arXiv:gr-qc/0404046 v1 9 Apr 2004

PERFECT FLUID COSMOLOGICAL MODELS WITH TIME-VARYING CONSTANTS

JOSÉ ANTONIO BELINCHÓN^{∗ 1} and INDRAJIT CHAKRABARTY^2

1Grupo Inter-Universitario de Análisis Dimensional.

Dept. Física ETS Arquitectura UPM Av. Juan de Herrera 4. Madrid 28040 España. 2Blk 278, #06-183, Toh Guan Road, Singapore 600278

Abstract

In this paper, we study in detail a perfect fluid cosmological model with time-varying “constants” using dimensional analysis and the symmetry method. We examine the case of variable “constants” in detail without considering the perfect fluid model as a limiting case of a model with a causal bulk viscous fluid as discussed in a recent paper. We obtain some new solutions through the Lie method and show that when matter creation is considered, these solutions are physically relevant.

PACS numbers:

∗ e-mail: abelcal@ciccp.es

I. INTRODUCTION

Cosmological models with time-varying “constants” have been studied for quite some time ever since Dirac^1 proposed a theory with a time-varying gravitational constant G. Several works have investigated cosmological models with variable cosmological constant within a framework of dissipative thermodynamics^{2−14}. In a recent paper^{15}, we have studied a causal bulk viscous cosmological model with time-varying constants. We arrived to the conclusion that our cosmological model tends to a perfect fluid one in the matter predominance era. The approach of our work was to study the symmetries of the model beginning with the dimensional analysis of the field equations. The method of Lie group allowed us to arrive to the conclusion that under the hypotheses considered there is only one solution for our model, the scaling one that was trivially obtained using dimensional analysis.

Since our viscous model tends to a perfect fluid one, the purpose of this work is to perform a detailed study of all the possible symmetries of a perfect fluid model with time varying constants showing that in this case it is possible to find more solutions in addition to the scaling one. In order to carry out this study, we begin in section 2 by outlining the equations that govern the model as well as the notation employed. In section 3, we review the scaling solution obtained in previous works highlighting the “assumed” hypotheses that we need to make in order to obtain a solution using dimensional analysis, these are: div(T^i_j ) = 0, conservation principle, and that the relation G/c^2 remain constant for all value of t (cosmic time). We emphasize the special case ω = 0 i.e. the dust case as this is the scenario that describes our model in the matter predominance era (in agreement with our previous paper). We discuss some interesting relationships that arise with the similarity method.

In Section 4, we work towards finding other possible solutions to the field equations using the Lie group method. We start this section by rewriting the field equations in such a way that we can use the standard Lie procedure that allow us to find more symmetries. After outlining the equation and the constraint, we proceed to study some cases. The first one is the obtained previously using dimensional analysis since dimensional analysis is just a special class of symmetry. We would like to emphasize that the Lie method show us that one of the assumptions made with the dimensional method, G/c^2 = const., is at least correct from the mathematical point of view. This result allow us to validate completely the solution obtained through similarity. This solution connects perfectly with our previous work^{15}

In order to show that the other two solutions are physically relevant, we examine them in a matter creation scenario in section 5. We find that the horizon and entropy problems are solved when we consider matter creation and this leads to a set of physically relevant solutions. We note that no new constants or assumptions are required for this exercise. We conclude the paper by summarizing the results in section 6.

II. THE MODEL

We will use the field equations in the form: R_{ij} − 1 2 g_{ij} R = 8πG(t) c^4(t)

T_{ij} + Λ(t)g_{ij} , (1)

where the energy momentum tensor is:

T_{ij} = (ρ + p) u_iu_j − pg_{ij} , (2)

and p = ωρ in such a way that ω ∈ [0, 1] .

The cosmological equations are now (for a flat FRW Universe as the most recent observations suggest us^{16−19}.):

2H^′ + 3H^2 = − 8πG(t) c(t)^2 p + c(t)^2Λ(t), (3)

3H^2 = 8πG(t) c(t)^2 ρ + c(t)^2Λ(t), (4)

where H = (f^′/f) is the Hubble function. Applying the covariance divergence to the second member of equation (1) we get:

T^j_{i;j} = ( 4c_{,j} c − G_{,j} G ) T^j_i − c^4(t)δ^j_i Λ_{,j} 8πG , (5)

which simplifies to: ρ^′ + 3(ω + 1)ρH = −

Λ^′c^4 8πG − ρ G^′ G + 4ρ c^′ c . (6) We assume that div(T^i_j ) = 0 which leads to the two following equations:

ρ^′ + 3(ω + 1)ρH = 0, (7) − Λ^′c^4 8πG − ρ G^′ G + 4ρ c^′ c = 0. (8)

Hence the field equations are:

2H^′ + 3H^2 = − 8πG c^2 p + Λc^2, (9)

3H^2 = 8πG c^2 ρ + Λc^2, (10) ρ^′ + 3 (ω + 1) ρH = 0, (11) − Λ^′c^4 8πρG − G^′ G + 4 c^′ c = 0. (12)

III. REVIEW OF THE SCALING SOLUTION

As have been pointed out by Carr and Coley^{20}, the existence of self- similar solutions (Barenblatt and Zeldovich^{21}) is related to conservation laws and to the invariance of the problem with respect to the group of similarity transformations of quantities with independent dimensions. This can be characterized within general relativity by the existence of a homotetic vector field and for this reason one must distinguish between geometrical and physical self-similarity. Geometrical similarity is a property of the spacetime metric, whereas physical similarity is a property of the matter fields (our case). In the case of perfect fluid solutions admitting a homotetic vector, geometrical self-similarity implies physical self-similarity.

As we show in this section as well as in previous works, the assumption of self-similarity reduces the mathematical complexity of the governing differential equations. This makes such solutions easier to study mathematically. Indeed self-similarity in the broadest Lie sense refers to an invariance which allows such a reduction.

Perfect fluid space-times admitting a homotetic vector within general relativity have been studied by Eardley^{22}. In such space-times, all physical transformations occur according to their respective dimensions, in such a way that geometric and physical self-similarity coincide. It is said that these space-times admit a transitive similarity group and spacetimes admitting a non-trivial similarity group are called self-similar. Our model i.e. a flat FRW model with a perfect fluid stress-energy tensor has this property and as already have been pointed out by Wainwright^{23}, this model has a power law solution.

Under the action of a similarity group, each physical quantity ϕ transforms according to its dimension q under the scale transformation. For space-times with a transitive similarity group, dimensionless quantities are therefore spacetime constants. This implies that the ratio of the pressure of the energy density is constant so that the only possible equation of state is the usual one in cosmology i.e. p = ωρ, where ω is a constant. In the same way, the existence of homotetic vector implies the existence of conserved quantities.

In this section we would like to review the solution obtained through Dimensional Analysis^{24−25}. Our starting point is the condition div ( T^j_i ) = 0 which allows us to obtain one of the dimensional constants that we need in order to apply the method of dimensional analysis. Therefore, from eq. (11) ρ^′ + 3 (ρ + p) H = 0, (13) we obtain the following relation between the energy density and the scale factor as well as the constant of integration that we shall need for our subsequent calculations: ρ = A_ωf^{−3(ω+1)}, (14) where A_ω is the integration constant that depends on the equation of state that we want to consider i.e. constant ω, [A_ω] = L^{3(ω+1)−1}MT^{−2}. We consider a second dimensional constant by considering the relation G/c^2 = B, where, B is the constant. This is a hypothesis which is necessary in order to apply dimensional analysis. In this next section, we will see that this condition on G and c is mathematically correct. Our purpose here is to show that no more hypotheses are necessary to solve the differential equations that govern the model (see^{26−28} for standard text-book on Dimensional Analysis and^{29} for applications to Cosmology).

Therefore, if we take into account the standard dimensional procedure, we find that the set of governing parameters are M = M {A_ω, B, t} , which bring us to obtain the next relations:

G ∝ A^{2γ+1}_ω B^{2γ+1 +1}t^{2(1−γ)γ+1} , c ∝ A^{1γ+1}ω B^{1γ+1} t^{(1−γ)γ+1} , ρ ∝ B^{−1}t^{−2}, f ∝ A^{1γ+1}ω B^{1γ+1} t^{2γ+1} , k_Bθ ∝ A^{3γ+1}ω B^{3γ+1 −1}t^{4−2γγ+1} , Λ ∝ A^{−2γ+1}ω B^{−2γ+1} t^{−4γ+1} , q =^{γ−1}_2 ,

(15)

where γ = 3(ω + 1) − 1, and q is the deceleration parameter.

From the set of equations (15), we see that^G_{c2} = B (trivially), f = ct (the horizon problem is missing in this model), Λ ∝^1_{c2t2} ∝ f^{−2} for all value of γ i.e. ∀ω.

We would like to point out that the same results have been obtained by Midy and Pettit in a more general context^{30}.

As we have indicated in the introduction, in a recent paper^{15} we have studied a full causal bulk viscous cosmological model with time varying constants. The main conclusions in that paper was that under the “assumed” hypotheses, i.e. div(T^i_j ) = 0, conservation principle, and Π ∝ ρ, the bulk viscous pressure behaves as the energy density and we obtained the following results:

1. there is only one solution for the field equations (scaling solution),

2. the bulk viscous pressure behaves as an adiabatic matter mechanism (solving the entropy problem),

3. the “constants” G, c and Λ are decreasing functions on time (solving the horizon problem) and

4. in the matter predominance era, i.e. ω = 0, we cannot consider the bulk viscosity and therefore our viscous fluid tends to a perfect fluid one (see^{15} for details).

Due to these conclusions, in the present paper, we have studied a perfect fluid model with variable “constant” emphasizing the case of matter predominance era or a “dust” solution; in other words, considering ω = 0 in the equation of state. In this case, we obtain the following solutions: G ∝ t^{−2/3}, c ∝ t^{−1/3}, ρ ∝ t^{−2} f ∝ t^{2/3}, θ ∝ t^0, Λ ∝ t^{−4/3}, q = 1/2 (16)

while in the viscous model, the solutions are: G ∝ A^{2α+1}ω,κ k 3+α b(α+1) γ t^{−4− 3+αb(α+1)} , (17) c ∝ A^{1α+1}ω,κ k 1 b(α+1) γ t^{−1− 1b(α+1)} , (18) ρ ∝ k^{−b−1}_γ t^{b−1} ∝ Π, (19) f ∝ A^{1α+1}ω,κ k 1 b(α+1) γ t^{− 1b(α+1)} , (20) Λ ∝ A^{−2α+1}ω,κ k −2 b(α+1) γ t^{2b(α+1)} , (21) where, α = 3(ω + 1 + κ) − 1, b = γ − 1,(see^{15} for details). If we consider γ = 1/2, ω = 0 and κ = 0 (viscous pressure vanishes and therefore k_γ vanishes too) then we obtain the same results as in equation (16), but, as we have indicated previously this approach is inconsistent when ω = 0 and for this reason we have studied the perfect fluid case.

As we can see in the perfect fluid case, “constants” G, c and Λ are decreasing functions on time, but in this case decrease slower than in the radiation predominance era, while ρ and f behave as in the FRW model.

To obtain these solutions we needed two dimensional constants, viz., A_ω and B. In the next section, we shall show that constant B is a reasonable hypothesis since with the Lie group method such condition holds as a result in the scaling solution.

IV. LIE METHOD

As we have seen earlier, the π − monomia is the main object in dimensional analysis. It may be defined as a product of quantities which are invariant under changes of fundamental units. π − monomia are dimensionless quantities, their dimensions are equal to unity. Dimensional analysis has the structure of a Lie group^{31}. The π − monomia are invariant under the action of the similarity group. On the other hand, we must mention that the similarity group is only a special class of the mother group of all symmetries that can be obtained using the Lie method. For this reason, when one uses dimensional analysis, only one of the possible solutions to the problem is obtained.

As we have been able to find a solution through dimensional analysis, it is possible that there are other symmetries of the model, since dimensional analysis is a reminiscent of scaling symmetries, which obviously are not the most general form of symmetries. Hence, we shall study the model through the method of Lie group symmetries, showing that under the assumed hypotheses there are other solutions of the field equations. In this section we shall show how the lie method allows us to obtain different solutions for the field equations. In particular we seek the forms of G and c for which our field equations admit symmetries i.e. are integrable (see^{32−37}).

An alternative use of the Lie groups have been performed by M. Szydlowki et. al.^{38−39} where they study the Friedman equations in order to find the correct equation of state following pionerr works of Collins^{40}.

In order to use the Lie method, we rewrite the field equations as follows. From (9) − (10), we obtain 2 f^{′′} f − 2 ( f^′ f )_2 = − 8πG c^2

(p + ρ) , (22)

and therefore 2 (H)^′ = − 8πG c^2

(p + ρ) . (23)

From equation (11), we can obtain H = − ρ^′ 3 ((ω + 1) ρ)

, (24)

therefore ( ρ^′ ρ )_′ = 12π (ω + 1)^2 G c^2 ρ. (25)

Taking 12π (ω + 1)^2 = A and then expanding, we obtain ρ^{′′} = ρ^{′2} ρ + A G c^2 ρ^2. (26)

Now, we apply the standard Lie procedure to this equation. A vector field X X = ξ(t, ρ)∂_t + η(t, ρ)∂_ρ, (27) is a symmetry of (26) iff −ξf_t − ηf_ρ + η_{tt} + (2η_{tρ} − ξ_{tt}) ρ^′ + (η_{ρρ} − 2ξ_{tρ}) ρ^{′2} − ξ_{ρρ}ρ^{′3} + ...

... + (η_ρ − 2ξ_t − 3ρ^′ξ_ρ) f − [ η_t + (η_ρ − ξ_t) ρ^′ − ρ^{′2}ξ_ρ ] f_ρ′ = 0. (28)

By expanding and separating (28) with respect to powers of ρ^′, we obtain the overdetermined system:

ξ_{ρρ} + ρ^{−1}ξ_ρ = 0, (29)

η_{ρρ} − 2ξ_{tρ} + ρ^{−2}η − ρ^{−1}η_ρ = 0, (30) 2η_{tρ} − ξ_{tt} − 3A G c^2 ρ^2ξ_ρ − 2ρ^{−1}η_t = 0, (31) η_{tt} − A ( G^′ c^2 − 2G c^′ c^3 ) ρ^2ξ − 2ηA G c^2 ρ + (η_ρ − 2ξ_t) A G c^2 ρ^2 = 0. (32)

Solving (29-32), we find that ξ(t, ρ) = −2et + a, η(t, ρ) = (bt + d) ρ, (33) subject to the constrain G^′ G = 2 c^′ c + bt + d − 4e 2et − a , (34) with a, b, e, and d as constants. In order to solve (34), we consider the following cases.

A. Case I: b = 0 and d − 4e = 0

In this case, the solution (34) reduces to G^′ G = 2 c^′ c =⇒ G c^2 = B = const. (35) which means that “constants” G and c vary but in such a way that the relation^G_{c2} remains constant.

The solution obtained through Dimensional Analysis needs to make this relations as hypothesis in order to obtain a complete solution for the field equations. This case shows us that such hypothesis is correct (at least has mathematical sense).

The knowledge of one symmetry X might suggest the form of a particular solution as an invariant of the operator X i.e. the solution of dt ξ (t, ρ) = dρ η (t, ρ) , (36)

this particular solution is known as an invariant solution (generalization of similarity solution), therefore the energy density is obtained as dt −2et + a = dρ 4eρ =⇒ ρ = 1 (2et − a)^2 , (37)

for simplicity we adopt ρ = ρ_0t^{−2}, (38) Once we have obtained ρ, we can obtain f (the scale factor) from

ρ = A_ωf^{−3(ω+1)} =⇒ f = (A_ωt)^{23(ω+1)} , (39)

in this way we find H and from eq. (10), we obtain the behaviour of Λ as:

c^2Λ = 3H^2 − 8πG c^2 ρ, (40)

and therefore, Λ = ( 3β^2 − 8πBρ_0 ) 1 c^2t^2 = l c^2t^2

. (41)

If we replace all these results into eq. (12), then we obtain the exact behaviour for c, i.e., − ( 1 t + c^′ c ) λ = c^′ c , (42)

where λ =^l_{8πBρ0} , with λ ∈ R^+, i.e. is a positive real number and thus,

c = c_0t^{−α}, (43)

with α = (_λ 1+λ ) . Hence, in this case we have found that (see fig.1):

G = G_0t^{−2α}, c = c_0t^{−α}, Λ = Λ_0t^{−2(1−α)}, f = (A_ωt)^{23(ω+1)} , ρ = ρ_0t^{−2}. (44)

This is the solution that we have obtained with dimensional analysis in the previous section and we shall show this is only solution compatible with our previous solution^{15} obtained in the framework of a bulk viscous fluid (full causal theory).

FIG. 1: We see the behaviour of G, c and Λ for the first class of solutions for different values of α : α = 0.5 (solid curve), α = 0.9 (dotted curve), α = 0.3 (matter era)(dashed curve). In all cases the constants are decreasing functions.

B. Case II, b = a = 0

In this case, we find that G c^2

= ~Bt^κ, (45) where κ = δ − 2 and δ =^d_{2e} . On following the same procedure as above, we find that dt ξ = dρ η =⇒ ρ = ρ_0t^{−δ}, (46) we must impose the condition sign(d) = sign(e), i.e., δ ∈ R^+, in order that the solution has some physical meaning that the energy density is a decreasing function of time t. It is observed that if d = 4e then we obtain same solution that the obtained one in the case I. The scale factor is found to be f = K_f t^{δ3(ω+1)} , (47) where K_f is an integration constant, and therefore, the Hubble parameter is: H = δ 3 (ω + 1) t

, (48)

which is similar to the scale factor obtained in case I. To obtain the behaviour of the “constants” G, c and Λ, we follow the same steps as in case I, i.e., from

c^2Λ = 3H^2 − 8πG c^2 ρ, (49)

we obtain the behaviour of Λ being: Λ = l c^2t^2

, (50) where, l = (K_1 − K_2), K_1 =^{δ2}_{3(ω+1)2} and K_2 = 8πρ_0 ~B i.e., l ∈ R^+. Therefore,

Λ^′ = − 2l c^2t^2 ( c^′ c + 1 t ) (51)

If we substitute all this results into the next equation Λ^′c^4 8πGρ + G^′ G − 4 c^′ c = 0, (52)

we obtain an ODE for c, i.e., c^′ c (λ − 2) = − (λ − 2 + δ) 1 t (53)

where, λ = ( −^l_{4πρ0 ~B} ) , λ ∈ R^−, which leads to

c = c_0t^{−α} (54)

with α = ( 1 +^δ_{λ−2} ) scuh that α ∈ [0, 1). In this way we can find the rest of quantities:

G = G_0t^{−2(α+1)+δ} , Λ = Λ_0t^{−2(1−α)}, (55)

note that α < 1. The case α = 1 ⇐⇒ δ = 0 is forbiden and α = 0 brings us to the limiting case of the G, Λ variable cosmologies^{41}.

We notice that this solution is very similar to the case I but in this case all the parameters are perturbed by δ and more important is the result,^G_{c2} = ~Bt^κ (see figs.2, 3 and 4).

FIG. 2: Time variation of c(t) for the second class of solutions for different values of α : α = 0.5 (solid curve), α = 0.9 (dotted curve), α = 0.1 (dashed curve) and α = 0.000001 (long dashed curve), the last solution describes the case c(t) = const.

C. Case III, b = e = 0

Following the same procedure as above, we find in this case that such restrictions imply ξ(t, ρ) = a, η(t, ρ) = dρ and therefore: G^′ G = 2 c^′ c − d a , (56)

which brings us to: G c^2

= K exp(−αt), (57) where^d_a = α and note that [K] = [B] i.e has the same dimensional equation, dt ξ (t, ρ) = dρ η (t, ρ) =⇒ dt a = dρ dρ =⇒ ρ = ρ_0 exp (αt) , (58)

this expression only has sense if α ∈ R^−, note that [α] = T^{−1}.

The scale factor f satisfies the relationship:

ρ = A_ωf^{−3(ω+1)} =⇒ f = K_f exp (αt)^{−13(ω+1)} , (59)

that is to say, it is a growing function without singularity. In this way, we find that H = − α 3 (ω + 1) = conts. H > 0. (60)

FIG. 3: The variation of the gravitational “constant” G(t), for different values of α and δ. : α = 0.5 and δ = 1 (solid curve), α = 0.9 and δ = 1 (dotted curve), α = 0.1 and δ = 1 (dashed curve) and α = 0.000001 and δ = 5 (long dashed curve), the last curve describes a growing solution.

The cosmological “constant” is obtained as

c^2Λ = α^2 3 (ω + 1)^2

− 8πKρ_0 =⇒ c^2Λ = l, (61)

note that [l] = T^{−2}, if we replace all these results into eq. (12) then we shall obtain the exact behaviour for c, i.e. ( l 8πKρ_0 + 2 ) c^′ c = α, (62) and hence, c = K exp(c_0t), (63) where c_0 =^{α(}_{l8πKρ0 +2}^) with c_0 ∈ R^− since α ∈ R^−, that is, c is a decreasing function on time t. In this case, we have found

c = K exp(c_0t), (64) G = G_0 exp((−α + 2c_0) t), (65) Λ = l exp(c_0t)^{−2}, (66)

FIG. 4: Time variation of Λ(t) for the second class of solutions for different values of α : α = 0.5 (solid curve), α = 0.9 (dotted curve), α = 0.1 (dashed curve) and α = 0.000001 (long dashed curve). In all cases, Λ(t) is a decreasing function.

therefore the solutions for this case are (see fig. 3):

G = G_0 exp((−α + 2c_0) t), c = K exp(c_0t), Λ = l exp(c_0t)^{−2}, (67) ρ = ρ_0 exp (αt) , f = K_f exp (αt)^{−13(ω+1)} . (68)

FIG. 5: We see the behaviour of constants for the third class of solutions for different values of c_0 : c_0 = −0.5 (solid curve), c_0 = −0.3 (dotted curve), c_0 = −0.01 (dashed curve) and α = −0.1. In all cases, Λ(t) is a growing function.

As we can see, equation (34) allows us to obtain more cases, however, we examine their physical validity by considering matter creation in our model in the next section. The behavior of this class of solutions for different values of c_0 is shown in figure 5.

V. MATTER CREATION

As we have seen in the previous section, solutions IV B and IV C suggest us a new scenario since these solutions may describe the early universe in a very different way than our previous solution^{15}. For this reason, in this section, we study briefly the important case in which adiabatic matter creation^{42−45} can be taken into account, in order to get rid of the entropy problem. The matter creation theory is based on an interpretation of the matter energy-stress tensor in open thermodynamic systems, which leads to the modification of the adiabatic energy conservation law and as a result including the irreversible matter creation. The matter creation corresponds to an irreversible energy flow from the gravitational field to the constituents of the particles created and this involves the addition of a creation pressure p_c in the matter energy-momentum tensor which we discuss below.

The field equations that now govern our model are as follows:

2H^′ + 3H^2 = − 8πG(t) c^2(t)

(p + p_c) + c^2(t)Λ(t), (69)

3H^2 = 8πG(t) c^2(t) ρ + c^2(t)Λ(t), (70) n^′ + 3nH = ψ, (71)

and taking into account our general assumption i.e. T^j_{i;j} − ( 4c_{,j} c − G_{,j} G ) T^j_i + c^4(t)δ^j_i Λ_{,j} 8πG = 0, (72)

with T^j_{i;j} = 0, we obtain the two equations

ρ^′ + 3 (ρ + p + p_c) H = 0, (73) and Λ^′c^4 8πGρ + G^′ G − 4 c^′ c = 0, (74) where n is the particle number density, ψ is the function that measures the matter creation, H = f^′/f represents the Hubble parameter (f is the scale factor that appears in the metric), p is the thermostatic pressure, ρ is energy density and p_c is the pressure that generates the matter creation.

The creation pressure p_c depends on the function ψ. For adiabatic matter creation this pressure takes the following form:

p_c = − [ ρ + p 3nH ψ ] . (75)

The state equation that we next use is the well-known expression p = ωρ, (76) where ω = const. and ω ∈ (−1, 1]. We assume that the matter creation function follows the law^{45}: ψ = 3βnH, (77) where β is a dimensionless constant (if β = 0 then there is no matter creation since ψ = 0). The generalized principle of conservation T^j_{i;j} = 0, for the stress-energy tensor (73) leads us to: ρ^′ + 3(ω + 1) (1 − β) ρH = 0. (78) Therefore, the new set of field equations are:

2H^′ + 3H^2 = − 8πG(t) c^2(t)

(p + p_c) + c^2(t)Λ(t), (79)

3H^2 = 8πG(t) c^2(t) ρ + c^2(t)Λ(t), (80) ρ^′ + 3(ω + 1) (1 − β) ρH = 0, (81) Λ^′c^4 8πGρ + G^′ G − 4 c^′ c = 0. (82)

Now, using the same procedure that was followed in section 4, we find the new equation on which we can apply the Lie method. We rewrite the field equations as follows: from (79) − (80) we obtain 2 f^{′′} f − 2 ( f^′ f )_2 = − 8πG c^2

(p + p_c + ρ) , (83) and therefore 2 (H)^′ = − 8πG c^2

(p + p_c + ρ) . (84) From (81), we can obtain H = − ρ^′ 3 (ω + 1) (1 − β)ρ

, (85) therefore ( ρ^′ ρ )_′ = 12π (ω + 1)^2 (1 − β)^2 G c^2 ρ, (86)

making 12π (ω + 1)^2 (1 − β)^2 = Ã and expanding, we obtain ρ^{′′} = ρ^{′2} ρ + Ã G c^2 ρ^2. (87)

Therefore, we obtain the same equation that we obtained in section 4, namely equation (26) except the constant Ã. Hence, within this framework the entropy and horizon problems are solved for our model.

VI. CONCLUSIONS.

In this paper we have studied the behaviours of time-varying “constants” G, c and Λ in a perfect fluid model. We began reviewing the scaling solution obtained through dimensional analysis. He have shown that this solution connects with our previous solution^{15} where we studied the behaviour of the “constants” G, c and Λ in a full causal bulk viscous model arriving to the conclusion that this model tends to a perfect fluid one when we impose the condition ω = 0 in the equation of state (dust solution).

To obtain this solution, we imposed the assumption, div(T^i_j ) = 0, from which we obtained the dimensional constant A_ω that relates ρ ∝ f^{−3(ω+1)} and the relationship G/c^2 = const. = B remaining constants for all value of t, i.e. G and c vary but in such a way that G/c^2 remain constant. With these two hypothesis, we have obtained the scaling solution that connects perfectly with one obtained in our previous paper^{15}, i.e. with the bulk viscous model in the matter-dominated era.

In this context, the solution obtained through dimensional analysis show us that the “constants” G, c and Λ are decreasing functions of time, but in this case decrease slowly than in the radiation predominance era, while ρ and f behave as in the FRW model solvingthe horizon problem.

Since we have been able to found a solution through similarity, i.e. through dimensional analysis, it is possible that there are other symmetries of the model, since dimensional analysis is a reminiscent of scaling symmetries, which obviously are not the most general form of symmetries. Therefore, we studied the model through the method of Lie group symmetries, showing that under the assumed hypotheses, there are other solutions of the field equations.

The first solution obtained is the already obtained one through similarity, but, in this case we have showed the condition G/c^2 arises as a result and not as an ad-hoc condition. We also have studied two other cases which can be considered as physically relevant solutions since f is a growing function on time and ρ is a decreasing function on time. They could describe very early cosmological solutions (inflationary ones) but in this context we cannot solve the entropy problem. We have considered matter creation and and using a recasted set of equations, shown that when matter creation is taken into account, the horizon and entropy problems are solved for the two solutions.

1 P. A. M. Dirac, Proc. R. Soc. London A165, 199 (1938). 2 A-M. M. Abdel-Rahman, Nuovo Cimento B102, 225 (1988). 3 A-M. M. Abdel-Rahman, Phys. Rev. D45, 3497 (1992). 4 A. Beesham, Gen. Rel. Grav. 26, 159 (1993). 5 M. S. Berman, Phys. Rev. D43, 1075 (1991).

6 J. C. Carvalho, J. A. S. Lima and I. Waga, Phys. Rev. D46, 2404 (1992). 7 W. Chen and Y. S. Wu, Phys. Rev. D41, 695 (1990). 8 Y. K. Lau, Aust. J. Phys. 38, 547 (1985).

9 Y. K. Lau and S. J. Prokhovnik, Aust. J. Phys. 39, 339 (1986). 10 J. A. S. Lima and M. Trodden, Phys. Rev. D53, 4280 (1996). 11 T. Singh, A. Beesham and W. S. Mbokazi, Gen. Rel. Grav. 30, 573 (1998). 12 R. F. Sistero, Gen. Rel. Grav. 23, 1265 (1991). 13 J. A. S. Lima and J. M. F. Maia, Phys. Rev. D49, 5597 (1994). 14 I. Waga, Astrophys. J. 414, 436 (1993).

15 J. A. Belinchón and I. Chakrabarty, Int. J. Mod. Phys. D, accepted. 16 X. Wang et al astro-ph/0105091. 17 C. B. Netterfield et l astro-ph/0104460 18 N. V. Halverson et al astro-ph/0104489 19 A. T. Lee et al astro-ph/0104459

20 B. J. Carr and A. A. Coley, Class. Quantum Grav. 16, R31 (1999). 21 G. I. Barenblatt and Y. B. Zeldovich, Ann. Rev. Fluid Mech. 4, 285 (1972). 22 D. M. Eardley, Commun. Math. Phys. 37, 287 (1974). 23 J. Wainwright, Gen. Rel. Grav. 16, 657 (1984). 24 J. A. Belinchón, Int. J. Mod. Phys. D11 , 527 (2002). 25 J. A. Belinchón & A. Alfonso-Faus, Int. J. Mod. Phys. D10, 299 (2001). 26 G. Barenblat, Scaling, Self-Similarity and Intermediate Asymptotics (Cambridge University Press, Cambridge 1996).

27 K. Kurth, Dimensional Analysis and Group Theory in Astrophysics (Pergamon Press, Oxford, 1972).

28 R. Seshadri and T. Y. Na. Group Invariance in Engineering Boundary Value Problems (Springer- Verlang, NY 1985).

29 J. A. Belinchón, “Standard Cosmology Through Similarity”, physics/9811016. 30 J. Midy and J. -P. Petit, Int. J. Mod. Phys. D8, 271 (1999).

31 J. F. Cariñena and M. Santander, Advances in Electronics and Electron Physics 72, 182 (1988). 32 L. V. Ovsiannikov, Group Analysis of Differential Equations (Academic Press 1982). 33 H. Stephani, Differential Equations: Their Solutions Using Symmetries (Cambridge University Press 1989).

34 P. T. Olver, Applications of Lie Groups to Differential Equations (Springer-Verlang, 1993). 35 N. H. Ibragimov, Elementary Lie Group Analysis and Ordinary Differential Equations (John Wiley & Sons, 1999).

36 P. E. Hydon, Symmetry Methods for Differential Equations (Cambridge University Press, 2000). 37 B. J. Cantwell, Introduction to Symmetry Analysis (Cambridge University Press, Cambridge, 2002).

38 M. Szydlowki and M. Heller, Acta Physica Polonica B14, 571 (1983). 39 M. Biesida, M. Szydlowki and T. Szczesny, Acta Cosmologica, Fasciculus XVI 115 (1989). 40 C. B. Collins, J. Math. Phys. 18, 61374 (1977). 41 J. A. Belinchón. Astro. Spac. Scien. 281, 765 (2002).

42 I. Prigogine and J. Geheniau, Proc. Nat. Acad. Sci. USA 83, 6246 (1986). 43 I. Prigogine, J. Geheniau, E. Gunzig and P. Nardone, Proc. Nat. Acad. Sci. USA 83, 7428 (1988).

44 I. Prigogine, J. Geheniau, E. Gunzig and P. Nardone, Gen. Rel. Grav. 21, 767 (1989). 45 J. A. S. Lima, A. S. M. Germano and L.R.W. Abramo, Phys.Rev. D53, 4287 (1996).