach to metric gravity, different admissible conventions about distant simultaneity within the same universe are merely gauge-related conventions, corresponding to different complete gauge options in analogy to what happens in a non-dynamical way within the framework of parametrized Minkowski theories^{30}. The admissible dynamical simultaneity notions in our class of space-times are much less in number than the nondynamical admissible simultaneity notions in special relativity: as shown in Section VIII of the second paper in Ref.[23], if Minkowski space-time is thought of as a special solution (with vanishing DO) of Einstein-Hamilton equations, then its allowed 3+1 splittings must have 3-conformally flat simultaneity 3-surfaces (due to the vanishing of the DO the Cotton- York tensor vanishes), a restriction absent in special relativity considered as an autonomous theory.

We believe that this result throws an interesting new light even on the old - and outdated - debate about the so-called conventionality of distant simultaneity in special relativity

30 See Ref.[12] for a discussion of this point in special relativity and the gauge nature of the admissible notions of simultaneity in parametrized Minkowski theories.

showing the trading of conventionality with gauge freedom. It is clear that the mechanism of the complete Hamiltonian gauge based on the 3+1 splitting of space-time plays a crucial role here.

Of course, it rests to be shown how the above dynamical determination can be enforced in practice to synchronize actual clocks, i.e., essentially, how to generalize to the gravity case the formal structure of Einstein-Reichenbach’s convention. This discussion is given in all details in Ref.[12].

IV. ON THE PHYSICAL INTERPRETATION OF DIRAC OBSERVABLES AND GAUGE VARIABLES: TIDAL-LIKE AND INERTIAL-LIKE EFFECTS.

Let us now discuss with a greater detail the physical meaning of the Hamiltonian gauge variables and DO.

As shown in Section III, the 20 off-shell canonical variables of the ADM Hamiltonian description are naturally subdivided into two sets by the quasi-Shanmugadhasan transformation:

i) The first set contains seven off-shell Abelian Hamiltonian gauge variables whose conjugate momenta are seven Abelianized first class constraints. The eighth canonical pair comprises the variable in which the super-hamiltonian constraint has to be solved (the conformal factor of the 3-metric, ϕ = (^3g)^{1/12}) and its conjugate momentum as the eighth gauge variable. Precisely, the gauge variables are: ξ^r , π_ϕ (primary gauge variables), n, n_r (secondary gauge variables). Note that a primary gauge variable has its arbitrariness described by a Dirac multiplier, while a secondary gauge variable inherits the arbitrariness of the Dirac multipliers through the Hamilton equations.

ii) The second set contains the off-shell gauge invariant (non-local and in general nontensor) DO: r_ā(τ, ⃗σ), π_ā(τ, ⃗σ), ā = 1, 2. They satisfy hyperbolic Hamilton equations.

Let us stress again that the above subdivision of canonical variables in two sets is a peculiar outcome of the quasi-Shanmugadhasan canonical transformation which has no simple counterpart within the Lagrangian viewpoint at the level of the Hilbert action and/or of Einstein’s equations: at this level the only clear statement is whether or not the curvature vanishes. As anticipated in the Introduction, this subdivision amounts to an extra piece of (non-local) information which should be added to the traditional wisdom of the equivalence principle asserting the local impossibility of distinguishing gravitational from inertial effects. Indeed, we shall presently see that it allows to distinguish and visualize which aspects of the local physical effects on test matter contain a genuine gravitational component and which aspects depend solely upon the choice of the global non-inertial space-time laboratory with the associated atlas of 4-coordinate systems in a topologically trivial space-time: these latter effects could then be named inertial, in analogy with what happens in the non-relativistic Newtonian case in global rigid non-inertial reference frames. Recall again that, when a complete choice of gauge is made, the gauge variables as well as any tensorial quantity become fixed uniquely by the gauge-fixing procedure to functions of DO in that gauge.

One should be careful in discussing this subject because the very definition of inertial force (and gravitational as well) seems rather unnatural in general relativity. We can take advantage, however, from the circumstance that the Hamiltonian point of view leads naturally to a re-reading of geometrical features in terms of the traditional concept of force.

First of all, recall that we are still considering here the case of pure gravitational field without matter. It is then natural first of all to characterize as genuine gravitational effects those which are directly correlated to the DO. It is also crucial to stress that such purely gravitational effects are absent in Newtonian gravity, where there are no autonomous gravitational fields, i.e., fields not generated by matter sources. It seems therefore plausible to trace inertial (much better than fictitious, in the relativistic case) effects to a pure off-shell dependence on the Hamiltonian gauge variables^{31}. Recall also that, at the non-relativistic level, Newtonian gravity is fully described by action-at-a-distance forces and, in absence of matter, there are no tidal forces among test particles. Tidal-like forces are entirely determined by the variation of the action-at-a-distance force created by the Newton potential of a massive body on the test particles. In vacuum general relativity instead the geodesic deviation equation shows that tidal forces, locally described by the Riemann tensor, act on test particles even in absence of any kind of matter.

Indeed fixing the off-shell Hamiltonian gauge variables determines the weak ADM energy density E^G_{ADM} (τ, ⃗σ) and the Hamilton equations (3.8). Therefore, from these equations the form of the effective inertial forces F^G_ā is uniquely determined: they describe the form in which physical gravitational effects determined by the DO show themselves. Such appearances undergo inertial changes upon going from one global non-inertial reference frame to another. Furthermore genuine gravitational effects are always necessarily dressed by inertiallike appearances. Thus, the situation is only vaguely analogous to the phenomenology of non-relativistic inertial forces. These latter describe purely apparent (or really fictitious) mechanical effects which show up in accelerated Galilean reference frames^{32} and can be eliminated by going to (global) inertial reference frames^{33}. Besides the existence of autonomous gravitational degrees of freedom, it is therefore clear that the further deep difference concerning inertial-like forces in the general-relativistic case with respect to Newtonian gravity rests upon the fact that now inertial reference frames exist only locally if freely falling along 4-geodesics.

For the sake of clarity, consider the non-relativistic Galilean framework in greater detail. If a global non-inertial reference frame has translational acceleration ⃗w(t) and angular velocity ⃗ω(t) with respect to a given inertial frame, a particle with free motion (⃗a = ¨⃗x = 0) in the inertial frame has the following acceleration as seen from the non-inertial frame

31 By introducing dynamical matter the Hamiltonian procedure leads to distinguish among action-at-a-distance, gravitational, and inertial effects, with consequent relevant implications upon concepts like gravitational passive and active masses and, more generally, upon the problem of the origin of inertia. See Ref.[51] for other attempts of separating inertial from tidal effects in the equations of motion in configuration space for test particles, in a framework in which asymptotic inertial observers are refuted. In this reference one finds also the following version (named Mach 11) of the Mach principle: ”The socalled inertial effects, occurring in a non-inertial frame, are gravitational effects caused by the distribution and motion of the distant matter in the universe, relative to the frame”. Thus inertial means here nontidal + true gravitational fields generated by cosmic matter. In the above reference it is also suggested that super-fluid Helium II may be an alternative to fixed stars as a standard of non rotation. Of course all these interpretations are questionable. On the other hand, the Hamiltonian framework offers the tools for making such a distinction while distant matter effects are hidden in the non-locality of DO and gauge variables. Since in a fixed gauge the gauge variables are functions of the DO in that gauge, tidal effects are clearly mixed with inertial ones. For a recent critical discussion about the origin of inertia and its connection with inertial effects in accelerated and rotating frames see Ref.[52].

32 With arbitrary global translational and rotational 3-accelerations.

33 See Ref.[53] for the determination of quasi-inertial reference frames in astronomy as those frames in which rotational and linear acceleration effects lie under the sensibility threshold of the measuring instruments.

⃗a_{N I} = − ⃗w(t) + ⃗x × ˙⃗ω(t) + 2 ˙⃗x × ⃗ω(t) + ⃗ω(t) × [⃗x × ⃗ω(t)]. (4.1) After multiplication of this equation by the particle mass, the second term on the right hand side is the Jacobi force, the third is the Coriolis force and the fourth the centrifugal force.

We have given in Ref.[54] a description of non-relativistic gravity which is generally covariant under arbitrary passive Galilean coordinate transformations [t^′ = T (t), ⃗x^′ = ⃗f (t, ⃗x)]. The analogue of Eq.(4.1) in this case contains more general apparent forces, which are reduced to those appearing in Eq.(4.1) in particular rigid coordinate systems. The discussion given in Ref.[54] is a good introduction to the relativistic case, just because in general relativity there are no global inertial reference frames.

Two different approaches have been considered in the literature in the general relativistic case concerning the choice of reference frames, namely using either

i) a single accelerated time-like observer with an arbitrary associated tetrad, or ii) a congruence of accelerated time-like observers with a conventionally chosen associated field of tetrads^{34}.

Usually, in both approaches the observers are test observers, which describe phenomena from their kinematical point of view without generating any dynamical effect on the system.

i) Consider first the case of a single test observer with his tetrad (see Ref.[55, 56]). After the choice of the associated local Minkowskian system of (Riemann-Gaussian) 4- coordinates, the line element becomes^{35} ds^2 = −δ_{ij} dx^idx^j +2ϵ_{ijk}x^{j ωk}_c dx^odx^i +[1+^{2⃗a·⃗x}_{c2} (dx^o)^2]. The test observer describes a nearby time-like geodesics y^μ(λ) (λ is the affine parameter or proper time) followed by a test particle in free fall in a given gravitational field by means of the following spatial equation:^{d2 ⃗y}_{(dyo )2} = −⃗a − 2⃗ω ×^{d⃗y}_{dyo} +^2_{c2} ( ⃗a ·^{d⃗y}_{dyo} )_{d⃗y} dy^o . Thus, the

relative acceleration of the particle with respect to the observer with this special system of coordinates^{36} is composed by the observer 3-acceleration plus a relativistic correction and

34 The time-like tetrad field is the 4-velocity field of the congruence. The conventional choice of the spatial triad is equivalent to a choice of a specific system of gyroscopes (see footnote 45 in Appendix A for the definition of a Fermi-Walker transported triad). See the local interpretation in Ref.[22] of inertial forces as effects depending on the choice of a congruence of time-like observers with their associated tetrad fields as a reference standard for their description. Note that, in gravitational fields without matter, gravitomagnetic effects as described by^4g_{τr} are purely inertial effects in our sense, since are determined by the shift gauge variables. While in metric gravity the tetrad fields are used only to rebuild the 4-metric, the complete theory taking into account all the properties of the tetrad fields is tetrad gravity [23].

35 If the test observer is in free fall (geodesic observer) we have ⃗a = 0. If the triad of the test observer is Fermi-Walker transported (standard of non-rotation of the gyroscope) we have ⃗ω = 0.

36 It replaces the global non-inertial non-relativistic reference frame. With other coordinate systems, other terms would of course appear.

by a Coriolis acceleration^{37}. Note that, from the Hamiltonian point of view, the constants ⃗a and ⃗ω are constant functionals of the DO of the gravitational field in this particular gauge.

As said above, different Hamiltonian gauge fixings on-shell, corresponding to on-shell variations of the Hamiltonian gauge variables, give rise to different appearances of the physical effects as gauge-dependent functionals of the DO in that gauge of the type F_G(r_ā, π_ā) (like ⃗a and ⃗ω in the previous example).

In absence of matter, we can consider the zero curvature limit, which is obtained by putting the DO to zero. In this way we get Minkowski space-time (a solution of Einstein’s equations) equipped with those kinds of coordinates systems which are compatible with Einstein’s theory^{38}. In particular, the quantities F_G = lim_{rā,πā→0} F_G(r_ā, π_ā) describe inertial effects in those 4-coordinate systems for Minkowski space-time which have a counterpart in Einstein general relativity.

In presence of matter Newtonian gravity is recovered with a double limit:

a) the limit in which DO are restricted to the solutions of the Hamilton equations (3.7) with matter, r_ā → f_ā(matter), π_ā → g_ā(matter), so that their insertion in the Hamilton equations for matter produces effective gauge-dependent action-at-a-distance forces;

b) the c → ∞ limit, in which curvature effects, described by matter after the limit a), disappear, so that the final action-at-a-distance forces are the Newtonian ones.

This implies that the functionals F_G(r_ā, π_ā) must be restricted to the limit F_{N ewton} = lim_{c→∞} lim_{rā→fā,πā→gā} ( F_{G o} +^1_c F_{G 1} + ... ) = F_{G o}|_{rā=fā ,πā=gā} . Then F_{N ewton}, which may be coordinate dependent, becomes the Newtonian inertial force in the corresponding general Galilean coordinate system.

ii) Consider then the more general case of a congruence of accelerated time-like observers which is just the case with reference to our global non-inertial space-time laboratory. In this way it is possible to get a much more accurate and elaborate description of the relative 3-acceleration, as seen in his own local rest frame by each observer of the congruence which intersects the geodesic of a test particle in free fall (see Ref.[22]). The identification of various types of 3-forces depends upon:

37 This is caused by the rotation of the spatial triad carried by the observer relative to a Fermi-Walker transported triad. The vanishing of the Coriolis term justifies the statement that for an observer which is not in free fall (⃗a ≠ 0) a local coordinate system produced by Fermi-Walker transport of the spatial triad of vectors is the best possible realization of a non-rotating system.

38 As shown in Ref.[13] this implies the vanishing of the Cotton-York 3-conformal tensor, namely the condition that the allowed 3+1 splittings of Minkowski space-time compatible with Einstein’s equations have the leaves 3-conformally flat in absence of matter. This solution of Einstein’s equations, has been named void space-time in Ref.[23]: Minkowski space-time in Cartesian 4-coordinates is just a gauge representative of it. Note that, even if Einstein always rejected this concept, a void space-time corresponds to the description of a special class of 4-coordinate systems for Minkowski space-time without matter. As a consequence special relativity, considered as an autonomous theory, admits much more general inertial effects associated with the admissible 3+1 splittings of Minkowski space-time [12] whose leaves are not 3-conformally flat.

a) the gravitational field (the form of the geodesics obviously depends on the metric tensor; usually the effects of the gravitational field are classified as gravito-electric and gravito-magnetic, even if this is strictly valid only in harmonic coordinates),

b) the properties (acceleration, vorticity, expansion, shear) of the congruence of observers,

c) the choice of the time-parameter used to describe the particle 3-trajectory in the local observer rest frame.

There are, therefore, many possibilities for defining the relative 3-acceleration (see Ref.[22]) and its separation in various types of inertial-like accelerations (See Appendix A for a more complete discussion of the properties of the congruences of time-like observers).

Summarizing, once a local reference frame has been chosen, in every 4-coordinate system we can consider:

a) the genuine tidal gravitational effects which show up in the geodesic deviation equation: they are well defined gauge-dependent functionals of the DO associated to that gauge; DO could then be called non-local tidal-like degrees of freedom;

b) the fact that geodesic curves will have different geometrical descriptions corresponding to different gauges (i.e. different inertial forces), although they will be again functionally dependent only on the DO in the relevant gauge;

c) the issue of the description of the relative 3-acceleration of a free particle in free fall, as given in the local rest frame of a generic observer of the congruence, which will contain various terms. Such terms are identifiable with the general relativistic extension of the various non-relativistic kinds of inertial accelerations and all will again depend on the DO in the chosen gauge, both directly and through the Hamiltonian gauge variables of that gauge.

Three general remarks:

First of all, the picture we have presented is not altered by the presence of matter. The only new phenomenon besides the above purely gravitational, inertial and tidal effects, is that from the solution of the super-hamiltonian and super-momentum constraints emerge action-at-a-distance, Newtonian-like and gravito-magnetic effects among matter elements, as already noted in footnote 31.

Second, the reference standards of time and length correspond to units of coordinate time and length and not to proper times and proper lengths [16]: this is not in contradiction with general covariance, because an extended laboratory, in which one defines the reference standards, corresponds to a particular completely fixed on-shell Hamiltonian gauge plus a local congruence of time-like observers. For instance, in astronomy and in the theory of satellites, the unit of time is replaced by a unit of coordinate length (ephemerides time). This leads to the necessity of taking into account the theory of measurement in general relativity.

Third, as evident from the structure of the Shanmugadhasan transformation, the distinction between tidal-like and generalized non-inertial effects is a gauge (i.e., a coordinate) dependent concept. Although we deem this result to have physical interest as it stands, the possibility remains open of pushing our knowledge even further. Precisely, in the second paper we will exploit to this effect a discussion about the relation between the notion of DO and that of the so-called Bergmann observables (BO)[14] which (although rather ambiguously) are defined to be uniquely predictable from the initial data, but also invariant under standard passive diffeomorphisms (PDIQ).

A possible starting point to attack the problem of the connection of DO with BO seems to be a Hamiltonian re-formulation of the Newman-Penrose formalism [15] (that contains only PDIQ) employing Hamiltonian null-tetrads carried by the surface-forming congruence of time-like observers. In view of this program, in paper II we will argue in favor of a main conjecture according to which special Darboux bases for canonical gravity should exist in which the inertial effects (gauge variables) are described by PDIQ while the autonomous degrees of freedom (DO) are also BO. The hoped for validity of this conjecture would amount - among other important consequences - to attributing to our separation between tidal-like and generalized inertial effects the status of an invariant statement. This would give, in our opinion, a remarkable contribution to the long standing debate about the equivalence principle.

APPENDIX A: TIME-LIKE ACCELERATED OBSERVERS.

In this Appendix we collect a number of scattered properties of time-like observers.

An inertial observer in Minkowski space-time M4 is a time-like future-oriented straight line γ [57]. Any point P on γ together with the unit time-like tangent vector e^μ_{(o)} to γ at P is an instantaneous inertial observer. Let us choose a point P on γ as the origin of an inertial system I_P having γ as time axis and three orthogonal space-like straight lines orthogonal to γ in P , with unit tangent vectors e^μ_{(r)}, r = 1, 2, 3 as space axes. Let x^μ be a Cartesian 4-coordinate system referred to these axes, in which the line element has the form ds2 = η_{μν} dx^μ dx^ν with η_{μν} = ϵ (+ − −−), ϵ = ±1. Associated to these coordinates there is a reference frame (or system of reference or platform [16]) given by the congruence of time-like straight lines parallel to γ, namely a unit vector field u^μ(x). Each of the integral lines of the vector field is identified by a fixed value of the three spatial coordinates x^i and represent an observer: this is a reference point according to Møller [58]. A reference frame l, i.e. a time-like vector field l^μ(x)^∂_{∂xμ} with its congruence of time-like world-lines and its associated 1+3 splitting of T M^4, admits the decomposition of Eq.(A3) (see below).

While in Newtonian physics an absolute reference frame is an imagined extension of a rigid body and a clock (with any coordinate systems attached), in general relativity [59] we must replace the rigid body either by a cloud of test particles in free fall (geodesic congruence) or by a test fluid (non-geodesic congruence for non-vanishing pressure). Therefore a reference frame is schematized as a future-pointing time-like congruence with all the possible associated 4-coordinate systems. This is called a platform in Ref.[57], where there is a classification of the possible types of platforms and the definition of the position vector of a neighboring observer in the local rest frame of a given observer of the platform. Then, the Fermi-Walker covariant derivative (applied to a vector in the rest frame it produces a new vector still in the rest frame [60]) is used to define the 3-velocity (and then the 3- acceleration) of a neighboring observer in the rest frame of the given observer, as the natural generalization of the Newtonian relative 3-velocity (and 3-acceleration). See Ref.[22] for a definition, based on these techniques, of the 3-acceleration of a test particle in the local rest frame of an observer crossing the particle geodesics, with the further introduction of the Lie and co-rotating Fermi-Walker derivatives.

Consider now the point of view of the special (non-rotating, surface-forming) congruence of time-like accelerated observers whose 4-velocity field is the field of unit normals to the space-like hyper-surfaces Σ_τ .

We want to describe this non-rotating Hamiltonian congruence, by emphasizing its interpretation in terms of gauge variables and DO. The field of contravariant and covariant unit normals to the space-like hyper-surfaces Σ_τ are expressed only in terms of the lapse and shift gauge variables (as in Sections III and IV, we use coordinates adapted to the foliation: l^A(τ, ⃗σ) = b^A_μ (τ, ⃗σ) l^μ(τ, ⃗σ) with the b^A_μ (τ, ⃗σ) =^{∂σA}_{∂zμ} being the transition coefficients from adapted to general coordinates )

l^A(τ, ⃗σ) = 1 N(τ, ⃗σ) ( 1; −N^r (τ, ⃗σ) ) , l_A(τ, ⃗σ) = N(τ, ⃗σ) ( 1; 0 ) , l^A(τ, ⃗σ) l_A(τ, ⃗σ) = 1. (A1)

Since this congruence is surface forming by construction, it has zero vorticity and is nonrotating (in the sense of congruences). As said in Section III, in Christodoulou-Klainermann space-times [9] we have N(τ, ⃗σ) = ϵ + n(τ, ⃗σ), N^r(τ, ⃗σ) = n^r(τ, ⃗σ). The specific time-like direction identified by the normal has inertial-like nature, in the sense of being dependent on Hamiltonian gauge variables only. Therefore the world-lines of the observers of this foliation^{39} change on-shell going from a 4-coordinate system to another. On the other hand, the embeddings z^μ_Σ(τ, ⃗σ) of the leaves Σ_τ of the WSW foliation in space-time depend on both the DO and the gauge variables.

If x^μ_{⃗σo} (τ ) is the time-like world-line of the observer crossing the leave Σ_{τo} at ⃗σ_o, we have 40

x^μ_{⃗σo} (τ ) = z^μ_Σ(τ, ⃗ρ_{⃗σo} (τ )), with ⃗ρ_{⃗σo} (τ_o) = ⃗σ_o, ẋ^μ_{⃗σo} (τ ) = dx^μ_{⃗σo} (τ ) dτ ,

l^μ_{⃗σo} (τ ) = l^μ(τ, ⃗ρ_{⃗σo} (τ )) = ẋ^μ_{⃗σo} (τ ) √_4 g_{αβ} (x_{⃗σo} (τ )) ẋ^α_{⃗σo} (τ ) ẋ^β_{⃗σo} (τ ) ,

a^μ_{⃗σo} (τ ) = dl^μ_{⃗σo} (τ ) dτ , a^μ_{⃗σo} (τ ) l_{⃗σo μ}(τ ) = 0. (A2)

Here a^μ_{⃗σo} (τ ) is the 4-acceleration of the observer x^μ_{⃗σo} (τ ).

As for any congruence, we have the decomposition (P_{μν} = η_{μν} − l_μ l_ν )

4∇_μ l_ν = l_μ a_ν + 1 3 Θ P_{μν} + σ_{μν} + ω_{μν} ,

a^μ = l^{ν 4}∇_ν l^μ = l̇^μ, Θ =^4∇_μ l^μ, σ_{μν} = 1 2 (a_μ l_ν + a_ν l_μ) + 1 2 (^4∇_μ l_ν +^4∇_ν l_μ) − 1 3 Θ P_{μν} , with magnitude σ^2 = 1 2 σ_{μν} σ^{μν} , ω_{μν} = −ω_{νμ} = ϵ_{μναβ} ω^α l^β = 1 2 (a_μ l_ν − a_ν l_μ) + 1 2 (^4∇_μ l_ν −^4∇_ν l_μ) = 0,

ω^μ = 1 2 ϵ^{μαβγ} ω_{αβ} l_γ = 0, (A3)

where a^μ is the 4-acceleration, Θ the expansion (it measures the average expansion of the infinitesimally nearby world-lines surrounding a given world-line in the congruence), σ_{μν} the shear (it measures how an initial sphere in the tangent space to the given world-line, which

39 It is called the Wigner-Sen-Witten (WSW) foliation[13] due to its properties at spatial infinity (see footnote 14). The associated observers are called Eulerian observers when a perfect fluid is present as dynamical matter.

40 Note that the mathematical time parameter τ labeling the leaves of the foliation is not in general the proper time of any observer of the congruence.

is Lie transported along l^{μ 41}, is distorted towards an ellipsoid with principal axes given by the eigenvectors of σ^μ_ν , with rate given by the eigenvalues of σ^μ_ν ) and ω_{μν} the twist or vorticity (it measures the rotation of the nearby world-lines infinitesimally surrounding the given one); σ_{μν} and ω_{μν} are purely spatial (σ_{μν} l^ν = ω_{μν} l^ν = 0). Due to the Frobenius theorem, the congruence is (locally) hyper-surface orthogonal if and only if ω_{μν} = 0. The equation^1_l l^μ ∂_μ l =^1_3 Θ defines a representative length l along the world-line of l^μ, describing the volume expansion (or contraction) behaviour of the congruence.

While all these quantities depend on the Hamiltonian gauge variables, the expansion and the shear depend a priori also upon the DO, because the covariant derivative is used in their definition.

Yet, the ADM canonical formalism provides additional information. Actually, on each space-like hyper-surface Σ_τ of the foliation, there is a privileged contravariant space-like direction identified by the lapse and shift gauge variables^{42}

N^μ(τ, ⃗σ) = 1 | ⃗N(τ, ⃗σ)| ( 0; n^r (τ, ⃗σ) ) , N_μ(τ, ⃗σ) = | ⃗N(τ, ⃗σ)| ( 1; N_r(τ, ⃗σ) | ⃗N(τ, ⃗σ)|^2 ) , N^μ(τ, ⃗σ) l_μ(τ, ⃗σ) = 0, N^μ(τ, ⃗σ) N_μ(τ, ⃗σ) = −1, | ⃗N(τ, ⃗σ)| = √ (^3g_{rs} N^r N^s)(τ, ⃗σ). (A4)

If 4-coordinates, corresponding to an on-shell complete Hamiltonian gauge fixing, exist such that the vector field defined by N^μ(τ, ⃗σ) on each Σ_τ is surface-forming (zero vorticity^{43}), then each Σ_τ can be foliated with 2-surfaces, and the 3+1 splitting of space-time becomes a (2+1)+1 splitting corresponding to the 2+2 splittings studied by Stachel and d’Inverno [62].

We have therefore a natural candidate for one of the three spatial vectors of each observer, namely: E^μ_{⃗σo (N )}(τ ) = N^μ_{⃗σo} (τ ) = N^μ(τ, ⃗ρ_{⃗σo} (τ )). By means of l^μ_{⃗σo} (τ ) = l^μ(τ, ⃗ρ_{⃗σo} (τ )) and N^μ_{⃗σo} (τ ), we can construct two null vectors at each space-time point

41 It has zero Lie derivative with respect to l^μ ∂_μ.

42 The unit vector N^μ(τ, ⃗σ) contains a DO dependence in the overall normalizing factor. The existence of this space-like gauge direction seems to indicate that synchronous or time orthogonal 4-coordinates with N_r (τ, ⃗σ) = −^4g_{τr} (τ, ⃗σ) = 0 (absence of gravito-magnetism) have singular nature [61]. Note that the evolution vector of the slicing point of view has N (τ, ⃗σ) l^μ(τ, ⃗σ) and | ⃗N(τ, ⃗σ)| N^μ(τ, ⃗σ) as projections along the normal and the plane tangent to Σ_τ , respectively.

43 This requires that N_μ dx^μ is a closed 1-form, namely that in adapted coordinates we have ∂_τ^{Nr}_{| ⃗N|} = ∂_r | ⃗N|

and ∂_r^{Ns}_{| ⃗N|} = ∂_s^{Nr}_{| ⃗N|} . This requires in turn^{Nr}_{| ⃗N |} = ∂_r f with ∂_τ f = | ⃗N | + const.

K^μ_{⃗σo} (τ ) = √ | ⃗N| 2 ( l^μ_{⃗σo} (τ ) + N^μ_{⃗σo} (τ ) ) , L^μ_{⃗σo} (τ ) = 1 √ 2 | ⃗N | ( l^μ_{⃗σo} (τ ) − N^μ_{⃗σo} (τ ) ) . (A5)

and then get a null tetrad of the type used in the Newman-Penrose formalism [15]. The last two axes of the spatial triad can be chosen as two space-like circular complex polarization vectors E^μ_{⃗σo (±)}(τ ), like in electromagnetism. They are built starting from the transverse helicity polarization vectors E^μ_{⃗σo (1,2)}(τ ), which are the first and second columns of the standard

Wigner helicity boost generating K^μ_{⃗σo} (τ ) from the reference vector^∘K^μ_{⃗σo} (τ ) = | ⃗N| ( 1; 001 ) (see for instance the Appendices of Ref.[63]).

Let us call E^{(ADM )μ}

⃗σ_o (α) (τ ) the ADM tetrad formed by l μ ⃗σ_o (τ ), N μ ⃗σ_o (τ ), E μ ⃗σ_o (1,2)(τ )

44. This tetrad will not be in general Fermi-Walker transported along the world-line x^μ_{⃗σo} (τ ) of the observer^{45}.

Another possible (but only on-shell) choice of the spatial triad together with the unit normal to Σ_τ is the local WSW (on-shell) compass of inertia quoted in footnote 14, namely the triads transported with the Frauendiener-Sen-Witten transport (see footnote 73 and Eq.(12.2) of Ref.[13]) starting from an asymptotic conventional triad (choice of the fixed stars) added to the ADM 4-momentum at spatial infinity. As shown in Eq.(12.3) of Ref.[13], they have the expression E^{(W SW )μ}_{⃗σo (a)} (τ ) =^{∂zμΣ}_{∂σs} |_{x⃗σo (τ )}^3e^{(W SW )s}_{⃗σo (a)} (τ ) where the triad^3e^{(W SW )}_{⃗σo(a)} is

44 It is a tetrad in adapted coordinates: if E^μ_{(α)} =^{∂zμΣ}_{∂σA} E^A_{(α)}, then E^{(ADM) A}_{⃗σo (α)} (τ ) 4g_{AB}(τ, ⃗ρ_{⃗σo} (τ )) E^{(ADM) B} ⃗σ_o (β) (τ ) =

4η_{(α)(β)}.

45 Given the 4-velocity l^μ_{⃗σo} (τ ) = E^μ_{⃗σo} (τ ) of the observer, the spatial triads E^μ_{⃗σo (a)}(τ ), a = 1, 2, 3, have to be chosen in a conventional way, namely by means of a conventional assignment of an origin for the local measurements of rotations. Usually, the choice corresponds to Fermi-Walker (FW) transported (gyroscope-type transport, non-rotating observer) tetrads E^{(F W ) μ}_{⃗σo (α)} (τ ), such that

D Dτ E^{(F W ) μ} ⃗σ_o (a) (τ ) = Ω (F W ) ⃗σ_o μ ν (τ ) E^{(F W ) ν} ⃗σ_o (a) (τ ) = l μ ⃗σ_o (τ ) a⃗σo ν(τ ) E (F W ) ν ⃗σ_o (a) (τ ), Ω^{(F W )} ⃗σ_o μν (τ ) = a^μ_{⃗σo} (τ ) l^ν_{⃗σo} (τ ) − a^ν_{⃗σo} (τ ) l^μ_{⃗σo} (τ ).

The triad E^{(F W ) μ}_{⃗σo (a)} (τ ) is the correct relativistic generalization of global Galilean non-rotating frames (see Ref.[54]) and is defined using only local geometrical and group-theoretical concepts. Any other choice of the triads (Lie transport, co-rotating-FW transport,...) is obviously also possible [22]. A generic triad E^μ_{⃗σo (a)}(τ ) will satisfy^D_{Dτ} E^μ_{⃗σo (a)}(τ ) = Ω_{⃗σo}^μ_ν (τ ) E^ν_{⃗σo (a)}(τ ) with Ω^{μν}_{⃗σo} = Ω^{(F W ) μν}_{⃗σo} +Ω^{(SR) μν}_{⃗σo} with the spatial rotation part Ω^{(SR) μν}_{⃗σo} = ϵ^{μναβ} l_{⃗σo α} J_{⃗σo β} , J^μ_{⃗σo} l_{⃗σo μ} = 0, producing a rotation of the gyroscope in the local space-like 2-plane orthogonal to l^μ_{⃗σo} and J^μ_{⃗σo} .

solution of the Frauendiener-Sen-Witten equation restricted to a solution of Einstein equations.

Given an observer with world-line x^μ_{⃗σo} (τ ) and tetrad E^μ_{⃗σo (α)}(τ ), the geometrical properties are described by the Frenet-Serret equations [64] D Dτ l^μ_{⃗σo} (τ ) = κ_{⃗σo} (τ ) E^μ_{⃗σo (1)}(τ ), D Dτ E^μ_{⃗σo (1)}(τ ) = a^μ_{⃗σo} (τ ) = κ_{⃗σo} (τ ) l^μ_{⃗σo} (τ ) + τ_{⃗σo (1)}(τ ) E^μ_{⃗σo (2)}(τ ), D Dτ E^μ_{⃗σo (2)}(τ ) = −τ_{⃗σo (1)}(τ ) E^μ_{⃗σo (1)}(τ ) + τ_{⃗σo (2)}(τ ) E^μ_{⃗σo (3)}(τ ), D Dτ E^μ_{⃗σo (3)}(τ ) = −τ_{⃗σo (2)}(τ ) E^μ_{⃗σo (2)}(τ ), (A6)

where κ_{⃗σo} (τ ), τ_{⃗σo(a)}(τ ), a = 1, 2, are the curvature and the first and second torsion of the world-line. E^μ_{⃗σo (a)}(τ ), a = 1, 2, 3 are said the normal and the first and second bi-normal of the world-line, respectively.

Let us now look at the description of a geodesics y^μ(τ ), the world-line of a scalar test particle, from the point of view of those observers γ_{⃗σo ,y(τ )} of the congruence who intersect it, namely such that at τ it holds x^μ_{⃗σo ,y(τ )}(τ ) = y^μ(τ ). The family of these observers is called a relative observer world 2-sheet in Ref.[22].

Since the parameter τ labeling the leaves Σ_τ of the foliation is not the proper time s = s(τ ) of the geodesics y^μ(τ ) = Y^μ(s(τ )), the geodesics equation^{d2Y μ(s)}_{ds2} +^4Γ^μ_{αβ}(Y (s))^{dY α(s)}_{ds}^{dY β (s)}_{ds} = 0 (or m a^μ(s) = m^{d2Y μ(s)}_{ds2} = F^μ(s), where m is the mass of the test particle), becomes

d^2y^μ(τ ) dτ^2 +^4Γ^μ_{αβ} (y(τ )) dy^α(τ ) dτ dy^β (τ ) dτ − dy^μ(τ ) dτ d2s(τ ) dτ 2 (ds(τ ) dτ )_{−1} = 0, (A7) or

m a^μ_y (τ ) = m d^2y^μ(τ ) dτ^2 = f^μ(τ ). (A8)

We see that the force f^μ(τ ) contains an extra-piece with respect to F^μ(s(τ )), due to the change of time parameter.

Let U^μ(τ ) = V^μ(s(τ )) =^{dY μ(s)}_{ds} |_{s=s(τ )} =^{ẏμ (τ )}√_{4gαβ (y(τ )) ẏα (τ ) ẏβ (τ )} with ẏ^μ(τ ) =^{dyμ(τ )}_{dτ} be

the 4-velocity of the test particle and ds =

√_4 g_{αβ} (y(τ )) ẏ^α(τ ) ẏ^β(τ ) dτ be the relation between the two parameters. By using the intrinsic or absolute derivative along the geodesics parametrized with the proper time s = s(τ ) , the geodesics equation becomes A^μ(s) =^{DV μ(s)}_{ds} = 0 [or Ã^μ(τ ) =^{DU μ(τ )}_{dτ} =^{dyμ(τ )}_{dτ}^{d2s(τ )}_{dτ 2} (_{ds(τ )} dτ )_{−1} = g^μ(τ )].

In non-relativistic physics spatial inertial forces are defined as minus the spatial relative accelerations, with respect to an accelerated global Galilean frame (see Ref.[54]). In general relativity one needs the whole relative observer world 2-sheet to define an abstract 3-path in the quotient space of space-time by the observer-family world-lines, representing the trajectory of the test particle in the observer 3-space. Moreover, a well defined projected time derivative is needed to define a relative acceleration associated to such 3-path. At each point P (τ ) of the geodesics, identified by a value of τ , we have the two vectors U^μ(τ ) and l^μ_{⃗σo y(τ )}(τ ). Therefore, each vector X^μ in the tangent space to space-time in that point P (τ ) admits two splittings:

i) X^μ = X_U U^μ + P (U)^μ_ν X^ν , P^{μν} (U) =^4g^{μν} − U^μ U^ν , i.e., into a temporal component along U^μ and a spatial transverse component, living in the local rest frame LRS_U ;

ii) X^μ = X_l l^μ_{⃗σoy(τ )} +P (l_{⃗σoy(τ )})^μ_ν X^ν , i.e., into a temporal component along l^μ_{⃗σoy(τ )}(τ ) and a spatial transverse component, living in the local rest frame LRS_l, which is the plane tangent to the leave Σ_τ in P (τ ) for our surface-forming congruence.

The measurement of X^μ by the observer congruence consists in determining the scalar X_l and the spatial transverse vector. In adapted coordinates and after a choice of the spatial triads, the spatial transverse vector is described by the three (coordinate independent) tetradic components X_{(a)} = E^μ_{(a)} X_μ. The same holds for every tensor. Moreover, every spatial vector like P (U)^μ_ν X^ν in LRS_U admits a 2+1 orthogonal decomposition (relative motion orthogonal decomposition) into a component in the 2-dimensional rest subspace LRS_U ∩ LRS_L transverse to the direction of relative motion and one component in the 1-dimensional (longitudinal) orthogonal complement along the direction of the relative motion in each such rest space.

At each point P (τ ), the tangent space is split into the relative observer 2-plane spanned by U^μ(τ ) and l^μ_{⃗σoy(τ )}(τ ) and into an orthogonal space-like 2-plane. We have the 1+3 orthogonal decomposition

U^μ(τ ) = γ(U, l)(τ ) ( l^μ_{⃗σo y(τ )}(τ ) + ν^μ(U, l)(τ ) ) , γ(U, l) = U_μ l^μ_{⃗σoy(τ )}, ν(U, l) = √ ν^μ(U, l) ν_μ(U, l), ν̂^μ(U, l) = ν^μ(U, l) ν(U, l) , relative 4 − velocity tangent to Σ_τ . (A9)

The equation of geodesics, written as m A^μ(s) = 0, is described by the observers’ family as: i) a temporal projection along l^μ_{⃗σoy(τ )}, leading to the evolution equation m A_μ l^μ_{⃗σoy(τ )} = 0, for the observed energy (E(U, l) = γ(U, l)) of the test particle along its world-line;

ii) a spatial projection orthogonal to l^μ_{⃗σoy(τ )} (tangent to Σ_τ ), leading to the evolution equation for the observed 3-momentum of the test particle along its world-line, with the kinematic quantities describing the motion of the family of observers entering as inertial forces. If, instead of writing m P (l)^μ_ν A^μ(s) = 0 with P (l)^{μν} =^4g^{μν} − l^μ_{⃗σoy(τ )} l^ν_{⃗σoy(τ )}, we rescale the particle proper time s(τ ) to the sequence of observer proper times s_{(U,l)} defined by

ds_{(U,l)} ds = γ(U, l), the spatial projection of the geodesics equation, re-scaled with the gamma factor^{46}, can be written in the form

m (D_{(F W )}(U, l) ds_{(U,l)} )_μ ν v^ν (U, l) = m a^μ_{(F W )}(U, l) = F^{(G)μ}_{(F W )}(U, l),

F^{(G)μ}_{(F W )}(U, l) = −γ(U, l)^{−1} P^μ_ν (l) Dl^ν_{⃗σo y(τ )}(τ (s)) ds = = − (D_{(F W )}(U, l) ds_{(U,l)} )_μ ν l^ν_{⃗σoy(τ )}(τ (s_{(U,l)})) = = γ(U, l) [ − a^μ(l) + ( − ω^μ_ν (l) + θ^μ_ν (l) ) ν^ν (U, l) ] ,(A10) where v^μ(U, l) = U^μ − γ(U, l) l^μ_{⃗σoy(τ )} = v(U, l) ν̂^μ(U, l) with v(U, l) = γ(U, l) ν(U, l), and P (l)^μ_ν^D_{ds} = (_{D(F W )(U,l)} ds )_μ ν is the spatial FW intrinsic derivative along the test world-line and a^μ_{(F W )}(U, l) is the FW relative acceleration. The term F^{(G)μ}_{(F W )}(U, l) can be interpreted as the set of inertial forces due to the motion of the observers themselves, as in the nonrelativistic case. Such inertial forces depend on the following congruence properties:

i) the acceleration vector field a^μ(l), leading to a gravito-electric field and a spatial gravitoelectric gravitational force;

ii) the vorticity ω^μ_ν (l) and expansion + shear θ^μ_ν (l) = σ^μ_ν (l) +^1_3 Θ(l) P^μ_ν (l) mixed tensor fields, leading to a gravito-magnetic vector field and tensor field and a Coriolis or gravitomagnetic force linear in the relative velocity ν^μ(U, l).

Then, by writing v^μ(U, l) = v(U, l) ν̂^μ(U, l), the FW relative acceleration can be decomposed into a longitudinal and a transverse relative acceleration

a^μ_{(F W )}(U, l) = D_{(F W )}(U, l) v(U, l) ds_{(U,l)} ν̂^μ(U, l) + γ(U, l) a^{(⊥)μ}_{(F W )}(U, l), a^{(⊥)μ}_{(F W )}(U, l) = v(U, l) (D_{(F W )} ds_{(U,l)} )_μ ν ν̂^ν (U, l) = = ν^2(U, l) (D_{(F W )} dr_{(U,l)} )_μ ν ν̂^ν (U, l) = ν^2(U, l) ρ_{(F W )}(U, l) η̂^μ_{(F W )}(U, l). (A11)

In the second expression of the transverse FW relative acceleration, the reparametrization dr_{(U,l)} ds_{(U,l)} = ν(U, L) to a spatial arc-length parameter has been done. Since γ(U, l) a (⊥)μ (F W )(U, l) is the transverse part of the relative acceleration, i.e. the FW relative centripetal acceleration, −m γ(U, l) a^{(⊥)μ}_{(F W )}(U, l) may be interpreted as a centrifugal force, so that the geodesics equation is rewritten as m^{D(F W )(U,l) v(U,l)}_{ds(U,l)} ν̂^μ(U, l) = F^{(G)μ}_{(F W )}(U, l) − m γ(U, l) a^{(⊥)μ}_{(F W )}(U, l), with the first member called sometimes Euler force.

46 Namely m γ^{−1}(U, l) P (l)^μ_ν A^ν = 0.

The 3-path in the abstract quotient space can be treated as an ordinary 3-curve in a 3-dimensional Riemann space. Its tangent is ν̂^μ(U, l), while its normal and bi-normal are denoted η̂^μ_{(F W )}(U, l) and ξ̂^μ_{(F W )}(U, l) respectively. The 3-dimensional Frenet-Serret equations are then (D_{(F W )}(U, l) dr_{(U,l)} )_μ ν ν̂^ν (U, l) = κ_{(F W )}(U, l) η̂^μ_{(F W )}(U, l), (D_{(F W )}(U, l) dr_{(U,l)} )_μ ν η̂^ν_{(F W )}(U, l) = −κ_{(F W )}(U, l) ν̂^μ(U, l) + τ_{(F W )}(U, l) ξ̂^μ_{(F W )}(U, l), (D_{(F W )}(U, l) dr_{(U,l)} )_μ ν ξ̂^ν_{(F W )}(U, l) = −τ_{(F W )}(U, l) η̂^μ_{(F W )}(U, l), (A12)

where κ_{(F W )}(U, l) = 1/ρ_{(F W )}(U, l) and τ_{(F W )}(U, l) are the curvature and torsion of the 3- curve, respectively.

The main drawback of the 1+3 (threading) description, notwithstanding its naturalness from a locally operational point of view, is the use of a rotating congruence of time-like observers: this introduces an element of non-integrability and, as yet, no formulation of the Cauchy problem for the 1+3 re-formulation of Einstein’s equations has been worked out.

[1] A.Einstein, Die Grundlage der allgemeinin Relativitätstheorie, Annalen der Physik 49, 769 (1916); translated by W.Perrett and G.B.Jeffrey, The Foundations of of the General Theory of Relativity, in The Principle of Relativity (Dover, New York, 1952), pp.117-118.

[2] J.Stachel, Einstein’s Search for General Covariance, 1912-1915, paper read at the Ninth International Conference on General Relativity and Gravitation, Jena 1980; published in Einstein and the History of General Relativity, Einstein Studies, Vol.1, eds. D.Howard and J.Stachel (Birkhäuser, Boston, 1985), pp.63-100.

[3] R.M.Wald, General Relativity (University of Chicago, Chicago, 1984), pp.438-439. [4] M.Pauri and M.Vallisneri, Ephemeral Point-Events: is there a Last Remnant of Physical Objectivity?, essay for the 70th birthday of R.Torretti, Dialogos 79, 263 (2002) (gr-qc/0203014).

[5] L.Lusanna, Space-Time, General Covariance, Dirac-Bergmann Observables and Non-Inertial Frames, talk at the 25th Johns Hopkins Workshop 2001: A Relativistic Space-Time Odyssey, Firenze September 3-5, 2001 (gr-qc/0205039).

[6] L.Lusanna and M.Pauri, General Covariance and the Objectivity of Space-Time Point-Events:

The Physical Role of Gravitational and Gauge Degrees of Freedom in General Relativity (grqc/0301040).

[7] H.Friedrich and A.Rendall, The Cauchy Problem for Einstein Equations, in Einstein’s Field Equations and their Physical Interpretation, ed. B.G.Schmidt (Springer, Berlin, 2000) (grqc/0002074).

A.Rendall, Local and Global Existence Theorems for the Einstein Equations, Online journal Living Reviews in Relativity 1, n. 4 (1998) and 3, n. 1 (2000) (gr-qc/0001008).

[8] P.G.Bergmann and A.Komar, The Coordinate Group Symmetries of General Relativity, Int.J.Theor.Phys. 5, 15 (1972).

[9] D.Christodoulou and S.Klainerman, The Global Nonlinear Stability of the Minkowski Space (Princeton, Princeton, 1993).

[10] S.Shanmugadhasan, Canonical Formalism for Degenerate Lagrangians, J.Math.Phys. 14, 677 (1973).

L.Lusanna, The Shanmugadhasan Canonical Transformation, Function Groups and the Second Noether Theorem, Int.J.Mod.Phys. A8, 4193 (1993).

[11] L.Lusanna, The N- and 1-Time Classical Descriptions of N-Body Relativistic Kinematics and the Electromagnetic Interaction, Int.J.Mod.Phys. A12, 645 (1997).

L.Lusanna, Towards a Unified Description of the Four Interactions in Terms of Dirac- Bergmann Observables, invited contribution to the book Quantum Field Theory: a 20th Century Profile of the Indian National Science Academy, ed. A.N.Mitra (Hindustan Book Agency, New Delhi, 2000) (hep-th/9907081).

H.Crater and L.Lusanna, Ann.Phys. (NY) 289, 87 (2001) (hep-th/0001046). D. Alba, H. Crater and L. Lusanna, Int. J. Mod.Phys. A16, 3365 (2001) (hep-th/0103109).

[12] D.Alba and L.Lusanna, Simultaneity, Radar 4-Coordinates and the 3+1 Point of View about Accelerated Observers in Special Relativity (gr-qc/0311058).

[13] L.Lusanna, The Rest-Frame Instant Form of Metric Gravity, Gen.Rel.Grav. 33, 1579 (2001) (gr-qc/0101048).

[14] P.G.Bergmann, Observables in General Relativity, Rev.Mod.Phys. 33, 510 (1961). [15] J.Stewart, Advanced General Relativity (Cambridge Univ. Press, Cambridge, 1993).

[16] M.H.Soffel, Relativity in Astrometry, Celestial Mechanics and Geodesy (Springer, Berlin, 1989).

[17] R.L.Anderson and N.H.Ibragimov, Lie-Bäcklund Transformations in Applications (SIAM, Philadelphia, 1979).

A.M.Vinogradov (ed.), Symmetries of PDE: Conservation Laws, Applications, Algorithms (Kluwer, Dordrecht, 1989).

[18] J.Bicak, Selected Solutions of Einstein’s Field Equations: their Role in General Relativity and Astrophysics, Lect.Notes Phys.540 (Springer, Berlin, 2000) (gr-qc/0004016).

[19] E.Cartan, Lecons sur la Geometrie des Espaces de Riemann, 2nd edn. (Gauthier-Villars, Paris, 1951).

M.Spivak, Differential Geometry, vol. 2 (Publish or Perish, Boston, 1970). [20] R.Rynasiewicz, Kretschmann’s Analysis of Covarian ce and Relativity Principles, in The Expanding Worlds of General Relativity (Einstein Studies, volume 7), eds. H.Goenner, J.Renn, J.Ritter and T.Sauer (Birkh”auser, Boston, 1999).

[21] R.Arnowitt, S.Deser and C.W.Misner, Canonical Variables for General Relativity, Phys.Rev.

117, 1595 (1960).

The Dynamics of General Relativity, in Gravitation: an Introduction to Current Research, ch. 7, ed.L.Witten (Wiley, New York, 1962).

[22] R.J.Jantzen, P.Carini and D.Bini, The Many Faces of Gravito-Magnetism, Ann.Phys.(N.Y.)

215, 1 (1992)(gr-qc/0106043).

Relative Observer Kinematics in General Relativity, Class.Quantum Grav. 12, 2549 (1995). The Intrinsic Derivatives and Centrifugal Forces in General Relativity. 1 Theoretical Foundations, Int.J.Mod.Phys. D6, 1 and 2 Applications to Circular Orbits in some Familiar Stationary Axisymmetric Space-Times, D6,143 (1997)(gr-qc/0106013 and 0106014). The Inertial Forces - Test Particle Motion Game, 1998 (gr-qc/9710051). D.Bini, A.Merloni and R.T.Jantzen, Adapted Frames for Space-Time Splittings with an Additional Observer Family, Nuovo Cimento 113B, 611 (1998).

D.Bini and R.T.Jantzen, Circular Holonomy, Clock Effects and Gravito-Magnetism: Still Going around in Circles after All These Years.., Proc. of the 9th ICRA Workshop on Fermi and Astrophysics, 2001, eds. R.Ruffini and C.Sigismondi (World Scientific, 2002)(gr-qc/0202085).

[23] L.Lusanna and S.Russo, A New Parametrization for Tetrad Gravity, Gen.Rel.Grav. 34, 189 (2002)(gr-qc/0102074).

R.De Pietri, L.Lusanna, L.Martucci and S.Russo, Dirac’s Observables for the Rest-Frame Instant Form of Tetrad Gravity in a Completely Fixed 3-Orthogonal Gauge, Gen.Rel.Grav. 34, 877 (2002) (gr-qc/0105084).

[24] P.A.M.Dirac, Lectures on Quantum Mechanics, Belfer Graduate School of Science, Monographs Series (Yeshiva University, New York, N.Y., 1964).

[25] J.L.Anderson and P.G.Bergmann, Constraints in Covariant Field Theories, Phys.Rev. 83, 1018 (1951).

P.G.Bergmann and J.Goldberg, Dirac Bracket Transformations in Phase Space, Phys.Rev. 98, 531 (1955).

[26] L.Lusanna, An Enlarged Phase Space for Finite-Dimensional Constrained Systems, Unifying their Lagrangian, Phase- and Velocity-Space Descriptions, Phys.Rep. 185, 1 (1990). The Second Noether Theorem as the Basis of the Theory of Singular Lagrangians and Hamiltonian Constraints, Riv. Nuovo Cimento 14, n.3, 1 (1991).

On the BRS’s, J.Math.Phys. 31, 428 and Lagrangian and Hamiltonian Many-Time Equations,

31, 2126 (1990).

Classical Observables of Gauge Theories from the Multi-Temporal Approach, Comtemp.Math. 132, 531 (1992).

M.Chaichian, D.Louis Martinez and L.Lusanna, Dirac’s Constrained Systems: the Classification of Second Class Constraints, Ann.Phys.(N.Y.) 232, 40 (1994).

[27] M.Henneaux, Hamiltonian Form of the Path Integral for Theories with Gauge Freedom, Phys.Rep. 126, 1 (1985).

M.Henneaux and C.Teitelboim, Quantization of Gauge Systems (Princeton University Press, Princeton, 1992).

[28] R.Beig, The Classical Theory of Canonical General Relativity, in Canonical Gravity: From Classical to Quantum, Bad Honnef 1993, eds. J.Ehlers and H.Friedrich, Lecture Notes Phys. 434 (Springer, Berlin, 1994).

[29] L.Lusanna, Towards a Unified Description of the Four Interactions in Terms of Dirac- Bergmann Observables, invited contribution to the book Quantum Field Theory: a 20th Century Profile, of the Indian National Science Academy, ed.A.N.Mitra, forewards by F.J.Dyson (Hindustan Book Agency, New Delhi, 2000) (hep-th/9907081).

Tetrad Gravity and Dirac’s Observables, talk given at the Conf. Constraint Dynamics and Quantum Gravity 99, Villasimius 1999 (gr-qc/9912091).

The Rest-Frame Instant Form of Dynamics and Dirac’s Observables, talk given at the Int.Workshop Physical Variables in Gauge Theories, Dubna 1999.

Classical Observables of Gauge Theories from the Multi-Temporal Approach, Contemp. Math. 132, 531 (1992).

[30] L.Lusanna, Solving Gauss’ Laws and Searching Dirac Observables for the Four Interactions, talk at the Second Conf. on Constrained Dynamics and Quantum Gravity, S.Margherita Ligure 1996, eds. V.De Alfaro, J.E.Nelson, G.Bandelloni, A.Blasi, M.Cavaglià and A.T.Filippov, Nucl.Phys. (Proc.Suppl.) B57, 13 (1997) (hep-th/9702114).

Unified Description and Canonical Reduction to Dirac’s Observables of the Four Interactions, talk at the Int.Workshop New non Perturbative Methods and Quantization on the Light Cone, Les Houches School 1997, eds. P.Grangé, H.C.Pauli, A.Neveu, S.Pinsky and A.Werner (Springer, Berlin, 1998) (hep-th/9705154).

The Pseudo-Classical Relativistic Quark Model in the Rest-Frame Wigner-Covariant Gauge, talk at the Euroconference QCD97, ed. S.Narison, Montpellier 1997, Nucl.Phys. (Proc. Suppl.) B64, 306 (1998).

[31] A.Lichnerowicz, Propagateurs, Commutateurs et Anticommutateurs en Relativite Generale, in Les Houches 1963, Relativity, Groups and Topology, eds. C.DeWitt and B.DeWitt (Gordon and Breach, New York, 1964).

C.Moreno, On the Spaces of Positive and Negative Frequency Solutions of the Klein-Gordon Equation in Curved Space-Times, Rep.Math.Phys. 17, 333 (1980).

[32] N.D.Birrell and P.C.W.Davies, Quantum Fields in Curved Space (Cambridge University Press, Cambridge, 1982).

P.C.W.Davis, Particles do not Exist, in Quantum Theory of Gravity. Essays in Honor of the 60th Birthday of Bryce DeWitt., ed. S.Christensen (Hilger, Bristol, 1984).

[33] L.Lusanna, Classical Yang-Mills Theory with Fermions, I) General Properties of a System with Constraints, Int.J.Mod.Phys. A10, 3531 (1995); II) Dirac’s Observables, Int.J.Mod.Phys. A10, 3675 (1995).

[34] A.Sen, On the Existence of Neutrino ”Zero-Modes” in Vacuum Space-Times, J.Math.Phys.

22, 1781 (1981); Gravity as a Spin System, Phys.Lett. 119B, 89 (1982). E.Witten, A New Proof of the Positive Energy Theorem, Commun.Math.Phys. 80, 381 (1981).

[35] J.Frauendiener, Triads and the Witten Equation, Class.Quantum Grav. 8, 1881 (1991). [36] J.Agresti, R.DePietri, L.Lusanna and L.Martucci, Hamiltonian Linearization of the Rest- Frame Instant Form of Tetrad Gravity in a Completely Fixed 3-Orthogonal Gauge: a Radiation Gauge for Background-Independent Gravitational Waves in a Post-Minkowskian Einstein Space-Time Gen.Rel.Grav. 36,... (2004) (gr-qc/0302084).

[37] Y.Choquet-Bruhat, A.Fischer and J.E.Marsden, Maximal Hyper-Surfaces and Positivity of Mass, LXVII E.Fermi Summer School of Physics Isolated Gravitating Systems in General Relativity, ed. J.Ehlers (North-Holland, Amsterdam, 1979).

[38] B.DeWitt, Quantum Theory of Gravity, I) The Canonical Theory, Phys.Rev. 160, 1113 (1967), II) The Manifestly Covariant Theory, 162, 1195 (1967).

[39] C.Teitelboim, The Hamiltonian Structure of Space-Time, in General Relativity and Gravitation, ed.A.Held, Vol.I (Plenum, New York, 1980).

[40] A.E.Fischer and J.E.Marsden, The Initial Value Problem and the Dynamical Formulation of General Relativity, in General Relativity. An Einstein Centenary Survey, eds. S.W.Hawking and W.Israel (Cambridge Univ.Press, Cambridge, 1979).

A.E.Fischer, J.E.Marsden and V.Moncrief, The Structure of Solutions of Einstein’s Equations. I. One Killing Field, Ann.Inst.H.Poincaré A33, 147 (1980).

J.M.Arms, J.E.Marsden and V.Moncrief, The Structure of the Space of Solutions of Einstein’s Equations. II Several Killing Fields and the Einstein-Yang-Mills Equations, Ann.Phys.(N.Y.) 144, 81 (1982).

[41] V.Moncrief, Space-Time Symmetries and Linearization Stability of the Einstein Equations I, J.Math.Phys. 16, 493 and Decompositions of Gravitational Perturbations, 16, 1556 (1975). Space-Time Symmetries and Linearization Stability of the Einstein Equations II, 17, 1893 (1976).

Invariant States and Quantized Gravitational Perturbations, Phys.Rev. D18, 983 (1978). [42] R.Sugano, Y.Kagraoka and T.Kimura, On Gauge Transformations and Gauge Fixing Conditions in Constraint Systems, Int.J.Mod.Phys. A7, 61 (1992).

[43] J.M.Pons and L.Shepley, Evolutionary Laws, Initial Conditions and Gauge Fixings in Constrained Systems, Class.Quantum Grav. 12, 1771 (1995)(gr-qc/9508052). J.M.Pons, D.C.Salisbury and L.C.Shepley, Gauge Transformations in the Lagrangian and Hamiltonian Formalisms of Generally Covariant Theories, Phys. Rev. D55, 658 (1997)(grqc/9612037).

[44] A.Lichnerowicz, L’inte’gration des e’quations de la gravitation relativiste et le proble’me des n corps, J.Math.Pure Appl. 23, 37 (1944).

Y.Choquet-Bruhat, The Cauchy Problem in Gravitation: An Introduction to Current Research, ed.L.Witten (Wiley, New York, 1962).

[45] J.W.York jr, Gravitational Degrees of Freedom and the Initial Value Problem, Phys.Rev.Lett.

26, 1656 (1971).

Role of Conformal Three Geometry in the Dynamics of Gravitation, 28, 1082 (1972). Mapping onto Solutions of the Gravitational Initial Value Problem, J.Math.Phys. 13, 125 (1972).

Conformally Invariant Orthogonal Decompositions of Symmetric Tensors on Riemannian Manifolds and the Initial Value Problem of General Relativity, 14, 456 (1972). Covariant Decompositions of Symmetric Tensors in the Theory of Gravitation,

Ann.Ins.H.Poincaré XXI, 318 (1974).

N.O’Murchadha and J.W.York jr, Existence and Uniqueness of Solutions of the Hamiltonian Constraint of General Relativity on Compact Manifolds, J.Math.Phys. 14, 1551 (1972). Initial Value Problem of General Relativity. I. General Formulation and Physical Interpretation, Phys.Rev. D10, 428 (1974).

[46] J.W.York jr., Kinematics and Dynamics of General Relativity, in Sources of Gravitational Radiation, Battelle-Seattle Workshop 1978, ed.L.L.Smarr (Cambridge Univ.Press, Cambridge, 1979).

A.Qadir and J.A.Wheeler, York’s Cosmic Time Versus Proper Time, in From SU(3) to Gravity, Y.Ne’eman’s festschrift, eds. E.Gotsma and G.Tauber (Cambridge Univ.Press, Cambridge, 1985).

[47] I.Ciufolini and J.A.Wheeler, Gravitation and Inertia (Princeton Univ.Press, Princeton, 1995). [48] C.J.Isham, Canonical Quantum Gravity and the Problem of Time, in Integrable Systems, Quantum Groups and Quantum Field Theories, eds.L.A.Ibort and M.A.Rodriguez, Salamanca 1993 (Kluwer, London, 1993).

Conceptual and Geometrical Problems in Quantum Gravity, in Recent Aspects of Quantum Fields, Schladming 1991, eds. H.Mitter and H.Gausterer (Springer, Berlin, 1991). Prima Facie Questions in Quantum Gravity and Canonical Quantum Gravity and the Question of Time, in Canonical Gravity: From Classical to Quantum, eds. J.Ehlers and H.Friedrich (Springer, Berlin, 1994).

[49] R.F.Baierlein, D.H.Sharp and J.A.Wheeler, Three-Dimensional Geometry as Carrier of Information about Time, Phys.Rev.126, 1864 (1962).

[50] J.Isenberg and J.E.Marsden, The York Map is a Canonical Transformation, J.Geom.Phys. 1, 85 (1984).

[51] O.Gron and K.Voyenli, On the Foundation of the Principle of Relativity, Found. Phys. 29, 1695 (1999).

[52] J.F.Woodward and T.Mahood, What is the Cause of Inertia, Found.Phys. 29, 899 (1999).

J.F.Woodward, Gravity, Inertia and Quantum Vacuum Zero Point Fields, Found.Phys. 31, 819 (2001).

[53] J.Kovalevski, I.I.Mueller and B.Kolaczek, Reference Frames in Astronomy and Geophysics (Kluwer, Dordrecht, 1989).

[54] R.DePietri, L.Lusanna and M.Pauri, Standard and Generalized Newtonian Gravities as ’Gauge’ Theories of the Extended Galilei Group: I. The Standard Theory, Class. Quantum Grav. 12, 219 (1995).

[55] C.W.Misner, K.S.Thorne and J.A.Wheeler, Gravitation (Freeman, New York, 1973). [56] H.Stephani, General Relativity (Cambridge Univ.Press, Cambridge, 1996). [57] R.K.Sachs and H.Wu, General Relativity for Mathematicians (Springer, Berlin, 1977). [58] C.M. Møller, The Theory of Relativity (Oxford Univ.Press, Oxford, 1957). [59] P.Crawford and I.Tereno, Generalized Observers and Velocity Measurements in General Relativity (gr-qc/0111073).

[60] N.Straumann, General Relativity and Relativistic Astrophysics (Springer, Berlin, 1984). [61] J.Isenberg, Constructing Solutions of the Einstein Constraint Equations, preprint 2002 (grqc/0203044).

[62] R.A.d’Inverno and J.Stachel, Conformal Two Structure as the Gravitational Degrees of Freedom in General Relativity, J.Math.Phys. 19, 2447 (1978).

R.d’Inverno, 2+2 Formalism and Applications, in Relativistic Gravitation and Gravitational

Radiation, Les Houches 1995, eds. J.A.Marck and J.P.Lasota (Cambridge Univ.Press, Cambridge, 1997).

R.d’Inverno and J.Smallwood, Canonical 2+2 Formulation of the Initial Value Problem in General Relativity, Phys.Rev. D22, 1233 (1980).

J.Smallwood, Orthogonal 2+2 Decomposition of Space-Time, J.Math.Phys. 24, 599 (1983). C.G.Torre, Null Surface Geometrodynamics, Class.Quantum Grav. 3, 773 (1986). S.A.Hayward, Dual-Null Dynamics of the Einstein Field, Class.Quantum Grav. 10, 779 (1993).

[63] A.Barducci and L.Lusanna, The Photon in Pseudo-Classical Mechanics, Nuovo Cimento 77A, 39 (1983).

[64] J.L.Synge, Time-like Helices in Flat Space-Time, Proc. Royal Irish Acad. A 65, 27 (1967).

E.Honig, E.L.Schuking and C.V.Vishveshwara, Motion of Charged Particles in Homogeneous Electro-magnetic Fields, J.Math.Phys. 15, 774 (1974).

B.R.Iyer and C.V.Vishveshwara, The Frenet-Serret Formalism and Black Holes in Higher Dimensions, Class.Quantum Grav. 5, 961 (1988); The Frenet-Serret Description of Gyroscopic Precession, Phys.Rev. D48, 5706 (1993).