arXiv:gr-qc/0406002 v2 2 Jun 2004

The Papapetrou equations and supplementary conditions

O. B. Karpov

Moscow State Mining University, Moscow 119991, Russia

On the bases of the Papapetrou equations with various supplementary conditions and other approaches a comparative analysis of the equations of motion of rotating bodies in general relativity is made. The motion of a body with vertical spin in a circular orbit is considered. An expression for the spin-orbit force in a post-Newtonian approximation is investigated. The relativity of motions and of the fulfilment of the third Newton law in the general relativistic two-body problem is discussed.

1 Introduction

The only covariant general-relativistic equations of motion of spinning test particles are well-known Papapetrou equations [1, 2] reduced by Dixon [3, 4] to the form Ṗ^α = − 1 2 R^α_{βμν} u^β S^{μν} , (1) Ṡ^{αβ} = 2P^{[α}u^{β]} (2)

where P^α = ∫ T^{αβ} d^3∫_β is the 4-momentum of a body and R_{αβμν} is the Riemann tensor of the background space-time. The antisymmetric spin tensor with respect to an event z^α(s), ζ^α = x^α − z^α,

S^{αβ} = 2 ∫ ζ^{[α}T^{β]γ} d^3∫_γ (3)

depends on the representing world line determined by the tangent 4-vector u^α = dz^α/ds, u^αu_α = 1. The dot denotes a covariant derivative along u^α, D/ds = u^α∇_α.

An essential feature of the Papapetrou equations (1) and (2) is the freedom of a specific definition of the representing world line u^α. This freedom manifests itself in the fact that the system (1) and (2) is not complete and the number of unknowns exceeds the number of equations by three (the number of independent components u^α). Therefore the world line can be determined arbitrarily from physical considerations. For example, one can require the tangency of the 4-momentum to the world line of a representing point [5, 6]

P^α ∝ u^α. (4)

Then the spin tensor is parallel transported along u^α

Ṡ^{αβ} = 0. (5)

Usually, to Eqs.(1) and (2), supplementary conditions are added which single out the world line of the center of mass (CM) as a representing path. The spin tensor with respect to the CM, determined in a given reference frame with a tangent vector of congruence τ^α, satisfies the condition S^{αβ} τ_β = 0, (6)

which closes the system (1) and (2). In stationary spacetime it is natural to direct the τ^α along the time-like Killing vector ξ^α S^{αβ} ξ_β = 0. (6^′)

Such a definition of the CM (6) will be called the Corinaldesi supplementary condition [7].

The supplementary condition (4) also closes the system of the Papapetrou equations. Then the equation S^{αβ}τ_β = 0 entirely determines the frame τ , in which the u^μ is the CM 4-velocity. The parallel transport (5) specifies this frame by the relation S^{αβ}τ̇_β = 0.

For singling out the CM, determined in the rest frame of a body (the intrinsic CM), it is necessary to direct the vector τ^α along the P^α,

S^{αβ}P_β = 0. (7)

This is the supplementary Dixon condition [3, 4]. Introducing side by side with the kinematic 4-velocity u^α, a dynamic 4-velocity U^α

U^α = P^α/ √ P^λP_λ, (8)

one can assume the condition (7) to be a particular case of Eq.(6) for τ^α = U^α. In curved space-time the intrinsic CM moves relative to the rest frame (see Eq.(49)). The CM in the frame in which it rests is determined by the Pirani supplementary condition [8] τ^α = u^α

S^{αβ} u_β = 0. (9)

The Pirani CM can move in the rest frame U even in flat space-time (see Eq.(23)).

Until recently, the adequate choice of supplementary conditions and the physical consequences of such a choice have been the subject of wide discussion: unreserved use of the Pirani condition [9, 10] and the solution of Eqs.(1)–(2) in the ultrarelativistic case [11] when it greatly differs from the Dixon condition; categorical rejection of a physical nature of the Pirani condition [3, 4] and the use of the Dixon condition [12]; application of Corinaldesi condition even in nonstationary space-time [13]; the assertion [5] about the unphysical character of the Papapetrou equations in the case of violation of the condition (4); and in Ref. [6] it is assumed that supplementary conditions act as external nongravitational forces. In works [14, 15] the CM freedom is considered as unacceptable (shift of an electron CM is nonsense), Papapetrou equations are supposed to be incorrect even in post-Newtonian approximation and noncovariant description differing essentially from the Eqs.(1)–(2) is constructed.

In the present paper, we investigate the Papapetrou equations and compare the conclusions to which different supplementary conditions and alternative approaches lead. For comparison, we introduce the following system of notation.

The body mass: in the rest frame of a body,

M_0 = P^αU_α, (10)

in the frame u comoving with the CM,

M = P^αu_α = M_0U^αu_α, (11)

and in an arbitrary frame τ ,

m = P^ατ_α = M_0U^ατ_α = m_0u^ατ_α. (12)

In the frame τ , the CM moves with 3-velocity v^α

u^α = u^λτ_λ (τ^α + v^α) , (13)

u^λτ_λ = ( 1 − v^2 )_{−1/2} = m/m_0, v^2 ≡ −v^αv_α and the rest frame moves with 3-velocity V^α

U^α = U^λτ_λ (τ^α + V^α) , (14)

U^λτ_λ = ( 1 − V^2 )_{−1/2} = m/M_0. In the rest frame U , the CM moves with 3-velocity w^α

u^α = u^λU_λ (U_α + w^α) , (15)

u^λU_λ = ( 1 − w^2 )_{−1/2} = M/M_0 and the frame τ moves with 3-velocity V^α_f

τ^α = τ^λU_λ (U^α + V_f^α) , V_f^2 = V^2. (16)

Finally, w_f^α is the 3-velocity of motion of the rest frame relative to the CM

U^α = U^λu_λ (u^α + w_f^α) , w^2_f = w^2. (17)

We use the units in which G = c = 1. The signature is (+ – – –); Greek indices run from 0 to 3, and Latin indices run from 1 to 3; ε_{αβμν} and ϵ_{βμν} are the Levi-Civita 4-tensor and the spatial Levi-Civita 3-tensor, respectively, in the orthonormalized basis ε^{0123} = ϵ^{123} = 1. We employ the obvious simplifying notation according to the rule ε_{αβμν} U^αu^βτ^μS^ν = ε_{UuτS} = ε^{UuτS} .

2 Shift of the CMs in flat space-time

In flat space-time R_{αβμν} = 0 the Papapetrou equations describe the conservation of the 4-momentum and of the total angular momentum of a body. In a coordinate system comoving with the inertial frame U

P^i = 0, Ṡ^{ik} = 0.

Application of a supplementary condition makes it possible to transport the derivative from the spin tensor in Eq.(2) to the projecting vector of the 4-velocity of the frame τ :

P^αu^λτ_λ = mu^α − S_τ^{αβ}τ̇_β . (18)

Substitute the expansions u^α (15) and τ^α (16) into Eq.(18) in the comoving coordinate system U^i = 0:

M_0w^i − S^i_k d dt V_f^k = 0. (19)

The derivative here and the one in Eq.(18) are related by ds = √ 1 − w^2 dt = (M_0/M ) dt.

The vector form of Eq.(19) is w = S M_0 × dV_f dt (20)

Putting w = dr/dt, we obtain the shift vector r extended from the intrinsic CM to the CM in the frame τ , r = S × V_f M_0

. (21)

The CMs defined in a set of inertial frames form a disc [16] of radius r_{max} = S/M_0.

If we put τ = u, then the relation (18) under the Pirani condition

P^α = M u^α − S_u^{αβ}u̇_β (22)

leads to Eqs.(20) and (21), where the V_f must be replaced by w w = S M_0 × dw dt , r = S M_0 × dr dt . (23)

These are equations of circular motion of radius r = wS/M_0 with angular velocity M_0/S opposite to the vector S [17]. The Weyssenhoff-Raabe motion (23) reflects the fact that the Papapetrou equations under the Pirani condition turn out to be of the third order in the derivatives of the coordinates:

Ṗ^α = M u̇^α − S_u^{αβ}ü_β . (24)

The general relationship between Ṗ^α and u̇^α without supplementary conditions includes the second derivative of the spin tensor,

Ṗ^α = M u̇^α + S̈^{αβ} u_β .

It should be noted that the shift (21) and (23) can be obtained directly from the supplementary conditions. The spin tensors S^{αβ}_U and S^{αβ} are connected by the relation S_U^{αβ} = S^{αβ} + r^αP^β − r^β P^α

which follows from Eq.(3) at ζ^α_U = ζ +r^α. The condition (6) in the coordinate system P^i = 0 leads to the Møller shift (21) M_0r^k = S^k_iV_f^i, while the condition (9) leads to the Weyssenhoff-Raabe motion (23) M_0r^k = S^k_iw^i.

Then the Papapetrou equations are satisfied automatically.

3 The Corinaldesi supplementary condition

From the dual spin tensor ∗ S^{αβ} = 1 2 ε^{αβ}_{μν} S^{μν} one composes the spin vector

S_τ^α = τ_α^∗S^{αβ} = 1 2 ε^{τβ}_{μν} S^{μν} = 1 2 ϵ_τ^β_{μν} S^{μν} . (25)

If the spin tensor satisfies the Colinaldesi condition (6), then

S_τ^{αβ} = −ε^{αβ}_{τS} ,^∗S_τ^{αβ} = 2τ^{[α}S_τ^{β]}. (26)

Using Eq.(26), Eq.(18) can be rewritten as

U^αu^λτ_λ = u^αU^λτ_λ + M^{−1}_0 ε^α_{τ̇ τS} . (27)

The CM and the reference frame U move with the relative velocity (Eqs.(13), (14))

V^α − v^α = M^{−1}_0 √ (1 − v^2) (1 − V^2) ε^α_{τ̇ τS} .

In the momentum transfer equation (1) we use the spin vector (26) and the dual Riemann tensor (A.1): Ṗ_α = R^∗_{αuτS} = m m_0 (R^∗_{αττS} + R^∗_{αvτS} ) , (28)

R^∗_{αττS} = −B_{τ αS} , −h_τ^β_αR^∗_{βvτS} = ϵ_{τvγα}E_τ^γ_S . (29) Here E_{τ αβ} = R_{ατβτ} , B_{τ αβ} = R^∗_{ατβτ} are the ”electric” and ”magnetic” parts of the Riemann tensor (A.2) - (A.3) in the frame τ , and h_{τ αβ} = τ_ατ_β − g_{αβ} is the metric tensor of the local 3-space orthogonal to τ^α.

The transport equation (2) for the spin vector (25)– (26) become

Ṡ_τ^α + τ^αS_τ^λτ̇_λ = ϵ_τ^α_{μν} P^μu^ν . (30)

The right-hand side can be expressed in terms of v^α and V^α (13)–(14):

ϵ_τ^α_{μν} P^μu^ν = m^2 m_0 ϵ_τ^α_{μν} V^μv^ν . The spin vector transport operator is

Ṡ_τ^α + τ^αS_τ^λτ̇_λ = −h_τ^α_β Ṡ_τ^β.

The masses (10)–(12) are not conserved:

ṁ = R^∗_{τuτS} + P^ατ̇_α , Ṁ_0 = R^∗_{UuτS} , (31)

Ṁ u^λτ_λ = ε_{u̇τ̇τS} , m_0 = M + ε_{τ̇ vτS} . (32)

The quantity τ̇_α = u^λτ_{α;λ} is

τ̇_α = (1 − v^2)^{−1/2} [ a_α + v^β (A_{αβ} − D_{αβ} ) ] , (33)

where [18]

a_α = τ^λτ_{α;λ}, A_{αβ} = h^μ_αh^ν_β τ_{[μ;ν]}, D_{αβ} = −h^μ_αh^ν_βτ_{(μ;ν)}

are, the acceleration vector, the angular velocity tensor and the rate-of-strain tensor of the frame τ , respectively. Taking into account Eq.(33), the first equation (31) can be written as dm dτ = R^∗_{τvτS} + m (a_αv^α − D_{μν} v^μv^ν ) . (34)

If space-time possesses the Killing vector ξ_μ, do that ξ_{μ;ν} + ξ_{ν;μ} = 0, then the scalar

K = P^μξ_μ − 1 2 S^{μν} ξ_{μ;ν} (35)

is the integral of motion, K̇ = 0 [13]. For the conservation of K, no supplementary conditions are required. Let us direct the τ^μ along the time-like Killing vector:

τ^μ = ( ξ^λξ_λ )_{−1/2} ξ^μ Then, under the Corinaldesi condition, the quantity

m_ξ = √ ξ^λξ_λ (m + S^αA_α) (36)

is conserved, where A^α = ϵ^α_{μν} A^{μν} is the vector of the angular velocity of the frame. This quantity m_ξ can be named as a Killingian mass.

If we put P^α = M u^α (4) and associate the spin tensor with a vector according to the rule (25)–(26), then the parallel transport of the spin tensor (5) leads to the transport of the vector S^α

h_τ^α_β Ṡ^β = 0.

In this case the length of the spin vector and the mass M = M_0 are conserved.

4 The Pirani supplementary condition

Similarly to Eq.(25) or simply putting τ^α = u^α, we associate the spin tensor with the vector

S_u^β = u_α^∗S^{αβ}, S_u^β u_β = 0. (37)

Using the Pirani condition (9), we can express the spin tensor in terms of the vector (37)

S_u^{αβ} = −ε^{αβ}_{uS},^∗S_u^{αβ} = 2u^{[α}S_u^{β]}. (38)

Eq.(27), (22) appears in the form (17):

U^α = M M_0

(u^α + w_f^α) , w_f^α = 1 M ε^α_{u̇uS} . (39)

It is noteworthy that under the Pirani condition the projection of the spin vector onto the 4-momentum is zero S_u^αU_α = 0 (40) which is evident from Eq.(39).

The momentum transfer equation (1), (28) has a simple appearance Ṗ^α = −B_u^α_S , (41) where B_{u αβ} = R^∗_{αuβu} is the ”magnetic” part of the Riemann tensor (A.3) in the frame u. But Eq.(41) includes (24) the second derivative ü^α:

Ṗ^α = M u̇^α + ε^α_{üuS}

The spin vector under the Pirani condition is transported according to Fermi-Walker: Ṡ_u^α + u^αS_u^λu̇_λ = 0. (42)

In this case, in contrast to the transport (30), a length of the spin vector is conserved, S_{u α}Ṡ_u^α = 0.

The mass M (11) is also conserved: Ṁ = ε_{u̇u̇uS} = 0. The mass M_0 (10) is not conserved: Ṁ_0 = R^∗_{UuuS} = M^{−1}_0 ε_{Ṗ u̇us}.

Despite of the relation (40) resembling the Dixon condition, the Pirani condition in curved space-time does not allow one to single out the intrinsic CM. None of the world lines of the Pirani CM satisfies the Dixon condition:

S_u^{αβ}U_β = −ε^α_{UuS} , u̇_αS_u^{αβ}P_β = M_0^2 − M^2. (43)

Note that it follows from Eq.(39) that M S_u^αu̇_α = S_u^αṖ_α

therefore the Fermi-Walker transport equation with the use of Eq.(41) can be written as

M Ṡ_u^α = u^αB_{u SS} . (44)

5 The Dixon supplementary condition

Similarly to Eqs.(25) and (37), the spin vector is

S_U^β = U_α^∗S^{αβ}, S_U^βU_β = 0.

Using the Dixon condition (7) S^{αβ}_U U_β = 0, we obtain the relations

S_U^{αβ} = −ε^{αβ}_{US} ,^∗S_U^{αβ} = 2U^{[α}S_U^{β]}.

The equation relating the kinematic and dynamic 4- velocities, obtained by substituting τ^α = U^α into Eq.(27), appears in the form (15):

u^α = M M_0

(U^α + w^α) , w^α = 1 M ε^α_{U̇US} (45)

whence it follows, in particular, that

S_U^αu_α = 0. (46)

The 4-momentum transfer equation (1), (28) becomes Ṗ_α = R^∗_{αUUS} = − M M_0 ( B_U^α_S − ϵ^α_{wβ}E_U^β_S ) . (47)

The spin part of the Papapetrou equations (2), (30) describes the Dixon transport

Ṡ_U^α + U^αS_U^λU̇_λ = 0. (48)

Using the relation

M S_U^αU̇_α = M_0S_U^αu̇_α,

which is obtained with the aid of Eqs.(45), from the Dixon transport (48) we can isolate the Fermi-Walker transport (42):

S_U^α + u^αS_U^λu̇_λ = M^{−1}ε^α_{uU̇S} S_U^λu̇_λ .

Just as the Fermi-Walker transport, the Dixon transport conserves the length of the spin vector,

S_{Uα}Ṡ_U^α = 0.

The mass M_0 (10) is also conserved

Ṁ_0 = R^∗_{UuUS} = (M_0/M )R^∗_{uuUS} + M^{−1}Ṗ^λ ε_{λU̇US} = 0.

The mass M (11) under the Dixon condition is not conserved Ṁ = (M_0/M ) ε_{u̇U̇uS} . The velocity of motion w^α (45) of the intrinsic CM in the rest frame U is not zero:

w^α = ( M_0^2 + E_{U SS} )_{−1} ϵ^{αSλ}B_{U λS} . (49)

On the world line of the Dixon CM, the Pirani condition is not fulfilled: S_U^{αβ}u_β = −ε^α_{uUS} = = M M_0 ( M_0^2 + E_{U SS} )_{−1}( S_U^λS_{Uλ}B_U^α_S − S_U^αB_{U SS} ) , (50)

Ṗ_αS_U^{αβ}u_β = M^2 − M_0^2. (51)

The Dixon and Pirani supplementary conditions single out different world lines.

6 Vertical spin in a circular orbit in a static axial field

As an example, we consider the motion of a body with spin orthogonal to the plane of an orbit of constant radius u^1 = 0 with the Corinaldesi, Pirani and Dixon supplementary conditions. Such a motion is possible in the Schwarzschild metric and for an equatorial orbit, in any axial-symmetric stationary metric. Confining ourselves to static space-time, we ignore the spin-spin interaction.

For simplicity of representation, we use the orthonormal basis comoving with a rigid (D_{αβ} = 0) nonrotating (A_{αβ} = 0) reference frame in which the ”magnetic” part of the Riemann tensor (A.3) of static space-time is zero. For example, in the Schwarzschild metric in a frame at rest with respect to the curvature coordinates

E^i_k = M r^3

−2 0 0 0 1 0 0 0 1

, B^i_k = 0, (52)

where M is the mass of a source and r is the radial curvature coordinate.

The radial Papapetrou equation, combined with the 4-velocity normalization condition, fully determines the motion of a body. Eqs.(27), (39) ore (45) yield a relationship between the kinematic and dynamic 4-velocities. The quantities M_0, M , m and m_0 (10)–(12) are conserved in the case of such a motion. The quantity u^3S^2 is negative for the spin vector parallel to the vector of the angular velocity of revolution.

The Corinaldesi condition in the basis used signifies simply S^{0i} = 0, and the set of defining equations appears as

m_0u̇^1 = − ( E^2 + γ^1_{33}a^1 ) u^3S^2, (53)

P^3 = m_0u^3 + a^1S^2, P^0 = m_0u^0, (54)

where

u̇^1 = γ^1_{00} ( u^0

)_2

+ γ^1_{33} ( u^3

)_2 , ( u^0

)_2 − ( u^3

)_2 = 1.

The Pirani condition singles out another word line with the constant radial coordinate

u̇^1 [ M + ( γ^0_{10} − γ^3_{13} ) u^0u^3S^2 ] = = ( E^1 − E^2 ) u^0u^3S^2, (55)

P^3 = M u^3 + u̇^1u^0S^2, P^0 = M u^0 + u̇^1u^3S^2. (56)

The quantity u^3/u^0 is the velocity of revolution according to the clock of the frame (52), which is obtained difference from Eqs.(53) and (55) even in the post-Newtonian approximation. The formula for the angular velocity of revolution also turns out be different. Namely, the Pirani condition gives an angular velocity ω_u which differs from that of a nonrotating body Ω = √ M/r^3 [19]:

ω_u = Ω ( 1 − 3 2 ΩS ) (57)

where S ≡ S^2 whereas under the Corinaldesi condition the CM revolves with the angular velocity of a nonrotating body, ω_τ = Ω (the right side of Eq.(53) becomes zero in the approximation linear with respect to M).

The question is whether it means that the Pirani and Corinaldesi CMs drift and can be found at any mutual distance? The point is that in accordance with Eq.(21) the Corinaldesi and Pirani CMs are shifted radially

r_τ = r_u (1 + ΩS) . (58)

Therefore the angular velocities ω_u and ω_τ are actually the same

ω_u = √ M r^3_u ( 1 − 3 2 ΩS ) = √ M r^3_τ

= ω_τ , (59)

the CMs are shifted and do not drift. The Pirani CM accordingly drifts and rests relative to different nonrotating bodies with the orbital radii r_u and r_τ . The revolution velocities v of different CMs of the same body are different ( u^3/u^0 ) τ = v_τ = v_u (1 + ΩS) .

The dynamic velocity under the Corinaldesi condition according to Eq.(54) is the same as that under the Pirani condition ( P^3/P^0 ) u = v_u = ( P^3/P^0 ) τ . The shift (21) is written with respect to the intrinsic CM determined by the Dixon condition. In the post- Newtonian approximation, the Pirani and Dixon CMs in a circular orbit coincide, as well as the velocities of revolution. The exact world lines of the CMs according to Dixon and Pirani are different, which is immediately evident from Eq.(50), taking into account that

B_U^1_S = ( E^1 − E^2 ) U^0U^3S^2, S^1 = 0.

The motion of a body with horizontal spin in the post- Newtonian approximation under the Pirani (Dixon) condition has been investigated in Ref.[20]. In the next section, we consider the general case of the spin-orbit interaction in the post-Newtonian approximation under different supplementary conditions.

7 Spin-orbital force in the post- Newtonian approximation

The leading post-Newtonian approximation for the spinorbital force denotes a linear approximation with respect to the orbital motion velocity v, spin S and mass M of the source. The masses (10)–(12) are M = M_0 = m_0 = m. The leading approximation of the spin-orbital force F_S is F_S F_N ∼ vS mr ∼ M r S mvr , (60)

where F_N = Mm/r^2. In the frame resting relative to the source of a static field B_{ik} = 0 (52). In the absence of rotation of the spatial axes, according to Eq.(A.7) we have B_u^{ij} = −2ϵ^{vk(i}E^{j)}_k . The spin-orbital force under the Dixon and Pirani conditions in the leading approximation is the same:

F^i_{SU} = F^i_{Su} = 2ϵ^{vk(i}E^{S)}_k . (61)

The spin-orbital force under the Corinaldesi condition differs from (61) in the leading approximation

F^i_{Sτ} = −2ϵ^{ik(S}E^{v)}_k . (62)

Let us write a general expression for the force (61), (62):

F^i_S = F^i_{Su} + σ ( F^i_{Sτ} − F^i_{Su} ) , (63)

F_S = 3 M r^3 [S × v + (2 − σ) r̂ (S(r̂ × v))− − (1 + σ)(vr̂)(S × r̂)] (64)

where r̂ = r/r. The Dixon-Pirani condition corresponds to σ = 0, the Corinaldesi condition to σ = 1, and σ = 1/2 leads to the results of Fock [21] and Refs.[14, 15]. The Corinaldesi, Dixon-Pirani, Fock and [14, 15] supplementary conditions in the approximation used can be written as

S^{0i} = (λ − 1) v_kS^{ki}

The representing points move differently under different supplementary conditions, but all differences reduce to a shift of the CMs in accordance with Eq.(21) r = r_u + σv × S/m. (65) The σ dependencies on the left- and right-hand sides of the equation mu̇^i = F^i_s are mutually cancelled. In fact, the expressions following from Eq.(65) for the body acceleration and for the Newtonian attraction force m dv^i dτ = m dv^i_u dτ + σϵ^{Ski}E^v_k, mM r̂^i r^2 = mM r̂^i_u r^2_u + σϵ^{Skv}E^i_k indicate that the quantity m ( dv^i dτ + M r̂^i r^2 ) − F^i_S (66) is independent of σ.

Compare Eq.(64) with a force exerted on a nonrotating body M moving with velocity −v in the field of rotating mass S (gravitomagnetic Coriolis force) F_M = −2Mv × S − 3r̂ (Sr̂) r^3

. (67)

It can be seen that Eq.(64) can not be reduced to the form (67). The case is different with electrodynamics. A force F_J , exerted on a magnetic dipole J [22] during its motion with velocity v in the field of charge Q in the approximation linear with respect to v [23], is

F_J = (J∇) H = − Q r^3 v × (J − 3r̂ (Jr̂)) , (68)

where H is a magnetic field in the frame comoving with the dipole, H = −v×E, E = Qr̂/r^3. The Lorentz force F_Q, exerted on the charge Q in the magnetic field of the dipole J, is F_Q = Qv × J − 3r̂ (Jr̂) r^3

= −F_J . (69)

In expressions (68) and (69), v is a relative velocity of the dipole J and the charge Q.

Let us write out the result, corresponding to Eqs.(68) and (69), of the two-body problem in general relativity [24]. The first body has spin S and velocity v_1; the mass of the second body is M and its velocity is v_2; v = v_1 − v_2, r = r_1 − r_2; frame is arbitrary.

F_1 = M r^3

[3S × v_1 − (3 + σ)S × v_2+

+ (6 − 3σ)r̂ (S(r̂ × v_1)) − 6r̂ (S(r̂ × v_2)) − − (3 + 3σ)(vr̂)(S × r̂)] , (70) F_2 = − M r^3

[(4 − σ)S × v_1 − 4S × v_2+

+ (6 − 3σ)r̂ (S(r̂ × v_1)) − 6r̂ (S(r̂ × v_2)) − − 6(vr̂)(S × r̂)] . (71) To compare F_2 (71) and F_M (67), one should keep in mind the vector identity 2S × v + 3r̂ (S(r̂ × v)) − 3(vr̂)(S × r̂) = = v × (S − 3r̂ (Sr̂)) . For σ = 0 (Pirani), only the relative velocity v_1 − v_2 occurs in the expressions for the forces F_1 and F_2, whereas for the fulfilment of Newton’s third law F_2 = −F_1 the condition σ = 1 (Corinaldesi) is required. It should be stressed that the quantities (66) m ( dv_1 dτ + M r̂ r^2 ) − F_1, M ( dv_2 dτ + m r̂ r^2 ) − F_2 are independent of σ, and the equations mu̇^i_1 = F^i_1, Mu̇^i_2 = F^i_2 lead to motions of the bodies m and M, which are independent of supplementary conditions. However, the F_1 and F_2 , F_S and F_M at any σ do not possesses electrodynamic symmetry (68)–(69), which indicates that it is impossible to satisfy the set of the third Newton law and the relativity of motions in the theory of gravity.

Appendix.

”Electric” and ”magnetic” parts of the Riemann tensor

Associate the Riemann tensor R_{αβμν} with dual tensors R^∗_{αβμν} = (1/2)R_{αβγδ}ε^{γδ}_{μν} , (A.1) ∗R_{αβμν} = (1/2) ε_{αβ}^{σλ}R_{σλμν} = R^∗_{μναβ}, ∗R^∗_{αμν} = (1/4) ε_{αβ}^{σλ}R_{σλγδ}ε^{γδ}_{μν} . In the orthonormal basis ϵ_{0ijk} = ϵ_{ijk} the Riemann tensor can be presented in the form of a 6 × 6 matrix [10]

R^M_N = ( R^{i0}_{k0} R^{∗i0}_{k0} −^∗R^{i0}_{k0}^∗R^{∗i0}_{k0} ) = ( E B −B^T C )

where M and N are collective indices (10, 20, 30, 23, 31, 12), E and B is ”electric” and ”magnetic” 3 × 3 matrices E^i_k = R^{i0}_{k0}, E = E^T , (A.2)

B^i_k = R^{∗i0}_{k0} = − 1 2 R^{i0}_{mn}ϵ^{mn}_k, B^i = 0, (A.3) C^i_k =^∗R^{∗i0}_{k0}, C = C^T .

In empty space-time, Riemann tensor is split into ”electric” and ”magnetic” parts only:

R^M_N = ( E B −B E ) , C = E, E^i = 0, B = B^T . In passing to a new basis e^{′ν} , e^μ = L^μ_ν e^{′ν} , the ”electric” and ”magnetic” matrices are transformed according to the law [25]

E^′_{ij} = 4E_{kl}L^{[k}_iu^{0]}L^{[l}_j u^{0]}− − E_{pq}ϵ^p_{km}ϵ^q_{ln}L^k_iu^mL^l_ju^n+ + 4B_{km}ϵ^m_{ln}L^{[k}_{(i}u^{0]}L^{[l}_{j)}u^{n]} , (A.4)

B^′_{ij} = 4B_{kl}L^{[k}_iu^{0]}L^{[l}_ju^{0]}− − B_{pq} ϵ^p_{km}ϵ^q_{ln}L^k_iu^mL^l_j u^n− − 4E_{km}ϵ^m_{ln}L^{[k}_{(i}u^{0]}L^{[l}_{j)}u^{n]} . (A.5)

where u^μ = L^μ_0 are components of the 4-velocity in the basis e^μ. If there is no rotation of the spatial axes, in the approximation linear with respect to the velocity v^i = u^i E^′_{ij} = E_{ij} + 2v^lϵ_{lk(i}B^k_{j)} , (A.6) B^′_{ij} = B_{ij} − 2v^lϵ_{lk(i}E^k_{j)} . (A.7)

References

[1] M. Mathisson, Acta Phys. Polon. 6, 218 (1937). [2] A. Papapetrou, Proc. Roy. Soc. Lond. A209, 248 (1951).

[3] W.G. Dixon, Nuovo Cim. 34, 317 (1964). [4] W.G. Dixon, Proc. Roy. Soc. Lond. A314, 499 (1970). [5] R.I. Khrapko, Zh. Éksp. Teor. Fiz. 90, 401 (1986) [Sov.

Phys. J. Exp. Theor. Phys. 63, 231 (1986)]. [6] K. Svirskas, K. Pyragas, A. Lozdienes, Astrophys.

Space Sci. 149, 39 (1988).

[7] E. Corinaldesi, A. Papapetrou, Proc. Roy. Soc. Lond.

A209, 259 (1951).

[8] F. Pirani, Acta Phys. Polon. 15, 389 (1956). [9] C.W. Misner, K.S. Thorne, J.A. Wheeler, Gravitiation (Freeman, New York, 1971; Mir, Moscow, 1977), §40.7.

[10] K.S. Thorne, J.B. Hartle, Phys. Rev. D31, 1815 (1985).

[11] R.M. Plyatsko, A.L. Vynar, Doklady Akad. Nauk SSSR 263, 1125 (1982).

[12] J. Ehlers, E. Rudolph, Gen. Relat. Grav. 8, 197 (1977). [13] M. Carmeli, Ch. Charach, M. Kaye, Phys. Rev. D15, 1501 (1977).

[14] A.A. Pomeransky, I.B. Khriplovich, Zh. Éksp. Teor.

Fiz. 113, 1537 (1998) [J. Exp. Theor. Phys. 86, 839 (1998)]; gr-qs/9710098.

[15] A.A. Pomeransky, R.A. Sen’kov, I.B. Khriplovich, Usp.

Fiz. Nauk 170, 1129 (2000) [Phys. Usp. 43, 1055 (2000)].

[16] C. Møller, The Theory of Relativity (Oxford Univ.

Press, London, 1972; Atomizdat, Moscow, 1975), §6.3. [17] J. Weyssenhoff, A. Raabe Acta Phys. Polon. 9, 7 (1947).

[18] Yu.S. Vladimirov, Reference Frames in Gravitation Theory (Energoizdat, Moscow, 1982), Ch.3.

[19] E.N. Epikhin, G.I. Pulido, N.V. Mitskievich, In: Abstracts of the reports presented at the 3rd Soviet Gravitation Conference, (University Press, Erevan, 1972) 380.

[20] O.B. Karpov, Zh. Éksp. Teor. Fiz. 123, 659 (2003) [J.

Exp. Theor. Phys. 96, 581 (2003)]; gr-qc/0301039. [21] V.A. Fock, The Theory of Space, Time and Gravitation (Fizmatgiz, Moscow, 1961; MacMillan, New York, 1964), §77.

[22] T.H. Boyer, Am. J. Phys. 56, 688 (1988). [23] R. Wald, Phys. Rev 6, 406 (1972).

[24] B.M. Barker, R.F. O’Connel, J. Math. Phys. 28, 661 (1987).

[25] O.B. Karpov, Preprint Moscow Institute of Engineering Physics N 012-90 (1990).