arXiv:gr-qc/0405027v3 27 Jan 2008

Reference Frame in General Relativity

Aleks Kleyn

Abstract. A reference frame in event space is a smooth field of orthonormal bases. Every reference frame is equipped by anholonomic coordinates. Using anholonomic coordinates allows to find out relative speed of two observers and appropriate Lorentz transformation.

Synchronization of a reference frame is an anholonomic time coordinate. Simple calculations show how synchronization influences time measurement in the vicinity of the Earth.

Measurement of Doppler shift from the star orbiting the black hole helps to determine mass of the black hole. According observations of Sgr A, if non orbiting observer estimates age of S2 about 10 Myr, this star is 0.297 Myr younger.

1. Geometrical Object and Invariance Principle

The invariance principle which we studied [14] is limited by vector spaces and we can use it only in frame of the special relativity. Our task is to describe structures which allow to extend the invariance principle to general relativity.

A measurement of a spatial interval and a time length is one of the major tasks of general relativity. This is a physical process that allows the study of geometry in a certain area of spacetime. From a geometrical point of view, the observer uses an orthonormal basis in a tangent plane as his measurement tool because an orthonormal basis leads to the simplest local geometry. When the observer moves from point to point he brings his measurement tool with him.

Notion of a geometrical object is closely related with physical values measured in space time. The invariance principle allows expressing physical laws independently from the selection of a basis. On the other hand if we want to examine a relationship obtained in the test, we need to select measurement tool. In our case this is basis. Choosing the basis we can define coordinates of the geometrical object corresponding to studied physical value. Hence we can define the measured value.

Every reference frame is equipped by anholonomic coordinates. For instance, synchronization of a reference frame is an anholonomic time coordinate. Simple calculations show how synchronization influences time measurement in the vicinity of the Earth. Measurement of Doppler shift from the star orbiting the black hole helps to determine mass of the black hole.

Sections 9.1 and 10 show importance of calculations in orthogonal frame. Coordinates that we use in event space are just labels and calculations that we make in coordinates may appear not reliable. For instance in papers [6, 7] authors determine coordinate speed of light. This leads to not reliable answer and as consequence of this to the difference of speed of light in different directions.

Aleks Kleyn@MailAPS.org.

Reference Frame in General Relativity

Aleks Kleyn

Few authors consider Einstein’s idea about variability of speed of light [13]. However Einstein proposed this idea when supposed to create theory of gravity in Minkovsky space, therefore he assumed that scale of space and time does not change. When Einstein learned Riemann geometry he changed his mind and never returned to idea about variable speed of light. Scale of space and time and speed of light are correlated in present theory and we cannot change one without changing another.

There are few papers dedicated to a variable speed of light theory [8, 9]. Their theory is based on idea that metric tensor may be scaleable relative dilatation. This idea is not new. As soon as Einstein published general relativity Weyl introduced his idea to make theory invariant relative conformal transformation. However Einstein was firmly opposed to this idea because it broke dependence between distance and proper time. You can find detailed analysis in [10].

We have strong relation between the speed of light and units of length and time in special and general relativity. When we develop new theory and discover that speed of light is different we should ask ourselves about the reason. Did we make accurate measurement? Do we have alternative way to exchange information and synchronize reference frame? Did transformations between reference frames change and do they create group?

In some models photon may have small rest mass [11]. In this case speed of light is different from maximal speed and may depend on direction. Recent experiment [12] put limitation on parameters of these models.

2. Reference Frame on Manifold

As is shown in section [14]-5 we can identify frame manifold of vector space and symmetry group of this space. Our interest was not details of structure of basis, and stated theory can be generalized and extended on an arbitrary manifold. The details of structure of basis did not interest us and stated theory can be generalized. In this section we generalize the definition of a frame and introduce a reference frame on a manifold. In case of an event space of general relativity it leads us to a natural definition of a reference frame and the Lorentz transformation.

When we study manifold V the geometry of tangent space is one of important factors. In this section, we will make the following assumption.

• All tangent spaces have the same geometry. • Tangent space is vector space V of finite dimension n. • Symmetry group of tangent space is Lie group G.

Definition 2.1. Set e =< e_{(i)}, i ∈ I > of vector fields e_{(i)} is called G-reference frame, if for any x ∈ V set e(x) =< e_{(i)}(x), i ∈ I > is a G-basis^1 in tangent space T_x.^2 We use notation e_{(i)} ∈ e for vector fields which form G-reference frame e. □ Vector field a has expansion

(2.1) a = a^{(i)}e_{(i)}

relative reference frame e.

If we do not limit definition of a reference frame by symmetry group, then at each point of the manifold we can select reference frame ∂ =< ∂_i > based on vector fields

1According to section [14]-5 we can identify basis e(x) with an element of group G. 2In each particular case we need to prove existence of G-reference frame on manifold. 2

Aleks Kleyn Reference Frame in General Relativity

tangent to lines x^i = const. We call this field of bases the coordinate reference frame. Vector field a has expansion (2.2) a = a^i∂_i relative coordinate reference frame. Then standard coordinates of reference frame e have form e^k_{(i)} (2.3) e_{(i)} = e^k_{(i)}∂_k Because vectors e_{(i)} are linearly independent at each point matrix ‖e^k_{(i)}‖ has inverse matrix ‖e^{(i)}_k ‖ (2.4) ∂_k = e^{(i)}_k e_{(i)}

We use also a more extensive definition for reference frame on manifold, presented in form e = (e_{(k)}, e^{(k)}) where we use the set of vector fields e_{(k)} and dual forms e^{(k)} such that (2.5) e^{(k)}(e_{(l)}) = δ^{(k)}_{(l)} at each point. Forms e^{(k)} are defined uniquely from (2.5).

In a similar way, we can introduce a coordinate reference frame (∂_i, ds^i). These reference frames are linked by the relationship e_{(k)} = e^i_{(k)}∂_i

(2.6) e^{(k)} = e^{(k)}_i dx^i

(2.7) From equations (2.6), (2.7), (2.5) it follows (2.8) e^{(k)}_i e^i_{(l)} = δ^{(k)}_{(l)}

In particular we assume that we have GL(n)-reference frame (∂, dx) raised by n differentiable vector fields ∂_i and 1-forms dx^i, that define field of bases ∂ and cobases dx dual them.

If we have function φ on V than we define pfaffian derivative dφ = ∂_iφdx^i 3. Reference Frame in Event Space Starting from this section, we consider orthogonal reference frame e = (e_{(k)}, e^{(k)}) in Riemann space with metric g_{ij} . According to definition, at each point of Riemann space vector fields of orthogonal reference frame satisfy to equation g_{ij} e^i_{(k)}e^j_{(l)} = g_{(k)(l)} where g_{(k)(l)} = 0, if (k) ≠ (l), and g_{(k)(k)} = 1 or g_{(k)(k)} = −1 depending on signature of metric.

We can define the reference frame in event space V as O(3, 1)-reference frame. To enumerate vectors, we use index k = 0, ..., 3. Index k = 0 corresponds to time like vector field.

Reference Frame in General Relativity

Aleks Kleyn

Remark 3.1. We can prove the existence of a reference frame using the orthogonolization procedure at every point of space time. From the same procedure we get that coordinates of basis smoothly depend on the point.

A smooth field of time like vectors of each basis defines congruence of lines that are tangent to this field. We say that each line is a world line of an observer or a local reference frame. Therefore a reference frame is set of local reference frames. □ We define the Lorentz transformation as transformation of a reference frame x^{′i} = f^i(x^0, x^1, x^2, x^3)

(3.1) e^{′i}_{(k)} = a^i_j b^{(l)}_{(k)}e^j_{(l)} where a^i_j = ∂x^{′i} ∂x^{′j} δ_{(i)(l)}b^{(i)}_{(j)}b^{(l)}_{(k)} = δ_{(j)(k)}

We call the transformation a^i_j the holonomic part and transformation b^{(l)}_{(k)} the anholonomic part.

4. Anholonomic Coordinates Let E(V, G, π) be the principal bundle, where V is the differential manifold of dimension n and class not less than 2. We also assume that G is symmetry group of tangent plain.

We define connection form on principal bundle (4.1) ω^L = λ^L_N da^N + Γ^L_i dx^i ω = λ_N da^N + Γdx We call functions Γ_i connection components.

If fiber is group GL(n), than connection has form (4.2) ω^a_b = Γ^a_{bc}dx^c Γ^A_i = Γ^a_{bi} A vector field a has two types of coordinates: holonomic coordinates a^i relative coordinate reference frame and anholonomic coordinates a^{(i)} relative reference frame. These two forms of coordinates also hold the relation (4.3) a^i(x) = e^i_{(i)}(x)a^{(i)}(x) at any point x.

We can study parallel transfer of vector fields using any form of coordinates. Because (3.1) is a linear transformation we expect that parallel transfer in anholonomic coordinates has the same representation as in holonomic coordinates. Hence we write da^k = −Γ^k_{ij} a^idx^j da^{(k)} = −Γ^{(k)}_{(i)(j)}a^{(i)}dx^{(j)} It is required to establish link between holonomic coordinate of connection Γ^k_{ij} and anholonomic coordinates of connection Γ^{(k)}_{(i)(j)}

(4.4) a^i(x + dx) = a^i(x) + da^i = c^i(x) − Γ^i_{kp}c^k(x)dx^p

Aleks Kleyn Reference Frame in General Relativity

(4.5) a^{(i)}(x + dx) = a^{(i)}(x) + da^{(i)} = c^{(i)}(x) − Γ^{(i)}_{(k)(p)}c^{(k)}(x)dx^{(p)} Considering (4.4), (4.5), and (4.3) we get

(4.6) a^i(x) − Γ^i_{kp}a^k(x)dx^p = e^i_{(i)}(x + dx) ( a^{(i)}(x) − Γ^{(i)}_{(k)(p)}e^{(k)}_i (x)a^i(x)e^{(p)}_p (x)dx^p ) It follows from (4.6) that Γ^{(i)}_{(k)(p)}e^{(k)}_i (x)e^{(p)}_p (x)a^i(x)dx^p = a^{(i)}(x) − e^{(i)}_i (x + dx) ( a^i(x) − Γ^i_{kp}a^k(x)dx^p ) = a^i(x)e^{(i)}_i (x) − e^{(i)}_i (x + dx) ( a^i(x) − Γ^i_{kp}a^k(x)dx^p ) = a^i(x) ( e^{(i)}_i (x) − e^{(i)}_i (x + dx) ) + e^{(i)}_j (x)Γ^j_{ip}a^i(x)dx^p

= e^{(i)}_j (x)Γ^j_{ip}a^i(x)dx^p − a^i(x)

∂e^{(i)}_i (x) ∂x^p dx^p = ( e^{(i)}_j (x)Γ^j_{ip} −

∂e^{(i)}_i (x) ∂x^p ) a^i(x)dx^p Because a^i(x) and dx^p are arbitrary we get

Γ^{(i)}_{(k)(p)}e^{(k)}_i (x)e^{(p)}_p (x) = e^{(i)}_j (x)Γ^j_{ip} −

∂e^{(i)}_i (x) ∂x^p (4.7) Γ^{(i)}_{(k)(p)} = e^i_{(k)}e^p_{(p)}e^{(i)}_j Γ^j_{ip} − e^i_{(k)}e^p_{(p)} ∂e^{(i)}_i ∂x^p We introduce symbolic operator (4.8) ∂ ∂x^{(p)} = e^p_{(p)} ∂ ∂x^p From (2.8) it follows

(4.9) e^i_{(l)} ∂e^{(k)}_i ∂x^p + e^{(k)}_i ∂e^i_{(l)} ∂x^p = 0 Substitude (4.8) and (4.9) into (4.7)

(4.10) Γ^{(i)}_{(k)(p)} = e^i_{(k)}e^p_{(p)}e^{(i)}_j Γ^j_{ip} − e^{(i)}_i ∂e^i_{(k)} ∂x^{(p)} Equation (4.10) shows some similarity between holonomic and anholonomic coordinates. We introduce symbol ∂_{(k)} for the derivative along vector field e_{(k)} ∂_{(k)} = e^i_{(k)}∂_i Then (4.10) takes the form Γ^{(k)}_{(l)(p)} = e^i_{(l)}e^r_{(p)}e^{(k)}_j Γ^j_{ir} − e^i_{(l)}∂_{(p)}e^{(k)}_i Therefore when we move from holonomic coordinates to anholonomic, the connection transforms the way similarly to when we move from one coordinate system to another. This leads us to the model of anholonomic coordinates.

The vector field e_{(k)} generates lines defined by the differential equations e^j_{(l)} ∂t ∂x^j = δ^{(k)}_{(l)}

Reference Frame in General Relativity

Aleks Kleyn

or the symbolic system

(4.11) ∂t ∂x^{(l)} = δ^{(k)}_{(l)}

Keeping in mind the symbolic system (4.11) we denote the functional t as x^{(k)} and call it the anholonomic coordinate. We call the regular coordinate holonomic.

From here we can find derivatives and get

(4.12) ∂x^{(i)} ∂x^k = e^{(i)}_k

The necessary and sufficient conditions of complete integrability of system (4.12) are c^{(i)}_{(k)(l)} = 0 where we introduced anholonomity object

(4.13) c^{(i)}_{(k)(l)} = e^k_{(k)}e^l_{(l)} ( ∂e^{(i)}_k ∂x^l − ∂e^{(i)}_l ∂x^k )

Therefore each reference frame has n vector fields

∂_{(k)} = ∂ ∂x^{(k)} = e^i_{(k)}∂_i

which have commutator [∂_{(i)}, ∂_{(j)}] = ( e^k_{(i)}∂_ke^l_{(j)} − e^k_{(j)}∂_ke^l_{(i)} ) e^{(m)}_l ∂_{(m)} =

e^k_{(i)}e^l_{(i)} ( −∂_ke^{(m)}_l + ∂_le^{(m)}_l ) ∂_{(m)} = c^{(m)}_{(k)(l)}∂_{(m)} For the same reason we introduce forms dx^{(k)} = e^{(k)} = e^{(k)}_l dx^l and an exterior differential of this form is d^2x^{(k)} = d ( e^{(k)}_i dx^i )

= ( ∂_j e^{(k)}_i − ∂_ie^{(k)}_j ) dx^i ∧ dx^j = −c^{(m)}_{(k)(l)}dx^{(k)} ∧ dx^{(l)}

(4.14)

Therefore when c^{(i)}_{(k)(l)} ≠ 0, the differential dx^{(k)} is not an exact differential and the system (4.12) in general cannot be integrated. However we can create a meaningful object that models the solution. We can study how function x^{(i)} changes along different lines. We call such cordinates anholonomic coordinates on manifold.

Remark 4.1. Function x^{(i)} is a natural parameter along a flow line of vector field e_{(i)}. We study an instance of such function in section 8. The proper time is defined along world line of local reference frame. As we see in remark 3.1 world lines of local reference frames cover spacetime. To make proper time of local reference frames as time of reference frame we expect that proper time smoothly changes from point to point. To synchronize clocks of local reference frames we use classical procedure of exchange light signals.

Aleks Kleyn Reference Frame in General Relativity

From mathematical point of view this is problem to integrate differential form. However, a change of function along a loop is Δx^{(i)} = ∮ dx^{(i)} = ∫ ∫ c^{(i)}_{(k)(l)}dx^{(k)} ∧ dx^{(l)} = ∫ ∫ c^{(i)}_{(k)(l)}e^{(k)}_k e^{(l)}_l dx^k ∧ dx^l

(4.15)

Somebody may have impression that we cannot synchronize clock, however this conflicts with our observation. We accept that synchronization is possible until we introduce time along non closed lines. Synchronization breaks when we try synchronize clocks along closed line.

This means ambiguity in definition of anholonomic coordinates. □ From now on we will not make a difference between holonomic and anholonomic coordinates. Also, we will denote b^{(l)}_{(k)} as a^{−1(l)}_{(k)} in the Lorentz transformation (3.1).

Even form dx^{(k)} is not exact differential, we can see that form d^2x^{(k)} is exterior differential of form dx^{(k)}. Therefore (4.16) d^3x^{(k)} = 0

We can represent exterior differential of form, written in anholonomic coordinates, as d(a_{(i1 )...(in)}dx^{(i1 )} ∧ ... ∧ dx^{(in)}) =a_{(i1 )...(in),p}dx^p ∧ dx^{(i1 )} ∧ ... ∧ dx^{(in )} −a_{(i1 )...(in)}ddx^{(i1 )} ∧ ... ∧ dx^{(in )} − ... − (−1)^{n−1}a_{(i1 )...(in)}dx^{(i1 )} ∧ ... ∧ ddx^{(in )} =a_{(i1 )...(in),(p)}e^{(p)}_p e^p_{(r)}dx^{(r)} ∧ dx^{(i1 )} ∧ ... ∧ dx^{(in )} −a_{(i1 )...(in)}c^{(i1 )}_{(p)(r)}dx^{(p)} ∧ dx^{(r)} ∧ ... ∧ dx^{(in )} − ... −(−1)^{n−1}a_{(i1)...(in)}dx^{(i1 )} ∧ ... ∧ c^{(in)}_{(p)(r)}dx^{(p)} ∧ dx^{(r)} =(a_{(i1 )...(in),(p)} − a_{(r)...(in)}c^{(r)}_{(p)(i1 )} − ... − a_{(i1 )...(r)}c^{(r)}_{(p)(in)})dx^{(p)} ∧ dx^{(i1 )} ∧ ... ∧ dx^{(in )} In case of form d^3x^{(k)} we get equation

(4.17) d(c^{(k)}_{(i)(j)}dx^{(i)} ∧ dx^{(j)}) = (c^{(k)}_{(i)(j),(p)} − c^{(k)}_{(r)(j)}c^{(r)}_{(p)(i)} − c^{(k)}_{(i)(r)}c^{(r)}_{(p)(j)})dx^{(p)} ∧ dx^{(i)} ∧ dx^{(j)} From equations (4.16) and (4.17) it follows (4.18) (c^{(k)}_{(i)(j),(p)} − c^{(k)}_{(r)(j)}c^{(r)}_{(p)(i)} − c^{(k)}_{(i)(r)}c^{(r)}_{(p)(j)})dx^{(p)} ∧ dx^{(i)} ∧ dx^{(j)} = 0 It is easy to see that

(4.19)

(−c^{(k)}_{(r)(j)}c^{(r)}_{(p)(i)} − c^{(k)}_{(i)(r)}c^{(r)}_{(p)(j)})dx^{(i)} ∧ dx^{(j)} = (−c^{(k)}_{(r)(j)}c^{(r)}_{(p)(i)} + c^{(k)}_{(r)(i)}c^{(r)}_{(p)(j)})dx^{(i)} ∧ dx^{(j)} = −2c^{(k)}_{(r)(j)}c^{(r)}_{(p)(i)}dx^{(i)} ∧ dx^{(j)} Substituting from (4.19) into (4.18) gives (4.20) (c^{(k)}_{(i)(j),(p)} − 2c^{(k)}_{(r)(j)}c^{(r)}_{(p)(i)})dx^{(p)} ∧ dx^{(i)} ∧ dx^{(j)} = 0 7

Reference Frame in General Relativity

Aleks Kleyn

From (4.20), it follows

(4.21) c^{(k)}_{(i)(j),(p)} + c^{(k)}_{(j)(p),(i)} + c^{(k)}_{(p)(i),(j)} = 2c^{(k)}_{(r)(j)}c^{(r)}_{(p)(i)} + 2c^{(k)}_{(r)(p)}c^{(r)}_{(i)(j)} + 2c^{(k)}_{(r)(i)}c^{(r)}_{(j)(p)} We define the curvature form for connection (4.1) Ω = dω + [ω, ω] Ω^D = dω^D + C^D_{AB} ω^A ∧ ω^B = R^D_{ij} dx^i ∧ dx^j where we defined a curvature object R^D_{ij} = ∂_iΓ^D_j − ∂_j Γ^D_i + C^D_{AB} Γ^A_i Γ^B_j + Γ^D_k c^k_{ij} The curvature form for the connection (4.2) is (4.22) Ω^a_c = dω^a_c + ω^a_b ∧ ω^b_c where we defined a curvature object (4.23) R^D_{ij} = R^a_{bij} = ∂_iΓ^a_{bj} − ∂_j Γ^a_{bi} + Γ^a_{ci}Γ^c_{bj} − Γ^a_{cj} Γ^c_{bi} + Γ^a_{bk}c^k_{ij} We introduce Ricci tensor R_{bj} = R^a_{baj} = ∂_aΓ^a_{bj} − ∂_j Γ^a_{ba} + Γ^a_{ca}Γ^c_{bj} − Γ^a_{cj} Γ^c_{ba} + Γ^a_{bk}c^k_{aj} 5. Metric-affine Manifold For connection (4.2) we defined the torsion form (5.1) T^a = d^2x^a + ω^a_b ∧ dx^b From (4.2) it follows (5.2) ω^a_b ∧ dx^b = (Γ^a_{bc} − Γ^a_{cb})dx^c ∧ dx^b Putting (5.2) and (4.14) into (5.1) we get (5.3) T^a = T^a_{cb}dx^c ∧ dx^b = −c^a_{cb}dx^c ∧ dx^b + (Γ^a_{bc} − Γ^a_{cb})dx^c ∧ dx^b where we defined torsion tensor (5.4) T^a_{cb} = Γ^a_{bc} − Γ^a_{cb} − c^a_{cb}

Commutator of second derivatives has form (5.5) u^α_{;kl} − u^α_{;lk} = R^α_{βlk}u^β − T^p_{lk}u^α_{;p} From (5.5) it follows that (5.6) ξ^a_{;cb} − ξ^a_{;bc} = R^a_{dbc}ξ^d − T^p_{bc}ξ^a_{;p}

In Rieman space we have metric tensor g_{ij} and connection Γ^k_{ij} . One of the features of the Rieman space is symetricity of connection and covariant derivative of metric is 0. This creates close relation between metric and connection. However the connection is not necessarily symmetric and the covariant derivative of the metric tensor may be different from 0. In latter case we introduce the nonmetricity (5.7) Q^{ij}_k = g^{ij}_{;k} = g^{ij}_{,k} + Γ^i_{pk}g^{pj} + Γ^j_{pk}g^{ip}

Due to the fact that derivative of the metric tensor is not 0, we cannot raise or lower index of a tensor under derivative as we do it in regular Riemann space. Now this operation changes to next a^i_{;k} = g^{ij} a_{j;k} + g^{ij}_{;k} a_j 8

Aleks Kleyn Reference Frame in General Relativity

This equation for the metric tensor gets the following form g^{ab}_{;k} = −g^{ai}g^{bj} g_{ij;k} Definition 5.1. We call a manifold with a torsion and a nonmetricity the metricaffine manifold [3]. □

If we study a submanifold V_n of a manifold V_{n+m}, we see that the immersion creates the connection Γ^α_{βγ} that relates to the connection in manifold as

Γ^α_{βγ} e^l_α = Γ^l_{mk}e^m_β e^k_γ + ∂e^l_β ∂u^γ Therefore there is no smooth immersion of a space with torsion into the Riemann space.

6. Geometrical Meaning of Torsion

Suppose that a and b are non collinear vectors in a point A (see figure 6.1). We draw the geodesic L_a through the point A using the vector a as a tangent vector to L_a in the point A. Let τ be the canonical parameter on L_a and dx^k dτ = a^k We transfer the vector b along the geodesic L_a from the point A into a point B that defined by any value of the parameter τ = ρ > 0. We mark the result as b^′.

We draw the geodesic L_b through the point A using the vector b as a tangent vector to L_b in the point A. Let φ be the canonical parameter on L_b and dx^k dφ = b^k We transfer the vector a along the geodesic L_b from the point A into a point D that defined by any value of the parameter φ = ρ > 0. We mark the result as a^′.

We draw the geodesic L_b′ through the point B using the vector b^′ as a tangent vector to L_b′ in the point B. Let φ^′ be the canonical parameter on L_b′ and dx^k dφ^′ = b^{′k} We define a point C on the geodesic L_b′ by parameter value φ^′ = ρ

We draw the geodesic L_a′ through the point D using the vector a^′ as a tangent vector to L_a′ in the point D. Let τ^′ be the canonical parameter on L_a′ and dx^k dτ^′ = a^{′k} We define a point E on the geodesic L_a′ by parameter value τ^′ = ρ Formally lines AB and DE as well as lines AD and BC are parallel lines. Lengths of AB and DE are the same as well as lengths of AD and BC are the same. We call this figure a parallelogram based on vectors a and b with the origin in the point A.

Theorem 6.1. Suppose CBADE is a parallelogram with a origin in the point A; then the resulting figure will not be closed [4]. The value of the difference of coordinates of points C and E is equal to surface integral of the torsion over this parallelogram^3

Δ_{CE} x^k = ∫∫ T^k_{mn}dx^m ∧ dx^n 3Proof of this statement I found in [5]

Reference Frame in General Relativity

Aleks Kleyn

A a b

B b^′

a^′

C

D

E

Figure 6.1. Meaning of Torsion

Proof. We can find an increase of coordinate x^k along any geodesic as

Δx^k = dx^k dτ τ + 1 2 d^2x^k dτ^2 τ^2 + O(τ^2) = = dx^k dτ τ − 1 2 Γ^k_{mn} dx^m dτ dx^n dτ τ^2 + O(τ^2) where τ is canonical parameter and we take values of derivatives and components Γ^k_{mn} in the initial point. In particular we have Δ_{AB} x^k = a^kρ − 1 2 Γ^k_{mn}(A)a^ma^nρ^2 + O(ρ^2) along the geodesic L_a and (6.1) Δ_{BC} x^k = b^{′k}ρ − 1 2 Γ^k_{mn}(B)b^{′m}b^{′n}ρ^2 + O(ρ^2) along the geodesic L_b′ . Here (6.2) b^{′k} = b^k − Γ^k_{mn}(A)b^mdx^n + O(dx) is the result of parallel transfer of b^k from A to B and (6.3) dx^k = Δ_{AB} x^k = a^kρ with precision of small value of first level. Putting (6.3) into (6.2) and (6.2) into (6.1) we will receive

Δ_{BC} x^k = b^kρ − Γ^k_{mn}(A)b^ma^nρ^2 − 1 2 Γ^k_{mn}(B)b^mb^nρ^2 + O(ρ^2) Common increase of coordinate x^K along the way ABC has form Δ_{ABC} x^k = Δ_{AB} x^k + Δ_{BC} x^k = (6.4) = (a^k + b^k)ρ − Γ^k_{mn}(A)b^ma^nρ^2− − 1 2 Γ^k_{mn}(B)b^mb^nρ^2 − 1 2 Γ^k_{mn}(A)a^ma^nρ^2 + O(ρ^2) Similar way common increase of coordinate x^K along the way ADE has form Δ_{ADE} x^k = Δ_{AD}x^k + Δ_{DE} x^k =

Aleks Kleyn Reference Frame in General Relativity

(6.5) = (a^k + b^k)ρ − Γ^k_{mn}(A)a^mb^nρ^2− − 1 2 Γ^k_{mn}(D)a^ma^nρ^2 − 1 2 Γ^k_{mn}(A)b^mb^nρ^2 + O(ρ^2) From (6.4) and (6.5), it follows that Δ_{ADE} x^k − Δ_{ABC} x^k = = Γ^k_{mn}(A)b^ma^nρ^2 + 1 2 Γ^k_{mn}(B)b^mb^nρ^2_1 + 1 2 Γ^k_{mn}(A)a^ma^nρ^2_2−

−Γ^k_{mn}(A)a^mb^nρ^2 − 1 2 Γ^k_{mn}(D)a^ma^nρ^2_2 − 1 2 Γ^k_{mn}(A)b^mb^nρ^2_1 + O(ρ^2) For small enough value of ρ underlined terms annihilate each other and we get integral sum for expression Δ_{ADE} x^k − Δ_{ABC} x^k = ∫∫ Σ (Γ^k_{nm} − Γ^k_{mn})dx^m ∧ dx^n However it is not enough to find the difference Δ_{ADE} x^k − Δ_{ABC} x^k to find the difference of coordinates of points C and E. Coordinates may be anholonomic and we have to consider that coordinates along closed loop change (4.15) Δx^k = ∮ ECBADE dx^k = − ∫∫ Σ c^k_{mn}dx^m ∧ dx^n where c is anholonomity object.

Finally the difference of coordinates of points C and E is Δ_{CE} x^k = Δ_{ADE} x^k − Δ_{ABC} x^k + Δx^k = ∫ ∫ Σ (Γ^k_{nm} − Γ^k_{mn} − c^k_{mn})dx^m ∧ dx^n Using (5.4) we prove the statement. □ 7. Relation between Connection and Metric Now we want to find how we can express connection if we know metric and torsion. According to definition −Q_{kij} = g_{ij;k} = g_{ij,k} − Γ^p_{ik}g_{pj} − Γ^p_{jk} g_{pi} −Q_{kij} = g_{ij,k} − Γ^p_{ik}g_{pj} − Γ^p_{kj} g_{pi} − S^p_{jk}g_{pi} We move derivative of g and torsion to the left-hand side. (7.1) g_{ij,k} + Q_{kij} − S^p_{jk} g_{pi} = Γ^p_{ik}g_{pj} + Γ^p_{kj} g_{pi} Changing order of indexes we write two more equations (7.2) g_{jk,i} + Q_{ijk} − S^p_{ki}g_{pj} = Γ^p_{ji}g_{pk} + Γ^p_{ik}g_{pj} (7.3) g_{ki,j} + Q_{jki} − S^p_{ij} g_{pk} = Γ^p_{kj} g_{pi} + Γ^p_{ji}g_{pk} If we substruct equation (7.1) from sum of equations (7.2) and (7.1) we get g_{ki,j} + g_{jk,i} − g_{ij,k} + Q_{ijk} + Q_{jki} − Q_{kij} − S^p_{ij} g_{pk} − S^p_{ki}g_{pj} + S^p_{jk} g_{pi} = 2Γ^p_{ji}g_{pk} Finally we get Γ^p_{ji} = 1 2 g^{pk}(g_{ki,j} + g_{jk,i} − g_{ij,k} + Q_{ijk} + Q_{jki} − Q_{kij} − S^r_{ij} g_{rk} − S^r_{ki}g_{rj} + S^r_{jk} g_{ri})

Reference Frame in General Relativity

Aleks Kleyn

8. Synchronization of Reference Frame Because an observer uses an orthogonal basis for measurement at each point we can expect that he uses anholonomic coordinates as well. We also see that the time coordinate along a local reference frame is the observer’s proper time. Because the reference frame consists of local reference frames, we expect that their proper times are synchronized.

We introduce the synchronization of reference frame as the anholonomic time coordinate.

Because synchronization is the anholonomic coordinate it introduces new physical phenomena that we should keep in mind when working with strong gravitational fields or making precise measurements. I describe one of these phenomena below.

9. Anholonomic Coordinates in Central Body Gravitational Field We will study an observer orbiting around a central body. The results are only estimation and are good when eccentricity is near 0 because we study circular orbits. However, the main goal of this estimation is to show that we have a measurable effect of anholonomity.

We use the Schwarzschild metric of a central body

(9.1) ds^2 = r − r_g r c^2dt^2 − r r − r_g dr^2 − r^2dϕ^2 − r^2sin^2ϕdθ^2

r_g = 2Gm c^2 G is the gravitational constant, m is the mass of the central body, c is the speed of light.

Connection in this metric is Γ^0_{10} = r_g 2r(r − r_g ) Γ^1_{00} = r_g (r − r_g ) 2r^3 Γ^1_1 = − r_g 2r(r − r_g ) Γ^1_{22} = −(r − r_g ) Γ^1_{33} = −(r − r_g ) sin^2 ϕ

Γ^2_{12} = − 1 r Γ^2_{33} = − sin ϕ cos ϕ

Γ^3_{13} = − 1 r Γ^3_{23} = cot ϕ I want to show one more way to calculate the Doppler shift. The Doppler shift in gravitational field is well known issue, however the method that I show is useful to better understand physics of gravitational field.

We can describe the movement of photon in gravitational field using its wave vector k^i. The length of this vector is 0;^{ki}_{dxi} = const; a trajectory is geodesic and therefore coordinates of this vector satisfy to differential equation (9.2) dk^i = −Γ^i_{kl}k^kdx^l 12

Aleks Kleyn Reference Frame in General Relativity

We looking for the frequency ω of light and k^0 is proportional ω. Let us consider the radial movement of a photon. In this case wave vector has form k = (k^0, k^1, 0, 0). In the central field with metric (9.1) we can choose

k^0 = ω c √ r r − r_g k^1 = ω √ r − r_g r dt = k^0 k^1 dr = 1 c r r − r_g dr Then the equation (9.2) gets form dk^0 = −Γ^0_{10}(k^1dt + k^0dr) d ( ω c √ r r − r_g ) = − r_g ω 2r(r − r_g ) (√ r − r_g r r r − r_g + √ r r − r_g ) dr c dω √ r r − r_g − ω 1 2 √ r − r_g r r_g dr (r − r_g )^2 = − r_g ωdr r(r − r_g ) √ r r − r_g dω ω = − r_g 2r(r − r_g ) dr ln ω = 1 2 ln r r − r_g + ln C

If we define ω = ω_0 when r = ∞, we get finally

ω = ω_0 √ r r − r_g 9.1. Time Delay in Central Body Gravitational Field. We will study orbiting around a central body. The results are only an estimation and are good when eccentricity is near 0 because we study circular orbits. However, the main goal of this estimation is to show that we have a measurable effect of anholonomity.

Let us compare the measurements of two observers. The first observer fixed his position in the gravitational field t = s c √ r r − r_g r = const, ϕ = const, θ = const The second observer orbits the center of the field with constant speed t = s √ r (r − r_g )c^2 − α^2r^3 ϕ = α s √ r (r − r_g )c^2 − α^2r^3 r = const, θ = const We choose a natural parameter for both observers.

Reference Frame in General Relativity

Aleks Kleyn

The second observer starts his travel when s = 0 and finishes it when returning to the same spatial point. Because ϕ is a cyclic coordinate the second observer finishes his travel when ϕ = 2π. We have at this point

s_2 = 2π α √ (r − r_g )c^2 − α^2r^3 r t = T = 2π α The value of the natural parameter for the first observer at this point is

s_1 = 2π α c √ r − r_g r The difference between their proper times is

Δs = s_1 − s_2 = 2π α ( c √ r − r_g r − √ (r − r_g )c^2 − α^2r^3 r )

We have a difference in centimeters. To get this difference in seconds we should divide both sides by c.

Δt = 2π α (√ r − r_g r − √ r − r_g r − α^2r^2 c^2 )

Now we get specific data.

The mass of the Sun is 1.989_{10}33 g, the Earth orbits the Sun at a distance of 1.495985_{10}13 cm from its center during 365.257 days. In this case we get Δt = 0.155750625445089 s. Mercury orbits the Sun at a distance of 5.791_{10}12 cm from its center during 58.6462 days. In this case we get Δt = 0.145358734930827 s.

The mass of the Earth is 5.977_{10}27 g. The spaceship that orbits the Earth at a distance of 6.916_{10}8 cm from its center during 95.6 mins has Δt = 1.8318_{10} − 6 s. The Moon orbits the Earth at a distance of 3.84_{10}10 cm from its center during 27.32 days. In this case we get Δt = 1.372_{10} − 5 s.

For better presentation I put these data to tables 9.1, 9.2, and 9.3. Because clocks of first observer show larger time at meeting, first observer estimates age of second one older then real. Hence, if we get parameters of S2 orbit from [1], we get that if first observer estimates age of S2 as 10 Myr then S2 will be .297 Myr younger.

Table 9.1. Sun is central body, mass is 1.989_{10}33 g

Sputnik Earth Mercury distance, cm 1.495985_{10}13 5.791_{10}12 orbit period, days 365.257 58.6462 Time delay s 0.15575 0.14536

Aleks Kleyn Reference Frame in General Relativity

Table 9.2. Earth is central body, mass is 5.977_{10}27 g

Sputnik spaceship Moon distance, cm 6.916_{10}8 3.84_{10}10 orbit period 95.6 mins 27.32 days Time delay, s 1.8318_{10} − 6 1.372_{10} − 5

Table 9.3. Sgr A is central body, S2 is sputnik

mass, M_⊙ 4.1_{10}6 3.7_{10}6 distance sm 1.4692_{10}16 1.1565_{10}16 orbit period, years 15.2 15.2 Time delay, min 164.7295 153.8326

10. Lorentz Transformation in Orbital Direction

The reason for the time delay that we estimated above is in Lorentz transformation between stationary and orbiting observers. This means that we have rotation in plain (e_{(0)}, e_{(2)}). The basis vectors for stationary observer are

e_{(0)} = ( 1 c √ r r − a , 0, 0, 0)

e_{(2)} = (0, 0, 1 r , 0)

We assume that for orbiting observer changes of ϕ and t are proportional and dϕ = ωdt Unit vector of speed in this case should be proportional to vector (10.1) (1, 0, ω, 0) The length of this vector is

(10.2) L^2 = r − a r c^2 − r^2ω^2

We see in this expression very familiar pattern and expect that linear speed of orbiting observer is V = ωr.

However we have to remember that we make measurement in gravitational field and coordinates are just tags to label points in spacetime. This means that we need a legal method to measure speed.

If an object moves from point (t, ϕ) to point (t + dt, ϕ + dϕ) we need to measure spatial and time intervals between these points. We assume that in both points there are observers A and B. Observer A sends the same time light signal to B and ball that has angular speed ω. Whatever observer B receives, he sends light signal back to A.

When A receives first signal he can estimate distance to B. When A receives second signal he can estimate how long ball moved to B.

The time of travel of light in both directions is the same. Trajectory of light is determined by equation ds^2 = 0. In our case we have r − r_g r c^2dt^2 − r^2dϕ^2 = 0 15

Reference Frame in General Relativity

Aleks Kleyn

When light returns back to observer A the change of t is dt = 2 √ r r − r_g c^{−1}rdϕ The proper time of first observer is

ds^2 = r − r_g r c^24 r r − r_g c^{−2}r^2dϕ^2

Therefore spatial distance is L = rdϕ When object moving with angular speed ω gets to B change of t is^{dϕ}_ω . The proper time at this point is ds^2 = r − r_g r c^2dϕ^2ω^{−2} T = √ r − r_g r ω^{−1}dϕ Therefore the observer A measures speed V = L T = √ r r − r_g rω We can use speed V as parameter of Lorentz transformation. Then length (10.2) of vector (10.1) is L = √ r − r_g r ( c^2 − r r − r_g r^2ω^2 ) = √ r − r_g r c √( 1 − V^2 c^2 )

Therefore time ort of moving observer is

e^′_{(0)} = ( 1 L , 0, ω L , 0 )

e^′_{(0)} = √ r r − r_g c^{−1} 1 √( 1 −^{V 2}_{c2} ) , 0, ω √ r r − r_g c^{−1} 1 √( 1 −^{V 2}_{c2} ) , 0 Spatial ort e^′_{(2)} = (A, 0, B, 0) is orthogonal e^′_{(0)} and has length −1. Therefore

(10.3) r − r_g r c^2 1 L A − r^2 ω L B = 0

(10.4) r − r_g r c^2A^2 − r^2B^2 = −1

We can express A from (10.3) A = c^{−2} r r − r_g r^2ωB and substitute into (10.4) c^{−2} r r − r_g r^4ω^2B^2 − r^2B^2 = −1

V^2 c^2 r^2B^2 − r^2B^2 = −1

Aleks Kleyn Reference Frame in General Relativity

Finally spatial ort in direction of movement is

e^′_{(2)} = c^{−2} r r − r_g rω 1 √ 1 −^{V 2}_{c2} , 0, 1 r 1 √ 1 −^{V 2}_{c2} , 0

e^′_{(2)} = c^{−2} √ r r − r_g V √ 1 −^{V 2}_{c2} , 0, 1 r 1 √ 1 −^{V 2}_{c2} , 0 Therefore we get transformation

e^′_{(0)} = 1 √ 1 −^{V 2}_{c2} e_{(0)} + V c 1 √ 1 −^{V 2}_{c2} e_{(2)}

e^′_{(2)} = V c 1 √ 1 −^{V 2}_{c2} e_{(0)} + 1 √ 1 −^{V 2}_{c2} e_{(2)}

(10.5)

If a stationary observer sends light in a radial direction, the orbiting observer observes Doppler shift ω^′ = ω √ 1 −^{V 2}_{c2} We need to add Doppler shift for gravitational field if the moving observer receives a radial wave that came from infinity. In this case the Doppler shift will take the form ω^′ = √ r r − r_g ω √ 1 −^{V 2}_{c2} We see the estimation for dynamics of star S2 that orbits Sgr A in tables 10.1 and 10.2. The tables are based on two different estimations for mass of Sgr A.

If we get mass Sgr 4.1_{10}6M_⊙ [1] then in pericentre (distance 1.868_{10}15 cm) S2 has speed 738767495.4 cm/s and Doppler shift is ω^′/ω = 1.000628. In this case we measure length 2.16474μm for emitted wave with length 2.1661μm (Br γ). In apocentre (distance 2.769_{10}16cm) S2 has speed 49839993.28cm/s and Doppler shift is ω^′/ω = 1.0000232. We measure length 2.166049μm for the same wave. Difference between two measurements of wave length is 13.098Å

If we get mass Sgr 3.7_{10}6M_⊙ [2] then in pericentre (distance 1.805_{10}15cm) S2 has speed 713915922.3cm/s and Doppler shift is ω^′/ω = 1.000587. In this case we measure length 2.16483μm for emitted wave with length 2.1661μm (Br γ). In apocentre (distance 2.676_{10}16cm) S2 has speed 48163414.05cm/s and Doppler shift is ω^′/ω = 1.00002171. We measure length 2.1666052μm for the same wave. Difference between two measurements of wave length is 12.232Å

Difference between two measurements of wavelength in pericentre is 0.9Å. Analyzing this data we can conclude that the use of Doppler shift can help improve estimation of the mass of Sgr A.

11. Lorentz Transformation in Radial Direction

We see that the Lorentz transformation in orbial direction has familiar form. It is very interesting to see what form this transformation has for radial direction. We start from procedure of measurement speed and use coordinate speed v (11.1) dr = vdt 17

Reference Frame in General Relativity

Aleks Kleyn

Table 10.1. Doppler shift on the Earth of a wave emitted from S2; mass of Sgr A is 4.1_{10}6M_⊙ [1]

pericentre apocentre distance cm 1.868_{10}15 2.769_{10}16 speed cm/s 738767495.4 49839993.28 ω^′/ω 1.000628 1.0000232 emitted wave (Br γ) μm 2.1661 2.1661 observed wave μm 2.16474 2.166049 Difference between two measurements of wavelength is 13.098Å

Table 10.2. Doppler shift on the Earth of wave emitted from S2; mass of Sgr A is 3.7_{10}6M_⊙ [2]

pericentre apocentre distance cm 1.805_{10}15 2.676_{10}16 speed cm/s 713915922.3 48163414.05 ω^′/ω 1.000587 1.00002171 emitted wave (Br γ) μm 2.1661 2.1661 observed wave μm 2.16483 2.1666052 Difference between two measurements of wavelength is 12.232Å

The time of travel of light in both directions is the same. Trajectory of light is determined by equation ds^2 = 0. r − r_g r c^2dt^2 − r r − r_g dr^2 = 0

When light returns back to observer A the change of t is dt = 2 r r − r_g c^{−1}dr The proper time of observer A is

ds^2 = r − r_g r c^24 r^2 r − r_g^2 c^{−2}dr^2 = = 4 r r − r_g dr^2 Therefore spatial distance is L = √ r r − r_g dr When object moving with speed (11.1) gets to B change of t is^{dr}_v . The proper time of observer A at this point is

ds^2 = r − r_g r c^2dr^2v^{−2} T = √ r − r_g r v^{−1}dr

Aleks Kleyn Reference Frame in General Relativity

Therefore the observer A measures speed V = L T == √_r r−r_g dr √_{r−rg} r v^{−1}dr =

= r r − r_g v Now we are ready to find out Lorentz transformation. The basis vectors for stationary observer are e_{(0)} = ( 1 c √ r r − r_g , 0, 0, 0 )

e_{(1)} = ( 0, √ r − r_g r , 0, 0 )

Unit vector of speed should be proportional to vector (11.2) (1, v, 0, 0) The length of this vector is

L^2 = r − r_g r c^2 − r r − r_g v^2 = = r − r_g r c^2 ( 1 − V^2 c^2 ) (11.3)

Therefore time ort of moving observer is

e^′_{(0)} = ( 1 L , v L , 0, 0 ) =

= √ r r − r_g c^{−1} 1 √( 1 −^{V 2}_{c2} ) , v √ r r − r_g c^{−1} 1 √( 1 −^{V 2}_{c2} ) , 0, 0

= √ r r − r_g c^{−1} 1 √( 1 −^{V 2}_{c2} ) , V c √ r − r_g r 1 √( 1 −^{V 2}_{c2} ) , 0, 0 Spatial ort e^′_{(1)} = (A, B, 0, 0) is orthogonal e^′_{(0)} and has length −1. Therefore

(11.4) r − r_g r c^2 1 L A − r r − r_g v L B = 0

(11.5) r − r_g r c^2A^2 − r r − r_g B^2 = −1

We can express A from (11.4) A = c^{−2} r^2 (r − r_g )^2 vB = c^{−2} r r − r_g V B and substitute into (11.5) r − r_g r c^2c^{−4} r^2 (r − r_g )^2

V^2B^2 − r r − r_g B^2 = −1

Reference Frame in General Relativity

Aleks Kleyn

r r − r_g B^2 ( 1 − V^2 c^2 ) = 1 B^2 = r − r_g r 1 1 −^{V 2}_{c2} B = √ r − r_g r 1 √ 1 −^{V 2}_{c2} A = c^{−2} r r − r_g V √ r − r_g r 1 √ 1 −^{V 2}_{c2}

= c^{−2}V √ r r − r_g 1 √ 1 −^{V 2}_{c2} Finally spatial ort in direction of movement is

e^′_{(1)} = c^{−2}V √ r r − r_g 1 √ 1 −^{V 2}_{c2} , √ r − r_g r 1 √ 1 −^{V 2}_{c2} , 0, 0 Therefore we get transformationin in familiar form

e^′_{(0)} = 1 √ 1 −^{V 2}_{c2} e_{(0)} + V c 1 √ 1 −^{V 2}_{c2} e_{(1)}

e^′_{(1)} = V c 1 √ 1 −^{V 2}_{c2} e_{(0)} + 1 √ 1 −^{V 2}_{c2} e_{(1)}

(11.6)

12. Doppler Shift in Friedman Space We consider another example in Friedman space. Metric of the space is ds^2 = a^2(dt^2 − dχ^2 − sin^2 χ(dθ^2 − sin^2 θdϕ^2)) for closed model and ds^2 = a^2(dt^2 − dχ^2 − sinh^2 χ(dθ^2 − sin^2 θdϕ^2)) for open one. Connection in this space is (α, β get values 1, 2, 3)

Γ^0_0 = ȧ a Γ^0_{αα} = − ȧ a^2 g_{αα} Γ^α_{0β} = ȧ a δ^α_β Because space is homogenius we do not care about direction of light. In this case dk^0 = −Γ^0_{ij} k^ik^j Because k is isotropic vector tangent to its trajectory we have dx^α = k^α k^0 dt

Aleks Kleyn Reference Frame in General Relativity

Because k^0 =^ω_a , than d ω a = − da a^2 ω + da ωa g_{αα}k^αk^α = −2 da a^2 ω adω + ωda = 0 aω = const Therefore when a grows ω becomes smaller and length of waves grows as well.

a grows during light travel through spacetime and this leads to red shift. We observe red shift because geometry changes, but not because galaxies runs away one from other.

Now we want to see how red shift changes with time if initial and final points do not move. For simplicity I will change only χ. Initial value is χ_1 and final value is χ_2. Because dt = dχ on light trajectory we have χ = χ_1 + t − t_1 t_2 = χ_2 − χ_1 + t_1 Therefore a(t_1)ω_1 = a(t_2)ω_2. Doppler shift is

K(t_1) = ω_2 ω_1 = a(t_1) a(t_2) If initial time changes t’1 = t1 + dt then K(t1 + dt) = a(t1 + dt) / a(t2 + dt) Time derivative of K is K̇ = ȧ^1a^2 − a^1ȧ^2 a^2 For closed space a = cosh t. Then ȧ = sinh t.

K̇ = sinh t^1 cosh t^2 − sinh t^2 cosh t^1 cosh^2 t_2 = sinh(t_1 − t_2) cosh^2 t_2 K decreases when t_1 increases.

13. Lorentz Transformation in Friedman Space To learn Lorentz transformation in Friedman space I want to use metric in form ds^2 = c^2dt^2 − a^2(dχ^2 + b^2(dθ^2 − sin^2 θdϕ^2)) Now I have 2 observers. One does not move and has speed (1, 0, 0, 0), and another moves along χ and his speed is C = (1, v, 0, 0) and we assme V = av.

Metric is diagonal and coordinates θ, ϕ do not change. We have transformation in plane t, χ.

Unit speed of first observer is

e_0 = ( 1 c , 0, 0, 0)

and vector orthonormal this one is

e_1 = (0, 1 a , 0, 0)

The length of vector C is L = √ c^2 − a^2v^2 = c √ 1 − V^2 c^2 Therefore unit vector of speed of second observer is

e^′_0 = ( 1 L , v L , 0, 0) 21

Reference Frame in General Relativity

Aleks Kleyn

We look for vector e^′_1 = (A, B, 0, 0) that is orthogonal to vector e^′_0. For this we have

(13.1) c^2A^2 − a^2B^2 = −1

(13.2) c^2A 1 L − a^2B v L = 0 We get from the equation (13.2)

(13.3) A = a^2 c^2 vB We substitute (13.3) into (13.1) and get

B^2( a^4 c^2 v^2 − a^2) = −1 B = 1 a √ 1 −^{V 2}_{c2} Therefore basis of second observer is

e^′_0 = ( 1 c √ 1 −^{V 2}_{c2} , V ca √ 1 −^{V 2}_{c2}

, 0, 0)

e^′_1 = ( V c^2 √ 1 −^{V 2}_{c2} , 1 a √ 1 −^{V 2}_{c2}

, 0, 0)

Now we can express e^′ through e

e^′_0 = 1 √ 1 −^{V 2}_{c2} e_0 + V c 1 √ 1 −^{V 2}_{c2} e_1

e^′_1 = V c 1 √ 1 −^{V 2}_{c2} e_0 + 1 √ 1 −^{V 2}_{c2} e_1

14. References

[1] Ghez et al., The First Measurement of Spectral Lines in a Short-Period Star Bound to the Galaxy’s Central Black Hole: A Paradox of Youth, ApJL, 586, L127 (2003), eprint arXiv:astro-ph/0302299 (2003) [2] R. Schödel et al., A star in a 15.2-year orbit around the supermassive black hole at the centre of the Milky Way, Nature 419, 694 (2002) [3] Eckehard W. Mielke, Affine generalization of the Komar complex of general relativity, Phys. Rev. D 63, 044018 (2001) [4] F. W. Hehl, P. von der Heyde, G. D. Kerlick, and J. M. Nester, General relativity with spin and torsion: Foundations and prospects, Rev. Mod. Phys. 48, 393 (1976) [5] G. E. Shilov, Calculus, Multivariable Functions, Moscow, Nauka, 1972 [6] Angelo Tartaglia and Matteo Luca Ruggiero, Angular Momentum Effects in Michelson-Morley Type Experiments, Gen.Rel.Grav. 34, 1371-1382 (2002), eprint arXiv:gr-qc/0110015 (2001)

Aleks Kleyn Reference Frame in General Relativity

[7] Yukio Tomozawa, Speed of Light in Gravitational Fields, eprint arXiv:astro-ph/0303047 (2004) [8] Joao Magueijo, Covariant and locally Lorentz-invariant varying speed of light theories, Phys. Rev. D 62, 103521 (2000), eprint arXiv:gr-qc/0007036 (2000) [9] Bruce A. Bassett, Stefano Liberati, Carmen Molina-Paris, and Matt Visser, Geometrodynamics of variable-speed-of-light cosmologies, Phys. Rev. D 62, 103518 (2000), eprint arXiv:astro-ph/0001441 (2000) [10] Lochlainn O’Raifeartaigh and Norbert Straumann, Gauge theory: Historical origins and some modern developments, Rev. Mod. Phys. 72, 1 (2000) [11] Claus Lämmerzahl, Mark P. Haugan, On the interpretation of Michelson- Morley experiments, Phys. Lett. A282 223-229 (2001), eprint arXiv:gr-qc/0103052 (2001) [12] Holger Muller et al., Modern Michelson-Morley Experiment using Cryogenic Optical Resonators, Phys. Rev. Lett. 91, 020401 (2003), eprint arXiv:physics/0305117 (2000) [13] Antonio F. Ranada, Pioneer acceleration and variation of light speed: experimental situation, eprint arXiv:gr-qc/0402120 (2004) [14] Aleks Kleyn, Basis Manifold, eprint arXiv:math.DG/0412391 (2004)

15. Index

anholonomic coordinate 6 anholonomic coordinates of connection 4 anholonomic coordinates of vector 4 anholonomic coordinates on manifold 6 anholonomity object 6

coordinate reference frame 3

G-reference frame 2

holonomic coordinates of connection 4 holonomic coordinates of vector 4

local reference frame 4 Lorentz transformation 4

metric-affine manifold 9

nonmetricity 8

parallelogram 9 pfaffian derivative 3

reference frame in event space 3

synchronization of reference frame 12

torsion form 8 torsion tensor 8

16. Special Symbols and Notations

a^{(i)} anholonomic coordinates of vector 4 a^i holonomic coordinates of vector 4 e^{(k)} form of reference frame 3 e^k_{(i)} standard coordinates of reference frame 3 e_{(i)} vector field of reference frame 2 e =< e_{(i)}, i ∈ I > reference frame 2 e = (e_{(k)}, e^{(k)}) reference frame, extensive definition 3 x^{(k)} anholonomic coordinate 6 Γ^{(k)}_{(i)(j)} anholonomic coordinates of connection 4 Γ^k_{ij} holonomic coordinates of connection 4

c^{(i)}_{(k)(l)} anholonomity object 6 (∂_i, ds^i) coordinate reference frame 3 ∂_{(k)} derivative e_{(k)} 5