arXiv:gr-qc/0403084 v3 28 Apr 2004

Sudden Future Singularities

John D. Barrow DAMTP, Centre for Mathematical Sciences Cambridge University Wilberforce Road Cambridge CB3 0WA UK April 28, 2004

Abstract

We show that a singularity can occur at a finite future time in an expanding Friedmann universe even when ρ > 0 and ρ + 3p > 0. Explicit examples are constructed and a simple condition is given which can be used to eliminate behaviour of this sort if it is judged to be unphysical.

There have been many recent investigations into the theoretical possibility that expanding universes can come to a violent end at a finite future time, without experiencing an expansion maximum or subsequent collapse to an allencompassing ’big crunch’ singularity. It has been shown that in general relativity and related metric theories of gravity this looming ’big rip’ in spacetime can be precipitated by the presence of matter fields which violate the dominant energy condition [1]. Hence, it can occur when matter exists with the extreme constitutional property that

ρ + p < 0, (1)

where ρ is the fluid density and p is the pressure. Such extremal fluids have been dubbed ’phantom’ or ’ghost’ fields and their behaviour is counter intuitive in many respects.

Here, we will show that although the extreme ’phantom’ equation of state ρ + p < 0 is sufficient to produce a singularity in the future of a non-contracting universe, as discussed in refs.[1], it is by no means necessary. A finite-time singularity can arise in the expanding phase of a Friedmann universe without requiring ρ + p < 0. In fact, we show that such a singularity can arise even though the strong-energy condition holds and the matter in the universe obeys ρ > 0 and ρ + 3p > 0, regardless of the sign of the 3-curvature of the universe.

Consider the Friedmann universe with expansion scale factor a(t), curvature parameter k, and Hubble expansion rate H = ȧ/a; then (8πG = c = 1) the Einstein equations reduce to

3H^2 = ρ − k a^2

, (2)

ρ̇ + 3H(ρ + p) = 0, (3) ä a = − (ρ + 3p) 6 . (4)

Let us first look informally at whether it is possible for any type of singularity to develop in which a physical scalar becomes infinite at a finite future comoving proper time t_s, when, say, a(t) → a(t_s) ≠ 0 or ∞, and H(t) → H_s < ∞ and H_s > 0. If so, this requires

ρ → 3H^2_s + k a^2_s

= ρ_s < ∞ (5) and ä a → − p 2 − ρ_s 6 → − p 2 − H^2_s 2 − k 6a^2_s (6) ρ̇ → −3H_s(ρ_s + p) (7) Thus we see that the density is necessarily finite at t_s but a pressure singularity can still occur with p(t) → ∞ (8) as t → t_s, in accord with (6). In this case the pressure singularity is accompanied by infinite acceleration ä a → −∞ (9) and there will be a scalar polynomial (sp) curvature singularity [2] at t = t_s even though the density and the expansion rate remain perfectly finite there, and the scale factor is finite and non-zero. In particular, we note from this argument that ρ_s > 0 and

ρ_s + 3p_s > 0. (10) Guided by these heuristic arguments, we now construct an explicit example by seeking, over the time interval 0 < t < t_s, a solution for the scale factor a(t) of the form

a(t) = A + Bt^q + C(t_s − t)^n, (11) where A > 0, B > 0, q > 0, C and n > 0 are free constants to be determined. We fix the zero of time by requiring a(0) = 0 so A = −Ct^n_s > 0 and so

H_s = qBt^{q−1}_s A + Bt_s . (12)

Without loss of generality we can use the scaling freedom remaining in the Friedmann metric to divide by A and then set A ≡ 1 = −Ct^n_s , so we have

a(t) = ( t t_s )^q (a_s − 1) + 1 − (1 − t t_s )^n (13)

where a_s ≡ a(t_s). Hence, as t → t_s from below, we have ä → q(q − 1)Bt^{q−2} − n(n − 1) t^2_s(1 −^t_{ts} )^{2−n} → −∞ (14) whenever 1 < n < 2 and 0 < q ≤ 1; the solution exists on the interval 0 < t < t_s. Hence, as t → t_s we have a → a_s; H_s and ρ_s > 0 (for 3q^2(a_s − 1)^2t^{−2}_s > −k) are finite but p_s → ∞. When 2 < n < 3, we note that ä remains finite but ...a

→ ∞ as t → t_s as p_s remains finite but ṗ_s → ∞. By contrast, there is an initial all-encompassing strong-curvature singularity, with ρ → ∞ and p → ∞, as t → 0. From (14) and (4), we see that ρ and ρ + 3p remain positive. This behaviour can occur even in a closed universe (k = +1): the pressure singularity halts the expansion before an expansion maximum is reached.

The solution (13) expands with a(t) ≈ n t t_s + ( t t_s )_q (a_s − 1) ≈ ( t t_s )_q

as t → 0 and so with choices q = 1/3, 1/2, 2/3,or q = 1 it resembles a scalar-, radiation-, dust-, or negative-curvature-dominated Friedmann universe respectively at early times. At late times, as the ’big-rip’ singularity is approached, the expansion approaches a constant with

a(t) ≈ a_s + q(1 − a_s)(1 − t t_s ) as t → t_s.

This specific family of solutions shows that it is possible for an expanding universe to develop a ’big-rip’ singularity at a finite future time even if the matter fields in the universe satisfy the strong-energy conditions ρ > 0 and ρ + 3p > 0. We see that this pressure-driven sp-curvature singularity [2] can arise in universes of any curvature. In particular, in the case with q = 1 this situation was shown by Barrow, Galloway and Tipler [3] to provide a counterexample to the belief that ρ > 0 and ρ + 3p > 0 were sufficient to ensure that a closed (k = +1) Friedmann universe collapses to a second singularity [4, 5]. The source of this peculiar behaviour is the uncontrolled increase of the pressure which can occur independently of the matter density in the absence of an appropriate equation of state linking p and ρ. There are two independent Friedmann equations for the three quantities a, p, and ρ. In the absence of a relation between any two of them there is an unconstrained degree of freedom. If we introduce an equation of state p(ρ) which bounds the pressure by some well-behaved function of the density – for example p < Cρ with C > 0 – then the pressure singularity at a finite future time is eliminated if we require ρ > 0 and ρ + 3p > 0. An upper bound on the ratio p/ρ corresponds to a bound on signal propagation of waves associated with small changes in pressure. It is interesting to note that situations with p/ρ >> 1 arise in the ekpyrotic universe scenario [7].

This phenomenon is not especially sensitive to the isotropic nature of the expansion. If we consider the simplest anisotropic universes with isotropic 3- curvature then the shear evolves as σ ∝ a^{−3}, where a is now the geometric-mean scale factor. If pressure singularities occur with a finite at a finite t_s they will therefore be accompanied by finite shear stresses and contribute only finite terms to the generalised Friedmann and acceleration equations. Thus they cannot stop the appearance of a big-rip singularity [8]. If we add a traceless anisotropic pressure tensor, π_{ab}, then no new effect occurs for the usual physical models for π_{ab} because it is either proportional to the fluid density π_{ab} = C_{ab}ρ and will remain finite when ρ < ∞ (see for example the discussion in ref. [9, 10]) or in the case of shear viscosity, proportional to the shear scalar. An anisotropic pressure singularity will only be possible under a generalised version of the conditions given in this paper. For example, a form π_{ab} = D_{ab}p with no bound on the values of the principal pressures can diverge close to isotropy when p → ∞. However, there is the added constraint of the second law of thermodynamics to be satisfied if dissipation occurs. No new ingredient is introduced by introducing a bulk viscous stress p = (γ − 1)ρ − 3Hη, with bulk viscosity η = αρ^m, α > 0 and m constants. This includes as a special case the so-called Cardossian [11] or Chaplygin stress [12], when γ = 1 and m = −1, or m takes an arbitrary negative value, respectively, in flat Friedmann models [6] and can avoid future singularities when ρ + p < 0, [13]. Finite time singularities have been discussed in the context of braneworld cosmologies, tachyonic cosmology, and effective 4-d string theory in refs. [14, 15, 16, 17]; there are other contributions to the field equations in these theories which allow for their occurrence.

In conclusion, we have shown that, contrary to the impression gained from the existing literature, [1], finite-time future singularities can appear under the surprisingly weak conditions of ρ > 0 and ρ + 3p > 0 in an expanding universe. We have identified conditions that are sufficient to avoid the appearance of this type of sp-curvature singularity at finite future time. These results can either be used as a more fine-grained method to search for finite-time singularities and evaluate their likelihood of occurrence with realistic fluids or, if such singularities are regarded as causal pathologies, to impose realistic conditions which exclude them by fiat.

Acknowledgements I would like to thank G. Calcagni, D. Coule, M. Da̧browski, V. Gorini, A. Kamenshchik, G. Kofinas, U. Moschella and V. Sahni for helpful comments and references.

References

[1] A.A. Starobinsky, Grav. Cosmol. 6, 157 (2000; Caldwell, R.R., Phys. Lett.

B 545, 23 (2002); Shulz A. and White M.J., Phys. Rev. D 64, 043514

(2001); Hao J. and Li, X. Phys. Rev. D 67, 107303 (2003); Gibbons, G.W., hep-th/0302199; Nojiri S. and Odintsov S. Phys. Lett. B 562, 147 (2003) and B 571, 1 (2003); Singh, P., Sami M. and Dadhich. N., Phys. Rev. D 68, 023522 (2003); Hao J. and Li, X., Phys. Rev D 68, 04351 and 083514 (2003); Da̧browski, M., Stachowiak T. and Sydlowski, M., Phys. Rev. D 68, 067301 (2003); Elizalde P. and Quiroga, J., gr-qc/0310128; Joshi, V.B., astro-ph/0311293; González-Díaz, P.F., astro-ph/0312579; Feinstein A. and Jhingan, S., hep-th/0304069; Chimento L.P. and Lazkoz, R., gr-qc/0307111.

[2] Hawking S.W. and Ellis G.F.R., The Large Scale Structure of Space-Time, CUP, Cambridge, (1973).

[3] Barrow, J.D, Galloway, G. and Tipler F.J.T., Mon. Not. R. astron. Soc.

223, 835 (1986).

[4] Ellis, G.F.R., in General Relativity and Cosmology: Proc. Enrico Fermi School, No. 47, p.104, ed. R.K. Sachs, Academic Press, NY (1971);

[5] H. Robertson, Rev. Mod. Phys. 5, 62 (1933).

[6] Barrow, J.D., Phys. Lett. B, 180, 335 (1987); J.D. Barrow, Nucl. Phys.

B310, 743 (1988) J.D. Barrow, String-Driven Inflation, in The Formation and Evolution of Cosmic Strings, eds. G. Gibbons & T. Vachaspati, pp 449-464, CUP, Cambridge (1990).

[7] S. Gratton, J. Khoury, P. J. Steinhardt and N. Turok, astro-ph/0301395.

[8] Da̧browski, M. Astrophys. J. 447, 43 (1995)

[9] J.D. Barrow, Phys. Rev. D 55, 7451 (1997).

[10] J.D. Barrow and R. Maartens, Phys. Rev. D 59, 043502, (1998).

[11] C. Savage, N. Sugiyama, and K. Freese astro-ph/0403; P. Gondolo and K.

Freese, Phys.Rev. D68, 063509 (2003).

[12] A. Yu. Kamenshchik, U. Moschella, and V. Pasquier Phys.Lett. B 487, 7 (2000); N. Bilic, R. J. Lindebaum, G. B. Tupper, and R. D. Vio astro-ph/0307214; M.C. Bento, O. Bertolami, and A.A. Sen, Gen.Rel.Grav. 35, 2063 (2003).

[13] González-Díaz, P.F., Phys. Rev. 68, 021303(R) (2003).

[14] G. Calcagni, hep-ph/0402126.

[15] V. Gorini, A. Kamenshchik, U. Moschella and V. Pasquier, hep-th/0311111.

[16] G. Kofinas, R. Maartens, and E. Papantonopoulos, JHEP 0310, 066 (2003)

[17] V. Sahni and Y. Shtanov, Class. and Quantum Grav. 19, L101 (2002).