arXiv:gr-qc/0405092 v1 17 May 2004

The Constraint Equations

Robert Bartnik^∗ Jim Isenberg^†

19th December 2003

Abstract

Initial data for solutions of Einstein’s gravitational field equations cannot be chosen freely: the data must satisfy the four Einstein constraint equations. We first discuss the geometric origins of the Einstein constraints and the role the constraint equations play in generating solutions of the full system. We then discuss various ways of obtaining solutions of the Einstein constraint equations, and the nature of the space of solutions.

2000 Mathematics Subject Classification: 53C99,83C57. Keywords and Phrases: constraint equations; Einstein equations; conformal method; quasi-spherical; thin sandwich

1 Introduction

Yvonne Choquet-Bruhat’s epic work of over 50 years ago shows that if a set of smooth initial data which satisfies the Einstein constraint equations is given, then we can always find a spacetime solution of the Einstein equations which contains an embedded hypersurface whose metric and second fundamental form agree with the chosen data. In the years since then, arguably the most important method for constructing and studying solutions of Einstein’s equations has been the initial value (or Cauchy) formulation of the theory, which is based on Yvonne’s result. Especially now, with intense efforts underway to model astrophysical events which produce detectable gravitational radiation, the Cauchy formulation and numerical efforts to implement it are of major interest to gravitational physicists.

To understand the Cauchy formulation of Einstein’s theory of gravitation, we need to understand the constraint equations. Not only do the constraints restrict the allowable choices of initial data for solutions; they also effectively determine the function space of maximally globally hyperbolic solutions of the theory, and they play a role in generating the evolution of the initial data via their appearance in the Hamiltonian for Einstein’s theory.

The goal of this review paper is to provide some measure of understanding of the Einstein constraints. We start in Section 2 by explaining the geometric origin of the constraint equations. To do this, we discuss 3 + 1 foliations of spacetimes, the Gauss-Codazzi decompositions of the curvature, and the consequent 3+1 projection of the spacetime Einstein equations. Next, in Section 3, we discuss the relationship

∗School of Mathematics and Statistics, University of Canberra, ACT 2601, Australia. E-mail: robert.bartnik@canberra.edu.au

† Department of Mathematics and Institute for Theoretical Science, University of Oregon, Eugene, OR 97403, USA. E-mail: jim@newton.uoregon.edu

between the constraints and evolution. Here, after first reviewing the proof of well-posedness, we discuss the ADM Hamiltonian formulation of Einstein’s theory, noting the relationship between the Hamiltonian functional and the constraints. We also examine the evolution equations for the constraints, noting that if a set of data satisfies the constraints initially, it will continue to satisfy them for as long as the evolution continues.

We discuss methods for constructing solutions of the Einstein constraint equations in Section 4. We focus first on the most useful approach to date: the conformal method. After describing how the conformal method works, we discuss its success in parameterizing the set of all constant mean curvature (CMC) solutions of the constraints, the difficulties which arise when constructing solutions with non-constant mean curvature, and the issue of finding physically relevant sets of data which satisfy the constraints.

Closely related to the conformal method is the conformal thin sandwich approach. We describe how it relates to the standard conformal method, and its major advantages and disadvantages.

Instead of exploiting conformal variations to enforce the constraints, the original thin sandwich formulation [8, 21] varies the lapse (via an algebraic relation) and the shift vector. Under certain conditions this procedure leads to an elliptic system for the shift [17], and an implicit function theorem then shows that the system is solvable for all nearby data. This constructs an open set of solutions of the constraint equations, from unconstrained data. However, the restrictions arising from the surprising ellipticity condition, that π^{ij} be positive or negative definite, mean that the original thin sandwich approach is viable only for a limited range of geometries, and at this stage it must be considered more of a curiosity than a practical solution technique.

It is also possible to construct solutions of the Hamiltonian constraint by solving a semi-linear parabolic equation. Recent work [69, 71, 72] has shown that the essential feature of the original “quasi-spherical” construction [14] can be generalized beyond the quasi-spherical foliation condition to give a flexible technique for constructing exterior metrics of prescribed scalar curvature, satisfying geometric inner boundary conditions. Whilst the resulting parabolic method is restricted by the requirement that the background must be quasi-convex, it is able to handle several questions involving the constraints which cannot be addressed using the conformal method.

We finish our review of constraint construction techniques by discussing the idea of gluing, and how this idea has been implemented to date. Two approaches to gluing have been developed and applied to solutions of the constraint equations. Connected sum or IMP gluing [52] builds new solutions by adding a cylindrical bridge (or wormhole) connecting a pair of points either on a single given solution or on a pair of given solutions. The Corvino-Schoen technique [36, 37, 33] gives a local projection from approximate solutions to exact solutions of the constraints. This may then be applied to smoothly attach a finite region in a given asymptotically Euclidean solution to an exterior Schwarzschild or Kerr solution, with a transition region connecting the two regions. Both approaches have been very useful in answering a number of longstanding questions regarding solutions of the constraints.

We conclude this paper with a number of comments on important issues concerning the constraints which need to be addressed.

2 Deriving the Constraints

The Cauchy formulation is used primarily to construct new solutions of the Einstein gravitational field equations from specified initial data. The best way to understand the origins of the constraint equations is to assume that we have a spacetime solution and to consider the induced data on spacelike hypersurfaces. We do this here, showing that the constraint equations necessarily must be satisfied by initial data (M^3, γ, K), where M^3 is a manifold, γ is a Riemannian metric on M^3 and K is a symmetric tensor on M^3, if this data is to be induced by a spacelike hypersurface in a spacetime solution of Einstein’s equations.

2.1 3 + 1 Foliations of Spacetimes

Let V^4 be a smooth 4-dimensional Lorentzian spacetime, with the smooth^1 metric g having signature (−1, 1, 1, 1). A hypersurface in V is an (embedded) submanifold M^3 → V^4 of codimension 1. M is spacelike if the induced bilinear form γ := i^∗g is a Riemannian metric on M . Equivalently, M is spacelike if at each point x ∈ M there is a timelike future unit normal vector n. We have the familiar diagram:

If X, Y are any vector fields tangent to M , then as a consequence of the embedding, we can consider them as vectors in V and we can decompose the V -covariant derivative D_X Y into tangential and normal components, D_X Y = ∇_X Y + K(X, Y )n, (1) where ∇ is the induced connection on M (it is also the Levi-Civita connection of the induced Riemannian metric on M ), and K is a bilinear form (rank 2 tensor) on M , called the second fundamental form, or extrinsic curvature in the physics literature. From the relation K(X, Y ) = g(D_X n, Y ) (2) and from the fact that the Lie bracket of X and Y is tangent to M , [X, Y ] ∈ T M , we find that K is a symmetric form, K(X, Y ) = K(Y, X).

A function t ∈ C^1(V ) is a time function if its gradient is everywhere timelike. We say that a time function t is adapted to the hypersurface M if M is a level set of t, in which case we can choose adapted local coordinates (x, t). In terms of such coordinates the normal vector field takes the familiar lapse-shift form

n = N^{−1}(∂_t − X^i∂_i) , (3)

where N is the lapse function and X = X^i∂_i is the shift vector. Equivalently,

∂_t = N n + X. (4)

This time evolution vector field ∂_t need not necessarily be timelike everywhere. (The shift vector X ∈ T M is of course necessarily spacelike wherever it is nonvanishing.) However, if ∂_t is timelike then the x = const. paths together make up a timelike congruence of spacetime observers.

1 Although it is useful in addressing certain questions to consider lower regularity, for our present purposes it is most convenient to assume that the spacetime and the metric are C^∞ .

The spacetime metric can be expressed in terms of the lapse and the shift and the spatial metric in adapted coordinates by the formula^2

g = −N^2 dt^2 + γ_{ij} (dx^i + X^i dt)(dx^j + X^j dt); (5)

and the second fundamental form is given by

K_{ij} = K(∂_i, ∂_j) =^1_2 N^{−1}(∂_tγ_{ij} − L_X γ_{ij} ) (6)

where L_X γ_{ij} = ∇_iX_j + ∇_jX_i (7)

is the Lie derivative in M of the spatial metric γ in the direction X ∈ T M . Thus we obtain an expression for the ∂_t evolution of the spatial metric,

∂_tγ_{ij} = 2N K_{ij} + L_X γ_{ij} . (8)

2.2 The Gauss and Codazzi Equations and the Constraints

Based on the orthogonal decomposition of the covariant derivative operator D = ∇ + K, and on the definition of the curvature on V , the Gauss and Codazzi equations relate certain spacetime curvature components to spatial curvature and other expressions formed solely from data intrinsic to the submanifold M . For example, starting from the expression for the curvature on V

Riem^V (X, Y, Z, W ) = g((D_X D_Y − D_Y D_X − D_{[X,Y ]})Z, W ), (9)

if X, Y, Z, W are all vector fields tangent to M , then we find by a simple computation that Riem^V (X, Y, Z, W ) = Riem^M (X, Y, Z, W ) + K(X, W )K(Y, Z) − K(X, Z)K(Y, W ). (10) This is the Gauss equation; it shows that the intrinsic curvature of M , measured by Riem^M , is determined by curvature components of the ambient spacetime V and the second fundamental form K. In the perhaps more familiar index notation, the Gauss equation takes the form R^V_{ijkl} = R^M_{ijkl} + K_{il}K_{jk} − K_{ik}K_{jl}, (11) where the indices i, j, k, l refer to an (unspecified) basis of the spatial tangent space T M , which may be equally well determined either by a coordinate basis ∂_i (holonomic basis) or by an orthonormal basis e_i, i = 1, . . . , 3.

A similar computation gives the Codazzi identity, Riem^V (X, Y, n, Z) = g((D_X D_Y − D_Y D_X − D_{[X,Y ]})n, Z) = ∇_X K(Y, Z) − ∇_Y K(X, Z) , (12) 2 Our index conventions here are: mid latin alphabet indices (i, j, etc.) run from 1 to 3 and correspond to directions tangent to the spacelike manifold M , while early latin indices (a, b, etc.) run from 0 to 3 and correspond to spacetime directions.

where ∇_X K(Y, Z) = D_X (K(Y, Z)) − K(∇_X Y, Z) − K(Y, ∇_X Z) (13) is the covariant derivative in M of the tensor K. In index notation the Codazzi identity takes the form R^V_{ijnk} = K_{jk;i} − K_{ik;j} . What about Riem^V (n, Y, n, Z)? A calculation similar to those used to derive the Gauss and Codazzi equations does not lead to an expression solely in terms of γ, K, and their spatial derivatives. If we introduce the Lie derivative L_nK(Y, Z) = D_n(K(Y, Z)) − K(L_nY, Z) − K(Y, L_nZ), along with the lapse and its spatial derivatives, then we have

Riem^V (Y, n, n, Z) = −L_nK(Y, Z) + K^2(Y, Z) + N^{−1}Hess(N )(Y, Z), (14)

where K^2_{ij} := K^k_i K_{jk} and Hess(N ) = ∇^2N is the Hessian or second covariant derivative of the lapse function N . This is sometimes referred to as the Mainardi equation, and has the index form

R^V_{innj} = −L_nK_{ij} + K^k_i K_{jk} + N^{−1}N_{;ij} . (15)

The index expressions for the Gauss, Codazzi and Mainardi equations given above are useful for calculating the 3 + 1 expressions for contractions of the Riemann tensor, such as the Ricci curvature tensor, the scalar curvature, and the Einstein tensor. For example, the Einstein tensor G_{ab} = Ric^V_{ab} −^1_2 R^V g_{ab} satisfies

2G_{nn} = R^M + (tr_γ K)^2 − ||K||^2 (16) G_{in} = K^j_{i;j} − K^j_{j;i}. (17)

We note that these expressions for G_{nn} and G_{in} involve just γ, K, and their spatial derivatives. Hence it follows from the Einstein field equations

G_{ab} = 8πT_{ab} (18)

that the G_{nn} and G_{in} equations are constraints on the choice of the initial data γ and K. These are the Einstein constraint equations

R^M + (tr_γ K)^2 − ||K||^2 = 16πT_{nn}, (19) K^j_{i;j} − K^j_{j;i} = 8πT_{ni}. (20)

Here T_{ab} is the stress-energy tensor and describes the matter content of the ambient spacetime. Although T_{ab} will itself generally satisfy some evolution equation, we will regard it as a prescribed field and often focus for definiteness on the case T_{ab} = 0 of vacuum (matter-free) spacetimes.

It is clear from our discussion here that the constraint equations are conditions on the data (M, γ, K) which are necessary for the data to arise from a spacelike hypersurface in a spacetime satisfying the Einstein field equations (18). That these conditions are also sufficient (for the existence of a spacetime satisfying the Einstein equations and which induces the data on some hypersurface) is the content of the fundamental theorem of Y. Choquet-Bruhat [43], which we discuss in the next section.

3 The Constraints and Evolution

The constraint equations comprise four of the ten Einstein equations. The remaining six equations G_{jk} = 8πT_{jk} (21)

describe how the data (γ, K) evolve in a spacetime solution. This can be seen by rewriting the curvature terms in (14), giving

L_nK_{ij} = G_{ij} −^1_2 G^cg_{ij} + 2K^2_{ij} − tr_γ KK_{ij} − Ric^M_{ij} + N^{−1}N_{;ij} . (22)

Yet, as noted in the introduction, the constraints play a role in the evolution as well. We discuss this role here. We first show that the constraints are sufficient as well as necessary for a spacetime solution to evolve from a given set of data. We next explore the role of the constraints in the canonical, Hamiltonian, formulation of Einstein’s theory. Finally, we discuss the evolution of the constraint functions under the evolution of the data generated by (21).

3.1 Well-posedness of the Vacuum Einstein Equations

The Cauchy formulation of a given field theory is well-posed if (a) for any choice of initial data of specified regularity, there exists a solution which is consistent with that data, and (b) the map from the space of initial data to solutions is continuous. As shown by Choquet-Bruhat [43], the Cauchy formulation of Einstein’s (vacuum) theory of gravitation, for smooth initial data, is well-posed in coordinates of wave map gauge (harmonic) type. We now review the proof of this result [59, 43, 31, 40, 44, 74].

The vacuum Einstein equations take the form Ric^V (g) = 0. If this were a hyperbolic system, well-posedness would follow from general results on quasi-linear hyperbolic systems (eg. [58, 74]). However, the system is not hyperbolic, which we verify by noting that by diffeomorphism invariance we have Φ^∗(Ric^V (g)) = Ric^V (Φ^∗(g)) for any diffeomorphism Φ of V , so the symbol (leading order terms in the linearisation) of Ric^V (g), considered as a partial differential equation in local coordinates, has a very large kernel.

To get around this difficulty, we consider the reduced Einstein equations [59, 39]

ρ(g) := Ric^V (g) +^1_2 L_W g = 0, (23)

where L_W g_{ab} = D_aW_b + D_bW_a is the Lie derivative of the metric g in the direction of the vector field W , and W is chosen to have leading terms

W_a = −g^{cd}(∂_cg_{da} −^1_2 ∂_ag_{cd}) + F (g) (24)

where the terms F (g) do not involve derivatives of g. A short calculation shows that ρ(g) has symbol^1_2 g^{ab}ξ_aξ_b, exactly that of the wave equation of the Lorentzian metric g itself. Thus ρ(g) = 0 forms a quasi-linear hyperbolic system, g^{cd}∂^2_{cd}g_{ab} = Q_{ab}(g, ∂g), (25) where Q_{ab} is quadratic in ∂g and depends also on the F (g) terms in (24). As noted above, the initial value problem for ρ(g) = 0 is well-posed.

However in general solutions of ρ(g) = 0 will not satisfy the vacuum Einstein equations. The idea now is to choose the initial conditions (and, perhaps, the precise form of the terms F (g)) in such a way that the vector field W can be shown to vanish identically.

To understand the meaning of W , recall the definition of the tension field ω(ϕ) of a map ϕ : (V, g) → (N, ^∇),

ω^α(ϕ) = ^∇^aD_aϕ^α = g^{cd} ( ∂^2_{cd}ϕ^α − Γ^e_{cd}∂_eϕ^α + Γ̂^α_{γδ}∂_cϕ^γ ∂_dϕ^δ ) , (26)

where N is some chosen four dimensional manifold and ^∇ is an arbitrary connection on N . If we now assume ϕ is a diffeomorphism, which we use to identify the coordinates x^a on V with y^α on N by pullback x^a = ϕ^∗(y^a), then the tension becomes ω^a(ϕ) = −g^{ab}g^{cd}( ^∇_cg_{db} −^1_2 ^∇_bg_{cd}) , (27)

which shows by comparison with (24) that W may be chosen as the metric dual of the push-forward by ϕ^{−1} of the tension,

W_a = g_{ab}ϕ^{−1}_∗ (ω^b(ϕ)) . (28)

Note that the reduction to a quasi-linear hyperbolic system holds for any choice of the target (N, ^∇), where the connection ^∇ need not be compatible with any metric on N . In the simplest case ^∇ is the flat connection on R^4 and the condition W = 0 translates into □_g x^a = 0 in local coordinates x^a on V and N . The gauge condition W (ϕ) = 0 is known as the wave map or Lorentz-harmonic coordinate gauge. The common terminology “harmonic gauge” is inappropriate since solutions of the wave equation do not have the mean-value (“harmonic”) property implied by the corresponding Euclidean Laplace equation.

Good existence theorems for the Cauchy initial value problem for the reduced Einstein system (25) are well-known (see, for example, [74, 58, 65]), and the initial data (g_{ab}(0), ∂_tg_{ab}(0)) are freely prescribable, subject only to the condition that g_{ab}(0) has Lorentz signature with M_0 spacelike. In particular, if the geometric data (γ_{ij} , K_{ij}) are given (subject only to the vacuum constraint equations (19)-20)), then for any choice of the lapse and shift g_{0a} we may recover ∂_tg_{ij} via (8). Since g_{ij} = γ_{ij} , we see that initial data (g_{ab}(0), ∂_tg_{ab}(0)) may be chosen consistent with (γ, K) for any choice of (g_{0a}(0), ∂_tg_{0a}(0)).

Of course, it is not sufficient to just solve the reduced Einstein equations; in order to recover a solution of the full vacuum Einstein equations we must also ensure that the solution satisfies W = 0. However, it is an easy consequence of the second Bianchi identities and ρ(g) = 0 that W must satisfy

□_g W + Ric^V (g)W = 0. (29)

Thus we aim to construct the full initial data (g_{ab}(0), ∂_tg_{ab}(0)) for the evolution equation ρ(g) = 0 in such a way that W (0) = 0 and ∂_tW (0) = 0. If we can do this, then uniqueness for solutions of the Cauchy problem for the hyperbolic evolution equation (29) will imply that W = 0 everywhere.

To ensure that W (0) = 0 we may either choose the background metric h on N appropriately or we may expand (24) and choose the components ∂_tg_{0a}(0) appropriately. As noted above, the choice of ∂_tg_{0a}(0) does not affect the prescribed geometric data (γ, K).

To find the conditions necessary for choosing initial data with ∂_tW (0) we combine the reduced Einstein equation (23) and the condition W (0) = 0 to obtain −2Ric^V_{ab} = ∂_aW_b + ∂_bW_a at t = 0, which may be rearranged into the form

g^{00}∂_tW_a = −2G^0_a + (terms vanishing at t = 0). (30)

Then, noting that G^0_a are the constraint functions, we see from (30) that the condition that the geometric data (γ, K) satisfy the constraint equations ensures that

∂_tW (0) = 0. Since solutions to (29) are uniquely determined by the initial data (W (0), ∂_tW (0)), the corresponding solution of the reduced equation (23) will have W = 0 everywhere and thus g will satisfy the vacuum Einstein equations with geometric data (γ, K). This shows that the constraint equations are also sufficient for the existence of a compatible vacuum spacetime, as claimed.

In this formulation of the Einstein equations, the lapse and shift are determined from g_{0a}(t) by solving the reduced Einstein equations. Alternatively, we may ask whether it is possible to prescribe the lapse and shift as given functions of x and t (for example, N (x, t) = 1 and X(x, t) = 0 for all x ∈ M and t ≥ 0). As shown recently by Choquet-Bruhat [28], this is possible although in a weaker sense than the Einstein system in the wave map gauge described above. Specifically, the Einstein system for general lapse and shift is “non-strictly hyperbolic”; as a consequence, the system is well-posed in Gevrey spaces, and so has local existence. We note as well that a number of researchers [31, 44] have formulated extended first order versions of Einstein’s vacuum equations and have verified symmetric hyperbolicity and therefore well-posedness in more standard spaces for these versions.

Because the initial lapse-shift variables g_{0a}(0) (cf. (5)) are freely specifiable in the above construction, there remains the question of the uniqueness of the spacetime development of a given set of initial data. It turns out that solutions constructed using different choices of the lapse and the shift but the same geometric data (γ, K) are in fact equal in some neighbourhood of the initial surface, after suitable coordinate changes [29]. This property is established by constructing a wave map ψ from one solution to the other, and using the identification of the initial data to ensure the wave map initially at least is a spacetime isometry. The two metrics can then be compared directly (via g_1 and ψ^∗(g_2)), and uniqueness for the reduced Einstein equations leads to geometric uniqueness. This shows that the geometric data (γ, K) determine the resulting spacetime uniquely, at least locally.

3.2 Einstein’s Theory as a Dynamical System and the ADM Hamiltonian Formulation

If we fix a choice of the lapse and shift for which the system of Einstein’s equations is well-posed (see the discussion above), then Einstein’s equations can be viewed formally as a dynamical system. More specifically, fixing a three dimensional manifold M and letting T M denote the tangent space to the space M of smooth Riemannian metrics on M , we find that (with a fixed choice of lapse N and shift X) the Einstein evolution equations ∂ ∂t γ_{ij} = 2N K_{ij} + L_X γ_{ij} , (31) ∂ ∂t K_{ij} = ∇^2_{ij}N + L_X K_{ij} + N (Ric^V_{ij} − Ric^M_{ij} + 2K^k_i K_{jk} − tr_γ K K_{ij}) (32)

specify a flow on T M. The K_{ij} evolution equation follows from the Mainardi equation, cf. (14) and (22). For the vacuum Einstein case Ric^V_{ij} = 0; in the nonvacuum case, Ric^V_{ij} depends on the matter fields through the stress-energy tensor T_{ab}.

There is an important sense in which the constraints generate the flow, which we see by recasting Einstein’s theory in the canonical Hamiltonian form. Originally motivated by attempts to obtain a theory of gravity consistent with quantum theory, and often labeled the “ADM” Hamiltonian formulation because of the early work on these ideas by Arnowitt, Deser and Misner [7], this is based on the analysis of the Einstein-Hilbert Lagrangian ∫ V R^V dv_g. One way to approach this analysis is via the second variation formula for spacelike hypersurfaces [70, 10]; for more traditional treatments see [31, 75, 57]. We let F : (−ϵ, ϵ) × M → V be a 1-parameter family of embeddings s : M → M_s = F (s, M ), with variation vector Y = F_∗(^∂_{∂s} ), with normal vector n = n_s and with second fundamental form K = K_s along M_s. If Y is everywhere transverse to M then s → M_s is a foliation and we can regard Y, n, and K as fields on V ; otherwise they live naturally on (−ϵ, ϵ) × M via pullback. The first variation of the area |M_s| is given by D_Y (dv_γ ) = −g(Y, n)tr_γ K dv_γ , (33)

and the second variation formula is

D_Y tr_γ K = g(Y, n)(‖K‖^2 + Ric^V (n, n)) + g(Y, ∇tr_γ K) − Δ_M g(Y, n) , (34)

where D_Y =^∂_{∂s} and the s-dependence of n and K is understood. This follows also from the Mainardi equation (15). Since from (10) and (12) we have

2Ric^V (n, n) = − R^V + R^M − ‖K‖^2 + (tr_γ K)^2,

and since −g(Y, n) = N is the lapse if Y =^∂_{∂s} is the evolution vector of a foliation by spacelike hypersurfaces, we find that (34) can be rewritten as

R^V = R^M + ‖K‖^2 + (tr_γ K)^2 − 2N^{−1}Δ_M N + 2D_n(tr_γ K) . (35)

Integrating this quantity over the region bounded by two spacelike hypersurfaces F ({s_0} × M ) and F ({s_1} × M ), we obtain the Lagrangian L(g, K) = ∫ F ([s_0 ,s_1]×M) R^V dv_V = ∫_{s1} s_0 ∫ M_s ( R^M + ‖K‖^2 − (tr_γ K)^2 ) N − 2Δ_M N dv_γ ds + ∫ M_{s1} −M_{s0} 2tr_γ K dv_γ , (36)

using (33). From this Lagrangian, we calculate π^{ij} , the momentum conjugate to γ_{ij} (see [75]) as π^{ij} = δL δγ̇_{ij} = √ det γ (K^{ij} − tr_γ Kγ^{ij} ) . (37)

Then ignoring boundary terms, we calculate the Hamiltonian H = ∫ M π^{ij}γ̇_{ij} − L in ADM form: H_{ADM} = − ∫ M ξ^aΦ_a(g, π), (38)

where ξ^a = (N, X^i) is the four-vector consisting of the lapse and the shift, and where

Φ_0 = R^M det(γ)^{1/2} − det(γ)^{−1/2}(||π||^2 −^1_2 (tr_γ π)^2) (39)

Φ_i = − 2γ_{ij}∇_kπ^{jk} (40)

are the constraint operators, written in densitized form, in terms of the canonical variables (γ, π) rather than (γ, K). It is easily verified that the equations Φ_a(γ, K) = 0, a = 0, . . . , 3 are equivalent to (19),(20) with T_{0a} = 0.

Given an explicit expression for the Hamiltonian such as (38), we can readily calculate the evolution equations for (γ, π) and for any functional of these quantities. In particular, we have the ADM form [7] of the evolution equations (31), (32) d dt [ γ π ] = [ 0 1 −1 0 ] DΦ_a(γ, π)^∗ξ^a, (41) where DΦ^∗_a is the formal adjoint of the linearization (or functional derivative operator) DΦ_a. Explicitly we have [42]: DΦ(γ, π)(h, p) = ( ( δδh − Δtr_γ h − h_{ij} ( Ric^{M ij} −^1_2 R^M γ^{ij} )) √ γ + h_{ij} ( tr_γ π π^{ij} − 2π^i_kπ^{kj} +^1_2 |π|^2γ^{ij} −^1_4 (tr_γ π)^2γ^{ij} ) / √ γ + p^{ij} (tr_γ πγ_{ij} − 2π_{ij}) / √ γ , π^{jk} (2∇_jh_{ik} − ∇_ih_{jk}) + 2h_{ij}∇_kπ^{jk} + 2γ_{ik}∇_jp^{jk} ) , (42)

DΦ(γ, π)^∗ξ = ( ( ∇^i∇^jN − ΔN γ^{ij} − N Ric^{M ij} +^1_2 N R^M γ^{ij} ) √ γ + N ( tr_γ π π^{ij} − 2π^i_kπ^{kj} +^1_2 |π|^2γ^{ij} −^1_4 (tr_γ π)^2γ^{ij} ) / √ γ + ( X^k∇_kπ^{ij} + ∇_kX^kπ^{ij} − 2∇_kX^{(i}π^{j)k} ) , N (tr_γ πγ_{ij} − 2π_{ij}) / √ γ − 2p^{ij}∇_{(i}X_{j)} ) , (43)

where δδh = ∇^i∇^jh_{ij} and ξ = (N, X^i).

Note that in the literature there are a number of different explicit expressions for the time derivatives of γ and π [3]. These expressions can all be related by the addition of terms which vanish if the constraint equations are satisfied.

The adjoint used in (41) is formal, in that it ignores the contributions of boundary terms. For spatially compact spacetimes, there are of course no boundary terms. For asymptotically flat spacetimes, the resulting asymptotic boundary terms in the Hamiltonian are closely related to the ADM total energy-momentum [75], and they play a major role in the analysis of the physics of such spacetimes.

An important consequence of the form (41) of the evolution equations is the result of Moncrief [63], which shows that a vector field ξ = (N, X^i) satisfies DΦ(γ, K)^∗ξ = 0 for sufficiently smooth vacuum initial data (γ, K) if and only if ξ is the restriction to M of a Killing field in the spacetime development of the initial data.

3.3 Preserving the Constraints

If (γ_0, π_0) is initial data which satisfies the (vacuum) constraint equations and has vacuum evolution (γ(t), π(t)) corresponding to some choice of lapse-shift (N, X^i), it is natural to ask if the evolving data satisfies the constraints for all values of t. A first step in showing this is to calculate the time derivative of the constraint operators H ≡ Φ_0 and J_i ≡ Φ_i, cf. [2]: ∂ ∂t H = ∇_m(X^mH) + 2γ^{ij} ∇_iN J_j + N ∇_iJ^i +^1_2 N γ^{−1/2}Hγ_{ij} π^{ij} , (44) ∂ ∂t J_i = 2∇_iN H + N ∇_iH + ∇_k(X^k J_i) + ∇_iX^kJ_k . (45)

These formulas follow directly from the conservation law ∇^bG_{ab} = 0 and the fact that the evolution equation (32) implies G_{ij} = 0, 1 ≤ i, j ≤ 3. The virtue of these expressions for the time derivatives of the constraints is that together they comprise a symmetric hyperbolic system. We may then use standard energy arguments (based on an energy quantity which is quadratic in H and J_i) to argue that if initially H and

J_i vanish, then for all time consistent with a foliation of the spacetime development of the initial data, H and J_i vanish as well.

The formal Hamiltonian interpretation of the evolution equations (41) regards (γ(t), π(t)) as defining a trajectory in the cotangent bundle T^∗M of the space M of Riemannian metrics γ_{ij} on M . It is straightforward to endow this phase space F with the structure of a Hilbert or Banach manifold, for example (γ_{ij} , π^{ij}) ∈ H^s(M ) × H^{s−1}(M ), s ≥ 2 for compact M using the Sobolev spaces H^s, and then the evolution (41) is determined from a densely defined vector field on F. The fact that the constraints are preserved shows that a trajectory of the evolution (41) lies in the constraint set C, the subset of F satisfying the constraint equations, provided the initial data (γ(0), π(0)) lies in C.

Note that while the constraints are preserved under the explicit, smooth, evolution generated by (41), if we evolve instead numerically (with the consequent unavoidable numerical errors), then the dynamical trajectory will leave the constraint set C. Indeed, numerical tests suggest that such a trajectory will exponentially diverge from C. This property, and how to control it, is under intensive study by numerical relativists; for a recent example see [60].

3.4 Linearization Stability

The linearized Einstein equations govern the evolution of perturbations δg of a given background spacetime metric g_0 and have been extensively analysed, in view of their importance in astrophysics and cosmology. It is then natural to ask whether linearized solutions actually correspond to solutions to the full nonlinear equations; that is, whether a given solution of the linearized equations is tangent to some curve of solutions of the full equations. Such a perturbation solution is called integrable. By the fundamental local existence theorem [43] of Yvonne Choquet- Bruhat, a perturbation is integrable if all solutions of the linearized constraint equations DΦ_{(γ,π)}(h, p) = 0 correspond to full solutions of the constraints; i.e., if the constraint set C is a Hilbert submanifold. This is the question of linearization stability and it is somewhat surprising that this fails in certain situations.

The implicit function theorem (see e.g. [1]) shows that C is a Hilbert submanifold of F provided the linearization DΦ_{(γ,π)} has closed range and is surjective. Now the range of DΦ_{(γ,π)} is L^2(M )-orthogonal to the kernel of the adjoint DΦ^∗_{(γ,π)}, which corresponds by work of Moncrief [63, 64] to space-time Killing vectors. Using this insight and elliptic theory for the operator DΦ_{(γ,π)} DΦ^∗_{(γ,π)}, it has been shown by Fischer and Marsden [42, 41, 6] that if the data (γ, π) does not admit Killing vectors and if M is compact then C is locally a Hilbert manifold, at least near smoother data.

Moreover, at points of C corresponding to data for spacetimes with a Killing vector field, C is not a submanifold but instead instead has a cone-like singularity arising from a quadratic relation [41]. This condition arises from the second derivative of a curve in C, λ → Φ(γ(λ), π(λ), about (γ_0, π_0) admitting a Killing field ξ. Integrating over M , discarding boundary terms and using DΦ^∗_{(γ,π)}ξ = 0 gives ∫ M ξ · D^2Φ_{(γ0,π0 )}((h, p), (h, p)) d^3x = 0, (46)

which is the required quadratic condition on the constrained variations (h, p). In [64] it is shown that this condition is equivalent to the vanishing of the Taub quantity, constructed from a solution of the linearized Einstein equations about a spacetime admitting a Killing vector.

The situation for asymptotically flat spacetimes differs significantly from the case of compact M . Using weighted Sobolev spaces (with local regularity γ ∈

H^s, s = 2) it is possible to show that the C is everywhere a Hilbert submanifold [9]; although Killing vectors such as rotations are possible, they do not satisfy the asymptotic conditions needed to prevent surjectivity of DΦ_{(γ,π)} and thus the quadratic conditions on constrained variations do not arise. This work [9] also shows that the asymptotically flat phase space F = (g̊ + H^2_{−1/2}) × H^1_{−3/2} provides a natural setting in which the ADM Hamiltonian and energy-momentum functionals become smooth functions, for example.

4 Solving the Constraint Equations

There are three reasons for seeking to construct and study solutions of the Einstein constraint equations. First, we would like to obtain initial data sets which model the initial states of physical systems. Evolving such data, we can model the gravitational physics of those physical systems. Second, we would like to understand the space of all globally hyperbolic solutions of Einstein’s gravitational field equations. Since, as noted earlier, Einstein’s equations are well-posed, the space of solutions of the constraints parametrizes the space of solutions of the spacetime field equations. Third, we would like to know enough about the nature of the space of solutions of the constraints and the Hamiltonian dynamics of the classical Einstein equations on this space to be able to consider descriptions of gravitational physics which are consistent with the quantum principle (i.e., to “quantize gravity”).

The easiest way to find a set of initial data (M^3, γ, K) which satisfies the Einstein constraint equations is to first find an explicit solution (V^4, g) of the spacetime Einstein equations (e.g., the Schwarzschild or Kerr solutions), and then to choose a Cauchy surface M^3 → V^4 in that spacetime solution: The induced Riemannian metric γ and second fundamental form K on M^3 together solve the constraints. Since the set of known spacetime solutions is very limited, this procedure is not especially useful for making progress towards the goals discussed above (although we shall see below that solutions of the constraints obtained from slices of known spacetime solutions can be very handy as building blocks for “gluing constructions” of solutions of the constraints, which are in turn potentially very useful for modeling physical systems).

Our focus here is on more comprehensive methods for finding and studying solutions of the constraints. We first discuss the conformal method. This is by far the most widely used approach, both for physical modeling and for mathematical analyses, and so it receives the bulk of our attention here. We next consider the thin sandwich and conformal thin sandwich ideas. The latter is closely related to the conformal method; we compare and contrast the two here. The fourth approach we consider is the quasi-spherical ansatz. Although not as comprehensive as the conformal method, the quasi-spherical ansatz is potentially useful for certain key applications, which we discuss below. We conclude by describing the recently developed procedures for gluing together known solutions of the constraints, thereby producing new ones.

For convenience, we work primarily in this paper with the vacuum constraint equations. We note, however, that most of what we discuss here generalizes to the Einstein-Maxwell, Einstein-Yang-Mills, Einstein-fluid, and other such nonvacuum field theories.

4.1 The Conformal Method

The vacuum Einstein constraint equations (19), (20) with T_{nn} = 0 and T_{ni} = 0 constitute an underdetermined system of four equations to be solved for twelve unknowns γ and K. The idea of the conformal method is to divide the initial data on M^3 into two sets—the “Free (Conformal) Data”, and the “Determined Data”— in such a way that, given a choice of the free data, the constraint equations become a determined elliptic PDE system to be solved for the Determined Data.

There are at least two ways to do this (see [35] for others). The sets of Free Data and Determined Data are the same for both procedures; we have Free (“Conformal”) Data:

λ_{ij} — a Riemannian metric, specified up to conformal factor; σ_{ij} — a divergence-free^3(∇^iσ_{ij} = 0), trace-free (λ^{ij} σ_{ij} = 0) symmetric tensor;

τ — a scalar field, Determined Data:

ϕ — a positive definite scalar field, W^i — a vector field.

The difference between the two procedures has to do with the form of the equations to be solved for the Determined Data, and the way in which the two sets of data are combined to obtain γ and K satisfying the constraints. In one of the procedures, which we label the “Semi-Decoupling Split” (historically called “Method A”), the equations for W and ϕ take the form

Semi-Decoupling Split

∇_i(LW )^i_j =^2_3 ϕ^6∇_jτ (47) Δϕ =^1_8 Rϕ −^1_8 (σ^{ij} + LW^{ij})(σ_{ij} + LW_{ij} )ϕ^{−7} +^1_{12} τ^2ϕ^5, (48)

where the Laplacian Δ and the scalar curvature R are based on the λ_{ij} -compatible covariant derivative ∇_i, where L is the corresponding conformal Killing operator, defined by (LW )_{ij} ≡ ∇_iW_j + ∇_jW_i −^2_3 λ_{ij} ∇_kW^k, (49) and we construct γ and K from the free and the determined data as follows

γ_{ij} = ϕ^4λ_{ij} (50) K_{ij} = ϕ^{−2}(σ_{ij} + LW_{ij} ) +^1_3 ϕ^4λ_{ij} τ. (51)

Using the other procedure, which we label the “Conformally Covariant Split” (historically “Method B”), the equations for W and ϕ are

Conformally Covariant Split

∇_i(LW )^i_j =^2_3 ∇_j τ − 6(LW )^i_j ∇_i ln ϕ (52) Δϕ =^1_8 Rϕ −^1_8 σ^{ij} σ_{ij}ϕ^{−7} −^1_4 σ^{ij} (LW )_{ij}ϕ^{−1}

+^1_{12} (τ^2 − (LW )^{ij} (LW )_{ij} )ϕ^5 (53)

and the formulas for γ and K are

γ_{ij} = ϕ^4λ_{ij} (54) K_{ij} = ϕ^{−2}σ_{ij} + ϕ^4LW_{ij} +^1_3 ϕ^4λ_{ij}τ. (55)

Each of these two methods has certain advantages. For the semi-decoupling split, if one chooses the mean curvature τ to be constant, then the ϕ dependence drops

3 In the free data, the divergence-free condition is defined using the Levi-Civita covariant derivative compatible with the conformal metric λ_{ij} .

from (47), and the the focus of the analysis is on (48), the Lichnerowicz equation. This is not true for the conformally covariant split; however in this latter case, one finds that a solution exists for free data (λ_{ij}, σ_{ij}, τ ) if and only if a solution exists for (θ^4λ_{ij} , θ^{−2}σ_{ij}, τ ). Far more is known mathematically about the semi-decoupling split, and this approach has been used much more in applications, so we focus on the semi-decoupling split in the rest of this paper. We do note, however, that numerical relativists have very recently begun to apply the conformally covariant split for certain studies [35].

Is it true that, for every choice of the free data (λ_{ij}, σ_{ij}, τ ), one can always solve equations (47) and (48) for the determined data (ϕ, W ) and thereby obtain a solution of the constraint equations? It is easy to see that this is not the case: Let us choose the manifold M^3 to be the three sphere, and on M^3 we choose a metric λ with non-negative scalar curvature, we choose σ to be zero everywhere, and we choose τ to be unity everywhere. One readily verifies that every solution to the equation ∇_i(LW )^i_j = 0 has LW_{ij} = 0. The Lichnerowicz equation then becomes Δϕ = Rϕ + ϕ^5. Since the right hand side of this equation is positive definite (recall the requirement that ϕ > 0), it follows from the maximum principle on closed (compact without boundary) manifolds that there is no solution.

In light of this example, the main question is really the following: For which choices of the manifold M^3 and the free data can one solve (47) and (48)? It turns out that we know quite a bit about the answer to this question, yet still have quite a bit to learn as well. To describe what we know and do not know, it is useful to categorize the question using the following criteria:

Manifold and Asymptotic Conditions

• Closed • Asymptotically Euclidean • Asymptotically hyperbolic • Compact with boundary conditions • Asymptotically Euclidean with interior boundary conditions

Regularity

• Analytic • Smooth • Sobolev and Holder classes • Weak • Asymptotic fall off conditions at infinity

Metric Conformal Classes

• Yamabe positive • Yamabe zero • Yamabe negative

Mean Curvature

• Constant (“CMC”) • Near Constant (small^{max |∇τ|}_{min |τ|} ) • Non Constant

σ Classes

• σ is zero everywhere on M^3 • σ not zero everywhere on M^3

The mean curvature of the data turns out to be the most important factor in separating those sets of free data for which we know whether or not a solution exists from those sets for which we do not. In fact, if the mean curvature is either constant or near constant, we can almost completely determine whether or not a solution exists (at least in those cases with no boundaries present). On the other hand, if the mean curvature is neither constant nor near constant, we know very little. For sufficiently smooth free data, we may summarize the known results as follows:

Constant Mean Curvature

• Closed: Completely determined. For all but certain special cases (see example discussed above), solutions exist. See [31] and [50].

• Asymptotically Euclidean: Completely determined. For all but certain special cases (depending entirely on the conformal class), solutions exist. See [26] and [25].

• Asymptotically Hyperbolic: Completely determined. Solutions always exist. See [5] and [4] • Compact with Boundary: Some cases determined, most unresolved. • Asymptotically Euclidean with Interior Boundary: Some cases determined, some unresolved. See [61] and [38]

Near Constant Mean Curvature

• Closed: Mostly determined. For all but certain cases, solutions exist.

One special case known of nonexistence. A small number of special cases unresolved. See [54], [51] and [55] • Asymptotically Euclidean: Mostly determined. No cases known of nonexistence. Some cases unresolved. See [30] • Asymptotically Hyperbolic: Mostly determined. No cases known of nonexistence. A small number of cases unresolved. See [56] • Compact with Boundary: Small number of cases determined, most unresolved.

• Asymptotically Euclidean with Interior Boundary: Nothing determined.

Non Constant Mean Curvature Very little known.

This summary is the compilation of results from a large number of works (note references listed above), including some not yet written up. The summary is fairly sketchy, since there is inadequate space here to include many of the details. We do, however, wish to give a flavor of what these results say more precisely, and how they are proven. To do this we shall discuss a few representative sub-cases.

We first consider the case in which the manifold is presumed closed, and in which we choose free data with constant τ . As noted above, as a consequence of the CMC condition, the equation (47) for W is readily solved, and we have LW = 0. What remains is the Lichnerowicz equation, which takes the form

Δϕ =^1_8 Rϕ −^1_8 σ^{ij} σ_{ij}ϕ^{−7} +^1_{12} τ^2ϕ^5. (56)

There are three key PDE analysis theorems which allow us to determine, for any set of free data consistent with these conditions, whether or not a solution to the Lichnerowicz equation exists. We state each of these theorems in a form most suited for this purpose (See [50] for much more detail):

1. The Maximum Principle: If we choose free data such that for any ϕ > 0 the right hand side of the Lichnerowicz equation (56) is either positive definite or negative definite, then (with M^3 presumed closed) for that free data there can be no solution.

2. The Yamabe Theorem: For any given Riemannian metric λ on a closed three manifold, there is a conformally related metric θ^4λ which has constant scalar curvature. For fixed λ, all such conformally-related constant scalar curvature metrics have the same sign for the scalar curvature. This allows one to partition the set of all Riemannian metrics on M^3 into three classes, depending on this sign. We label these Yamabe classes as follows: Y^+(M^3), Y^0(M^3), and Y^−(M^3).

3. The Sub and Super Solution Theorem: If there exist a pair of positive functions ϕ_+ > ϕ_− such that

Δϕ_+ ≤^1_8 Rϕ_+ −^1_8 σ^{ij}σ_{ij}ϕ^{−7}_+ +^1_{12} τ^2ϕ^5_+ (57) and Δϕ_− ≥^1_8 Rϕ_− −^1_8 σ^{ij} σ_{ij}ϕ^{−7}_− +^1_{12} τ^2ϕ^5_−, (58)

then there exists a solution ϕ of the Lichnerowicz equation (56), with ϕ_+ ≥ ϕ ≥ ϕ_−. The Yamabe Theorem is very useful because the Lichnerowicz equation in the form (56) (with LW = 0) is conformally covariant in the sense that it has a solution for a set of free data (λ, σ, τ ) if and only if some function ψ > 0 it has a solution for the free data (ψ^4λ, ψ^{−2}σ, τ ). Hence, to check solubility for a given set of free data, we can always first perform a preliminary conformal transformation on the data and therefore work with data for which the scalar curvature is constant.

It is now straightforward to use the Maximum Principle (together with the Yamabe Theorem) to show that there is a collection of classes of CMC free data for which no solution exists. This holds for all of the following classes of free data:

(λ ∈ Y^+(M^3), σ ≡ 0, τ = 0), (λ ∈ Y^+(M^3), σ ≡ 0, τ ≠ 0), (λ ∈ Y^0(M^3), σ ≡ 0, τ ≠ 0), (λ ∈ Y^0(M^3), σ ≠ 0, τ = 0), (λ ∈ Y^−(M^3), σ ≡ 0, τ = 0), (λ ∈ Y^−(M^3), σ ≠ 0, τ ≠ 0).

Note that here,“σ ≠ 0” means that the tensor σ is not identically zero on M^3.

It is true, though not so simple to show, that for all other classes of CMC free data on a closed manifold, a solution does exist. We show this using the sub and super solution theorem. For free data of the type (λ ∈ Y^−(M^3), σ ≡ 0, τ ≠ 0), it is relatively easy to show that there are constant sub and super solutions. We merely need to find a constant ϕ_+ sufficiently large so that −ϕ_+ +^1_{12} τ^2ϕ^5_+ is everywhere positive, and a constant ϕ_− sufficiently small (yet positive) so that −ϕ_− +^1_{12} τ^2ϕ^5_− is everywhere negative. Constant sub and super solutions are also readily found for free data of the type (λ ∈ Y^−(M^3), σ ≠ 0, τ ≠ 0), or (λ ∈ Y^0(M^3), σ ≡ 0, τ = 0). For the remaining types of free data, we need to find either a nonconstant sub solution or a nonconstant super solution. This takes a bit of work; we show how to do it in [50].

It is worth noting that the proof of the sub and super solution theorem (See [50]) is a constructive one: Starting with the super solution ϕ_+, one solves a sequence of linear equations, and one then shows that the monotonic sequence of solutions ϕ_+ ≥ ϕ_1 ≥ ϕ_2 ≥ · · · ≥ ϕ_− converges to a solution of the Lichnerowicz equation. This constructibility can be useful for numerical relativity, as has been shown in [45].

We next consider the case in which the free data is chosen to be asymptotically Euclidean (See, for example, [30] for a definition of this property), with τ ≡ 0. For asymptotically Euclidean metrics, a Yamabe type theorem again plays a key role. Proven by Brill and Cantor [25], with a correction by Maxwell [61], this result says that if λ is asymptotically Euclidean, and if for every nonvanishing, compactly supported, smooth function f we have inf_{{f≢0}} ∫ M (|∇f|^2 + Rf^2) √ det λ ||f||^2_{L2∗} > 0, (59)

then for some conformal factor θ, the scalar curvature of θ^4λ is zero. Moreover, if an asymptotically Euclidean metric fails to satisfy this condition, then there is no such transformation. Metrics which do satisfy this condition have been labeled (somewhat misleadingly) as “positive Yamabe metrics”.

The positive Yamabe property just defined is exactly the condition which determines if, for a set of asymptotically Euclidean free data, the Lichnerowicz equation admits a solution. That is, as proven in [26], (56) admits a solution ϕ with suitable asymptotic properties if and only if the (asymptotically Euclidean) free data (λ, σ, τ = 0) has positive Yamabe metric λ. This is true regardless of whether σ vanishes or not. This result is not proven directly using a sub and super solution theorem, but the proof does involve a converging sequence of solutions of linear equations, and is therefore again constructive.

The last case we consider here is that of near constant mean curvature free data on closed manifolds. This case is more complicated than the CMC case, since now we must work with the coupled system (47)-(48). However, with sufficient control over the gradient of τ , we can handle the coupled system, and determine whether or not solutions exist for almost all sets of near CMC free data.

The key extra tool we use to carry out this analysis is the elliptic estimate for the “vector Laplacian” operator ∇_iL( )^i_j appearing on the left side of (47). Such a result holds for any linear, elliptic, invertible operator [22] such as this one.^4 One has the Elliptic Estimate: ||W^j||_{Hk+2} ≤ C||∇_i(LW )^i_j ||_{Hk} , where H_k is the Sobolev space of square integrable vector fields for which the first k derivatives are square integrable as well, where || ||_{Hk} is the corresponding norm, and where C is a constant depending on the chosen geometry (M^3, λ_{ij}). Based on this estimate, together with the Sobolev embedding theorem [22] and standard integration inequalities, we obtain a pointwise estimate of the form

|LW | ≤ C̃ max_{M 3} ϕ^6 max_{M 3} |∇τ |, (60)

where C̃ is also a constant depending only on the geometry (M^3, λ_{ij}). This pointwise inequality (60) is the crucial estimate which allows us to handle the coupled system, for sufficiently small |∇τ |.

To see how to prove that a solution exists in one of these near CMC cases, let us consider free data with λ ∈ Y^−(M^3), τ > 0, and with^{maxM3 |∇τ|}_{minM3 |τ|} sufficiently small.^5 We claim that, for such free data, a solution exists. To show this, we consider the sequence of semi-decoupled PDE systems

∇_i(LW_{(n)})^i_j =^2_3 ϕ^6_{(n−1)}∇_jτ (61)

Δϕ_{(n)} =^1_8 Rϕ_{(n)} −^1_8 (σ^{ij} + LW^{ij}_{(n)})(σ_{ij} + LW_{(n)ij})ϕ^{−7}_{(n)} +^1_{12} τ^2ϕ^5_{(n)}.(62)

4 The operator ∇_iL( )^i_j is invertible only if λ has no conformal Killing field. However, the pointwise estimate (60) we obtain for |LW | can be derived even if λ has a conformal Killing field, using a slightly more complicated elliptic estimate than the one presented here.

5 The statement that “^{maxM3 |∇τ |}

minM3 |τ | (is) sufficiently small” may seem nonsensical, since this

quantity is dimensional. However, as seen in the proof [54], the more precise statement of this condition involves the constant C, which has dimensions as well.

Choosing a suitable initializing value for ϕ_0, we first show that a sequence (ϕ_{(n)}, W_{(n)}) of solutions to (61-62) exists. For the decoupled equation (61), the existence of a solution W_{(n)} follows from the invertibility of the vector Laplacian. For (62), existence follows from the sub and super solution theorem, since we readily find a sequence of constant sub and super solutions for this choice of free data. We next show that there are (positive) uniform upper and lower bounds for the sequence (ϕ_{(n)}). This is where we first need to use the estimate (60) for |LW_{(n)}|: Specifically, after arguing that there is a uniform (constant) upper bound for the ϕ_{(n)}’s if we can find a positive constant ζ such that

ζ^3 ≥ 3 2 min_M 3 τ^2 ζ^2 + 3 min_M 3 τ^2 σ^{ij}σ_{ij} + 3 min_M 3 τ^2 LW^{ij}_{(n)}LW_{(n)ij}, (63) we use the |LW_{(n)}| estimates to show that it is sufficient to find a positive constant ζ satisfying

ζ^3 ≥ 3 2 min_M 3 τ^2 ζ^2 + 3 min_M 3 τ^2 σ^{ij}σ_{ij} + C max_M 3 |∇τ |^2 2 min_M 3 τ^2 ζ^3 (64)

We immediately see that if, for fixed λ and σ, we choose Cmax_M 3 |∇τ |^2/(2 min_M 3 τ^2) sufficiently small, then such a ζ exists. The existence of the uniform upper bound for ϕ_{(n)} follows.

Establishing these uniform bounds is the crucial step in our proof that solutions exist for free data of the type we are discussing here, as well as for other classes of near CMC free data. Once we have these bounds, we can carry through a contraction mapping argument to show that the sequence (ϕ_{(n)}, W_{(n)}) converges (a bit more squeezing of |∇τ | is needed to carry this out). We can then go on to use continuity arguments to show that the limit is a weak solution, and finally use bootstrap arguments to show that in fact the weak solution is a strong solution, of the desired smoothness. The details of this proof are presented in [54].

A very similar argument can be used to prove that equations (47)-(48) admit solutions for a number of classes of near CMC free data, including the following:

1. λ ∈ Y^−(M^3), τ < 0, and^{maxM3 |∇τ|}_{minM3 |τ|} sufficiently small;

2. λ ∈ Y^+(M^3), σ not identically zero, and^{maxM3 |∇τ|}_{maxM3 |σ|} sufficiently small;

3. λ ∈ Y^0(M^3), τ nowhere zero, σ not identically zero, and^{maxM3 |∇τ|}

max_M3 |σ|+max_M3 |∇τ|

sufficiently small.

What about the other near CMC cases on closed M^3? Just recently, with Niall O’Murchadha, we have found for the first time a class of near CMC free data for which a solution does not exist. The data is of the following type:

λ ∈ Y^+(M^3) ∪ Y^0(M^3), σ ≡ 0, τ nowhere 0, and max_M 3 |∇τ | min_M 3 |τ | sufficiently small.

The proof that no solution exists for free data of this type is a relatively simple application of the pointwise estimate (60) for |LW | discussed above, and the maximum principle. The details are presented in [55]. As for near CMC data on a closed manifold which is not one of the types discussed here, nothing is yet known. Note that, in a rough sense, these remaining unresolved cases are not generic.

As noted in the summary above, there are a number of other classes of free data for which we know whether or not solutions to (47)-(48) exist. Methods similar to those discussed here resolve the existence question for most CMC or near CMC free data which are asymptotically Euclidean or asymptotically hyperbolic, as well for such data on closed manifolds. The situation for free data specified on compact manifolds with boundary is much less understood; however this is most likely a result of neglect rather than difficulty. Since numerical relativity has motivated a recent interest in this question, and since the methods discussed here are believed to work for data on manifolds with boundary, it is likely that in the next few years, the solvability of (47)-(48) for such data is likely to be relatively well understood. Indeed, this motivation has led to the very recent results of Maxwell [61] and Dain [38], who give sufficient conditions on asymptotically Euclidean free data with interior “apparent horizon” boundary conditions for solutions to exist The situation is very different for non-constant mean curvature data with no controls on |∇τ |. Almost nothing is known, and there are no promising techniques known at this point. New ideas are needed.

It is worth noting that the underlying approach of specifying the mean extrinsic curvature τ is geometrically natural, since the converse problem, of finding a hypersurface of prescribed mean curvature in a given spacetime, leads to a quasilinear elliptic equation bearing some similarities with the Euclidean minimal surface equation. It is known that solutions of the Lorentz mean curvature equation are strictly spacelike and smooth, at least to the extent permitted by the regularity of the ambient spacetime and boundary conditions, so such prescribed mean curvature hypersurfaces provide natural spacelike slices of the spacetime [27, 19, 46, 10, 11]. Although there are examples of spacetimes not admitting maximal (τ = 0, [24]) or CMC (τ = const., [12], [34]) hypersurfaces, such non-existence behaviour is driven by global causal topology, which allows area-maximising sequences of hypersurfaces to become unbounded to the past or future; see [11, 12]. It is therefore not surprising that a priori control of the interior causal geometry is an essential ingredient in the proof of existence of entire maximal hypersurfaces in asymptotically flat spacetimes [10].

To wind up this discussion of the implementation of the conformal method to find solutions of the constraint equations, it is important to note two facts: 1) The map from sets of free data to solutions of the constraints is surjective. This follows from the observation that if (γ, K) is a solution of the constraints, then ϕ = 1, W = 0 is clearly a solution of (47-48) for the free data λ = γ, σ = K −^1_3 λtr_γ K, τ = tr_γ K. 2) For all those sets of free data for which solutions of (47-48) are known to exist (excepting for the very special case of λ flat, σ = 0, and τ = on M^3 = T^3) the solution is unique.

As a consequence of these facts, those sets of free data for which solutions exist together parametrize the space of constraint-satisfying initial data for Einstein’s equations. It follows that, once we determine exactly which free data sets map to solutions, we will have made significant progress toward understanding the “degrees of freedom” of Einstein’s theory.

Also as a consequence of these facts, if we seek initial data invariant under an isometry group, it is sufficient to choose free data with this invariance.^6 In view of the dominant role the conformal method has assumed as a tool for mathematical as well as numerical analyses of the constraints, it is important to point out its limitations. As noted above, the conformal method replaces the original underdetermined PDE system of the constraint equations (four equations to be solved for twelve unknowns), by a determined system of elliptic character. This is very useful for a wide variety of studies (such as the parametrization question). However for a number of other problems, it is a bad idea. Consider for example a given solution of the constraint equations on a finite radius ball. Can one smoothly extend the solution onto a neighborhood properly containing the ball? Can it be

6 Note that the presence of symmetries generally introduces integrability conditions which must be satisfied by the initial data, and consequently by the free data. These conditions are relatively easy to handle.

smoothly extended to a complete, asymptotically Euclidean solution? Might there be a smooth extension which is identically Schwarzschild or Kerr outside some (larger) ball? To study questions like these, casting the constraint equations into the form of a determined elliptic system is not at all useful. It is better to bypass the conformal method and work with the original underdetermined system.

4.2 The Thin Sandwich Construction

Some time ago, Wheeler [62, 8] discussed a possible alternative to the initial value formulation for determining a spacetime solution of Einstein’s equations. Rather than specifying initial data in the form of a Riemannian metric γ and a symmetric tensor K which satisfy the Einstein constraint equations, he asked whether one might specify a pair of Riemannian metrics h_1 and h_2 and seek to find a (unique?) spacetime (V^4, g) in which h_1, h_2 arise as the induced metrics on disjoint Cauchy surfaces in (V^4, g), and which satisfies the Einstein equations i.e. (V^4, g) is the spacetime solution “connecting” h_1 and h_2. This is the sandwich conjecture.

Considering the analogous question in electrodynamics, however, we find that the uniqueness part of the Maxwell version of the sandwich conjecture is false. Hence there is reason to believe that the uniqueness assertion in the sandwich conjecture for the Einstein equations may also be false. This led Wheeler to instead propose the thin sandwich conjecture, which postulates that given a freely chosen Riemannian metric γ and symmetric tensor J representing the time derivative of the metric evolution in a spacetime, then we can use the constraints to determine a lapse function and shift vector field so that indeed, with respect to a choice of foliation and coordinates compatible with that lapse and shift, J is the time derivative of the metric. More explicitly, having chosen γ and J, we seek a lapse N and shift X so that if we set K_{ij} = −N^{−1}(^1_2 J_{ij} − X_{(i;j)}), (65)

then (γ, K) satisfy the constraint equations (19,20) with source terms ρ = 16πT_{nn}, S_i = 8πT_{ni}. Regarding (γ, J, ρ, S) as given fields, the constraints give four equations for (N, X), the so-called thin sandwich equations.

It is clear that if (γ, K) satisfy the constraint equations, then J is the time derivative ∂_tγ of the spatial metric in the corresponding spacetime evolution of the data (γ, K) with respect to coordinates with lapse-shift (N, X).

The Hamiltonian constraint is readily solved for the lapse, giving

N = √ (Γ^i)^2 − Γ^{ij}Γ_{ij} ρ − R^M , (66)

where we have set Γ_{ij} =^1_2 J_{ij} − X_{(i;j)} for brevity. Substituting this expression for N into the momentum constraint (20) we obtain the reduced thin sandwich equations (“RTSE”) ∇_j [√ ρ − R^M (Γ^k)^2 − Γ^{kl}Γ_{kl}

(Γ^{ij} − Γ^kγ^{ij} ) ] = S^i, (67)

which we view as a system of partial differential equations for X^i, the components of the shift.

The linearization of (67) is shown to be elliptic in [17], provided that the conjugate momentum π^{ij} (recall the formula (37) for π) is either positive or negative definite. This rather surprising condition is guaranteed, so long as the condition

ρ − R^M > 0 (68) is satisfied everywhere in M and provided that J is chosen in such a way that the formula (66) for the lapse function satisfies

N > 0. (69)

An additional necessary condition for solvability of the RTSE is that the equation

∇_{(j}V_{i)} = μK_{ij} (70)

only has solutions (V_i, μ) with V_i = 0.

An implicit function theorem argument [17] shows then that the RTSE is solvable for all data (γ, J, ρ, S) in an open neighbourhood of a reference configuration (γ̊, J̊, ρ̊, S̊) satisfying the conditions (68,69,70). Here “open” is with respect to a Sobolev space in which the RTSE are posed.

The fact that the thin sandwich equations can be solved for an open class of data (γ, J, ρ, S) can be interpreted as showing that this reformulation of the constraints leads to “generic” solutions. However, (68) is rather restrictive — it excludes asymptotically flat data for example — so these conditions, taken together, limit the prospects of constructing most interesting spacetime initial data via the thin sandwich approach.

4.3 Conformal Thin Sandwich

An interesting hybrid of the conformal method and the thin sandwich approach has been suggested by York [76]. Before specifying how this conformal thin sandwich approach works, let us briefly compare the two approaches discussed so far:

1. Conformal Method: The free data consists of a conformal metric λ_{ij}, a divergence-free trace-free tensor field σ_{ij}, and a scalar field τ (8 free functions). Solving the constraints produces a vector field W and a scalar field ϕ (4 functions). We recompose to get a metric γ_{ij} and a symmetric tensor K_{ij} satisfying the constraints (12 functions). The lapse and shift are ignored.

2. Thin Sandwich: The free data consists of a metric γ_{ij} and a symmetric tensor J_{ij} (12 free functions). Solving the constraints produces a vector field X^i and a scalar field N (4 functions). We recompose to get a metric γ_{ij} and a symmetric tensor K_{ij} satisfying the constraints, plus the lapse N and the shift X^i (16 functions).

The idea of the conformal thin sandwich approach is to specify as free data a conformal metric λ_{ij}, a trace-free symmetric tensor U_{ij}, a scalar field τ , and another scalar field η. In terms of the loose function counting system used above, this amounts to 12 free functions. In the spirit of the thin sandwich, the tensor U_{ij} represents the time derivative of the conformal metric, while τ is the mean curvature and η represents the lapse function, up to a conformal factor. It follows from this interpretation, together with a choice of conformal scaling, that the second fundamental form K_{ij} is expressed as

K_{ij} = ψ^{−2 1}_{2η} ((LX)_{ij} − U_{ij}) +^1_3 ψ^4τ λ_{ij} (71)

where X^i is the shift vector and ψ is the conformal factor, neither of which is known at this stage. To determine X^i and ψ, we use the constraint equations. These take the form ∇^j((2η)^{−1}(LX)_{ij} ) = ∇^j((2η)^{−1}U_{ij} ) +^2_3 ψ^6∇_iτ, (72) and 8Δψ − R(γ)ψ = −A_{ij} A^{ij}ψ^{−7} +^2_3 τ^2ψ^5. (73) where we use the convenient short hand A_{ij} =^1_{2η} ((LX)_{ij} − U_{ij}). Thus, if we can solve (72-73) for X and ψ (4 functions), we have K (obtained from (71)) and

γ_{ij} = ψ^4λ_{ij} (74)

satisfying the constraints, plus a specification of the lapse N = ψ^6η and the shift X^i.

Compared to the conformal method (“CM”), the conformal thin sandwich approach (“CTSA”) has a number of virtues:

1. Unlike CM, specifying a set of CTSA free data does not require a projection to the divergence-free part of a symmetric tracefree 2-tensor.

2. The map from CTSA free data to a solution of the constraint equations is conformally covariant in the sense that if (γ_{ij} , K_{ij}) is a solution corresponding to a particular choice of free data (λ_{ij} , U_{ij}, τ, η), then it is also a solution for the CTSA data (θ^4λ_{ij} , θ^{−2}U_{ij} , τ, θ^6η), for any positive function θ. This is true whether or not τ is constant, whereas CM data has this property only if τ is constant.

3. The mathematical form and hence the mathematical analysis of the CTSA equations (72)–(73) is very similar to that of the CM equations (47)–(48). Hence we have essentially the same existence and uniqueness results for the two sets of equations.

4. CTSA free data is arguably closer to the physics we wish to model, since it includes the time derivative of the conformal metric, while the CM data only has the divergence-free trace-free (transverse traceless) part of the second fundamental form.

Along with these virtues, CTSA has one troubling feature: Say we want to find a set of CMC initial data (γ_{ij} , K_{ij}) with the lapse function chosen so that the evolving data continues to have constant mean curvature. In the case of the conformal method, after solving (47) and (48) to obtain a solution of the constraints, one achieves this by solving a linear elliptic equation for the lapse function. This equation is not coupled to the constraint equations, and solutions are readily verified to exist. By contrast, in the CTSA the extra equation takes the form

Δ(ψ^7η) =^1_8 ψ^7ηR +^5_{12} (ψη)^{−1}(LX − U )^2 + ψ^5X^i∇_iτ − ψ^5, (75)

which is coupled to the CTSA equations (72)–(73). This coupling cannot be removed by choosing τ constant. Indeed, whether the data is CMC or not, the mathematical analysis of the full system (72–75) is not very tractable. We emphasise, however, that if we do not require that the lapse be chosen to preserve the mean curvature, then the analysis of the CTSA equations is no more difficult than that of the conformal method equations. For further discussion of the conformal thin sandwich approach, both in theory and in practice, see [76] and [35].

4.4 Parabolic methods and the quasi-spherical ansatz

It was first shown in [14] that 3-metrics^7 of prescribed scalar curvature can be constructed by solving a certain parabolic equation on S^2. This leads to a method for constructing solutions of the Hamiltonian constraint which has found some interesting applications [14, 71, 69].

7 Although we restrict discussion here to 3-manifolds, the parabolic method generalizes to all dimensions.

To describe the general construction [71], consider the second variation identity for a foliation r → Σ_r in a Riemannian 3-manifold with metric g,

R(g) = 2D_nH + 2K_G − H^2 − ‖II‖^2 − 2u^{−1}Δu , (76)

where n is the outward unit normal vector to the level sets Σ_r, II is the second fundamental form, H = tr_{Σr} II is the mean curvature, and K_G, Δ = r^{−2}Δ_o are respectively the Gauss curvature and Laplacian of the metric r^2g̊ on the foliation 2-surfaces (which are usually assumed to be topological 2-spheres). This is the Riemannian version of the Lorentzian formula (35). The name “second variation” arises from the term D_nH, since the mean curvature measures the first variation of the area of Σ_r. This interpretation is not important for the present application, although it does reflect some deep relationship between mean curvature and minimal surfaces on the one hand, and positivity properties of mass on the other [67, 69].

Consider (76) when the surface variation r → Σ_r defines a foliation, so the metric takes the general form

g = u^2 dr^2 + g̊_{AB}(rdθ^A + β^Adr)(rdθ^B + β^B dr), (77)

where u = u(r, θ^A) > 0, β = (β^A(r, θ^B )) and the rescaled angular metric g̊_{AB}(r, θ^C ) are arbitrary fields. The quasi-spherical (QS) case considered in [14] arises as the special case where g̊ = dϑ^2 + sin^2 ϑ dφ^2 is the standard 2-sphere metric. Generally, the mean curvature of the leaves Σ_r is H = − 1 ru ( 2 − div_oβ + r∂_r log √ detg̊ ) , (78)

where div_oβ is the divergence of the tangential vector field β = β^A∂_A in the metric g̊, and n = u^{−1}(∂_r − r^{−1}β^A∂_A) is the exterior-directed unit normal vector. Assume throughout the quasiconvexity condition

h := 2 − div_oβ + r∂_r log √ detg̊ > 0, (79)

and let n_o = un, H_o = uH = −h/r, II_o = u II be the corresponding quantities determined by the metric (77) with u = 1. The key observation is that substituting H from (78) into D_nH gives a term hu^{−3}r^{−1}∂_r u which combines with the term u^{−1}Δu to show that if the scalar curvature is specified then (76) may be read as a parabolic equation for the lapse u. Here β^A, g̊_{AB} can be freely chosen, subject only to the quasiconvexity condition (79), or equivalently, H < 0. Explicitly we have

h(r∂_r − β^A∂_A)u − u^2Δ_ou (80) = ru(r∂_r − β^A∂_A)H_o +^1_2 r^2u(H^2_o + |II_o|^2) − u^3(K(g̊) −^1_2 R(g)r^2),

which clearly shows the parabolic structure of the equation satisfied by u.

Thus if R(g) is determined by the Hamiltonian constraint equation (19) and β, g̊_{AB} are regarded as prescribed fields, then solving (80) leads to a 3-metric which satisfies the Hamiltonian constraint.

Global (r → ∞) existence theorems were established for (80) in the quasispherical case g̊ = dϑ^2 + sin^2 ϑ dφ^2 [14], assuming β satisfies the quasiconvexity condition (79), which becomes div_oβ < 2, and assuming the prescribed scalar curvature is not too positive (r^2R ≤ 2 is sufficient but not necessary). With suitable decay conditions on the prescribable fields β^A (for example, if β^A is compactly supported), these results give asymptotically flat solutions of the Hamiltonian constraint, with either black hole H = 0 or regular centre r = 0 inner boundary conditions. Setting R(g) = 0 gives a large class of solutions of the vacuum Hamiltonian constraint (19) in the time-symmetric case K_{ij} = 0, with two degrees of freedom corresponding to the choice of β^A. Analogous results have been established for general g̊_{AB} [71, 72, 69], which demonstrate that this provides a flexible technique for extending solutions to be asymptotically flat, or asymptotically hyperboloidal if R(g) = −6.

The parabolic method enables us to construct metrics of prescribed scalar curvature which have properties not achievable by conformal methods. For example, any bounded domain (Ω, g) with smooth mean-convex (H < 0) boundary ∂Ω ≃ S^2 and non-negative scalar curvature can be extended smoothly to an asymptotically flat manifold, also with R ≥ 0; we simply extend the Gaussian normal foliation in a neighbourhood of ∂Ω smoothly to a metric which is flat outside a neighbourhood of Ω, with a mean-convex exterior foliation approaching the standard spherical foliation of R^3. Solving the parabolic lapse equation for R ≥ 0 with initial data u = 1 on a Gaussian level set Σ_{−ϵ} ⊂ Ω produces the required 3-metric.

One consequence of this argument, first observed in [14], is the existence of R = 0 metrics on R^3 which are asymptotically flat and non-flat, but which have a flat interior region.

The parabolic method also gives solutions satisfying “geometric boundary conditions” [16] (r^2g̊, H), which specify the boundary metric r^2g̊_{AB} and mean curvature H. This is clear from (78) since H is determined by specifying the well-posed initial condition u(r_0) for the parabolic lapse equation. Note that this is not possible with conformal methods, since specifying both the boundary metric and mean curvature leads to simultaneous Dirichlet and Neumann boundary conditions on the conformal factor. These boundary conditions are ill-posed for the elliptic equation imposed on the conformal factor, which will not then admit any solution in general. The problem of constructing 3-metrics with prescribed boundary metric and mean curvature arises naturally from the geometric definition of quasi-local mass [13] and provided the original motivation for the quasi-spherical construction.

Examples of 3-metrics satisfying the Geroch (inverse mean curvature flow) foliation condition [47, 48] can be constructed by choosing β^A, g̊_{AB} satisfying div_oβ = r∂_r(log detg̊) and then solving the parabolic lapse equation with suitably prescribed scalar curvature. This provides a large class of metrics for which the Geroch identity directly verifies the Penrose conjecture. Note that this does not help to solve the much harder problem considered in [48], of finding a Geroch foliation in a given metric.

Another advantage of the parabolic lapse method is that it is generally easier and cheaper numerically to solve a 2+1 parabolic equation than the 3D elliptic equations arising in the conformal methods, particularly when the solution is required near spatial infinity. Finally, in the original quasi-spherical gauge [14], the freely-specifiable fields β^A, A = 1, 2 give a rather explicit parameterization of the “true degrees of freedom” allowed by the Hamiltonian constraint, since fixing β removes all diffeomorphism freedom in the quasi-spherical gauge (at the linearized level at least).

Dual to the problem of constructing metrics having quasi-spherical form, is the harder problem of finding a quasi-spherical foliation in a given metric. Some simple observations suggest that QS foliations exist for general perturbations of a QS metric, but for interesting technical reasons a complete proof is not yet available.

Write the general QS 3-metric as g = u^2dr^2 + Σ_A(β_Adr + rσ_A)^2 where σ_A, A = 1, 2 is an orthonormal coframe for the unit sphere S^2, and consider the effect of an infinitesimal diffeomorphism generated by X = ζ^Aτ_A + z(r∂_r − β^Aτ_A), where τ_A is the dual frame to σ_A. The QS condition will be preserved under the metric variation δg_{ij} and infinitesimal diffeomorphism X exactly when (L_X g + δg)_{AB} = 0, which gives the equation

ζ_{(A|B)} + (σ_{AB} − β_{(A|B)})z +^1_2 δg_{AB} = 0. (81)

Taking trace and trace-free projections and simplifying gives

D_βζ := ζ_{(A|B)} −^1_2 div_oζσ_{AB} + B_{AB}div_oζ

= −^1_2 (δg_{AB} −^1_2 δg^C σ_{AB} + B_{AB} δg^C ), (82)

where

B := β_{(A|B)} −^1_2 div_oβσ_{AB} 2 − div_oβ and z = − div_oζ +^1_2 δg^A 2 − div_oβ . The operator D_β ζ in (82) is elliptic exactly when |B|^2 < 1, and we can show that its adjoint D^†_βy_{AB} = −y^{|B}_{AB} + (y_{BC} B^{BC} )_{|A} has trivial kernel when |B|^2 < 1/3 (pointwise). This latter condition also guarantees that D_β is surjective, whereupon (82) can be solved for ζ_A, uniquely if the L = 1 spherical harmonic components of χ_A are specified. Hence existence of QS coordinates can be established at the linearized level, but the presence of div_oζ in the expression for z means that it is not possible to directly apply an implicit function theorem to conclude the existence for all metrics in an open neighbourhood of g.

It is also interesting to consider the direct approach to finding quasi-spheres as graphs over S^2 in R^3. From the second fundamental form of the graph r = e^u, u : S^2 → R, II_{AB} = e^u √ 1 + |Du|^2 (u_{AB} − u_Au_B − σ_{AB}) where σ_{AB} is the S^2 metric and |Du|^2 = σ^{AB}u_Au_B , the Gauss and mean curvatures are given by

K(u) = det II_{AB} / det σ̄_{AB} (83) H(u) = e^{−2u}σ̄^{AB} II_{AB} , (84) where σ̄_{AB} = e^{2u}(σ_{AB} + u_Au_B) is the induced metric on the graph. It follows that the linearisations about the unit sphere with respect to infinitesimal changes v = δu, h = δg are − δK(v, h) = (Δ + 2)v +^1_2 ((Δ + 1)(σ^{AB} h_{AB}) − h^{|AB}_{AB} ) (85)

H v = (Δ + 2)v + h_{rr} + σ^{AB} (h_{AB} + ∇_Ah_{Br} −^1_2 ∂_rh_{AB} ). (86)

Now the equation (Δ + 2)ϕ = f is solvable for ϕ exactly when ∮ S^2 fY1 = 0 for any

l = 1 spherical harmonic Y_1, and it follows that for generic metric variations h, it is not possible to find a corresponding variation v of the graph which preserves the condition H = −2. This instability of constant mean curvature foliations can be overcome if the background metric has positive ADM mass [49]. In contrast, the equation δK(v, h) = 0 is solvable for v for any metric variation h, since ∮ S^2

(Δ + 1)σ^{AB} h_{AB} − h^{|AB}_{AB} )Y_1 = 0

for all Y_1 satisfying ΔY_1 = −2Y_1 and then ∇Y_1 is a conformal Killing vector of S^2 and ∇^2_{AB}Y_1 = (ΔY_1 + Y_1)σ_{AB}. Thus at the linearised level it is always possible to preserve the condition K = 1.

Further evidence supporting the conjecture that QS foliations exist for generic metrics near a given QS metric satisfying |B|^2 < 1/3 comes from the thesis of Spillane [73], which establishes existence in the axially symmetric case. However, the general case remains open, as does the related problem of finding a QS foliation of a null hypersurface [15]. Note that this foliation existence question is irrelevant for the metric existence question, which is resolved by the proof in [14] of a large class of metrics in QS form.

The momentum constraint equations are not yet well-understood in the parabolic method, although some results have been established [68]. In the quasi-spherical case, we may introduce the parameterization

K_{ij}θ^iθ^j = (η_{AB} +^1_2 μδ_{AB} )θ^Aθ^B + κ_A(θ^Aθ^3 + θ^3θ^A) + (τ − μ)θ^3θ^3, (87)

where θ^1 = β^1 dr + r dϑ, θ^2 = β^2 dr + r sin ϑ dφ, θ^3 = u dr is the QS orthonormal coframe. In terms of the parameters η_{AB}, μ, κ_A, τ = tr_γ K, the momentum constraint equations then take the form

8πT_{03}ru = −(r∂_r μ − β^A∇_Aμ + (3 − div β)μ) (88) + udiv κ + κ^A∇_Au + η^{AB} β_{(A|B)} + (2 − div β)τ

8πT_{0A}ru = (uη_{AB})^{|B} + μ∇_Au + ∇_A(u(^1_2 μ − τ )) (89) + r∂_rκ_A − β^B κ_{A|B} + ((3 − div β)δ_{AB} − β_{B|A})κ^B . The matter fields T_{00}, T_{0A}, T_{03} are prescribed and (88) provides either an equation for τ , by choosing μ, or vice-versa, choosing τ and solving for μ. Likewise, (89) can be regarded either as an equation for κ (with the symmetric traceless 2-tensor η_{AB} arbitrarily prescribable) or as an elliptic equation for η with κ_A freely prescribable.

Local existence in r for the momentum constraints with prescribed τ, κ_A has been established by Sharples [68], but it is not clear whether global results are possible without additional restrictions. Much work still remains to be done on these systems.

Finally we note that a characteristic version of the quasi-spherical gauge, where a foliation of outgoing (ρ_{NP} < 0) null hypersurfaces is assumed to admit a QS radial coordinate, has been described in [15]. In this case there is no parabolic equation. The resulting hypersurface Einstein equations are considerably simpler than those derived in the Bondi gauge [66, 23], and forms the basis for a 4th order numerical code [18], which heavily exploits the exact spherical geometry of the r-level surfaces.

4.5 Gluing Solutions of the Constraint Equations

The conformal method, the conformal thin sandwich method, and the quasi-spherical ansatz are all procedures for generating solutions of the Einstein constraint equations from scratch. We now consider procedures for constructing new solutions of the constraints from existing solutions.

We first discuss a procedure for gluing connected sums of solutions. The idea of this “IMP Gluing” [52] is the following: Say we have two solutions of the constraint equations, (M_1, γ_1, K_1) and (M_2, γ_2, K_2). Let p_1 ∈ M_1 and p_2 ∈ M_2. Can we find a set of initial data (M_{(1−2)}, γ_{(1−2)}, K_{(1−2)}) such that 1) M_{1−2} is homotopic to the connected sum^8 M_1#M_2; 2) (γ_{(1−2)}, K_{(1−2)}) is a solution of the constraints everywhere on M_{(1−2)}; and 3) on that portion of M_{(1−2)} which corresponds to M_1 \ {ball around p_1}, the data (γ_{(1−2)}, K_{(1−2)}) is isomorphic to (γ_1, K_1), with a corresponding property holding on that portion of M_{(1−2)} which corresponds to M_2 \ {ball around p_2}? If so, we say that the sets of data admit IMP gluing.

IMP gluing can be carried out for quite general sets of initial data. The sets can be asymptotically Euclidean, asymptotically hyperbolic, specified on a closed

8 The connected sum of these two manifolds is constructed as follows: First we remove a ball from each of the manifolds M_1 and M_2. We then use a cylindrical bridge S^2 × I (where I is an interval in R^1) to connect the resulting S^2 boundaries on each manifold.

manifold, or indeed anything else. The only condition the data sets must satisfy is that, in sufficiently small neighborhoods of each of the points at which the gluing is to be done, there do not exist nontrivial solutions ξ to the equation DΦ^∗_{(γ,K)}ξ = 0, where DΦ^∗_{(γ,K)} is the linearization operator defined in (43) (with K replacing π). In [20] it is shown that this condition is indeed generic.

The proof that IMP gluing can be carried out to this degree of generality is detailed in [34], based on [52], [53], and [32]. We note here two features of it. First, the proof is constructive, in the sense that it outlines a systematic, stepby-step mathematical procedure for doing the gluing: One conformally blows up the balls surrounding p_1 and p_2 to produce two half cylinders extending from the original initial data sets; one joins the two half cylinders into a bridge, and splices together the data from each side using cutoff functions; one uses the local constant mean curvature to decouple the constraints in the neighborhood of the bridge; one uses tensor projection operators based on linear PDE solutions to find a new conformal K which solves the momentum constraint; one solves the Lichnerowicz equation (the argument that this can be done, and that the solution is very close to 1 away from the bridge, relies on the invertiblity of the linearized equation and on a contraction mapping); one recomposes the data as in (50) and (51); and finally one does a nonconformal data perturbation away from the bridge to return the data there to what it was before the gluing. This procedure can be largely carried out numerically, although we note that it requires us to solve elliptic equations on topologically nontrivial manifolds.

The second feature we note regarding the proof is that it relies primarily on the conformal method, but it also uses a nonconformal deformation of the data at the end, to guarantee that the glued data is not just very close to the given data on regions away from the bridge, but is exactly equal to it.

While IMP gluing is not the most efficient tool for studying the complete set of solutions of the constraints, it has already proven to be very useful for a number of applications, including the following:

1. Multi-Black Hole Data Sets: Given an asymptotically Euclidean solution of the constraints, IMP gluing allows a sequence of flat space initial data sets to be glued to it. The bridges that result from this gluing each contain a minimal surface, and consequently an apparent horizon. With a bit of care [32], one can do this in such a way that indeed the apparent horizons are disjoint, and therefore likely to lead to independent black holes.

2. Adding a Black Hole to a Cosmological Spacetime: Although there is no clear established definition for a black hole in a spatially compact solution of Einstein’s equations, one can glue an asymptotically Euclidean solution of the constraints to a solution on a compact manifold, in such a way that there is an apparent horizon on the bridge. Studying the nature of these solutions of the constraints, and their evolution, could be useful in trying to understand what one might mean by a black hole in a cosmological spacetime.

3. Adding a Wormhole to Your Spacetime: While we have discussed IMP gluing as a procedure which builds solutions of the constraints with a bridge connecting two points on different manifolds, it can also be used to build a solution with a bridge connecting a pair of points on the same manifold. This allows one to do the following: If one has a globally hyperbolic spacetime solution of Einstein’s equations, one can choose a Cauchy surface for that solution, choose a pair of points on that Cauchy surface, and glue the solution to itself via a bridge from one of these points to the other. If one now evolves this glued-together initial data into a spacetime, it will likely become singular very quickly because of the collapse of the bridge. Until the singularity develops, however, the solution is essentially as it was before the gluing, with the addition of an effective wormhole. Hence, this procedure can be used to glue a wormhole onto a generic spacetime solution.

4. Removing Topological Obstructions for Constraint Solutions: We know that every closed three dimensional manifold M^3 admits a solution of the vacuum constraint equations. To show this, we use the fact that M^3 always admits a metric Γ of constant negative scalar curvature. One easily verifies that the data (γ = Γ, K = Γ) is a CMC solution. Combining this result with IMP gluing, one can show that for every closed M^3, the manifold M^3 \ {p} admits both an asymptotically Euclidean and an asymptotically hyperbolic solution of the vacuum constraint equations.

5. Proving the Existence of Vacuum Solutions on Closed Manifolds with No CMC Cauchy Surface: Based on the work of Bartnik [11, 12], one can show that if one has a set of initial data on the manifold T^3#T^3 with the metric components even across a central sphere and the components of K odd across that same central sphere, then the spacetime development of that data does not admit a CMC Cauchy surface. Using IMP gluing, one can show that indeed initial data sets of this sort exist.

4.6 The Corvino-Schoen method

There is another very useful form of gluing which has been applied recently to construct interesting solutions of the Einstein vacuum constraint equations. Developed by Corvino and Schoen [36, 37, 32], this method has the following remarkable application. Let (M^3, γ, K) be a smooth, asymptotically Euclidean solution of the constraint equations. If certain asymptotic conditions hold, then for any compact region Σ^3 ⊂ M^3 for which M^3 \ Σ^3 = R^3 \ B^3 (where B^3 is a ball in R^3), there is a smooth asymptotically Euclidean solution on M^3 which is identical to the original solution on Σ^3 ⊂ M^3, and is identical to Cauchy data for the Kerr solution on M^3 \ Σ̃^3 for some Σ̃^3 ⊂ M^3. In words, their technique allows us to smoothly glue any interior region of an asymptotically Euclidean solution to an exterior region of a slice of the Kerr solution. For asymptotically Euclidean solutions of the constraints with tr_γ K = 0, this method glues any interior region to an exterior region of a slice of Schwarzschild.

Combining the Corvino-Schoen gluing techniques with some results of Friedrich [44], [32] showed that there is a large class of vacuum spacetime solutions of Einstein’s equations which admit complete null infinity regions of the form “scri”, as hypothesized by Penrose. The tools developed by Corvino and Schoen have also been used to strengthen the IMP gluing results [33].

The Corvino-Schoen method aims to solve the constraint equations through a projection using the linearized operator DΦ and its adjoint DΦ^∗. We sketch the method in the time-symmetric case π = 0, where Φ(γ, π) is replaced by the scalar curvature R(γ) and the lapse-shift ξ is replaced by the lapse N . In this case the arguments are essentially the same while the calculations are considerably simpler.

We start with the observation that because DR^∗ has injective symbol, it satisfies an elliptic estimate on any domain Ω,

‖N ‖_H2_{(Ω)} ≤ C(‖DR^∗N ‖_L2_{(Ω)} + ‖N ‖_L2_{(Ω)}), (90)

which importantly does not require any control on N at the boundary ∂Ω. It follows easily that similar weighted estimates hold, with weight function ρ ∈ C^∞_c which is positive in Ω and vanishes to high order at ∂Ω:

‖N ‖^2_H2_{ρ (Ω)} := ∫ Ω ρ(N^2 + |∇^2N |^2) dv_γ ≤ C ∫ Ω ρ|DR^∗N |^2 + N^2) dv_γ , (91) where the final term N^2 on the right can be removed if there are no Killing vectors. With this assumption, for all f ∈ L^2_ρ(Ω) we can solve DR(ρDR^∗N ) = ρf for N ∈ H^4_{loc}, which in particular produces a solution to the linearized constraint equation DR h = ρf. An iteration argument is used to solve the nonlinear problem R(γ_0 + h) = R(γ_0) + S for any sufficiently small S. This solution h ∈ H^2_{ρ−1} (Ω) has the remarkable property that it vanishes to high order on ∂Ω. Thus, for example, if R(γ_0) is sufficiently small and supported in Ω then there is a perturbation h, also supported in Ω, such that R(γ_0 + h) = 0.

To use this method to glue a Schwarzschild exterior to an asymptotically flat R(γ) = 0 metric across an annulus B_{2R}\B_R, R >> 1, requires one more idea because the flat space kernel ker DR^∗_δ = span(1, x^1, x^2, x^3) is non-trivial. This implies that the linearized problem DR_δh = σ is solvable if and only if σ satisfies the four conditions ∫ Ω σ(1, x^i)d^3x = 0, and the nonlinear problem R(γ_0 + h) = 0 is similarly obstructed for γ_0 close to flat. By choosing the cutoff radius R sufficiently large and rescaling back to Ω = B_2\B_1 produces exactly this close to flat situation. However, it is possible to solve the projected problem R(γ_0 + h) ∈ K := span(1, x^i) with uniform estimates on h ∈ H^2_{ρ−1} (Ω). Now the Schwarzschild exterior metric can be characterised by the mass and centre of mass parameters (m, c^i), defined by

γ_{Schw} = (1 +^m_{2|x−c|} )^4δ_{ij} . (92)

Some delicate estimates show that the map (m, c^i) → K is continuous and has index 1, so there is a choice of parameters (m, c^i) mapping to 0 ∈ K, which gives R(γ_0 +h) = 0 as required. The extension of these ideas, and the considerable details of the above arguments, are given in the original references [36, 37, 33].

5 Conclusion

A considerable amount is known concerning the solutions of the Einstein constraint equations. Using the conformal method or the conformal thin sandwich method, we know how to construct constant mean curvature solutions which are asymptotically Euclidean, asymptotically hyperbolic, or live on a closed manifold. We also know how to do the same for nearly constant mean curvature solutions. We can glue together quite general solutions of the constraints, producing new solutions of both mathematical and physical interest. And, for certain asymptotically Euclidean solutions, we know how to show that there are solutions which include any compact region of the solution in the interior, and which are exactly Kerr or Schwarzschild in the exterior.

Much remains to discover as well. We would like to know how to construct solutions with mean curvature neither constant nor nearly constant. We would like to know much more about constructing solutions of the constraints with prescribed boundary conditions. We would like to know to what extent we can construct solutions with low regularity. And we would like to know which solutions on compact regions can be smoothly extended to either asymptotically Euclidean or asymptotically hyperbolic solutions.

Besides these mathematical issues to resolve, there are important questions concerning solutions of the constraints and physical modeling. In view of the pressing need to model astrophysical events which produce detectable amounts of gravitational radiation, one of the crucial questions we need to answer is how to systematically find solutions of the constraint equations which serve as physically realistic initial data sets for such astrophysical models. Since these models are generally constructed numerically, an equally crucial question is the extent to which the constraint functions, initially zero, remain near zero as the spacetime is numerically evolved.

It is not clear how close we are to resolving these mathematical and physical questions regarding the Einstein constraint equations and their solutions. However, in view of the recent rapid progress that has been made in these studies, we are optimistic that many of them will be resolved soon as well.

6 Acknowledgments

We thank Yvonne Choquet-Bruhat, Rafe Mazzeo, Vincent Moncrief, Niall O’Murchadha, Daniel Pollack and James York for useful conversations. JI thanks the Caltech relativity group and the Kavli Institute for Theoretical Physics for hospitality while this survey article was being written, and acknowledges support for this research from NSF grant PHY 0099373 at the University of Oregon. The work of RB is supported in part by the Australian Research Council.

References

[1] R. Abraham, J. E. Marsden, and T. Ratiu. Manifolds, tensor analysis, and applications. Springer-Verlag, 1988.

[2] A. Anderson and J. W. York Jr. Hamiltonian time evolution for general relativity. Phys. Rev. Lett., 81:1154–1157, 1998. grqc/9807041.

[3] and J. W. York. Fixing Einstein’s equations. Phys. Rev. Lett., pages 824384–4387, 1999.

[4] L. Andersson and P.T. Chruściel. On asymptotic behavior of solutions of the constraint equations in general relativity with “hyperboloidal boundary conditions”. Dissert. Math., 355:1–100, 1996.

[5] , , and H. Friedrich. On the regularity of solutions to the Yamabe equations and the existence of smooth hyperboloidal initial data for Einstein’s field equations. Comm. Math. Phys., 149:587–612, 1992.

[6] J. Arms, J. E. Marsden, and V. Moncrief. The structure of the space of solutions of Einstein’s equations II: Several Killing fields and the Einstein-Yang-Mills equations. Annals Phys., 144(1):81–106, 1982.

[7] R. Arnowitt, S. Deser, and C. Misner. The dynamics of general relativity. In L. Witten, editor, Gravitation, pages 227–265. Wiley, N.Y., 1962.

[8] R. F. Baierlein, D. H. Sharp, and J. A. Wheeler. Phys. Rev., 126:1, 1962.

[9] R. Bartnik. Phase space for the Einstein equations. in preparation.

[10] R. Bartnik. The existence of maximal hypersurfaces in asymptotically flat space-times. Commun. Math. Phys., 94:155–175, 1984.

[11] . The regularity of variational maximal surfaces. Acta Math., 161:145– 181, 1988.

[12] . Remarks on cosmological spacetimes and constant mean curvature surfaces. Commun. Math. Phys., 117:615–624, 1988.

[13] . New definition of quasilocal mass. Phys. Rev. Lett., 62(20):2346–2348, May 1989.

[14] . Quasi-spherical metrics and prescribed scalar curvature. J. Diff.

Geom., 37:31–71, 1993.

[15] . Einstein equations in the null quasi-spherical gauge. Class. Quant.

Gravity, 14:2185–2194, 1997. gr-qc/9611045.

[16] . Energy in general relativity. In Shing-Tung Yau, editor, Tsing Hua Lectures on Analysis and Geometry, pages 5–28. International Press, 1997.

[17] and G. Fodor. On the restricted validity of the thin sandwich conjecture.

Phys. Rev. D, 48:3596–3599, 1993. gr-qc/9304004.

[18] and A. Norton. Numerical methods for the Einstein equations in null quasi-spherical coordinates. SIAM J. Sci. Comp., 22:917–950, 2000. gr-qc/9904045.

[19] and L. Simon. Spacelike hypersurfaces with prescribed boundary values and mean curvature. Commun. Math. Phys., 87:131–152, 1982.

[20] R. Beig, P. T. Chruściel and R. Schoen. KIDs are non-generic. in preparation.

[21] E. P. Belasco and H. C. Ohanian. Initial conditions in general relativity: lapse and shift formulation. J. Math. Phys., 10:1503, 1969.

[22] A. Besse. Einstein manifolds. Springer, 1987.

[23] H. Bondi. Gravitational waves in general relativity. Nature, 186:535, 1960.

[24] D. Brill. On spacetimes without maximal surfaces. In H. Ning, editor, Proc.

Third Marcel Grossman meeting. North Holland, 1982.

[25] D. Brill and M. Cantor. The Laplacian on asymptotically flat manifolds and the specification of scalar curvature. Composit. Math., 43:317, 1981.

[26] M. Cantor. The existence of non-trivial asymptotically flat initial data for vacuum spacetimes. Commun. Math. Phys., 57:83, 1977.

[27] Y. Choquet-Bruhat. Spacelike submanifolds with constant mean extrinsic curvature of a Lorentzian manifold. Ann. d. Scuola Norm. Sup. Pisa, 3:361–376, 1976.

[28] . Non-strict and strict hyperbolic systems for the Einstein equations. In Ancon and J. Vaillant, editors, Partial Differential Equations and Mathematical Physics. Dekker, 2003.

[29] and R. Geroch. Global aspects of the Cauchy problem in general relativity. Commun. Math. Phys., 14:329–335, 1969.

[30] , J. Isenberg, and J. York. Einstein constraints on asymptotically Euclidean manifolds. Phys. Rev. D, 61:084034, 2000.

[31] and J. W. York. The Cauchy problem. In A. Held, editor, General Relativity and Gravitation – the Einstein Centenary, chapter 4, pages 99–160. Plenum, 1979.

[32] P. T. Chruściel and E. Delay. Existence of non-trivial vacuum asymptotically simple spacetimes. Class. Quant. Grav., 19:L71–L79, 2002.

[33] P. T. Chruściel and E. Delay. On mapping properties of general relativistic constraints operators in weighted function spaces, with applications. gr-qc/0301073, 2003.

[34] P. T. Chruściel, J. Isenberg and D. Pollack. Initial data engineering. in preparation.

[35] G. Cook. private communication. 2003.

[36] J. Corvino. Scalar curvature deformation and a gluing construction for the Einstein constraint equations. Commun. Math. Phys., 214:137–189, 2000.

[37] and R. Schoen. On the asymptotics for the vacuum constraint equations.

gr-qc/0301071.

[38] S. Dain. Trapped surfaces as boundaries for the constraint equations, 2003.

gr-qc/0308009.

[39] Th. de Donder. Théorie des champs gravitiques. Gauthier-Villars, Paris, 1926. [40] D. M. DeTurck. The Cauchy problem for Lorentz metrics with prescribed Ricci curvature. Comp. Math., 48:327–349, 1983.

[41] A. .E. Fischer, J. E. Marsden, and V. Moncrief. The structure of the space of solutions of Einstein’s equations I. One Killing field. Ann. Inst. H. Poincaré, 33:147–194, 1980.

[42] A. E. Fischer and J. E. Marsden. Topics in the dynamics of general relativity.

In J. Ehlers, editor, Structure of Isolated Gravitating Systems, pages 322–395. 1979.

[43] Y. Foures-Bruhat. Théorème d’existence pour certains systèmes d’équations aux dérivées partielles non linéaires. Acta Math., 88:141–225, 1952.

[44] H. Friedrich. On the hyperbolicity of Einstein’s and other gauge field equations.

Commun. Math. Phys., 100:525–543, 1985.

[45] D. Garfinkle. Numerical simulations of generic singularities. unpublished. 2003. [46] C. Gerhardt. H-surfaces in Lorentzian manifolds. Commun. Math. Phys., 89:523–553, 1983.

[47] R. Geroch. Energy extraction. Ann. N.Y. Acd. Sci., 224:108–117, 1973. [48] G. Huisken and T. Ilmanen. The inverse mean curvature flow and the Riemannian Penrose inequality. J. Diff. Geom., 59:353–438, 2001.

[49] G. Huisken and S.-T. Yau. Definition of center of mass for isolated physical systems and unique foliations by stable spheres with constant mean curvature. Invent. Math., 124:281–311, 1996.

[50] J. Isenberg. Constant mean curvature solutions of the Einstein constraint equations on closed manifolds. Class. Quant. Grav., 12:2249, 1995.

[51] . Near constant mean curvature solutions of the Einstein constraint equations with non-negative Yamabe metrics. unpublished. 2003.

[52] , R. Mazzeo, and D. Pollack. Gluing and wormholes for the Einstein constraint equations. Comm. Math. Phys., 231:529–568, 2002.

[53] , R. Mazzeo, and D. Pollack. On the topology of vacuum spacetimes.

Ann. Inst. H. Poincaré, 4:369–383, 2003. gr-qc/0206034.

[54] and V. Moncrief. A set of nonconstant mean curvature solutions of the Einstein constraint equations on closed manifolds. Class. Quant. Grav., 13:1819, 1996.

[55] and N. Ó Murchadha. Non-CMC conformal data sets which do not produce solutions of the Einstein constraint equations. gr-qc/0311057.

[56] and J. Park. Asymptotically hyperbolic non-constant mean curvature solutions of the Einstein constraint equations. Class. Quant. Grav., 14:A189, 1997.

[57] V. Iyer and R. M. Wald. Some properties of Noether charge and a proposal for dynamical black hole entropy. Phys. Rev., D50:846–864, 1994. gr-qc/9403028.

[58] F. John. Partial Differential Equations. Springer, 4th edition, 1982.

[59] C. Lanczos. Ein vereinfachendes Koordinatensystem für die Einsteinschen Gravitationsgleichungen. Phys. Zeit., 23:537–539, 1922.

[60] L. Lindblom and M. A. Scheel. Dynamical gauge conditions for the Einstein evolution equations. Phys. Rev., 7:124005, 2003. gr-qc/0301120.

[61] D. Maxwell. Solutions of the Einstein constraint equations with apparent horizon boundary, 2003. gr-qc/0307117.

[62] C. W. Misner, K. S. Thorne, and J. A. Wheeler. Gravitation. Freeman, 1973.

[63] V. Moncrief. Spacetime symmetries and linearization stability of the Einstein equations I. J. Math. Phys., 16(3):493–498, March 1975.

[64] . Spacetime symmetries and linearization stability of the Einstein equations II. J. Math. Phys., 17(10):1893–1902 1976.

[65] R. Racke. Lectures on nonlinear evolution equations. Friedrich Vieweg, 1992.

[66] R. K. Sachs. Gravitational waves in general relativity, VIII. Waves in asymptotically flat space-time. Proc. Roy. Soc. Lond. A, A270:103–126, 1962.

[67] R. Schoen and S.-T. Yau. Proof of the positive mass theorem. Comm. Math.

Phys., 65:45–76, 1979.

[68] J. Sharples. Spacetime initial data and quasi-spherical coordinates. PhD thesis, University of Canberra, 2001.

[69] Y. Shi and L.F. Tam. Positive mass theorem and the boundary behaviors of compact manifolds with nonnegative scalar curvature. J. Diff. Geom., 62:79– 125, 2002. math.DG/0301047.

[70] L. Simon. Seminar on Minimal Submanifolds, chapter Survey Lectures on Minimal Submanifolds, pages 3–52. Annals of Math. Studies 103. Princeton UP, 1983.

[71] B. Smith and G. Weinstein. On the connectedness of the space of initial data for the Einstein equations. Electron. Res. Announc. Amer. Math. Soc., 6:52–63, 2000.

[72] . and . Quasiconvex foliations and asymptotically flat metrics of non-negative scalar curvature. Comm. Analysis and Geom., 2004. to appear.

[73] M. Spillane. The Einstein equations in the null quasi-spherical gauge. PhD thesis, Australian National University, 1994.

[74] M. E. Taylor. Partial Differential Equations III, volume 117 of Applied Mathematical Sciences. Springer, 1996.

[75] R. M. Wald. General Relativity. University of Chicago Press, 1984. [76] J. W. York. Conformal “Thin-Sandwich” data for the initial-value problem of general relativity. Phys. Rev. Lett., 82:1350–1353, 1999.