arXiv:gr-qc/0405028 v4 20 Dec 2004

METRIC-AFFINE MANIFOLD

ALEKS KLEYN

Abstract. We call a manifold with torsion and nonmetricity the metric-affine manifold. The nonmetricity leads to a difference between the auto parallel line and the extreme line, and to a change in the expression of the Frenet transport and moving basis. The torsion leads to a change in the Killing equation. We also need to add a similar equation for the connection.

The analysis of the Frenet transport leads to the concept of the Cartan transport and an introduction of the connection compatible with the metric tensor. The dynamics of a particle follows to the Cartan transport. We need additional physical constraints to make a nonmetricity observable.

I prepared this paper using L^ATEX and I used amscd, fancyhdr, and hyperref packages.

1. Introduction

Close relationship between the metric tensor and the connection is the basis of the Riemann geometry. However, we observe a new perspective if we assume that the metric tensor and the connection are independent. The connection is not necessarily symmetric and the covariant derivative of the metric tensor may be different from 0. In former case we have the torsion that is defined by equation

(1.1) T^a = dθ^a + ω^a_b ∧ θ^b

In latter case we introduce the nonmetricity Q^{ij}_k = g^{ij}_{;k} We call such manifold the metric-affine manifold [1].

The metric-affine manifold appears in different physical applications. In particular there are models that develop ideas of general relativity [1, 2, 3, 4, 5] and assume a torsion or a nonmetricity. This is why I devoted this paper to the geometry of the metric-affine manifold. Independence of the metric tensor and the connection allows us to see which object is responsible for different phenomenon in geometry and therefore in physics.

In particular we have a few different definitions of a geodesic curve in the Riemann manifold. In a metric-affine manifold these two definitions lead to different lines: auto parallel and extreme ([6] and section 6). The change of geometry influences the second Newton law which we study in section 12. I show in theorems

0Aleks Kleyn@MailAPS.org 0I wish to express my thanks to my teachers Gavrilchenko Michael Leonidovich and Rahula Meido Oscarovich for their help and support in my research.

Date: December 20, 2004.

Key words and phrases. Differential geometry, general relativity, metric-affine manifold, Frenet transport, extreme line, Killing equation, Lie derivative.

METRIC-AFFINE MANIFOLD ALEKS KLEYN

8.1 and 12.1 that a free falling particle chooses an extreme line transporting its momentum along the trajectory without change.

A measurement of a spatial interval and a time length is one of the major tasks of general relativity. This is a physical process that allows the study of geometry in a certain area of spacetime. The observer uses an orthonormal frame in a tangent plane as his measurement tool because an orthonormal frame leads to the simplest local geometry. When the observer moves from point to point he brings his measurement tool with him. Learning of parallel transport in space with nonmetricity allows us to introduce Cartan transport (section 8) which appears valuable tool in dynamics (section 12).

2. Basic Objects Basic 1-forms on manifold θ^a satisfy condition (2.1) dθ^a = −ω^a_{cb}θ^c ∧ θ^b where ω^a_{cb} is the anholonomity object [11].

We define the linear connection (2.2) ω^a_b = Γ^a_{bc}θ^c

The curvature form for the connection (2.2) is Ω = dω + [ω, ω]

(2.3) Ω^a_c = dω^a_c + ω^a_b ∧ ω^b_c where we defined a curvature object (2.4) R^D_{ij} = R^a_{bij} = ∂_iΓ^a_{bj} − ∂_jΓ^a_{bi} + Γ^a_{ci}Γ^c_{bj} − Γ^a_{cj}Γ^c_{bi} + Γ^a_{bk}ω^k_{ij} Putting (2.2) and (2.1) into (1.1) we get (2.5) T^a = T^a_{cb}θ^c ∧ θ^b = −ω^a_{cb}θ^c ∧ θ^b + (Γ^a_{bc} − Γ^a_{cb})θ^c ∧ θ^b Therefore we get coordinates of the torsion tensor (2.6) T^a_{cb} = Γ^a_{bc} − Γ^a_{cb} − ω^a_{cb}

Commutator of second derivatives has form (2.7) u^α_{;kl} − u^α_{;lk} = R^α_{βlk}u^β − T^p_{lk} u^α_{;p} From (2.7) follows that (2.8) ξ^a_{;cb} − ξ^a_{;bc} = R^a_{dbc}ξ^d − T^p_{bc}ξ^a_{;p} 3. Geometrical Meaning of Torsion Suppose that a and b are non collinear vectors in a point A (see figure 3.1). We draw the geodesic L_a through the point A using the vector a as a tangent vector to it in the point A. Let τ be the canonical parameter on L_a and dx^k dτ = a^k We transfer the vector b along the geodesic L_a from the point A into a point B that defined by any value of the parameter τ = ρ > 0. We mark the result as b^′. 2

ALEKS KLEYN METRIC-AFFINE MANIFOLD

A a b

B b^′

a^′

C

D

E

Figure 3.1. Meaning of Torsion

We draw the geodesic L_b′ through the point B using the vector b^′ as a tangent vector to it in the point B. Let φ^′ be the canonical parameter on L_b′ and dx^k dφ^′ = b^{′k} We define a point C on the geodesic L_b′ by parameter value φ^′ = ρ Now we draw the similar geodesics in opposite order.

We draw the geodesic L_b through the point B using the vector b as a tangent vector to it in the point A. Let φ be the canonical parameter on L_b and dx^k dφ = b^k We transfer the vector a along the geodesic L_b from the point A into a point D that defined by any value of the parameter φ = ρ > 0. We mark the result as a^′.

We draw the geodesic L_a′ through the point D using the vector a^′ as a tangent vector to it in the point D. Let τ^′ be the canonical parameter on L_a′ and dx^k dτ^′ = a^{′k} We define a point E on the geodesic L_a′ by parameter value τ^′ = ρ Formally lines AB and DE as well as lines AD and BC are parallel lines. Lengths of AB and DE are the same as well as lengths of AD and BC are the same. We call this figure a parallelogram based on vectors a and b with the origin in the point A.

Lemma 3.1. Suppose CBADE is a parallelogram with a node in the point A; then the resulting figure will not be closed [6]. The value of the difference of coordinates of points C and E is equal to surface integral of torsion over this parallelogram^1

Δ_{CE} x^k = ∫ ∫ T^k_{mn}dx^m ∧ dx^n

1Proof of this statement I found in [9] 3

METRIC-AFFINE MANIFOLD ALEKS KLEYN

Proof. We can find an increase of coordinate x^k along any geodesic as

Δx^k = dx^k dτ τ + 1 2 d^2x^k dτ^2 τ^2 + O(τ^2) = = dx^k dτ τ − 1 2 Γ^k_{mn} dx^m dτ dx^n dτ τ^2 + O(τ^2) where τ is canonical parameter and we take values of derivatives and components Γ^k_{mn} in the initial point. In particular we have Δ_{AB}x^k = a^kρ − 1 2 Γ^k_{mn}(A)a^ma^nρ^2 + O(ρ^2) along the geodesic L_a and (3.1) Δ_{BC} x^k = b^{′k}ρ − 1 2 Γ^k_{mn}(B)b^{′m}b^{′n}ρ^2 + O(ρ^2) along the geodesic L_b′ . Here (3.2) b^{′k} = b^k − Γ^k_{mn}(A)b^mdx^n + O(dx) is the result of parallel transfer of b^k from A to B and (3.3) dx^k = Δ_{AB}x^k = a^kρ with precision of small value of first level. Putting (3.3) into (3.2) and (3.2) into (3.1) well receive

Δ_{BC} x^k = b^kρ − Γ^k_{mn}(A)b^ma^nρ^2 − 1 2 Γ^k_{mn}(B)b^mb^nρ^2 + O(ρ^2) Common increase of coordinate x^K along the way ABC has form Δ_{ABC} x^k = Δ_{AB}x^k + Δ_{BC} x^k =

(3.4) = (a^k + b^k)ρ − Γ^k_{mn}(A)b^ma^nρ^2− − 1 2 Γ^k_{mn}(B)b^mb^nρ^2 − 1 2 Γ^k_{mn}(A)a^ma^nρ^2 + O(ρ^2) Similar way common increase of coordinate x^K along the way ADE has form Δ_{ADE}x^k = Δ_{AD}x^k + Δ_{DE}x^k =

(3.5) = (a^k + b^k)ρ − Γ^k_{mn}(A)a^mb^nρ^2− − 1 2 Γ^k_{mn}(D)a^m a^nρ^2 − 1 2 Γ^k_{mn}(A)b^mb^nρ^2 + O(ρ^2) It follows from (3.4) and (3.5) that Δ_{ADE}x^k − Δ_{ABC} x^k = = Γ^k_{mn}(A)b^ma^nρ^2 + 1 2 Γ^k_{mn}(B)b^mb^nρ^2_1 + 1 2 Γ^k_{mn}(A)a^ma^nρ^2_2−

−Γ^k_{mn}(A)a^mb^nρ^2 − 1 2 Γ^k_{mn}(D)a^ma^nρ^2_2 − 1 2 Γ^k_{mn}(A)b^mb^nρ^2_1 + O(ρ^2) For small enough value of ρ underlined terms annihilate each other and we get integral sum for expression Δ_{ADE}x^k − Δ_{ABC} x^k = ∫∫ Σ (Γ^k_{nm} − Γ^k_{mn})dx^m ∧ dx^n 4

ALEKS KLEYN METRIC-AFFINE MANIFOLD

However it is not enough to find the difference Δ_{ADE}x^k − Δ_{ABC} x^k to find the difference of coordinates of points C and E. Coordinates may be anholonomic and we have to consider that coordinates along closed loop change [11]

Δx^k = ∮ ECBADE dx^k = − ∫∫ Σ ω^k_{mn}dx^m ∧ dx^n where ω is anholonomity object.

Finally the difference of coordinates of points C and E is Δ_{CE}x^k = Δ_{ADE}x^k − Δ_{ABC} x^k + Δx^k = ∫ ∫ Σ (Γ^k_{nm} − Γ^k_{mn} − ω^k_{mn})dx^m ∧ dx^n Using (2.6) we prove the statement. □

4. Nonmetricity More interesting issues arise when we study metric properties of manifold. Due to the fact that derivative of the metric tensor is not 0, we cannot raise or lower index of a tensor under derivative as we do it in regular Riemann space. Now this operation changes to next a^i_{;k} = g^{ij} a_{j;k} + g^{ij}_{;k}a_j This equation for the metric tensor gets the following form g^{ab}_{;k} = −g^{ai}g^{bj} g_{ij;k} 5. Connection of Submanifold If we study a submanifold V_n of a manifold V_{n+m}, we see that the immersion creates the connection Γ^α_{βγ} that relates to the connection in space as

Γ^α_{βγ} e^l_α = Γ^l_{mk}e^m_β e^k_γ + ∂e^l_β ∂u^γ Therefore there is no smooth immersion of a space with torsion into the Riemann space.

Derivative equation has the form e^i_{β;α} = A^γ_{βα}e^i_γ + h^a_{βα}e^i_a where vectors e_β are tangent to V_n and vectors e_a, n < a ≤ n + m are orthogonal to V_n. A is a tensor on V_n.

6. Line with Extreme Length There are two different definitions of a geodesic curve in the Riemann manifold.

One of them relies on the parallel transport. We call an appropriate line auto parallel. Another definition depends on the length of trajectory. We call an appropriate line extreme. In a metric-affine manifold these lines have different equations [6]. Equation of auto parallel line does not change. However, the equation of extreme line changes^2.

2To derive the equation (6.3) I follow the ideas that Rashevsky [10] implemented for the Riemann manifold 5

METRIC-AFFINE MANIFOLD ALEKS KLEYN

Lemma 6.1. Let x^i = x^i(t, α) be a line depending on a parameter α with fixed points at t = t_1 and t = t_2 and we define its length as

(6.1) s = ∫_{t2} t_1 √ g_{ij} dx^i dt dx^j dt dt Then

(6.2) δs = ∫_{t2} t_1 ( 1 2 (g_{kj;i} − g_{ik;j} − g_{ij;k}) dx^k ds dx^j ds ds − g_{ij}D dx^j ds ) δx^i where δx^k is the change of a line when α changes. Proof. We have ds dt = √ g_{ij} dx^i dt dx^j dt and δs = ∫_{t2} t_1 δ ( g_{ij}^{dxi}_{dt}^{dxj}_{dt} ) 2^{ds}_{dt} dt We can estimate the numerator of this fraction as g_{ij,k}δx^k dx^i dt dx^j dt + 2g_{ij}δ dx^i dt dx^j dt = = g_{ij;k}δx^kdx^idt dx^j dt + 2g_{ij}Γ^i_{lk}δx^k dx^l dt dx^j dt + 2g_{ij}d δx^i dt dx^j dt = = g_{ij;k}δx^k dx^i dt dx^j dt + 2g_{ij} Dδx^i dt dx^j dt and we have δs = ∫_{t2} t_1 g_{ij;k}δx^kdx^{i dxj}_{dt} + 2g_{ij}Dδx^{i dxj}_{dt} 2^{ds}_{dt} = = ∫_{t2} t_1 ( 1 2 g_{ij;k}δx^kdx^i dx^j ds + g_{ij}Dδx^i dx^j ds ) = = ∫_{t2} t_1 ( 1 2 g_{kj;i}δx^i dx^k ds ds dx^j ds + d ( g_{ij}δx^i dx^j ds ) − g_{ij;k} dx^k ds ds dx^j ds δx^i − g_{ij}D dx^j ds δx^i ) = = ( g_{ij}δx^i dx^j ds )| | | t_2

t_1 + ∫_{t2} t_1 ( 1 2 (g_{kj;i} − g_{ij;k} − g_{ik;j}) dx^k ds dx^j ds ds − g_{ij}D dx^j ds ) δx^i First term is 0 because points, when t = t_1 and t = t_2, are fixed. Therefore, we have got the statement of the lemma. □ Theorem 6.2. An extreme line satisfies the equation

(6.3) D^{dxl}_{ds} ds = 1 2 g^{il} (g_{kj;i} − g_{ik;j} − g_{ij;k}) dx^k ds dx^j ds Proof. To find a line with extreme length we use the functional (6.1). Because δs = 0, 1 2 (g_{kj;i} − g_{ij;k} − g_{ik;j}) dx^k ds dx^j ds ds − g_{ij}D dx^j ds = 0 follows from (6.2). □ 6

ALEKS KLEYN METRIC-AFFINE MANIFOLD

7. Frenet Transport Knowledge of the transport of a frame along a line is very important, because it allows us to study how spacetime changes when an observer moves through it. Our task is to discover equations similar to the Frenet transport in the Riemann space. We design the accompaniment frame ν^i_k the same way we do it in the Riemann space.

Theorem 7.1. The Frenet transport in the metric-affine manifold gets the form Dν^i_p dt = 1 2 g^{im}(g_{kl;m} − g_{km;l} − g_{ml;k})ν^k_1 ν^l_p− −ϵ_pϵ_{p−1}ξ_{p−1}ν^i_{p−1} + ξ_pν^i_{p+1} (7.1)

ϵ_k = sign(g_{pq} ν^p_kν^q_k) Proof. We introduce vectors ν^a_k in this way that

(7.2) Dν^i_p dt = 1 2 g^{im}(g_{kl;m} − g_{km;l} − g_{ml;k})ν^k_1 ν^l_p + a^q_pν^i_q where a^q_p = 0 when q > p + 1. Now we can determine coefficients a^q_p. If we get derivative of the equation g_{ij}ν^i_pν^j_q = const and substitute (7.2) we get the equation dg_{ij}ν^i_aν^j_b ds = Dg_{ij} ds ν^i_aν^j_b + g_{ij} Dν^i_a ds ν^j_b + g_{ij}ν^i_a Dν^j_b ds = = g_{ij;k}ν^k_1 ν^i_aν^j_b + +g_{ij}( 1 2 g^{im}(g_{kl;m} − g_{km;l} − g_{ml;k})ν^k_1 ν^l_a + a^q_aν^i_q)ν^j_b + +g_{ij}ν^i_a( 1 2 g^{jm}(g_{kl;m} − g_{km;l} − g_{ml;k} )ν^k_1 ν^l_b + a^q_bν^i_q) =

= g_{ij;k}ν^k_1 ν^i_aν^j_b + +g_{ij} 1 2 g^{im}(g_{kl;m} − g_{km;l} − g_{ml;k})ν^k_1 ν^l_aν^j_b + g_{ij}a^q_aν^i_qν^j_b + +g_{ij}ν^i_a 1 2 g^{jm}(g_{kl;m} − g_{km;l} − g_{ml;k} )ν^k_1 ν^l_b + g_{ij}ν^i_aa^q_bν^i_q = = 1 2 ν^k_1 ν^i_aν^j_b (2g_{ij;k} + g_{ki;j} − g_{kj;i} − g_{ji;k} + g_{kj;i} − g_{ki;j} − g_{ij;k})+ +ϵ_ba^b_a + +ϵ_aa^a_b = 0 a^q_p = 0 when q > p + 1 by definition. Therefore a^q_p = 0 when q < p − 1. Introducing ξ_p = a^{p+1}_p we get a^p_{+1} = −ϵ_pϵ_{p+1}ξ_p When q = p we get a^p = 0 We get (7.1) when substitute a^q_p in (7.2) □ 7

METRIC-AFFINE MANIFOLD ALEKS KLEYN

8. Cartan Transport Theorems 6.2 and 7.1 show that the movement along a line causes an additional to the parallel transport transformation of a vector. This transformation is very important and we call it the Cartan transport. We introduce the Cartan symbol

Γ(C)^i_{kl} = 1 2 g^{im}(g_{kl;m} − g_{km;l} − g_{ml;k} ) and the Cartan connection

Γ^i_{kl} = Γ^i_{kl} − Γ(C)^i_{kl} = Γ^i_{kl} − 1 2 g^{im}(g_{kl;m} − g_{km;l} − g_{ml;k}) Using the Cartan connection we can write the Cartan transport as da^i = − Γ^i_{kl} a^kdx^l Respectively we define the Cartan derivative

∇_l a^i = a^i_{;{l}} = ∂_la^i + Γ^i_{kl} a^k

D a^i = da^i + Γ^i_{kl} a^kdx^l

Theorem 8.1. The Cartan transport along an extreme line holds length of the tangent vector. Proof. Let v^i = dx^i ds be the tangent vector to an extreme curve. It follows from theorem 6.2 that Dv^l ds = 1 2 g^{il} (g_{kj;i} − g_{ik;j} − g_{ij;k}) v^kv^j and Dg_{kl}v^kv^l ds = Dg_{kl} ds v^kv^l + g_{kl} Dv^k ds v^l + g_{kl}v^k Dv^l ds = = g_{kl;p}v^pv^kv^l+ +g_{kl}g^{ik} 1 2 (g_{rj;i} − g_{ir;j} − g_{ij;r}) v^r v^j v^l+ +g_{kl}v^kg^{il} 1 2 (g_{rj;i} − g_{ir;j} − g_{ij;r}) v^r v^j = = g_{kl;p}v^pv^kv^l + (g_{rj;l} − g_{lr;j} − g_{lj;r} ) v^r v^j v^l = 0 Therefore the length of the vector v^i does not change along the extreme curve. □ We extend the Cartan transport to any geometrical object like we do for the parallel transport. Theorem 8.2. g_{ij;{l}} = 0 8

ALEKS KLEYN METRIC-AFFINE MANIFOLD Proof. ∇_l g_{ij} = ∂_lg_{ij} − Γ^k_{il} g_{kj} − Γ^k_{jl} g_{ik} =

= g_{ij;l} + 1 2 g^{km}(g_{il;m} − g_{im;l} − g_{ml;i})g_{kj} + 1 2 g^{km}(g_{jl;m} − g_{jm;l} − g_{ml;j} )g_{ik} = 0 □

The Cartan connection

Γ^i_{kl} differs from the connection Γ^i_{kl} by additional term which is symmetric tensor. For any connection we introduce standard way derivative and curvature. The text in theorem 8.3, and sections 10, 9, and 11 has the same form independently of whether I use the connection Γ^i_{kl} or the Cartan connection. To show this we can generalize the idea of the Cartan connection and learn connection defined by equation (8.1) Γ^i_{kl} = Γ^i_{kl} + A^i_{kl} where A is 0, or the Cartan symbol or any other symmetric tensor. Respectively we define the derivative ∇_la^i = a^i_{;<l>} = ∂_la^i + Γ^i_{kl}a^k

Da^i = da^i + Γ^i_{kl}a^kdx^l and curvature (8.2) R^a_{bij} = ∂_iΓ^a_{bj} − ∂_j Γ^a_{bi} + Γ^a_{ci}Γ^c_{bj} − Γ^a_{cj} Γ^c_{bi} This connection has the same torsion (8.3) T^a_{cb} = Γ^a_{bc} − Γ^a_{cb}

In this context theorem 8.1 means that extreme line is geodesic line for the Cartan connection.

Theorem 8.3. Curvature of connection (8.1) has form (8.4) R^a_{bde} = R^a_{bde} + A^a_{be;d} − A^a_{bd;e} + A^a_{cd}A^c_{be} − A^a_{ce}A^c_{bd} + S^p_{de}A^a_{bp} where R^a_{bde} is curvature of connection Γ^i_{kl} 9

METRIC-AFFINE MANIFOLD ALEKS KLEYN

Proof. R^a_{bde} = Γ^a_{be,d} − Γ^a_{bd,e} + Γ^a_{cd} Γ^c_{be} − Γ^a_{ce} Γ^c_{bd} = Γ^a_{be,d} + A^a_{be,d} − Γ^a_{bd,e} − A^a_{bd,e} + (Γ^a_{cd} + A^a_{cd})(Γ^c_{be} + A^c_{be}) − (Γ^a_{ce} + A^a_{ce})(Γ^c_{bd} + A^c_{bd}) = Γ^a_{be,d} + A^a_{be,d} − Γ^a_{bd,e} − A^a_{bd,e} + Γ^a_{cd}Γ^c_{be} + Γ^a_{cd}A^c_{be} + A^a_{cd}Γ^c_{be} + A^a_{cd}A^c_{be} − Γ^a_{ce}Γ^c_{bd} − A^a_{ce}Γ^c_{bd} − Γ^a_{ce}A^c_{bd} − A^a_{ce}A^c_{bd} = R^a_{bde} + A^a_{be,d} − A^a_{bd,e} + Γ^a_{cd}A^c_{be} + A^a_{cd}Γ^c_{be} + A^a_{cd}A^c_{be} − A^a_{ce}Γ^c_{bd} − Γ^a_{ce}A^c_{bd} − A^a_{ce}A^c_{bd} = R^a_{bde} + A^a_{be;d} − Γ^a_{pd}A^p_{be2} + Γ^p_{bd}A^a_{pe4} + Γ^p_{ed}A^a_{bp1:S} − A^a_{bd;e} + Γ^a_{pe}A^p_{bd3} − Γ^p_{be}A^a_{pd5} − Γ^p_{de}A^a_{bp1} + Γ^a_{cd}A^c_{be2} + Γ^c_{be}A^a_{cd5} + A^a_{cd}A^c_{be} − Γ^c_{bd}A^a_{ce4} − Γ^a_{ce}A^c_{bd3} − A^a_{ce}A^c_{bd} □

Corollary 8.4. Cartan curvature has next form

R^a_{bde} = R^a_{bde} − Γ(C)^a_{be;d} + Γ(C)^a_{bd;e} + Γ(C)^a_{cd}Γ(C)^c_{be} − Γ(C)^a_{ce}Γ(C)^c_{bd} − T^p_{de}Γ(C)^a_{bp}

(8.5)

9. Bianchi Identity Theorem 9.1. The first Bianchi identity for the space with torsion has form T^k_{ij;<m>} + T^k_{mi;<j>} + T^k_{jm;<i>} + T^k_{pi}T^p_{jm} + T^k_{pm}T^p_{ij} + T^k_{pj} T^p_{mi} = R^k_{jmi} + R^k_{ijm} + R^k_{mij} (9.1)

Proof. Differential of equation (2.5) has form T^k_{ij,m}θ^m ∧ θ^i ∧ θ^j = (Γ^k_{ji,m} − Γ^k_{ij,m})θ^m ∧ θ^i ∧ θ^j Two forms are equal when their coefficients are equal. Therefore T^k_{ij,m} + T^k_{mi,j} + T^k_{jm,i} = Γ^k_{ji,m} − Γ^k_{ij,m} + Γ^k_{im,j} − Γ^k_{mi,j} + Γ^k_{mj,i} − Γ^k_{jm,i} 10

ALEKS KLEYN METRIC-AFFINE MANIFOLD

We express derivatives using covariant derivatives and change order of terms T^k_{ij;<m>} − Γ^k_{pm}T^p_{ij 4} + Γ^p_{im}T^k_{pj 2:T} − Γ^p_{jm}T^k_{pi3:T} + T^k_{mi;<j>} − Γ^k_{pj}T^p_{mi5} + Γ^p_{mj} T^k_{pi3} − Γ^p_{ij} T^k_{pm1:T} + T^k_{jm;<i>} − Γ^k_{pi}T^p_{jm6} + Γ^p_{ji}T^k_{pm1} − Γ^p_{mi}T^k_{pj 2} = Γ^k_{ji,m} − Γ^k_{jm,i} + Γ^k_{pm}Γ^p_{ji} − Γ^k_{pi}Γ^p_{jm} − Γ^k_{pm}Γ^p_{ji4} + Γ^k_{pi}Γ^p_{jm6} + Γ^k_{im,j} − Γ^k_{ij,m} + Γ^k_{pj} Γ^p_{im} − Γ^k_{pm}Γ^p_{ij} − Γ^k_{pj} Γ^p_{im5} + Γ^k_{pm}Γ^p_{ij4} + Γ^k_{mj,i} − Γ^k_{mi,j} + Γ^k_{pi}Γ^p_{mj} − Γ^k_{pj}Γ^p_{mi} − Γ^k_{pi}Γ^p_{mj 6} + Γ^k_{pj} Γ^p_{mi5}

T^k_{ij;<m>} + T^p_{mi}T^k_{pj} + T^p_{jm}T^k_{pi} + T^k_{mi;<j>} + T^p_{ij} T^k_{pm} + T^k_{jm;<i>} = R^k_{jmi} + R^k_{ijm} + R^k_{mij} (9.2)

(9.1) follows from (9.2) □ If we get a derivative of form (2.3) we will see that the second Bianchi identity does not depend on the torsion. 10. Lie Derivative Vector field ξ^k on manifold generates infinitesimal displacement (10.1) x^{′k} = x^k + ϵξ^k which leads to the Lie derivative.

Theorem 10.1. Lie derivative of metric has form (10.2) L_ξg_{ab} = ξ^k_{;<a>}g_{kb} + ξ^k_{;<b>}g_{ka} + T^l_{ka}g_{lb}ξ^k + T^l_{kb}g_{la}ξ^k + g_{ab;<k>}ξ^k Proof. We start from transformation (10.1). Then g_{ab}(x^′) = g_{ab}(x) + g_{ab,c}ϵξ^c g^′_{ab}(x^′) = ∂x^c ∂x^{′a} ∂x^d ∂x^{′b} g_{cd}(x) = g_{ab} − ϵξ^c_{,a}g_{cb} − ϵξ^c_{,b}g_{ac} According definition of Lie derivative we have L_ξg_{ab} = g_{ab}(x^′) − g^′_{ab}(x^′) = g_{ab,c}ϵξ^c + ϵξ^c_{,a}g_{cb} + ϵξ^c_{,b}g_{ac} = (g_{ab;<c>} + Γ^d_{ac}g_{db} + Γ^d_{bc}g_{ad})ϵξ^c + ϵ(ξ^c_{;<a>} − Γ^c_{da}ξ^d)g_{cb} + ϵ(ξ^c_{;<b>} − Γ^c_{db}ξ^d)g_{ac}

L_ξg_{ab} = g_{ab;<c>}ξ^c + Γ^d_{ac}g_{db}ξ^c + Γ^d_{bc}g_{ad}ξ^c + ξ^c_{;<a>}g_{cb} − Γ^c_{da}ξ^dg_{cb} + ξ^c_{;<b>}g_{ac} − Γ^c_{db}ξ^dg_{ac} (10.3)

(10.2) follows from (10.3) and (2.6) □ 11

METRIC-AFFINE MANIFOLD ALEKS KLEYN

Theorem 10.2. Lie derivative of connection has form (10.4) L_ξΓ^a_{bc} = −R^a_{bcp}ξ^p − T^a_{bp;<c>}ξ^p − T^a_{be}ξ^e_{;<c>} + ξ^a_{;<bc>} Proof. We start from transformation (10.1). Then Γ^a_{bc}(x^′) = Γ^a_{bc}(x^′) + A^a_{bc}(x^′) = Γ^a_{bc}(x) + Γ^a_{bc,p}ϵξ^p + A^a_{bc}(x) + A^a_{bc,p}ϵξ^p = Γ^a_{bc}(x) + Γ^a_{bc,p}ϵξ^p (10.5)

Γ^{′a}_{bc}(x^′) = Γ^{′a}_{bc}(x^′) + A^{′a}_{bc}(x^′) = ∂x^{′a} ∂x^e ∂x^f ∂x^{′b} ∂x^g ∂x^{′c} Γ^e_{fg} (x) + ∂x^{′a} ∂x^e ∂^2x^e ∂x^{′b}∂x^{′c} + ∂x^{′a} ∂x^e ∂x^f ∂x^{′b} ∂x^g ∂x^{′c} A^e_{fg} (x) = Γ^a_{bc} + ϵξ^a_{,e}Γ^e_{bc} − ϵξ^e_{,b}Γ^a_{ec} − ϵξ^e_{,c}Γ^a_{be} + (δ^a_e + ϵξ^a_{,e})(−ϵξ^e_{,cb})) + A^a_{bc} + ϵξ^a_{,e}A^e_{bc} − ϵξ^e_{,b}A^a_{ec} − ϵξ^e_{,c}A^a_{be}

(10.6) Γ^{′a}_{bc}(x^′) = Γ^a_{bc} + ϵξ^a_{,e}Γ^e_{bc} − ϵξ^e_{,b}Γ^a_{ec} − ϵξ^e_{,c}Γ^a_{be} − ϵξ^a_{,cb} By definition ξ^a_{;<e>} = ξ^a_{,e} + Γ^a_{pe}ξ^p

(10.7) ξ^a_{,e} = ξ^a_{;<e>} − Γ^a_{pe}ξ^p ξ^a_{;<ef>} = ξ^a_{;<e>,f} + Γ^a_{pf} ξ^p_{;<e>} − Γ^p_{ef} ξ^a_{;<p>} = ξ^a_{,ef} + Γ^a_{pe,f} ξ^p + Γ^a_{pe}ξ^p_{,f} + Γ^a_{pf} ξ^p_{;<e>} − Γ^p_{ef} ξ^a_{;<p>} = ξ^a_{,ef} + Γ^a_{pe,f} ξ^p + Γ^a_{pe}ξ^p_{;<f>} − Γ^a_{pe}Γ^p_{rf} ξ^r + Γ^a_{pf} ξ^p_{;<e>} − Γ^p_{ef} ξ^a_{;<p>}

(10.8) ξ^a_{,ef} = ξ^a_{;<ef>} − Γ^a_{pe,f} ξ^p − Γ^a_{pe}ξ^p_{;<f>} + Γ^a_{pe}Γ^p_{rf} ξ^r − Γ^a_{pf} ξ^p_{;<e>} + Γ^p_{ef} ξ^a_{;<p>} We substitute (10.8) and (10.7) into (10.6) and get Γ^{′a}_{bc}(x^′) = Γ^a_{bc} + ϵ(ξ^a_{;<e>4:T} − Γ^a_{pe}ξ^p)Γ^e_{bc} − ϵ(ξ^e_{;<b>2} − Γ^e_{pb}ξ^p_1)Γ^a_{ec} − ϵ(ξ^e_{;<c>3:T} − Γ^e_{pc}ξ^p)Γ^a_{be} − ϵ(ξ^a_{;<cb>} − Γ^a_{pc,b}ξ^p − Γ^a_{pc}ξ^p_{;<b>2} + Γ^a_{pc}Γ^p_{rb}ξ^r_1 − Γ^a_{pb}ξ^p_{;<c>3} + Γ^p_{cb}ξ^a_{;<p>4})

(10.9) Γ^{′a}_{bc}(x^′) = Γ^a_{bc}+ϵ(ξ^a_{;<e>}T^e_{cb}−Γ^a_{pe}ξ^pΓ^e_{bc}+ξ^e_{;<c>}T^a_{be}+Γ^e_{pc}ξ^pΓ^a_{be}−ξ^a_{;<cb>}+Γ^a_{pc,b}ξ^p) According definition of Lie derivative we have using (10.5) and (10.9) L_ξΓ^a_{bc} = (Γ^a_{bc}(x^′) − Γ^{′a}_{bc}(x^′))ϵ^{−1} = (Γ^a_{bc} + Γ^a_{bc,p}ϵξ^p − Γ^a_{bc} − ϵ(ξ^a_{;<e>}T^e_{cb} − Γ^a_{pe}ξ^pΓ^e_{bc} + ξ^e_{;<c>}T^a_{be} + Γ^e_{pc}ξ^pΓ^a_{be} − ξ^a_{;<cb>} + Γ^a_{pc,b}ξ^p))ϵ^{−1} (10.10) L_ξΓ^a_{bc} = Γ^a_{bc,p}ξ^p − ξ^a_{;<e>}T^e_{cb} + Γ^a_{pe}ξ^pΓ^e_{bc} − ξ^e_{;<c>}T^a_{be} − Γ^e_{pc}ξ^pΓ^a_{be} + ξ^a_{;<cb>} − Γ^a_{pc,b}ξ^p 12

ALEKS KLEYN METRIC-AFFINE MANIFOLD

From (10.10) and (2.6) follows L_ξΓ^a_{bc} = Γ^a_{cb,p}ξ^p − Γ^a_{cp,b}ξ^p + Γ^a_{pe}Γ^e_{bc}ξ^p_{3:T} − Γ^a_{ep}Γ^e_{bc}ξ^p_3 + Γ^a_{ep}Γ^e_{bc}ξ^p_{4:T} − Γ^a_{ep}Γ^e_{cb}ξ^p_4 + Γ^a_{ep}Γ^e_{cb}ξ^p − Γ^e_{pc}Γ^a_{be}ξ^p_{1:T} + Γ^e_{pc}Γ^a_{eb}ξ^p_1 − Γ^a_{eb}Γ^e_{pc}ξ^p_{2:T} + Γ^a_{eb}Γ^e_{cp}ξ^p_2 − Γ^a_{eb}Γ^e_{cp}ξ^p − ξ^a_{;<e>}T^e_{cb} − ξ^e_{;<c>}T^a_{be} + ξ^a_{;<cb>} − T^a_{cp,b}ξ^p − T^a_{bc,p}ξ^p L_ξΓ^a_{bc} = Γ^a_{cb,p}ξ^p − Γ^a_{cp,b}ξ^p + Γ^a_{ep}Γ^e_{cb}ξ^p − Γ^a_{eb}Γ^e_{cp}ξ^p − T^a_{pe}Γ^e_{bc}ξ^p_{4:T} − Γ^a_{ep}T^e_{bc}ξ^p_1 − Γ^e_{pc}T^a_{eb}ξ^p_{3:T} − Γ^a_{eb}T^e_{cp}ξ^p_2 − ξ^a_{;<e>}T^e_{cb} − ξ^e_{;<c>}T^a_{be} + ξ^a_{;<cb>} − T^a_{cp;<b>}ξ^p + Γ^a_{eb}T^e_{cp}ξ^p_2 − Γ^e_{cb}T^a_{ep}ξ^p_4 − Γ^e_{pb}T^a_{ce}ξ^p_{5:T} − T^a_{bc;<p>}ξ^p + Γ^a_{ep}T^e_{bc}ξ^p_1 − Γ^e_{bp}T^a_{ec}ξ^p_5 − Γ^e_{cp}T^a_{be}ξ^p_3

(10.11)

From (10.11) and (2.4) follows L_ξΓ^a_{bc} = R^a_{cpb}ξ^p − T^e_{cp}T^a_{eb}ξ^p − T^a_{pe}T^e_{cb}ξ^p − T^e_{bp}T^a_{ce}ξ^p − ξ^a_{;<e>}T^e_{cb} − ξ^e_{;<c>}T^a_{be} + ξ^a_{;<cb>} − T^a_{cp;<b>}ξ^p − T^a_{bc;<p>}ξ^p L_ξΓ^a_{bc} = −R^a_{cbp}ξ^p − (T^a_{eb}T^e_{cp} + T^a_{ep}T^e_{bc} + T^a_{ec}T^e_{pb})ξ^p − ξ^a_{;<e>}T^e_{cb} − ξ^e_{;<c>}T^a_{be} + ξ^a_{;<cb>} − T^a_{cp;<b>}ξ^p − T^a_{bc;<p>}ξ^p (10.12)

From (10.12) and (9.1) follows L_ξΓ^a_{bc} = R^a_{cpb}ξ^p_1 − R^a_{bcp}ξ^p − R^a_{pbc}ξ^p − R^a_{cpb}ξ^p_1 + T^a_{bc:<p>}ξ^p_3 + T^a_{pb;<c>}ξ^p + T^a_{cp;<b>}ξ^p_2 − ξ^a_{;<e>}T^e_{cb} − ξ^e_{;<c>}T^a_{be} + ξ^a_{;<cb>} − T^a_{cp;<b>}ξ^p_2 − T^a_{bc;<p>}ξ^p_3 (10.13) L_ξΓ^a_{bc} = −R^a_{bcp}ξ^p − R^a_{pbc}ξ^p − T^a_{bp;<c>}ξ^p − ξ^a_{;<e>}T^e_{cb} − ξ^e_{;<c>}T^a_{be} + ξ^a_{;<cb>} We substitute (2.8) into (10.13) (10.14) L_ξΓ^a_{bc} = −R^a_{bcp}ξ^p − T^a_{bp;<c>}ξ^p − T^e_{cb}ξ^a_{;<e>1} − T^a_{be}ξ^e_{;<c>} − T^p_{bc}ξ^a_{;<p>1} + ξ^a_{;<bc>} (10.4) follows from (10.14). □ Corollary 10.3. Lie derivative of connection in Riemann space has form (10.15) L_ξΓ^a_{bc} = −R^a_{cbp}ξ^p + ξ^a_{;cb} Proof. (10.15) follows from (10.4) when T^a_{bc} = 0 □ 13

METRIC-AFFINE MANIFOLD ALEKS KLEYN

11. Killing Vector Invariance of the metric tensor g under the infinitesimal coordinate transformation (10.1) leads to the Killing equation Theorem 11.1. Killing equation in the metric-affine manifold has form (11.1) ξ^k_{;<a>}g_{kb} + ξ^k_{;<b>}g_{ka} + T^l_{ka}g_{lb}ξ^k + T^l_{kb}g_{la}ξ^k + g_{ab;<k>}ξ^k = 0 Proof. Invariance of the metric tensor g means that its Lie derivative (11.2) L_ξg_{ab} = 0 (11.1) folows from (11.2) and (10.2). □ Theorem 11.2. The condition of invariance of the connection in the metric-affine manifold has form ξ^a_{;<bc>} = R^a_{bcp}ξ^p + T^a_{bp;<c>}ξ^p + T^a_{bp}ξ^p_{;<c>} (11.3) Proof. Because connection is invariant under the infinitesimal transformation we have (11.4) L_ξΓ^a_{bc} = 0 (11.3) follows from (11.4) and (10.4). □ We call equation (11.3) the Killing equation of second type and vector ξ^a Killing vector of second type.

Theorem 11.3. Killing vector of second type satisfies equation 0 = R^a_{bcp}ξ^p + R^a_{cpb}ξ^p + R^a_{pbc}ξ^p + T^a_{bp;c}ξ^p + T^a_{pc;b}ξ^p + T^p_{cb}ξ^a_{;<p>} + T^a_{bp}ξ^p_{;<c>} + T^a_{pc}ξ^p_{;<b>} (11.5)

Proof. From (11.3) and (2.8) follows R^a_{pbc}ξ^p − T^p_{bc}ξ^a_{;<p>} = R^a_{cbp}ξ^p + T^a_{cp;<b>}ξ^p + T^a_{cp}ξ^p_{;<b>} − R^a_{bcp}ξ^p − T^a_{bp;<c>}ξ^p − T^a_{bp}ξ^p_{;<c>} (11.6)

(11.5) follows from (11.6). □

12. Newton’s Laws The knowledge of dynamics of a point particle is important for us because we can study how the particle interacts with external fields as well as the properties of the particle itself.

To study the movement of a point particle we can use a potential of a certain field. The potential may be scalar or vector.

In case of scalar potential we assume that a point particle has rest mass m and we use lagrangian function in the following form L = −mcds − U dx^0 where U is scalar potential or potential energy.

Theorem 12.1. (First Newton law ) If U = 0 (therefore we have free movement) a body chooses trajectory with extreme length. 14

ALEKS KLEYN METRIC-AFFINE MANIFOLD

Theorem 12.2. (Second Newton law ) A trajectory of point particle satisfies the differential equation

(12.1) D u^l ds = u^0 mc F^l u^j = dx^l ds where we introduced force

(12.2) F^l = g^{il} ∂U ∂x^i Proof. Using (6.2), we can write variation of the lagrangian as 1 2 mc (g_{kl;i} − g_{ik;l} − g_{il;k}) u^ku^jds − mcg_{ij}Du^j + ∂U ∂x^i dx^0 = 0

The statement of the theorem follows from this. □ In case of vector potential A^k action is S = ∫_{t2} t_1 ( −mcds − e c A_ldx^l )

A_c = g_{cd}A^d Theorem 12.3. The trajectory of a particle moving in the vector field satisfies the differential equation D u^j ds = e mc^2 g^{ij} F_{li}u^l u^j = dx^l ds where we introduce a field-strength tensor

F_{dc} = A_{d;c} − A_{c;d} + S^p_{dc}A_p = ∇_c A_d − ∇_d A_c + S^p_{dc}A_p Proof. Using (6.2), we can write the variation of the action as δS = = ∫_{t2} t_1 ( −mc ( 1 2 (g_{kj;i} − g_{ij;k} − g_{ik;j}) u^ku^j ds − g_{ij} Du^j ) δx^i − e c ( δA_ldx^l + A_lδdx^l ) )

We can estimate the second term like − e c ( A_{l,k}dx^lδx^k + A_ldδx^l ) = = − e c ( A_{l;k}dx^lδx^k + Γ^p_{lk}A_pdx^lδx^k + A_ldδx^l ) = = − e c ( A_{k;l}dx^lδx^k + (A_{l;k} − A_{k;l}) dx^lδx^k + S^p_{lk}A_pdx^lδx^k + Γ^p_{kl}A_pdx^lδx^k + A_ldδx^l ) = = − e c ( DA_kδx^k + A_kDδx^k + (A_{l;k} − A_{k;l}) dx^lδx^k + S^p_{lk}A_pdx^lδx^k ) = = − e c ( d ( A_kδx^k ) + (A_{l;k} − A_{k;l} + S^p_{lk} A_p) dx^lδx^k ) 15

METRIC-AFFINE MANIFOLD ALEKS KLEYN

The integral of the underlined term is 0 because points, when t = t_1 and t = t_2, are fixed. Therefore −mc ( 1 2 (g_{kj;i} − g_{ij;k} − g_{ik;j}) u^ku^jds − g_{ij}Du^j ) − e c F_{li}dx^l = 0 The statement of the theorem follows from this. □ Theorem 12.4. A field-strength tensor does not change when vector potential changes like A^′_j = A_j + ∂_j Λ where Λ is an arbitrary function of x

Proof. Change in a field-strength tensor is

(∂_dΛ)_{;c} − (∂_cΛ)_{;d} + S^p_{dc}∂_pΛ =

∂_{cd}Λ − Γ^p_{dc}∂_pΛ − ∂_{dc}Λ + Γ^p_{cd}∂_pΛ + S^p_{dc}∂_pΛ = 0 This proves the theorem. □ 13. Conclusion

The effects of torsion and a nonmetricity are cumulative. They may be small but measurable. We can observe their effects not only in strong fields like black hole or Big Bang but in regular conditions as well.

To test if the spacetime has the torsion we can test the opportunity to build a parallelogram in spacetime. We can conduct such test in Bose-Einstein condensat or any other thread (like strong electromagnetic field) that has large spin. We can get 2 particles or 2 photons that start their movement from the same point and using a mirror to force them to move along opposite sides of the parallelogram. We can start this test when we do not have condensat and then repeat it in its presence. If particles meet in the same place or we have the same interference then we have torsion equal 0 in this thread. In particular, the torsion may influence the behavior of virtual particles.

To test if the spacetime has a nonmetricity we can measure a deviation of an extreme line from an auto parallel line or a deviation of unit vector of speed from its parallel transport.

However discovery of the Cartan transport dramatically changes our concept. Measurement of spatial interval and time length is a physical process that allows learning geometry in a certain area of spacetime. The Cartan transport holds the frame orthonormal and this makes it valuable tool because the observer uses an orthonormal frame as his measurement tool.

The question arises from this conclusion. We can change the connection as we show above. Why we need to learn manifolds with an arbitrary connection and the metric tensor? First of all, the learning of the metric-affine manifold shows why everything works well in the Riemann manifold and what changes in a general case. Also physical constraints that appear in a model may lead to appearance of a nonmetricity [4, 7, 8]. Because the Cartan transport is the natural mechanism to conserve orthogonality we expect that we will interpret a deviation of the test 16

ALEKS KLEYN METRIC-AFFINE MANIFOLD

particle from the extreme line as a result of an external to this particle force^3. In this case the difference between two types of a transport becomes measurable and meaningful. Otherwise another type of a transport is not observable and we can use only the transport compatible with metric.

I see here one more opportunity. As follows from the paper [7] the torsion may depend on quantum properties of matter. However the torsion is the part of the connection. This means that the connection may also depend on quantum properties of matter. This may lead to breaking of the Cartan transport. However this opportunity demands additional research.

References

[1] Eckehard W. Mielke, Affine generalization of the Komar complex of general relativity, Phys. Rev. D 63, 044018 (2001) [2] Yu. N. Obukhov and J. G. Pereira, Metric-affine approach to teleparallel gravity, Phys. Rev. D 67, 044016 (2003), eprint arXiv:gr-qc/0212080 (2002) [3] Giovanni Giachetta, Gennadi Sardanashvily, Dirac Equation in Gauge and Affine-Metric Gravitation Theories, eprint arXiv:gr-qc/9511035 (1995) [4] Frank Gronwald and Friedrich W. Hehl, On the Gauge Aspects of Gravity, eprint arXiv:gr-qc/9602013 (1996) [5] Yuval Neeman, Friedrich W. Hehl, Test Matter in a Spacetime with Nonmetricity, eprint arXiv:gr-qc/9604047 (1996) [6] F. W. Hehl, P. von der Heyde, G. D. Kerlick, and J. M. Nester, General relativity with spin and torsion: Foundations and prospects, Rev. Mod. Phys. 48, 393 (1976) [7] O. Megged, Post-Riemannian Merger of Yang-Mills Interactions with Gravity, eprint arXiv:hep-th/0008135 (2001) [8] Yu.N. Obukhov, E.J. Vlachynsky, W. Esser, R. Tresguerres and F.W. Hehl, An exact solution of the metric-affine gauge theory with dilation, shear, and spin charges, eprint arXiv:gr-qc/9604027 (1996) [9] G. E. Shilov, Calculus, Multivariable Functions, Moscow, Nauka, 1972 [10] P. K. Rashevsky, Riemann Geometry and Tensor Calculus, Moscow, Nauka, 1967 [11] Aleks Kleyn, Reference Frame in General Relativity, eprint arXiv:gr-qc-0405027 (2004)

3For instance if we extend the definition (12.2) of a force to a general case (12.1) we can interpret a deviation of a charged particle in electromagnetic field as result of the force

F^j = e cu^0 g^{ij} F_{li} u^l The same way we can interpret a deviation of the auto parallel line as the force

F^i = − mc u^0 Γ(C)^i_{kl}u^k u^l I remind that the Cartan symbol is the tensor 17

Index

auto parallel line 5

Cartan connection 8 Cartan curvature 10 Cartan derivative 8 Cartan symbol 8 Cartan transport 8

extreme line 5

field-strength tensor 15 first Newton law 14 Frenet transport 7

Killing equation 14

of second type 14 Killing vector of second type 14

Lie derivative 11

of connection 12 of metric 11

metric-affine manifold 1

nonmetricity 1

parallelogram 3 potential energy 14

scalar potential 14 second Newton law 15

torsion 1

vector potential 15

a^i_{;{l}} Cartan derivative 8 a^i_{;<l>} derivative 9

D Cartan derivative 8 D derivative 9

L_ξ g_{ab} Lie derivative of metric 11 L_ξ Γ^a_{bc} Lie derivative of connection 12

R^i_{jkl} Cartan curvature 10 R^a_{bij} curvature 9

Γ^i_{kl} Cartan connection 8 Γ^i_{kl} connection 9 Γ(C)^i_{kl} Cartan symbol 8

∇_l Cartan derivative 8 ∇_l derivative 9