arXiv:gr-qc/0407024 v4 31 Oct 2005

A toy model of the five-dimensional universe with the cosmological constant

Wojciech Tarkowski

St. Paul Research Laboratory, ul. Konwaliowa 12, 05-123 Chotomów, Poland e-mail: tarkowski@data.pl

Abstract A value of the cosmological constant in a toy model of the five-dimensional universe is calculated in such a manner that it remains in agreement with both astronomical observations and the quantum field theory concerning the zero-point fluctuations of the vacuum. The (negative) cosmological constant is equal to the inverse of the Planck length squared, which means that in the toy model the vanishing of the observed value of the cosmological constant is a consequence of the existence of an energy cutoff exactly at the level of the Planck scale. In turn, a model for both a virtual and a real particle–antiparticle pair is proposed which describes properly some energetic properties of both the vacuum fluctuations and created particles, as well as it allows one to calculate the discrete “bare” values of an elementary-particle mass, electric charge and intrinsic angular momentum (spin) at the energy cutoff. The relationships between the discussed model and some phenomena such as the Zitterbewegung and the Unruh–Davies effect are briefly analyzed, too. The proposed model also allows one to derive the Lorentz transformation and the Maxwell equations while considering the properties of the vacuum filled with the sea of virtual particles and their antiparticles. Finally, the existence of a finite value of the vacuum-energy density resulting from the toy model leads us to the formulation of dimensionless Einstein field equations which can be derived from the Lagrangian with a dimensionless (naïvely renormalized) coupling constant.

PACS numbers: 98.80.Es, 04.20.−q, 11.10.−z, 04.50.+h, 14.60.−z, 04.70.−s, 04.62.+v, 03.50.De Keywords: cosmological constant; vacuum fluctuations; additional spatial dimension(s); virtual and real particle–antiparticle pairs; Kerr–Newman black hole; Unruh–Davies effect; Maxwell equations; gravitational Lagrangian; Einstein field equations

1. Introduction

Various astronomical observations place strong limits on the absolute value of the cosmological constant λ requiring it should not be greater than cà. 10^{−50} m^{−2}; see Ref. [1]. On the other hand, the quantum theory predicts that anything contributing to the vacuum-energy density should act like a cosmological constant. Theoretical expectations thus give the value of λ of the order of ±10^{70} m^{−2}, which exceeds observational limits by about 120 orders of magnitude. This enormous discrepancy is at the origin of a dilemma often referred to as the cosmological-constant problem. Recently, many attempts have been undertaken to solve this paradox; see Refs. [2, 3]. In this paper, we calculate a value of the cosmological constant which allows one to reconcile the above problem within a toy model being considered.

2. Generalized Einstein equations

We start by writing the generalized Einstein field equations for ndimensional spacetime, R_{μν} − 1 2 g_{μν} R + λg_{μν} = κT_{μν} , (1) where R_{μν} , g_{μν} and T_{μν} , with 0 ≤ μ, ν ≤ (n − 1) ∈ N, are the components of the Ricci, metric and stress–energy tensors, respectively, and the quantity λ denotes the cosmological constant; one also defines R ≡ R_{μν} g^{μν} and κ ≡ −8πG/c^4 where the symbols G and c stand for the gravitational constant and for the speed of light in the vacuum, respectively. We assume as well that the relationship between the Ricci and the Riemann–Christoffel tensors is of the form R_{μν} ≡ R^α_{μνα} ≡ ∂_ν Γ^α_{μα} − ∂_αΓ^α_{μν} + Γ^β_{μα}Γ^α_{βν} − Γ^β_{μν} Γ^α_{βα} and the signature of the metric tensor g_{μν} is equal to (2 − n). We expect that the tensor T_{μν} is given by the sum of two stress–energy tensors: that of the vacuum, T^{vac}_{μν} , and that of the “ordinary” matter and/or energy, T^{ord}_{μν} . The latter tensor should in principle be independent of the vacuum parameters.

3. Vacuum-energy density

The stress–energy tensor T^{vac}_{μν} for an empty space – i.e., that of the vacuum – should be of the form T^{vac}_{μν} = ρg_{μν} where ρ denotes the (average) vacuumenergy density; see Ref. [2]. On the basis of Eqs. (1) we then can assume that the observed, “effective” value λ_{eff} of the cosmological constant reads

λ_{eff} = λ − κρ . (2)

In order to solve Eq. (2), we must first calculate the quantity ρ with the use of the “standard” quantum field theory. For the vacuum, the expectation value of the Hamiltonian of a free scalar field with the mass m in a flat (four-dimensional) spacetime, H = ∑ k h̄ω_k ( a^+_k a_k + 1 2 ) , (3)

is given by the relationship E = ⟨0|H|0⟩ = 1 2 ∑ k h̄ω_k ≡ 1 2 ∑ k (−1)^ℓE_k (4)

where E_k = (−1)^ℓ(E^2_p + E^2_m)^{1/2} and E_p ≡ (−1)^ℓc|p_k| = (−1)^ℓch̄|k| as well as E_m ≡ mc^2; the parameter ℓ is equal to 2 or to 1 for virtual particles or for virtual antiparticles, respectively, the quantity k signifies the wave vector of a homogeneous scalar plane wave, and the symbol h̄ stands for the Planck constant. We assume that the sum over k in Eq. (4) should be performed up to a cutoff circular frequency which we denote by ω_c, so 0 ≤ ω_k ≤ ω_c. The energy of the zero-point field with the (scalar) mass m can be obtained as a sum of the zero-point energies of all normal modes of this field up to the cutoff energy equal to h̄ω_c. Thus, in order to incorporate into the sum in Eq. (4) all the possible zero-point fields, we must perform the sum (or rather the integral) over all the possible values – of both the wave vector k and the mass m – for which the condition ω_k ∈ [0, ω_c] is fulfilled. To this end, we will parametrize the expressions for the energies E_p and E_m with the use of two auxiliary variables which are ϕ ∈ [0, 2π] and K ≡ ±ω/c ∈ [−K_c, K_c] where K_c = ω_c/c. The parametrization is accomplished by means of the substitution E_p = ch̄K cos ϕ and E_m = ch̄K sin ϕ, so the values of the quantities E_p and E_m belong to the energy intervals [−h̄ω_c, h̄ω_c] and [0, h̄ω_c], respectively, which is attained for the following set of the values of the auxiliary variables, I(ϕ, K) ≡ {(ϕ, K): ( ϕ ∈ [ 0, π 2 ] & K ∈ [0, K_c] ∪ ϕ ∈ [ π, 3π 2 ] & K ∈ [−K_c, 0] ) for ℓ = 2 ∪ ( ϕ ∈ [ π 2 , π ] & K ∈ [0, K_c] ∪ ϕ ∈ [ 3π 2 , 2π ] & K ∈ [−K_c, 0] ) for ℓ = 1 } . Assuming the four-dimensional (1 + 3) spacetime which is subject to our direct perception to be flat, one can now easily calculate the (average) vacuum-energy density ρ for the case of the vanishing effective Unruh–Davies temperature, i.e., in an inertial (Lorentz) reference frame, ρ = 1 2 ∫ I(ϕ,K) dϕ dK 4πK^2 (2π)^3 √ c^2h̄^2K^2 ( cos^2 ϕ + sin^2 ϕ ) = ch̄K^4_c 8π ; (5)

cf. sections 7.2 and 7.8. To proceed futher, we have to estimate the value of the cutoff wave-number K_c occurring in the formula (5). It should be stressed that here we do not assume a priori any particular value for the quantity K_c; it can fall within a very broad range of many orders of magnitude, which is not forbidden by experimental data. One can add as well that it seems to be impossible to extract any heat energy from the average energy of the vacuum fluctuations occurring at the absolute temperature equal to zero; see Ref. [4] where also, among others, the correct form of the zero-point energy spectrum of the electromagnetic thermal radiation (for which one has m = 0) is deduced on the basis of the laws of the classical thermodynamics.

4. A toy model of the spacetime

In order to calculate the exact value of K_c, we should introduce into our considerations a particular model concerning the topology of a spacetime with the cosmological constant. In this paper we will use a toy model investigated in detail in Ref. [3]. The toy model is based on a five-dimensional spacetime which consists of the ordinary four-dimensional spacetime and of an additional (macroscopically unobservable) spatial dimension which acts as a carrier of the vacuum pressure linked with the (negative) cosmological constant. The spacetime of the toy model investigated in Ref. [3] is thus of the form R^1(time) × R^1(extra spatial dimension) × R^3(three-dimensional space), and the vacuum stress–energy tensor is defined to be T^{vac}_{μν} = (λ_v /κ)g_{μν} for μ = 0, 1 and ν = 0, 1 or T^{vac}_{μν} = 0 otherwise, with some appropriately adjusted value of λ_v ∈ R. For the three-dimensional space R^3 which is subject to our direct perception, one then has (diag T^{vac}_{μν} ) = (ρ, p, 0, 0, 0) where the vacuum-energy density ρ and the vacuum pressure p obviously satisfy the vacuum equation of state, (ρ + p) = 0. It turns out that if we assume the diagonalized metric of the space R^3 (i.e., the components with μ = ν = 2, 3, 4 of the diagonalized metric tensor g_{μν} ) to be independent of the coordinate a of the additional spatial dimension, e.g., in order to avoid topological irregularities in the limits a → ±∞ as well as any instabilities, then we obtain that λ_v = λ for any value of the quantity λ. Obviously, this result is equivalent to the requirement that λ_{eff} = 0 for μ, ν = 0, 1; note that such a condition is formulated below in this paper, on a purely phenomenological basis; see section 5 and the end of section 6.

For instance, in the case of an empty space, the solution of Eqs. (1) with the stress–energy tensor T^{vac}_{μν} defined above and for a negative value of the cosmological constant λ reads

ds^2 = ( 1 + |λ|a^2 ) c^2dt^2 − ( 1 + |λ|a^2 )_{−1} da^2 − dx^2 − dy^2 − dz^2 (6)

where (ct, a, x, y, z) ≡ (x^0, x^1, x^2, x^3, x^4) and a denotes the coordinate of the additional spatial dimension. It can easily be shown that no particle with a finite energy, which is moving in the spacetime described by Eq. (6), could irrevocably leave the nearest neighbourhood a ∼ ± π|λ|^{−1/2} of the spacetime given by a = 0; see Ref. [3]. Note that assuming (x, y, z) = const, we obtain the metric which describes the covering surface R^1 × R^1 of the anti-de Sitter two-dimensional spacetime S^1 ×R^1 with the (negative) cosmological constant λ of a still unspecified value; such a spacetime contains “global” closed timelike curves with the retracing (coordinate) time equal to T = 2π/(c|λ|^{1/2}); see figure 1.

In the presence of a spherically symmetric object with the rest mass m in an empty (asymptotically flat) space, an exact solution of equations (1) with the stress–energy tensor T^{vac}_{μν} defined above takes the following form,

ds^2 = ( 1 − 2M r )( 1 + |λ|a^2 ) c^2dt^2 − ( 1 + |λ|a^2 )_{−1} da^2 − ( 1 − 2M r )_{−1} dr^2 − r^2dθ^2 − r^2 sin^2 θ dφ^2 , (7)

where r ∈ (0, ∞), θ ∈ [0, π] as well as φ ∈ [0, 2π) are the polar coordinates of the three-dimensional space (x, y, z) around the mass m, and the quantity M is given by the expression M ≡ Gm/c^2. Note that in the case of the metric (7) the energy E of a free test (point-like) particle with a finite rest mass m_0 reads

E^2 = c^2 ( 1 − 2M r )[ m^2_0c^2 + ( 1 − 2M r )_{−1} (p^r)^2 + r^2 ( p^θ )_2

+ r^2 ( sin^2 θ ) (p^φ)^2 ] (8) where we define p^r ≡ m_0dr/dτ , p^θ ≡ m_0dθ/dτ as well as p^φ ≡ m_0dφ/dτ , and the symbol τ denotes the proper time of the particle being considered; the quantity E is defined here in the same form as the particle’s energy in the four-dimensional spacetime R^1 × R^3, i.e., in the absence of the additional spatial dimension a.

In turn, the cosmological solution to Eqs. (1) – for the Universe being spatially homogeneous and isotropic with respect to the three dimensions (x, y, z) – is given by the metric

ds^2 = ( 1 + |λ|a^2 ) c^2dt^2 − ( 1 + |λ|a^2 )_{−1} da^2 −[R(t)]^2 [( 1 − kr^2 )_{−1} dr^2 + r^2dθ^2 + r^2 sin^2 θ dφ^2 ] (9) where r ∈ [0, ∞), θ ∈ [0, π] as well as φ ∈ [0, 2π) are the dimensionless polar “comoving” coordinates and R(t) denotes the expansion parameter (or the cosmic scale factor) which satisfies the field equations resulting from Eqs. (1) and from the specific form of the stress–energy tensor T^{ord}_{μν} . Note that the selfconsistency of the assumed model requires the constant curvature parameter k to be equal to zero in the metric (9); see Ref. [3] for details.

The geometric arguments resulting from the toy model (see figure 1) lead one to the conclusion that the cutoff time T_c is given by the relationship T_c = 2π/(c|λ|^{1/2}), so the cutoff length is equal to L_c = c T_c = 2π/|λ|^{1/2} and the cutoff energy – to E_c = h/T_c = ch̄|λ|^{1/2} where h ≡ 2πh̄. We thus have K_c = |λ|^{1/2}, since K_c ≡ ω_c/c = E_c/(ch̄). It is interesting to note that the above formula can also be obtained with the use of the Bohr–Sommerfeld quantization condition for a particle with the cutoff energy, which oscillates with the velocity c in the (ct)-direction of the anti-de Sitter spacetime of the toy model (see figure 1), ∮ h̄k_c d(ct) = h =⇒ ck_cT_c = 2π , (10)

where k_c denotes the cutoff length of the wave vector oriented along the positive axis in the above-mentioned direction; we see that the dispersion relation ω_c = ck_c holds obviously for the oscillations considered here, and the relationship between the cutoff wave-number k_c and the cutoff energy E_c is given by the formula k_c = E_c/(ch̄), since one has E_c = h̄ω_c. The geometric properties of the toy-model spacetime imply that T_c = 2π/(c|λ|^{1/2}), so indeed we have K_c = k_c = |λ|^{1/2}; additionally, one obtains the equality E_c = ch̄|λ|^{1/2}.

5. Astronomical observations

Thus, the vacuum-energy density calculated in the formula (5) reads ρ = ch̄λ^2 8π . (11)

In turn, taking into account various astronomical observations and their interpretation within the toy model, we can put λ_{eff} = 0 in Eq. (2); for instance, the data coming from the observations of distant supernovae and suggesting a small, but non-zero value of the observed cosmological constant λ_{eff} can be interpreted and explained by maintaining the condition λ_{eff} = 0 unchanged, simultaneously with the introduction of some local inhomogeneities into the Hubble-constant field; it is clear that such inhomogeneities may occur, e.g., due to peculiar streaming motions towards the regions of space where especially large amounts of mass are concentrated – just as it happens in the case of the Great Attractor that is situated at the redshift z ∼ 0.02; see Ref. [3] and references therein. An interesting experimental test concerning the possible vanishing of the value of the observed cosmological constant λ_{eff} could come from an Eötvös-type experiment performed for masses made from various materials (i.e., from aluminum and from a monel metal like copper or silver); see Refs. [5, 6].

Here it should be remarked that for the vacuum stress–energy tensor T^{vac}_{μν} defined in section 4 (which is non-vanishing only when μ, ν = 0, 1), a formula for λ_{eff} takes the form given by Eq. (2) only for the components with μ = 0, 1 and ν = 0, 1 of the Einstein equations (1); otherwise, one obtains that λ_{eff} = λ, since for μ ≠ 0, 1 or ν ≠ 0, 1 we have by definition T^{vac}_{μν} = 0. In the latter case, however, if we assume that λ_{eff} = 0 (so also λ = 0), then we arrive at the conclusions which are not consistent with observational data: for instance, the vacuum-energy density given by expression (11) would be equal to zero, and the metric (6) with λ = 0 would not prefer in any way the threedimensional space a = 0 within which and around which – according to the toy model – the whole matter and radiation present in the Universe should be concentrated. Thus, let us demand the condition λ_{eff} = 0 to be fulfilled for the (t, t)-component of the Einstein equations (1); as a confirmation of the correctness of the above requirement we can note the fact that in the case of an empty space and sufficiently short distances the component with μ = 0 and ν = 0 of the Einstein equations should approach the generalized Poisson equation,

∇^2_rV (r) = 4πG c^2

Tr(diag T_{μν} ) = 0 (12)

for a = 0 and with the symbol r denoting the position vector r ≡ [x, y, z] as well as with the function V = V (r) being the gravitational potential, and equation (12) is actually consistent with the condition that in an empty three-dimensional space being subject to our direct perception the observed (effective) cosmological constant λ_{eff} is equal to zero.

6. A value for the cosmological constant

Substituting expression (11) into Eq. (2) and taking λ_{eff} = 0, we then come to the conclusion that the value of the cosmological constant is given by the combination of the fundamental constants of nature, λ = − c^3 Gh̄ ∼= −3.829 × 10^{69} m^{−2} . (13)

For such a value of the cosmological constant, the cutoff time T_c is of the order of the Planck time T_{Pl} ∼ 10^{−43} s, so the cutoff length L_c is of the order of the Planck length L_{Pl} ∼ 10^{−34} m and the cutoff energy E_c is of the order of the Planck energy E_{Pl} ∼ 10^{28} eV ∼ 10^9 J, as one might have expected. Namely, one intuitively assumes that it is not possible for any field to propagate at energies for which (generalized) Compton wavelengths defined as h/(m_{eq} c) = 2πc/ω are less than the Schwarzschild diameter 4Gm_{eq} /c^2 [7]; such a situation would happen, for instance, in the case of both massive and massless particles with “equivalent masses” m_{eq} ≡ h̄ω/c^2 above the Planck mass (multiplied by a factor of π^{1/2}/2^{1/2}), or with generalized Compton wavelengths below the Planck length times the constant (2/π)^{1/2}. Such particles would simply possess an event horizon formed around them, so they would disconnect from the surrounding spacetime; see also section 7.6 of this paper. Thus, the Planck energy E_{Pl} should provide a natural cutoff for energies of normal modes of any field, and this is actually confirmed by the above calculations. In fact, an important conclusion of this paper can be formulated in such a way that the vanishing of the observed value λ_{eff} of the cosmological constant is in the toy model a consequence of the existence of an energy cutoff at the level of the Planck scale E_{Pl} . It is easy to show that if we require the condition |λ_{eff} | ≤ 10^{−50} m^{−2} to be fulfilled, then the relative departure of the cutoff energy E_c = ch̄|λ|^{1/2} from the Planck energy E_{Pl} ≡ (c^5h̄/G)^{1/2} should not be greater than a factor of the order of 10^{−120}, i.e., one obtains that |E_c − E_{Pl} |/E_{Pl} ≤ 10^{−120}.

Note that exactly the same value of the cosmological constant as calculated above was postulated in Ref. [3] to give results concerning the motion of a free test particle, which are in agreement with experimental data. In particular, with the use of Eq. (13) one is able to recover the appropriate proportionality constant in the equation of the motion of a free test particle which is travelling in the spacetime of the toy model described – in the case of an empty space – by the metric given by expression (6); as a by-product, one obtains the Planck–Einstein formula E = h̄ω which, however, assumes therein a completely new – geometric and entirely classical – meaning; see also, for instance, sections 7.1 and 7.2 of this paper. Similarly, in the case of the motion of a free test particle in the spacetime with the metric (7), one obtains that E = h̄ω(1 − 2M/r)^{1/2} where the energy E is now given by expression (8). It should be stressed here that the relationship between the particle’s energy E and the circular frequency ω of the particle’s oscillations in the additional spatial dimension of the spacetime described by the metric (6) is given by the formula E = h̄ω only if we demand the condition λ_v = λ to be fulfilled for the vacuum stress–energy tensor T^{vac}_{μν} which is defined in section 4. The assumption that the difference (λ_v − λ) remains a non-vanishing quantity would imply that the equality E = h̄ω is not an exact formula in the case of the motion of a free test particle travelling in the spacetime with the metric (6); note that a possible deviation from the equality E = h̄ω could in principle be detected by some sufficiently sensitive experiments and/or by appropriate astronomical observations. Obviously, analogical conclusions hold in the case of a test particle moving in the spacetime with the metric (7) and for the detection of a possible deviation from the formula E = h̄ω(1−2M/r)^{1/2} which expresses there the particle’s energy.

7. A model of a particle–antiparticle pair and its consequences

7.1. Introduction

The integrated equation of motion for a test particle with the rest mass m, which is moving in the spacetime described by the metric (6) reads

U^2 = ( 1 + |λ|a^2 )( m^2c^4 + c^2p^2 ) + c^2(p^a)^2

≡ ( 1 + |λ|a^2 ) E^2 + c^2(p^a)^2 (14)

where the quantities U, m and p are the particle’s total energy, rest mass and three-dimensional momentum vector p ≡ [p^x, p^y , p^z ] ≡ [p^2, p^3, p^4] in the spacetime a = 0, respectively, and c denotes the velocity of a massless particle with regard to the spacetime a = 0. In turn, one has U ≡ cp_t ≡ cp_0, p^2 ≡ −

∑_4

i=2 p_ip^i =

∑_4

i=2(p^i)^2, and p^a ≡ p^1 = da/d(τ /m) with τ denoting the proper time of the particle; note that in the limit of a massless particle, the quantity τ /m remains finite and is still an affine parameter. The total energy U of the particle, which is a hidden parameter, remains constant for objects travelling along the geodesic lines, since the metric (6) is independent of the (coordinate) time t.

It is easy to see that a particle moving in the spacetime a ∼= 0 is confined inside a potential well, proportional to the factor (1 + |λ|a^2)^{1/2}, which is enormously narrow along the additional spatial dimension a, but flat along the three “physical” ones (x, y, z). Thus, the energy E = cp_t(a = 0, p^a = 0) equal to the particle’s total energy in the “ordinary” four-dimensional spacetime R^1 × R^3 (i.e., in the absence of the additional spatial dimension a) can fluctuate to a very small extent only, and in the non-relativistic approach p ≡ |p| ≪ mc assumed for the case of a massive particle one obtains easily the uncertainty relationship of purely classical origin, Δt ΔE ≥ h̄/2; see Ref. [3]. We can note that if the spacetime of the toy model were four-dimensional, or special-relativistic (i.e., without an additional spatial dimension), then the uncertainty relationship for a toy-model massive particle would have the form Δt ΔE ≥ 0, which is manifestly wrong.

7.2. The model

It is now worth realizing a very simple picture of the vacuum fluctuations, which is possible within the toy model; namely, each point of the spacetime a = 0 that is embedded in the five-dimensional manifold with the metric (6) can be represented as a superposition of two vibrations, or excitations, each of which satisfies the integrated equation of motion (14). One can prove easily that the coordinates of such two vibrations occurring in the additional spatial dimension are given by

a_1(τ ) =

U^2 − E^2 |λ|E^2 sin(ωτ ) (15) and a_2(τ ) =

U^2 − E^2 |λ|E^2 sin(−ωτ ) (16)

where one defines ω ≡ ±E/h̄ = (m^2c^4 + c^2p^2)^{1/2}/h̄, with the signs “+” or “−” referring to the formulae (15) or (16), respectively, and the quantity τ denotes here an affine parameter in general, e.g., the proper time in the case of massive excitations; note that, strictly speaking, the argument of the sine function appearing in expressions (15) or (16) is respectively equal to ±ω(m_cτ /m) rather than to ±ωτ , where m_c ≡ E_c/c^2 = h̄|λ|^{1/2}/c. One then can identify those two vibrations with a probe virtual particle and its antiparticle remaining at rest or moving together – connected, but non-interacting – with a uniform rectilinear motion in regard to an inertial reference frame of the spacetime a = 0 which is embedded in the five-dimensional manifold with the metric (6); see also Ref. [3]. We suppose that the two excitations being considered do not interact with each other through any forces, since the non-gravitational interactions are expected to act and propagate in the spacetime a ∼= 0 only; see, however, section 7.8. It is worth adding that in the case of the metric (7) the relationships (15) and (16) hold as well, with the circular frequency ω defined now as ω ≡ ±(E/h̄)(1 − 2M/r)^{−1/2} , the energy E given by expression (8) and the quantity M denoting the mass of a (real) spherically symmetric object. Note that in the formula (15) and in the rest of this section we designate various quantities concerning the particle – both a virtual and a real one – by adding the suffix “1”, and we label those same quantities characterizing the corresponding antiparticle – by inserting the suffix “2”, just as in expression (16).

Obviously, the considerations contained in the above paragraph are easy to be generalized; namely, each point of the spacetime a = 0 can actually be represented as a superposition of an arbitrary (e.g., infinite) number/amount of the pairs of excitations described by the formulae (15) and (16), with taking into account the allowed values of the mass m as well as lengths and directions of the momentum vector p; see section 3 where, according to the model here-presented, the vacuum-energy density ρ should result from the superposition of all the possible (allowed) pairs of vibrations. Clearly, all the above-mentioned pairs of excitations can additionally differ among themselves in values of the hidden parameters U (which are obviously the same for both the constituent vibrations of each pair); see also Ref. [3]. Bearing in mind the form of expressions (15) and (16), it is then easy to conclude that the values of both the vacuum-energy density ρ calculated in the formula (5) and the cutoff circular frequency ω_c, or wave-number K_c determined in section 4 of this paper do not depend on the particular choice of an (inertial) reference frame of the spacetime a = 0, which means that the above quantities are Lorentz-invariant.

Since for a virtual particle and for its antiparticle there hold the relationships a_1(τ ) ∝ sin(ωτ ) and a_2(τ ) ∝ sin(−ωτ ), respectively, so the energies E of the virtual particle and of its antiparticle should satisfy the equalities E_1 = h̄ω and E_2 = −h̄ω, respectively; thus, the total energy E_{12} ≡ E_1 +E_2 of the virtual particle–antiparticle pair is equal to zero. This corresponds to the fact that the average vibration representing the virtual particle–antiparticle pair vanishes, as one has a_{12}(τ ) ≡ a_1(τ ) + a_2(τ ) = 0 for any value of the affine parameter τ . Simultaneously, each virtual particle–antiparticle excitation gives a non-zero contribution to the vacuum energy defined as in Eq. (4), since the average absolute value of excitation, which is given by the quantity ā_{12}(τ ) ≡ (|a_1(τ )| + |a_2(τ )|)/2, obviously remains (almost) always positive for any virtual particle–antiparticle vibration. It is then worth adding that a factor of 1/2, appearing in a purely classical context in the above definition of the function ā_{12}, corresponds clearly to exactly the same factor occurring in Eq. (4), which is therein, however, entirely of formal-quantum origin. In other words, one has ā_{12}(τ ) ∝ sin[(|E_1| + |E_2|)τ /(2h̄)], which means that the contribution to the vacuum energy coming from a virtual particle or its antiparticle separately is equal to |E_1|/2 or to |E_2|/2, respectively, so it is exactly the same as in the case of the quantum-mechanical harmonic oscillator (with the frequencies |E_1|/h̄ or |E_2|/h̄, respectively) remaining in its ground energy-state; note that the above conclusion holds also for the root-mean-square value of virtual particle–antiparticle excitation, which is defined as ^a_{12}(τ ) ≡ ([a^2_1(τ ) + a^2(τ )]/2)^{1/2}.

In turn, one can easily note that because of the existence of the energy cutoff in the toy model, the (possible) values of the circular frequency ω of the particle’s vibration should for any particle (or antiparticle) belong to the interval ω ∈ [0, ω_c], which implies the limits on the value of the particle’s rest mass m ∈ [0, h̄ω_c/c^2] as well as on the values of the particle’s momentum p ∈ [0, h̄ω_c/c].

7.3. A virtual particle–antiparticle pair

Let us now consider a pair of a virtual particle and its antiparticle. According to the energy definitions following Eq. (4), for a virtual particle and for its antiparticle separately we have

E_{k1} = h̄ω , E_{p1} = cp and E_{m1} = mc^2 (17)

as well as

E_{k2} = −h̄ω , E_{p2} = −cp and E_{m2} = mc^2 , (18)

respectively. Thus, for a virtual particle–antiparticle pair, taken as a whole, one obtains that

E_{k12} = 0 , E_{p12} = 0 and E_{m12} = 2mc^2 . (19)

In turn, from the integrated equation of motion (14) for the virtual particle– antiparticle pair it results that

U_{12} = 2mc^2 , (20)

since p^a_{12} ≡ p^1_2 = 0, as we have a_{12}(τ ) = 0 for any value of the affine parameter τ .

It then seems that the above picture of the pairs of virtual particles and their antiparticles can justify the summation (or rather the integral) over the continuous mass m spectrum, which is performed while calculating the vacuum-energy density ρ in Eq. (5), since the mass m appearing in expressions (17)–(20) can assume any value from the interval [0, h̄ω_c/c^2]. In turn, according to the equality (20), one could speculate as well that the fluctuations of the vacuum might be at the origin of the physical concept of mass; see also, e.g., sections 7.6 and 7.8 of this paper as well as Ref. [8] where one considers the possible electromagnetic nature of particle’s mass in the context of the generalized Maxwell equations. For instance, on the basis of the formula (20) we can say that the spacetime a = 0 is filled with the enormously dense field of virtual mass. On the other hand, the relationship (20) suggests as well that the spacetime a = 0 is filled with the huge amount of the hidden energy U whose source would most probably be situated beyond the observable Universe given by a ∼= 0.

It is also worth adding that the virtual particle–antiparticle excitation can last for an arbitrarily long time (i.e., one has Δt → ∞), since the total energy E_{k12} of the virtual particle–antiparticle pair is equal to zero and the uncertainty relation Δt ΔE ≥ h̄/2 holds. Taking into account the three uncertainty relationships, Δx^iΔp^i ≥ h̄/2 for i = 2, 3, 4, which are satisfied in the toy model as well [3], we come to the conclusion that the vibrations being considered fill the whole spacetime given by a = 0, as one has Δp^i_{12} = 0 for i = 2, 3, 4 and ΔE_{k12} = 0. Similarly, it should be remarked here that in the spacetime described by the metric (7) the uncertainty relation can be written as Δτ ΔE ≥ (h̄/2)(1−2M/r)^{1/2} , since for such a case we obtain that Δτ Δω ≥ 1/2 and ΔE = h̄(1 − 2M/r)^{1/2} Δω where the energy E is given by expression (8); see Ref. [3]. Thus, the relationship Δτ ΔE ≥ 0 is satisfied in the limit r → (2M)^+, i.e., on the event horizon of a Schwarzschild black hole, which is evidently consistent with the condition τ = const that holds for r = 2M = const and dθ = 0 = dφ assumed in the metric (7) with a = 0. Obviously, in such a case one still has the relation Δt ΔE ≥ h̄/2 fulfilled for the coordinate time t.

7.4. Creation of a real photon

Let us now imagine that the portion of energy equal to E = 2h̄ω, with the momentum vector assumed to be equal to 2~p, is supplied to a virtual particle–antiparticle pair. As an example of such a process we can consider the spontaneous emission, where an atom undergoes the transition from an excited initial state to a lower-energy, final state, simultaneously emitting a photon with the energy equal to the difference between the energies of the excited and of the final state of the atom. It is commonly known that the spontaneous-emission process can actually be regarded as an emission process induced by the fluctuations of the vacuum. Let us assume that the energy E = 2h̄ω of the transition between the excited and the lower-energy state of the atom is absorbed by one of the vacuum (virtual particle–antiparticle) excitations described above in sections 7.2 and 7.3. We suppose that after such an absorption one has for the vibrations being considered,

E_{k1} = h̄ω , E_{p1} = cp and E_{m1} = mc^2 (21)

as well as

E_{k2} = h̄ω , E_{p2} = cp and E_{m2} = mc^2 , (22)

and both the excitations now form one real particle with

E_{k12} = 2h̄ω , E_{p12} = 2c ~p and E_{m12} = 0 , (23)

which can be identified with a photon with the momentum vector 2~p and with the energy E = 2h̄ω = 2c ~p equal to the energy of the atom’s transition from the initial to the final energy state; obviously, the condition ( ~p)^2 = p^2 + (mc)^2 should be fulfilled – also in the case of the spacetime described by the metric (7), where one defines the momentum p (or, analogically, ~p) and the above-given energy E as p ≡ (− ∑ i g_{ii}p^ip^i)^{1/2} for i = r, θ, φ and E^{(∗)} ≡ cp^t(a = 0, p^a = 0) = (1 − 2M/r)^{−1/2}cp_t(a = 0, p^a = 0), respectively. We assume that the hidden energy U of the photon contains (includes) the quantity U_{12} = 2mc^2, as in the case of the virtual particle–antiparticle pair described in section 7.3; note that the energy U_{12} gives no contribution to the (vanishing) rest energy E_{m12} of the photon.

We should stress here that one can also consider real particles consisting of more than two vibrations; obviously, a real photon might be formed from two or more virtual particle–antiparticle pairs, each of which is excited – in the way described above – due to the absorption of one or more energy quanta with appropriate values of energy E and with relevant lengths and directions of momentum vector p. It is worth adding as well that the created photon satisfies the wave equation which seems to be of a phenomenological rather than of a fundamental nature in view of the toy model being considered; see Ref. [3]. We also would like to mention here that an interesting model of a photon and of a neutrino formed as extended compact particles has been proposed in Ref. [9]. It might be instructive to generalize the considerations contained in that reference to the case of the five-dimensional spacetime of the toy model.

From the above picture, it is clear that each photon consists of the two components, or of the two vibration modes; presumably, an electromagnetic wave of the form (E+icB)/2 can be assigned to each of those two modes; here the quantities E and B are the strength vectors, respectively, of an electric and a magnetic field associated with a photon, and i denotes the imaginary unit; see also section 7.8.

7.5. Creation of a real particle–antiparticle pair

Now let us consider another experiment: One or more energy quanta (e.g., photons) with a sufficiently large value of the total energy E = 2h̄ω and with the momentum vector equal to 2~p are absorbed by the vacuum excitation representing a virtual particle–antiparticle pair. As a consequence, a real particle–antiparticle pair is coming into existence. The real particle and its antiparticle possess the energies

E_{k1} = h̄ω , E_{p1} = cp and E_{m1} = m_0c^2 (24)

as well as

E_{k2} = h̄ω , E_{p2} = cp and E_{m2} = m_0c^2 , (25) respectively. Thus, we assume here that the energy U_{12} = 2m_0c^2, which is discussed also in the previous two subsections, splits into two components U_1 and U_2, each of which takes the value equal to m_0c^2. Subsequently, in the process of a particle–antiparticle creation, the energies U_1 and U_2 undergo the transition to give non-vanishing contributions into both the rest energies E_{m1} and E_{m2} of the created particle and of its antiparticle, respectively, so the virtual masses become the real ones. Obviously, the values of the energies E_k, E_p and E_m of both the created (real) particle and its antiparticle remain positive; see Ref. [10]. Additionally, both the created particles may possess electric charge and spin, each of which is expected to have the same absolute value and opposite signs for the particle and its antiparticle; see section 7.6. Note that each of the created particles satisfies the (phenomenological) Klein–Gordon equation; see Ref. [3].

Of course, the energies E_{k1} and E_{p1} in expression (24) could differ numerically from the energies E_{k2} and E_{p2} in expression (25), according to the laws of conservation of energy E as well as of momentum vector p. In turn, the symbol m with the suffix “0” denotes now the rest mass of an actually existing real particle, such as an electron, or a proton; obviously, there must exist some – so far unknown – “weak” and/or “strong” stability condition(s) which determine the values of the masses of the created particles: electron/positron, meson (its quarks)/antimeson (its antiquarks), proton (its quarks)/antiproton (its antiquarks), etc. Those particles, whose masses do not fulfil even the “weak” stability condition, can also be created, but they are expected to live for a very short time only; some of such particles are known as resonances.

The question arises here as to whether the particle’s oscillatory motion with respect to the additional spatial dimension a can correspond to an effect which is known as the Zitterbewegung of a massive particle. The velocity of the Zitterbewegung should be equal to the speed of light ±c, so we can demand the condition ȧ_{extr} (τ ) = ± lim_{v→c−} v = ±c (26)

to be fulfilled for Eq. (15), or for Eq. (16) in the case of a massive antiparticle. Obviously, the proper velocity ȧ(τ ) ≡ da(τ )/dτ assumes its extreme values for the moments of the proper time τ such that a(τ ) = 0, and the signs “±” of the proper velocity ȧ in Eq. (26) occur alternately after each other with the lapse of the proper time τ , because of the presence of the sine function in the formula (15). In turn, the condition a = 0 determines the spacetime where the Dirac equation holds, whose velocity eigenvalues are always equal exactly to ±c. Thus, the requirement (26) is consistent with both the toy model and the quantum theory. Solving Eq. (26), we obtain that (U^2 − E^2) = E^2_c = E^2_{Pl} , so one has U_{min} = E_{Pl} , which seems to be a reasonable result stating that the hidden energy U of a free and single massive particle can never be less than the maximum energy E which is attainable for a massive as well as for a massless particle in the toy model. It is important to add that according to Eq. (14) the above-described oscillatory motion of a massive particle with respect to the additional spatial dimension, which occurs in the toy model, does not violate the principles of relativity, although the maximum velocity of such a motion can be equal to the speed of light ±c at the moments of (the proper) time when the particle crosses the spacetime a = 0; see also Refs. [11, 12]. One should note as well that the rest energy E_0 = m_0c^2 of a particle with the rest mass m_0 can be regarded as the kinetic energy of the particle’s Zitterbewegung, since the condition E_0 = ±cp^a_0 = h̄ω_0 is fulfilled, with the momentum p^a_0 satisfying the equalities p^a_0 ≡ p^1|_{a=0} = m_0ȧ(τ )|_{a=0} = ±m_0c, respectively, and with the quantity ω_0 being the circular frequency of the particle’s oscillatory motion in the additional spatial dimension, which is measured in the particle’s own (rest), or instantaneous local inertial rest reference frame projected orthogonally onto the spacetime a = 0. On the other hand, it is worth adding that the above considerations allow one to define the “dressed”, or renormalized rest mass m_0 of a particle as the quotient E_0/c^2 of the “internal” (or rather directly unobservable) kinetic energy E_0 of the particle’s Zitterbewegung divided by the squared velocity ±c of the Zitterbewegung; the particle’s rest mass m_0 can equivalently be determined as the quotient p^a_0/(±c) of the momentum p^a_0 of the particle’s Zitterbewegung divided by the Zitterbewegung velocity ±c; see also Ref. [13]. Note that at the end of section 7.6 we will present a somewhat different interpretation of the effect of Zitterbewegung.

Another interesting question concerns the possible tests of the toy model proposed in this paper; in order to handle it – at least partially – let us consider the spacetime with the metric (7). In the weak-field approximation, for which one assumes that the inequalities 2M/r ≪ 1 and |λ|a^2 ≪ 1 are satisfied, the potential function can be conventionally defined as follows,

V (r) = −c^2 M r + c^2 2 |λ|a^2(τ ) , (27)

where r ≡ |r|, the quantity r ≡ [x − x_0, y − y_0, z − z_0] denotes the threedimensional position vector with respect to the centre of the mass M, which is situated at the point (x_0, y_0, z_0), and the function a = a(τ ) signifies the coordinate of the additional spatial dimension for the particle(s) under consideration; it is worth mentioning here that one has |dτ | = (1−2M/r)^{1/2} |dt| ∼= (1 − M/r)|dt| ≈ |dt| for a = 0 and r, θ, φ = const. Taking into account the results of sections 7.1 and 7.2 of this paper we can expect the quantity a^2(τ ) to oscillate rapidly in time, so one will detect the average value of this quantity over the proper time τ , which we designate as ⟨a^2(τ )⟩_τ . Note that for a macroscopic (solid) body taken as a whole one should have a(τ ) ≈ 0, since such an object consists of a large number of particles, between which the gravitational “interactions” are negligible – hence, the superposition of all the oscillations of object’s particles is close to zero, especially if we take into account all the intrinsic interactions within this body, which contribute to its total energy E and, in consequence, are expected to decrease considerably the amplitude of the object’s oscillatory motion in the additional spatial dimension. Thus, the use of the weak-field approach |λ|a^2 ≪ 1 seems to be fully justified in the case of the investigated problem.

The gravitational-acceleration function g = g(r) outside the mass M can then be easily calculated and it reads

g(r) = −∇_rV (r) = −c^2 Mr r^3 − c^2 2 ∇_r [⟨ |λ|a^2(τ ) ⟩ τ (r) ]

≡ −c^2 Mr r^3

− g_l(r) . (28)

Obviously, it is interesting to estimate the range of values and of directions which can be assumed by the second term occurring in expression (28), i.e., by the function g_l = g_l(r). It is clear that this term corresponds to local interactions between particles which remain outside the mass M in the case being considered and whose behaviour is characterized, among others, by parameters such as the energies U and E of particles and by geometric properties of the investigated system. On the one hand, the value of the function g_l(r) is, on average, expected to be equal to zero within an isotropic and homogeneous object which is isolated from all the long-range forces and remains in a state of thermal equilibrium. On the other hand, it seems that the function |g_l(r)| can assume relatively large values in small regions of space, which are filled with highly anisotropic and/or inhomogeneous, possibly different materials. Such a situation may occur, e.g., around the boundary between two or more samples of materials which remain in different thermodynamic phases, or in different density states; for instance, it may happen around the place of contact of a dense superconductor, or of a Bose–Einstein condensate with a hot low-density material remaining in an incoherent state – for such cases we expect that the gradient of the quantity ⟨a^2(τ )⟩_τ (r) could take especially large absolute values.

In turn, it is easy to see that if we assume constant lengths for each of the two vectors entering expression (28) separately, then the acceleration |g(r)| should reach its maximum or its minimum value when the vectors c^2Mr/r^3 and g_l(r) are parallel or antiparallel to each other, respectively; obviously, it occurs when both the samples are situated in the same straight line crossing the centre (x_0, y_0, z_0) of the mass M, so one of the objects (e.g., a coherent sample) is simply above the other with respect to the mass M, and the boundary between both the objects is perpendicular to the position vector r. Then, it is important to add that according to expression (28) the gravitational field is expected to be modified – either weakened or intensified – also in some, possibly relatively large regions of space, which in the discussed case are situated mainly above and/or below the place of contact of both the samples.

In general, one supposes as well that the presence of any external fields can significantly influence the value of the function g_l(r); for instance, a high-frequency electromagnetic field is expected to supply the energy (almost) homogeneously to the whole volume of the samples and would cause the occurrence of intense electric super-currents as well as of other (e.g., collective) phenomena within the superconductor sample, which in turn could considerably change the values of the quantities contributing to the acceleration g_l(r).

In the context of the last few paragraphs, it is worth mentioning that one can investigate as well the full form of the potential function in the weak-field approximation,

V (r) = −c^2 M r + c^2 2 |λ|a^2(τ ) − c^2 M r |λ|a^2(τ ) ; (29)

in such a case the (detectable) gravitational acceleration g outside the mass M is given by the formula

g(r) = −∇_rV (r) = −c^2 Mr r^3 [ 1 + ⟨ |λ|a^2(τ ) ⟩ τ (r) ] − ( 1 − 2M r ) g_l(r) (30)

where the function g_l(r) has been defined in expression (28).

Perhaps, the occurrence of non-vanishing values of the local component g_l(r) of the gravitational acceleration can be confirmed by experiment and is responsible for the existence of the so-called weak shielding against the gravitational force, or the anomalous weight-loss effect which has been observed recently; see Refs. [14, 15, 16] and references therein, but notice Ref. [17] as well. The phenomenon described here may also be – at least partially – the reason for the problem with an accurate measurement of the Newtonian gravitational constant G as well as it may cause the occurrence of the effects which are attributed to the existence of the so-called fifth force; however, from the formula (30) it clearly results that the above-mentioned and/or similar (though very weak) effects can occur also in the case when the condition g_l(r) = 0 is satisfied. Note as well that the investigation of the potential function (27), performed in the context of the virial theorem, allows one to explain the phenomenon of the so-called dark matter as arising due to the geometric properties of the spacetime which contains an additional spatial dimension; see Ref. [3] for details.

7.6. A model of an elementary particle

Now we will try to obtain a naïve form of the particle’s stability conditions mentioned in the previous subsection. To this end, first of all we recall from section 7.4 that an electromagnetic wave can most probably be assigned to each of the two components, of which a photon seems to consist. However, when those two modes of a photon become two real, separate particles described by expressions (24) and (25), then each of those two particles separately does not seem to be associated with any freely propagating electromagnetic wave. Thus, in the case of a massive particle we can expect that the trajectory of its accompanying electromagnetic wave is curved in the gravitational “field” of that particle to such an extent that it forms a circular orbit around the particle. In the case of a non-rotating charged particle, the circular orbits corresponding to the condition r = const are given by the stationary points of the Reissner–Nordström potential (for a = 0) [18] which characterizes the spacetime where the electromagnetic wave is moving; we thus demand the following condition to be fulfilled, 0 = d dr [ 1 r^2 ( 1 − 2M r + Q^2 r^2 )] , (31)

where the mass M ≡ Gm_0/c^2 and the particle’s (specific) electric charge Q are expressed in geometrized units. Note that in such units the expression for the fine-structure constant α takes the form α = e^2c^3 Gh̄ (32)

where the quantity e signifies the observed elementary electric charge expressed in meters; the specific electric charge e is related to the electric charge e_{SI} expressed in SI units by the formula e ≡ e_{SI}[G/(4πϵ_0c^4)]^{1/2} where ϵ_0 denotes the electric constant (the permittivity of the vacuum). Obviously, equation (31) has the two solutions,

r_± = 1 2 ( 3M ± √ 9M^2 − 8Q^2 ) , (33)

the first from which is unstable, whereas the second one remains stable, respectively; note that we assume in this paper that the existence of a stable circular orbit of an electromagnetic wave around the particle being considered means that such a particle satisfies the “weak” stability condition mentioned in section 7.5.

In order to maintain the “strong” stability of the orbit on which the electromagnetic wave is moving around the charged particle, we impose the following condition on the wavelength λ_0: 2πr n = λ_0 where n ∈ N. Such a condition ensures that the length λ_0 of the electromagnetic wave is an integer multiple of the length 2πr of the circular orbit, so the electromagnetic wave forms a kind of a standing, or a “frozen” wave around the particle; thus, the particle can be expected to survive for some finite time, so also it is then supposed to be subject to observation. On the other hand, let us consider the circular frequency ω = (c^2p^2 + m^2_0c^4)^{1/2}/h̄ of the oscillatory motion of the particle with respect to the additional spatial dimension a of the spacetime described, for instance, by the metrics (6) or (7) and assume that the quantity ω_0 signifies the value of the circular frequency, which is measured in the particle’s own (rest), or instantaneous local inertial rest reference frame projected orthogonally onto the spacetime a = 0; such a reference system can symbolically be denoted as [t_0(τ ), a_0(τ ), x_0(τ ), y_0(τ ), z_0(τ )](a = 0) where the quantity τ stands for the affine parameter, or the proper time of the particle. From expressions (24) and/or (25) in section 7.5 we know that the circular frequency ω satisfies the equality h̄ω_0 = m_0c^2, since one has by definition that p ≡ (−

∑_4

i=2 g_{ii}p^ip^i)^{1/2} = 0 for ω = ω_0; in turn, from section 7.4 it is clear that the circular frequency ~ω of the electromagnetic wave moving around the particle fulfils the relationship ~ω_0 = c ~p_0/h̄ = 2πc/λ_0 where ~p_0 denotes the value of the momentum ~p for ~ω = ~ω_0. Let us assume that ω_0 = ~ω_0, which means that the mass m_0 of the particle being considered comes exclusively from the energy h̄ ~ω_0 of the electromagnetic wave moving on the circular orbit around the particle; see also the discussion contained in the last three paragraphs of this subsection. Combining all the above requirements regarding the quantities λ_0, ω_0, ~ω_0 and m_0 together with expression (33), one easily obtains the stability condition of the following form: 2Gh̄ 3M^2_n c^3n

= 1 ± 1 − 8Q^2 9M^2_n

. (34)

We expect that the mass M_n in the above formula corresponds to the “bare” masses of elementary particles, so it may change with the index n, whereas the absolute value of the electric charge Q should remain constant for various elementary objects. In the case of n = 1, let us then identify the mass M_1 in Eq. (34) with the greatest mass possible in the toy model, which is the Planck (cutoff) one, M_{Pl} ≡ E_{Pl} /c^2 = E_c/c^2, so M_{Pl} = (Gh̄/c^3)^{1/2} in geometrized units. Note, however, that in the model under consideration the “bare” mass M of a particle should fulfil the conditions 2 √ 2 |Q|/3 ≤ M ≤ M_{Pl} ; it means that Eq. (34) possesses solutions only for n = 1 (if we assume that |Q| = const), so the “bare” mass of an elementary particle should be equal to the Planck mass; see also Ref. [13], and especially footnote 24 therein. In such a case, it is easy to see that Eq. (34) has a solution only for the stable circular orbit of the electromagnetic wave, whose radius is given by r_− in the formula (33). Thus, we obtain the value of the particle’s “Planck electric charge”, Q = ± ( Gh̄ c^3 )_{1/2} , (35)

which remains one order of magnitude greater than the value of the observed elementary electric charge e, Q = e α^{1/2} . (36)

It is clear that the electric charge Q actually corresponds to the “bare” elementary electric charge, i.e., to the electric charge which is in principle expected to assume exactly the observed value e of the elementary electric charge when “dressed” by the screening of the vacuum fluctuations, that is to say, when situated in a sufficiently large distance from an observer. Similarly, the “bare” mass of an elementary particle should be equal exactly to the Planck mass M_{Pl} . It is important to note that for n = 1 the circular orbit of the electromagnetic wave would lie precisely on the event horizon of a Reissner–Nordström black hole, which is given by the equation (1 − 2M/r + Q^2/r^2) = 0; thus, the particle being considered would form a micro-black hole and be indistinguishable from other particles of the same kind.

Of course, the above-described simple model of an elementary particle does not take into account some important features of real particles, such as an intrinsic angular momentum (spin); for instance, it seems that the latter quantity could be incorporated into the model by considering the Kerr metric for a rotating and uncharged black hole, assuming that such an object represents an elementary particle. In such a case, it can be proved that the angular momentum J of a “bare” particle surrounded in its equatorial plane by the stable circular orbit of the electromagnetic wave should fulfil the Regge-like relation J = ±M^2 where M = M_{Pl} , so one has J_{SI} = ±Gm^2_{Pl} /c = ±h̄ with the angular momentum J_{SI} and the Planck mass m_{Pl} expressed in SI units. We expect that such a value of the angular momentum J denotes here the “bare” value of the particle’s spin. It is clear that the circular orbit in the equatorial plane given by θ = π/2 is the only one which is stationary in the case of the Kerr metric, since only for such an orbit the condition p^θ = 0 holds always. If the relationship J = ±M^2 is satisfied, then the circular orbit of the “frozen” electromagnetic wave in the equatorial plane of the Kerr spacetime is given by the radius r = M which corresponds in such a case to the event horizon of an extreme Kerr black hole; for such a situation both the inner and the outer event horizons of a Kerr black hole become identical with each other. It is easy to conclude that the investigated model of an elementary particle represented by an extreme Kerr black hole implies that uncharged particles with a non-zero spin cannot be massless; the above statement concerns, for instance, neutrinos provided that they are described by the discussed black-hole model. Note also as a curiosity that the relationship J = βM^2 recovers at the microscale the Wesson data originally obtained for various astronomical objects of extremely different sizes [19]; here β is a constant quantity which fulfils the condition G/(βc) ∼ α ∼= 1/137.

Similarly, in the case of a rotating and charged particle, one can consider the stationary axially-symmetric charged rotating Kerr–Newman solution of the Einstein equations (1) to obtain the “extreme” relationship between the mass M, the angular momentum J and the electric charge Q of a “bare” elementary particle surrounded in its equatorial plane by the stable circular orbit of the electromagnetic wave; this relationship reads M^2 = (J/M)^2 + Q^2 where M = M_{Pl} , so it can then be written as 1 = ( J_{SI} h̄ )_2 + Q^2_{SI} 4πϵ_0h̄c ; (37) it is interesting to note that the Newtonian gravitational constant G does not enter the above equation. It should also be remarked that, similarly as in the case of the Kerr solution described above, the circular orbit of the “frozen” electromagnetic wave in the equatorial plane of the Kerr–Newman spacetime is given by the radius r = M which corresponds in the case of the Kerr–Newman metric to the event horizon of an extreme Kerr–Newman black hole; for such a situation both the inner and the outer event horizons of a Kerr–Newman black hole become identical with each other.

Note that for a Kerr–Newman black hole with a mass M, an electric charge Q, a magnetic dipole moment M and an angular momentum J, the following relationship is satisfied, M J = Q M ; (38)

it means that a Kerr–Newman black hole has the gyromagnetic ratio equal to 2, just as an electron. In general, it is known that the Kerr–Newman metric describes properly the gravitational and electromagnetic fields of an electron, including the anomalous gyromagnetic ratio; see Refs. [20, 18] and also Ref. [21] with references therein. Note as a curiosity that the relationship M_{SI}/J_{SI} = Q_{SI}/M_{SI} ∼ G^{1/2} obtained for the “bare” values of the above four quantities recovers, to within a proportionality constant, the so-called Blackett–Sirag relation (M_{SI}/J_{SI})_{astro} ∼ G^{1/2} which holds for the Blackett and Wesson data concerning the gyromagnetic coefficient of various astronomical objects; see Ref. [22]. On the other hand, the relationship J ∝ M^2 corresponds to the so-called Regge trajectories of hadrons, which fact seems to be quite relevant in regard to the subject of this subsection. Note also that there exists a gravitational “spin–spin” force which is attractive for antiparallel spins [23], so the particle and its antiparticle in our model should attract each other with this interaction as well, and not only with the electromagnetic and the “usual gravitational” forces; of course, the final product of an annihilation – photon(s) – should then be scalar particle(s). It is worth adding as well that the most fundamental particles – i.e., the electron, the positron and the neutrino/antineutrino – can be used to generate the mass spectrum of all elementary particles; see Ref. [24]. One can also conclude easily that there do not exist particles with the properties of magnetic monopoles within the here-proposed toy model of elementary particles, since there are no black-hole solutions of Eqs. (1) which allow for the existence of single and separate (isolated) “magnetic charges”. Similarly, one does not expect to incorporate uncharged elementary particles without spin into the model being considered, since the only closed (circular) orbit of the electromagnetic wave is unstable in the case of the Schwarzschild metric. And indeed, it is interesting to note that the uncharged spinless elementary particles such as the mesons π^0, K^0, or η^0 have lifetimes significantly shorter than most of the unstable elementary particles, each of which possesses a non-zero spin and/or a non-vanishing electric charge; it is clear that one expects at least the “weak” stability condition to be satisfied in the case of the latter particles.

We suppose that the mass (or the total rest energy E_m) of the investigated black hole representing a toy-model stable particle should remain constant independently of the possible changes of the black-hole thermodynamic parameters, such as the area of its event horizon. Thus, the specific heat of the black hole should be equal to zero, which occurs in the case of Kerr–Newman black holes when the condition M^2 = (J/M)^2 + Q^2 is fulfilled, i.e., exactly in all the cases considered in this paper; note that for such a condition the thermodynamic temperature, or the surface gravity K of a black hole is equal to zero; see Ref. [23]. It is worth adding that the thermodynamic temperature of particles represented by non-extreme micro-black holes would be finite (non-zero) [23], so such particles are expected to evaporate due to the Hawking effect [25]; the occurrence of the above-mentioned evaporation process in the case of non-extreme black-hole particles indicates that they are unstable (like resonances and some other unstable particles), which is consistent with the fact that they do not fulfil the stability condition(s) for the circular orbit of the “frozen” electromagnetic wave in the particle’s equatorial plane. We can also notice that the information content of the surface (i.e., of the event horizon) of a black hole of the Planck size is equal exactly to one classical c-bit of the Shannon–Bekenstein information.

It would be interesting to calculate the values of the quantities J and Q entering Eq. (37). We can try to achieve this by estimating the contribution of each of those two quantities separately into the mass M = M_{Pl} of the black hole being considered. To this end, we will employ the concept of the so-called irreducible mass M_{ir} which is defined by the equation

M^2 = ( M_{ir} +

Q^2 4M_{ir}

)_2 + J^2 4M^2_{ir}

; (39)

see Refs. [26, 27, 18]. Thus, the contribution M_Q of the electric charge Q to the mass M = M_{Pl} , when assuming the conditions Q^2 = M^2 and J = 0 to be fulfilled, is equal to M_Q ≡ M −M_{ir} = M/2. Similarly, the contribution M_J of the angular momentum J to the black-hole mass M, under the assumptions that J^2 = M^4 and Q = 0, can easily be calculated to be equal to M_J ≡ M − M_{ir} = M(1 − 2^{−1/2}). Performing the appropriate normalization procedure resulting from Eq. (37), we then arrive at the following values for the “bare” fine-structure constant α_{SI} and the “bare” intrinsic angular momentum J_{SI}, both ones being expressed again in SI units,

α_{SI} =

Q^2_{SI} 4πϵ_0h̄c = 1 7 − 4 √ 2 ∼= 0.74452 (40)

J_{SI} = ± 2 − √ 2 ( 7 − 4 √ 2 )_{1/2} h̄ ∼= ±0.50545 h̄ , (41)

respectively. Note that equation (37) together with the above-described considerations resulting in expressions (40) and (41) seem to explain the apparently random coincidence which manifests itself in assuming the discrete values actually by both the particle’s electric charge Q and spin J.

It should now be remarked that the increase in the value of the finestructure constant α with rising value of the interaction energy (or the momentum transfer) has been confirmed by experiment, at least for the electroweak interactions; see Ref. [28]. It would then be interesting to compare the result given by the formula (40) with an analytic extension of the results obtained while employing the method described in Ref. [28], for experiments corresponding to energies as high as it is possible. Similarly, the “bare” value of the angular momentum J of an elementary particle determined in expression (41) can be verified by high-energy measurements of the value of a single spin; some (limited) kinds of such experiments are currently planned to be performed; see, for instance, Ref. [29] and references therein. However, a somewhat more promising approach to verifying the theory of an elementary particle presented in this section would consist in experimental testing the relation (38), with simultaneous (but possibly separate) measurements of all the factors M, J, Q, M entering that formula, for as wide as possible range of the interaction energy (the momentum transfer) of an elementary particle, e.g., of an electron. It should be taken into account here the fact that a boost (in the spin direction) with the velocity v transforms the Kerr–Newman parameters J/M and M according to the formulae (J/M)^′ = (J/M)(1 − v^2/c^2)^{1/2} and M^′ = M(1 − v^2/c^2)^{−1/2}, respectively; see Refs. [30, 31].

It would also be interesting to develop the ideas of the geometric model of an elementary electric charge, presented in Refs. [32, 33], in the context of the toy model being considered whose topology incorporates an additional spatial dimension. Note that the concept of “charge without charge” discussed in Ref. [32] was partially employed in a classical model of an electron proposed in Ref. [31] where the electron’s electric charge is associated with the net flux of an electric field which is topologically trapped in the naked circular (ring) singularity of the maximally extended Kerr–Newman spacetime [23]. Of course, a similar interpretation of the electric charge Q can also be applied in the toy model presented in this paper; cf. section 7.8. Perhaps, the existence of a topological connection – like those described in Refs. [32, 31] – between particles which have been previously interacting, could serve as a basis for a possible explanation of the Einstein–Podolsky–Rosen paradox [34], at least from a purely theoretical point of view.

The concept of “mass without mass” presented in Ref. [32] encourages us to stress that the particle’s mass, or total (rest) energy E_m in the toy model can be interpreted as consisting merely of the gravitational, electromagnetic and rotational energies, each of which is confined to the region of space bounded in the particle’s equatorial plane by the circular orbit of the “frozen” electromagnetic wave, which orbit coincides with the event horizon of an extreme Kerr–Newman black hole of the Planck size; it seems that the total rest energies of each particle and of its antiparticle can come from the contributions of the quantity U_{12}, as discussed in section 7.5. In the context of this paragraph, it is reasonable to mention interesting considerations concerning the concept and the possible electromagnetic origin of mass and inertia, which are contained in Refs. [35, 36, 37] and in references therein. One should also note that several advanced models of an electron and of other elementary particles, based on the Kerr–Newman topology, have already been proposed in the literature; see, for instance, Ref. [38] as well as Ref. [31] and references therein. Another interesting models of extended elementary particles based, among others, on the generalized classical electrodynamics, on the group theory, on various topological structures, on wave mechanics, or on the Dirac–Maxwell field formalism are presented in Refs. [39, 40, 41, 42, 43], respectively; see also some of numerous references therein. In the context of this paper, the particularly relevant references [44, 45, 46] are worth mentioning as well. One can also recall an interesting model in which the zero-point vacuum fluctuations are considered as a possible source of the acceleration of polarizable cosmic-ray particles, such as protons; see Ref. [47].

Here we return for a moment to the effect of the Zitterbewegung of a massive particle, which has been briefly analyzed in section 7.5. It is well-known that the velocity eigenvalues in the Dirac equation are determined to be equal to ±c. This fact may simply correspond in the toy model here-presented to the existence of the “frozen” electromagnetic wave which is curved in the gravitational “field” of a particle to form the circular orbit in the particle’s equatorial plane. Obviously, in such a case the notion of Zitterbewegung would be used in a completely misleading way to call a phenomenon that is entirely different from the one for which this term was intended; a somewhat better name for the effect associated with the curved electromagnetic wave would be, for instance, an Umkreisbewegung.

7.7. Thermodynamic properties of particles

Let us consider a free test particle which is moving with a uniform rectilinear motion in regard to the spacetime a = 0 that is embedded in the five-dimensional manifold with the metric (6). According to the formula (15) which is a solution of the integrated equation of motion (14), such a particle simultaneously oscillates in the additional spatial dimension a. Obviously, the oscillatory motion of a particle is characterized, among others, by a proper acceleration which is defined as ä(τ ) ≡ d^2a(τ )/dτ^2. Due to the rapid oscillations of the sine function entering the formula (15) in the proper time τ , or with respect to an affine parameter in general (including the one for massless particles), it seems reasonable to assume that it is the average absolute value of the proper acceleration (or deceleration) over the affine parameter τ rather than the “pure” absolute value |ä(τ )| of the proper acceleration, what should be regarded as a quantity experienced by a free particle for sufficiently long periods of the proper time, or for sufficiently large intervals of the affine parameter. The average absolute value of the particle’s proper acceleration is easy to calculate and it reads χ_{av} (U, E) ≡ ⟨|ä(τ )|⟩_τ = 2E πh̄^2 U^2 − E^2 |λ| . (42)

It is then reasonable to recall now the Unruh–Davies effect which predicts that a uniformly accelerated test particle moving in the ordinary Minkowski vacuum is expected to find itself immersed in a bath of the thermal radiation with an absolute temperature proportional to the particle’s proper acceleration relative to a Lorentz frame; see Refs. [48, 49, 50, 51]. One should note that the Unruh–Davies effect seems to be of a fundamental rather than of an artificial nature; for instance, it is not limited to a free-field theory [52] and has been generalized to a curved spacetime [53, 54]. It is also worth adding that there seems to exist a classical counterpart of the Unruh–Davies phenomenon in electrodynamics; see Ref. [55]. In this subsection we will try to apply the predictions resulting from the Unruh–Davies effect to the case of the oscillatory motion of a free particle which is travelling in the spacetime described by the metric (6). Thus, instead of considering the geodesic motion of a particle in the curved spacetime, we rather assume here the point of view – remaining in accord with the principle of equivalence – that the investigated particle is moving in the ordinary Minkowski vacuum with the average proper acceleration given by the formula (42).

First of all, we should note that the proper acceleration ä_{12} of a virtual particle–antiparticle pair considered in sections 7.2 and 7.3 is equal to zero, since one has ä_{12}(τ ) ≡ ä_1(τ ) + ä_2(τ ) = 0 for any value of the affine parameter τ ; obviously, in such a case the equality ⟨|ä_{12}(τ )|⟩_τ = 0 holds as well. Thus, according to the Unruh–Davies effect extended to the toy model, the absolute temperature T detected by a virtual particle–antiparticle pair remaining as a whole at rest in some vacuum inertial reference frame is equal to zero, since we expect that in such a case the relationship T ∝ |ä_{12}(τ )| is satisfied. The above simple remarks lead one to the self-consistent conclusion that the temperature of the vacuum remains actually equal to zero. In turn, let us now consider a large enough set, or a gas of non-interacting real (non-virtual) particles which are in thermal contact with one another, though initially may not be in a state of thermal equilibrium. We suppose that after the lapse of some finite time, the set of particles – whose parameters can change during the (elastic) collisions, or encounters occurring between them – will remain in thermal equilibrium, at some temperature T , with a thermal bath which arises due to the Unruh–Davies effect occurring for the particles under consideration; see, for instance, Ref. [56]. Then, depending on the type of the particles, the distribution of the energies E of the particles is expected to be static with a bosonic-like [49] or with a fermionic-like [50] energy spectrum, whose densities are given by the Unruh–Davies formulae ρ_χ(E) ≡ ( exp [ 2πc (E − E_0) h̄χ ] ∓ 1 )_{−1} , (43)

respectively, where the quantity χ = χ(U, E) here denotes the value of the uniform proper acceleration of a particle with the energy E as well as with the hidden parameter U, and the symbol E_0 stands for the ground-state energy of each of the particles being considered; for instance, we expect that the relationship E_0 = m_0c^2 holds in the case of a gas of elementary particles where the quantity m_0 is the rest mass of each particle of the gas. The form of the functions ρ_χ(E) given by expression (43) suggests strongly that they are closely related to the Bose–Einstein or the Fermi–Dirac familiar energy distributions which read ρ_T (E) ≡ [ exp ( E − μ_c k_BT ) ∓ 1 ]_{−1} , (44) respectively, where the quantity k_B denotes the Boltzmann constant and the function μ_c = μ_c(T ) is the chemical, or thermodynamic potential conventionally defined.

Let us assume that the gas being considered consists of N particles which occupy some volume V ; the possible energy states of a single particle are labelled with the use of the index i and the energy of a particle in a state i is denoted by E_i. The thermodynamic potential μ_c is then determined by the constraint on the total number of particles, which can be written as ∑ i ρ_T (E_i) = N where the above sum extends over all possible energy states i with the energies E_i that satisfy the conditions E_0 ≤ E_i ≤ E_c. We now assume that the energy distributions ρ_χ(E) and ρ_T (E) given, respectively, by expressions (43) and (44) are equivalent to each other. Thus, one can easily calculate the temperature T of the thermal radiation detected by a particle with the energy E_i, which is moving with the uniform proper acceleration χ_i = χ(U_i, E_i) in the special-relativistic four-dimensional spacetime that is given by a = 0 assumed in the metric (6); we obtain that T = h̄χ_i 2πck_B E_i − μ_c E_i − E_0

. (45)

However, it is clear that the relationship (45) becomes merely approximate, if we assume that the quantity χ denotes therein the average absolute value χ_{av} of the particle’s proper acceleration, given by the formula (42), rather than the (constant) value of a uniform proper acceleration.

To proceed further, let us assume that the relationship (U^2_i −E^2_i ) = A^2_i E^2_{Pl} holds for each gas’s particle which remains in an energy state denoted by the index i; according to the considerations concerning the phenomenon of the Zitterbewegung, which are contained in section 7.5, we expect that the values which can be taken by the function A_i = A(U_i, E_i) should most probably satisfy for any i the inequalities 0 < A_i ≤ 1. Assuming that χ(U, E) ≈ χ_{av} (U, E) and substituting the formula (42) into Eq. (45), we then obtain easily that ⟨E⟩_E ≈ ⟨ E − E_0 AE ⟩ E π^2k_B T + μ_c (46)

where the mean value ⟨X⟩_E of a quantity X over one of the two energy distributions ρ_T (E) is given by the formula ⟨X⟩_E ≡ ∑ i X_i ρ_T (E_i) ∑ i ρ_T (E_i)

; (47)

here the symbol X_i denotes the value of the variable, or function X for an energy state i, both the above sums range over all possible energy states i and the summation limits are determined by the states with the energies E_0 and E_c, since the conditions E_0 ≤ E_i ≤ E_c should be fulfilled for any energy state i. It is clear that for a sufficiently large number of particles, the sums occurring in expression (47) should be replaced by appropriate integrals which contain the density-of-states function g = g(E), exactly as in the case of the ordinary statistical thermodynamics; one would then have ⟨X⟩_E ≡ ∫_{Ec} E_0 XρT (E) g(E) dE ∫_{Ec} E_0 ρT (E) g(E) dE . (48)

Note that on the basis of Eq. (46) we can suppose that the quantities (E − E_0)/E and A are represented by two distinct functions of temperature, which nevertheless behave in a similar way, at least in the high-temperature limit or for a sufficiently low concentration of the gas being considered; in such cases one expects the quantity ⟨(E−E_0)/(AE)⟩_E to be of the order of 10^{−1}. It is also worth noting that for the special case of a gas of photons we obviously do not require the total number of particles contained in some volume V to be conserved, so each of the denominators occurring in expressions (47) or (48) can take any (positive) value in such a case. Additionally, for a gas of photons one expects the equality μ_c(T ) = 0 to be fulfilled for any equilibrium temperature T of the gas; according to the formula (46), however, we obtain that μ_c(T ) ≈ (3 − π^2⟨A^{−1}⟩_E )k_B T for the perfect gas of massless (bosonic) particles which satisfies the caloric equation of state given by the expression ⟨E⟩_E = [π^4ζ^{−1}(3)/30]k_B T ≈ 3k_B T , and derived with the use of the formula (48) for g(E) ∝ E^2, E_0 = 0. Consequently, one would have 0 < ⟨A^{−1}⟩_E < 1 for a gas of photons, or even can suppose that 0 < A^{−1}_i < 1 in the case of each gas’s particle, which seems to be consistent with the assumption that the hidden energy U of a photon contains the quantity U_{12}; see sections 7.3–7.6.

It is easy to notice that equation (46) looks somewhat similar to the formula resulting from the classical-thermodynamics principle of equipartition of energy, which can be written as ⟨E_{kin} ⟩_B ∝ k_BT where the kinetic energy E_{kin} is defined as E_{kin} ≡ E − E_0, the value of the proportionality constant remains of the order of unity, and the symbol ⟨·⟩_B here denotes the mean value over the Boltzmann distribution of the energy E; for instance, in the case of a classical system remaining in thermal equilibrium at the absolute temperature T which is much lower than the Planck temperature defined as E_c/k_B , we easily obtain that

⟨E_{kin} ⟩_B ≡ ∫_{Ec} E_0 Ekin exp[−E/(kB T )] g(E) dE ∫_{Ec} E_0 exp[−E/(kBT )] g(E) dE ∼= { k_BT for g(E) = 1 k_BT/2 for g(E) = √ E_0/[2c^2(E − E_0)] ;

(49)

here the former (approximate) equality represents the particle’s mean energy for the energy E which is randomly distributed among all the available energy states, whereas the latter formula determines the value of the mean kinetic energy per each independent degree of freedom, which is associated with any quadratic term occurring in the expression for the energy E of the ideal gas of classical particles. Taking into account the formula (46) one should then expect the relation (⟨E⟩_E − μ_c) ∼ ⟨E_{kin} ⟩_B to be satisfied, at least in the classical limit, i.e., for a sufficiently high temperature and/or for a low enough concentration of the gas; in such cases we then have μ_c ∼ E_0. In turn, the actual value of the proportionality factor π^2⟨(E − E_0)/(AE)⟩_E occurring in the formula (46) obviously depends on the type of the particles being considered as well as on the values of the parameters characterizing the particles, such as the energies U, E and the chemical-potential function(s) μ_c; each of the above-mentioned quantities is additionally expected to be a function of, or to depend on the temperature T . The knowledge of the values of the quantities U, E and of their general properties would be particularly important in the context of an appropriate evaluation of the average proper acceleration of particles: note that the formula (42) is surely approximate only, especially if we take into account the fact that the estimation of the quantity χ has been performed with the use of the relation χ ≈ χ_{av} ; nevertheless, it allows one to obtain the relationship (46) which is indeed roughly consistent with the predictions of statistical thermodynamics.

On the other hand, the possible interactions between different particles within a set of particles would most probably exert an influence on the value of the energy U of each single particle being subject to those interactions as well as – maybe – of the whole set of particles, since the quantity U is a hidden variable, and/so the toy model seems to be a non-local theory (obviously, with respect to the spacetime a = 0 considered alone, or separately). Clearly, we do not expect the formula (46) to be exact, as numerous simplifying assumptions have been made while deriving it. Some of the limitations of the above-investigated model are similar to those considered in Refs. [57, 58] where a nucleon model has been proposed in which the partons (i.e., the quarks/antiquarks and gluons) are described as a gas, inside the confining hadron, remaining at finite temperature that arises due to the Unruh–Davies effect. Other limitations concerning the Unruh–Davies phenomenon, which can possibly influence the thermodynamic model described in this subsection, are also well-known; see, for instance, Refs. [57, 58, 59, 60, 61] and references therein. We should remember as well that the oscillatory motion of each particle in the additional spatial dimension is perpendicular, or transverse to the hypersurface a = 0, exactly as the vibrations of the vacuum fluctuations are; see section 7.2. Nevertheless, one should stress the promising agreement as to the order of magnitude of both the expected thermodynamic and the Unruh–Davies temperatures, the latter being detected and then assumed by the toy-model particles under consideration; such a convergence of predictions of the two evidently distinct theories occurs, among others, because of the enormous average absolute value of the proper acceleration which characterizes the oscillatory motion of each toy-model particle in the additional spatial dimension.

Thus, the considerations contained in this subsection lead us to the conjecture stating that the thermodynamic properties of a gas of toy-model particles can be a consequence of the oscillatory motion of each of such particles in the additional spatial dimension. Note that results and conclusions analogical to those obtained in the present subsection hold in the case of the spacetime described by the metric (7), with taking into account the fact that the energy E is given there by expression (8), i.e., one has E = h̄ω(1 − 2M/r)^{1/2} as well as that each of the quantities E, E_0 and μ_c occurring in the formulae (43) and (44) should be divided by the factor (1 − 2M/r)^{1/2}; for instance, one can easily derive equation (46) where all the variables and/or parameters A, E, E_0 and μ_c are divided by the above factor. Clearly, the subject of the investigation performed in this section needs further detailed analyses.

7.8. Electromagnetic phenomena and the vacuum fluctuations

According to section 3 as well as to subsections 7.2 and 7.3 of this paper, we know that the spacetime with the metric (6) is filled with the virtual vibrations whose motions in regard to the additional spatial dimension are described by the formulae (15) or (16); here it is also worth adding that in the spacetime a = 0 and for constant values of the coordinates x, y and z, the relationship dτ = dt is satisfied for both virtual and real particles as well as for virtual antiparticles and the relation dτ = −dt holds for real antiparticles, where the symbol τ denotes the affine parameter. One then can note easily that the trajectory a = a(τ ) of each of the virtual excitations being considered is actually equivalent to the trajectory, or rather to the values assumed by a homogeneous scalar plane wave ψ = ψ(t, r) which propagates in the fourdimensional spacetime a = 0; such a wave can in some inertial reference frame of the spacetime a = 0 be denoted as ψ ∝ sin φ ≡ sin(Et/h̄ ∓ p · r/h̄) where the quantities E and p are the energy and the momentum vector of an excitation, respectively, the symbol φ = φ(t, r) signifies the phase function and the position vector r is defined as usual as r ≡ [x, y, z]. In turn, the signs “∓” in the above expression refer to two opposite spatial directions of the motion of a virtual particle or of its antiparticle. According to section 7.2 of this paper and to Ref. [3], the relationships E = ±h̄ω and p = ±h̄k are satisfied where the signs “+” or “−” correspond to virtual particles or to their antiparticles, respectively (of course, the sign “+” in the above formulae holds also for real particles as well as for real antiparticles). Thus, the wave being considered is characterized in some inertial reference frame of the spacetime a = 0 by a circular frequency ω and by a wave vector k defined as k ≡ 2πn/λ where the quantity λ denotes the length of the investigated wave and n is the unit vector oriented along the positive axis in the direction of the wave (or the excitation) normal.

It is then clear that the vibrations corresponding to a virtual particle or to its antiparticle, whose oscillatory motions with respect to the additional spatial dimension a are described respectively by the formulae (15) or (16), can be represented by homogeneous scalar plane waves of the following forms:

ψ^1(t, ±r) = D sin(ωt ∓ k · r) (50) ψ^2(t, ±r) = D sin(−ωt ± k · r) , (51)

respectively, where the quantity D = D(U, E) denotes the wave-amplitude function. In turn, the signs “∓” or “±” preceding the term k · r in the representations (50) or (51) correspond in each of both the above cases to the two waves moving in opposite directions; note also that for the investigated vibrations one has ψ^1(t, r) = ψ^2(−t, −r). In the reference frame being considered, the superposition of the two waves moving in opposite directions forms a standing-wave pattern for each of the two wave-functions ψ^1 or ψ^2 separately; we then have

ψ^1_s (t, r) ≡ ψ^1(t, r) + ψ^1(t, −r) = 2D cos(k · r) sin(ωt) (52) ψ^2_s (t, r) ≡ ψ^2(t, r) + ψ^2(t, −r) = 2D cos(k · r) sin(−ωt) ; (53)

note that in another inertial reference frame of the spacetime a = 0 each of the above standing waves will move with a constant velocity, or with a uniform rectilinear motion, i.e., will have an appropriately Lorentz-transformed fourvector of the spacetime coordinates ct and r. Obviously, in the case of a pair of a virtual particle and its antiparticle one has ψ^1_s (t, r) + ψ^2_s (t, r) = 0 for any point (t, r) of the four-dimensional spacetime a = 0, which corresponds clearly to the equality a_{12}(τ ) = 0 that is discussed in section 7.2 of this paper. According to section 7.2, we also expect that the wave-functions ψ representing different pairs of virtual excitations (i.e., differing in at least one of the following three quantities: the value of the circular frequency ω as well as the length and the direction of the wave vector k) can differ in values of the wave amplitudes D. In the context of the last two paragraphs, it is worth mentioning that we can equivalently investigate the wave-function ψ written in its complex representation, ψ = D exp(iφ).

Thus, one concludes that the toy-model vacuum is filled with the set of vibrations which can be represented by standing homogeneous scalar plane waves in different inertial reference frames of the spacetime that is given by a = 0 assumed in the metric (6); it is clear that each of the investigated waves is characterized by different values of the wave parameters ω and k which, however, do not depend on the space and time coordinates for any single wave from the set. As is well-known from the properties of the (four-dimensional) Fourier transform, one can equivalently consider a set of standing, in general inhomogeneous, scalar plane waves in a given reference frame of the spacetime a = 0; for such a reference system we can choose any one of the inertial frames of the spacetime a = 0 – obviously, in each of them (separately) the excitation corresponding to the cutoff mass m_c ≡ E_c/c^2 = h̄ω_c/c^2 remains at rest with respect to the three-dimensional space a = 0, so one has p = 0 for the cutoff excitation; see, for instance, sections 3 and 7.2 of this paper. Note also that in the case of an inhomogeneous wave, each of its wave parameters ω = ω(t, r) and k = k(t, r) can by definition depend on the space and time coordinates.

It is now interesting to note that the Lorentz transformation for the spacetime a = 0, or the four-vectors (ct, r) and (ω, c k) = ±(E, c p)/h̄ can easily be derived from first principles while considering the properties of the investigated field of the standing scalar plane waves filling the vacuum; see Refs. [62, 63]. Similarly, one can obtain the Maxwell equations as well as the formula for the Lorentz electromagnetic force, both of which determine and describe the behaviour of the electromagnetic field that results from the deformation of the discussed standing scalar plane waves filling the vacuum; see Refs. [64, 42] and references therein. In this section we will try to derive the Maxwell equations while investigating the properties of the phase function φ = φ(t, r) of an inhomogeneous scalar plane wave; the proposed procedure closely follows that contained in section 6 of P. Cornille’s paper [64] where one considers the differential form of the phase function φ, which in its general representation can be written as dφ = α(t, r) ω(t, r) dt − α(t, r) k(t, r) · dr , (54) with the function α = α(t, r) being a dimensionless integrating factor; see also Ref. [65] and references therein. The phase differential is a total one (so it can be integrated) if the two following conditions are fulfilled, ∂k ∂t + ∇ω = −ak − bω (55) ∇ × k + b × k = 0 , (56)

where ∇ ≡ ∇_r and the quantities a = a(t, r) and b = b(t, r) are defined as a ≡ ∂(ln α)/∂t and b ≡ ∇(ln α), respectively (here the function a should not be confused with the coordinate of the additional spatial dimension). One also assumes that the phase factor, or Fourier mode exp(iφ) is a solution of the homogeneous (source-free) scalar wave equation, which results in the following formula: 1 c^2 ∂ω ∂t + ∇ · k = − a c^2 ω − b · k . (57)

After some algebra, one is able to obtain a set of the following equations regarding the electromagnetic four-vector potential A^μ ≡ (Φ/c, A) where μ = 0, 2, 3, 4 as well as Φ = Φ(t, r) and A = A(t, r),

∇^2Φ − 1 c^2

∂^2Φ ∂t^2 = − ρ ϵ_0

(58)

∇^2A − 1 c^2

∂^2A ∂t^2 = −μ_0J (59) ∇^2P − 1 c^2

∂^2P ∂t^2 = ( μ_0 ϵ_0 )_{1/2}( ∂ρ ∂t + ∇ · J ) , (60)

with the modified Lorentz gauge 1 c ∂Φ ∂t + c ∇ · A = −P (61)

where the symbols ρ = ρ(t, r) and J = J(t, r) stand for the density functions of the electric charge and the electric current, respectively, μ_0 is the permeability of the vacuum, satisfying the equality c = (μ_0ϵ_0)^{−1/2}, and the quantity P = P (t, r) denotes the so-called scalar polarization given by the relationship P = ch̄ e (aω c^2

+ b · k ) . (62)

In turn, the self-consistency of the model being considered requires the following formula for the electric-field strength, E = h̄ e (ak + bω) . (63)

The electric-field and the magnetic-field strengths, given by the functions E = E(t, r) and B = B(t, r), are conventionally defined with the use of the potentials Φ ≡ (h̄/e)ω and A ≡ (h̄/e)k, so one has E = −∇Φ − ∂A/∂t and B = ∇ × A; see also the formulae (63), (55) and (56). Additionally, both the electric-field and the magnetic-field strengths should fulfil the condition E·B = (h̄/e)^2(ak+bω)·(∇×k) = 0 where the latter equality results directly from Eq. (56). For the sake of completeness we give here the definitions of the functions ρ = ρ(a, b, ω) and J = J(a, b, k), which have been used while deriving equations (58)–(60), e h̄ϵ_0 ρ ≡ b · (∇ω − bω) + ∇ · (bω) − 1 c^2 [ ∂(aω) ∂t + a ∂ω ∂t + a^2ω ] (64) eμ_0 h̄ J ≡ b(∇ · k + b · k) + ∇(b · k) − ∇ × (b × k) − 1 c^2 [ ∂(ak) ∂t + a ∂k ∂t + a^2k ] ; (65)

one expects that the investigation of the above formulae and equation (60), carried out in the context of section 7.6 of this paper, could possibly shed new light on the origin and nature of electric charge. It is also interesting to remark that after performing some calculations concerning Eqs. (55), (57) and assuming that the coefficients a and b are constant with respect to both the space and time coordinates, one is able to conclude that the phase function φ is a solution of the homogeneous scalar wave equation, ∇^2φ − ∂^2φ/∂(ct)^2 = 0, with the additional relations k = − exp(−at − b · r) ∇φ and ω = exp(−at − b · r) ∂φ/∂t to be satisfied; note that both the latter expressions remain then consistent with the formula (54).

Let us now assume that the value of the scalar polarization P can be different from zero only inside extended elementary particles; see Refs. [39, 8, 64] and references therein. The requirement that P = 0 is equivalent to the condition v|b| cos(b, n) = −a provided that the dispersion relation ω = (c^2/v)|k| holds, where the function v = v(t, r) denotes the conventionally defined group velocity of the inhomogeneous wave(s) being considered, or its absolute value |v| ≡ v; additionally, in the case when v = c one demands that cos(b, n) ≠ ±1 in order to prevent the electric field (63) from vanishing. On the other hand, it is easy to prove that if we assume the conditions n · E = 0 and ω = c|k| to be fulfilled, then we obtain the equality P = 0, so indeed the value of the scalar polarization P is equal to zero, at least outside the sources of the electromagnetic field; however, from the assumption that v = c made implicitly in the above sentence it clearly results that the scalar plane waves representing the virtual excitations with non-zero masses m ≠ 0 are not involved in the process under consideration, which is evidently consistent with the fact that we attempt to model here the phenomena of a purely electromagnetic nature. Then, for P = 0 equations (58) and (59) obviously remain the standard Maxwell (wave) equations for the electromagnetic potentials Φ and A with the field-sources characterized by the quantities ρ and J, respectively. In turn, the formulae (61) and (60) become in such a case, or reduce to the standard Lorentz gauge and to the continuity equation for the four-vector (cρ, J) of the electric charge–current densities, respectively.

One then concludes that the electromagnetic phenomena occurring in the toy model can be the result of the deformation of the standing scalar plane waves filling the vacuum, which waves otherwise remain in a state of equilibrium, with the phase function φ being a total differential and with the phase factor exp(iφ) remaining a solution of the homogeneous scalar wave equation. It should be noted that the above-mentioned state of equilibrium is determined by the condition α(t, r) = const > 0 assumed in the differential form (54) of the phase function φ; in such a case one has a = 0 and b = 0, which implies that the values of the electric-field strength E defined by expression (63) as well as the magnetic-field strength B are both equal to zero. Any perturbation of the equilibrium state, which originates in the sources characterized by the densities of the electric charge ρ and the electric current J, induces – in the vacuum – a new set of standing scalar plane waves associated with a progressive transverse (vector) plane wave, and the latter wave is actually an electromagnetic one; see equations (58) and (59) as well as the definitions of the quantities Φ, A, E and B, contained in the sentence appearing directly below the formula (63).

In the context of this section one can add as well that the topology of the toy-model manifold requires a massless particle to have the same, constant velocity in any inertial (Lorentz) reference frame of the spacetime a = 0; see Ref. [3]. From the toy model presented in this paper it also results clearly that the phenomenon of the very high, but finite value of the speed of light is closely related to the existence of the Planck-frequency cutoff imposed on the field of the standing scalar plane waves which fill the vacuum; namely, the velocity of the energy exchange – occurring at the microscopic level, between the scalar wave-field and the transverse electromagnetic waves, in the vacuum – depends on the sizes of the basic “grains” of the spacetime, which sizes are of the order of the Planck time T_{Pl} and of the Planck length L_{Pl} .

8. Dimensionless Einstein equations

According to the toy model, one has two natural units imposed on the spacetime: these are the cutoff units for time and space, which are of the order of the Planck time T_{Pl} and of the Planck length L_{Pl} , respectively. If we expect the quantum theory of gravity to exist at all, then we can suppose that the quantum effects appear at the Planck scale of time and length. Therefore, it seems reasonable to rescale the quantities x^μ and to introduce new (dimensionless) spacetime coordinates ~x^μ ≡ x^μ/L_c for μ = 0, . . . , 4 where x^0 ≡ ct. Thus, the variables ~x^μ for μ = 0, . . . , 4 should be of the order of unity for effects proper to the quantum gravity. After performing the above transformation of the coordinates, the metric tensor takes the form ~g_{μν} (~x^μ) = g_{μν} (x^μ) ≡ g_{μν} (L_c ~x^μ) for μ, ν = 0, . . . , 4. We also define γ^α_{μν} (~g_{μν} , ~x^μ) ≡ L_cΓ^α_{μν} (g_{μν} , x^μ) and r_{μν} (~g_{μν} , ~x^μ) ≡ L^2_c R_{μν} (g_{μν} , x^μ) as well as t_{μν} (~g_{μν} , ~x^μ) ≡ 8πGT_{μν} (g_{μν} , x^μ)/(c^4|λ|) and r ≡ r_{μν} ~g^{μν} , all for α, μ, ν = 0, . . . , 4. Substituting the above quantities into Eqs. (1), we then obtain easily the dimensionless Einstein field equations devoid of any physical constants, r_{μν} − 1 2 ~g_{μν} r − 4π^2 ~g_{μν} = −4π^2t_{μν} . (66)

It is clear that the above set of equations possesses solutions which contain no dimensional quantities, but only pure numbers and dimensionless coordinates. One has to rescale such solutions – with the use of the transformation given above which incorporates the physical constants h̄, c and G – in order to obtain the corresponding solutions of Eqs. (1). Thus, in such an approach the set of equations (66) can be regarded as being, in a sense, primary with respect to the set of equations (1).

The question then arises as to whether we can in the above-defined transformation use a set of the fundamental constants other than h̄, c and G (or, equivalently, other than the quantities T_c, L_c and E_c), in order to obtain from Eqs. (66) a set of equations describing interation fields other than gravity, e.g., the electroweak and/or the strong ones. The tensor g_{μν} is expected to be there in the form of a tensor of “potentials”, with its components characterizing the above-mentioned interactions (such as the four-vector potential A^μ in the case of the electromagnetic forces); those potentials would be obtained from an appropriate contraction of the tensor g_{μν} . Surely, such solutions of Eqs. (66) could be subject to some quantization-like procedures. We should recall here that the considerations quite similar to those described above lead one to the formulation of bi-metric, or bi-scale theories of gravitation and elementary particles (e.g., concerning also the strong interactions between particles); such models have been proposed, among others, by N. Rosen and by A. Salam; see, for instance, Ref. [66] and references therein.

9. Dimensionless Lagrangian and the coupling constant

Let us now write an action S whose extremization with respect to the metric tensor ~g^{μν} leads to the obtaining of Eqs. (66),

S ≡ S_m + S_g = ∫ (L_m + L_g ) d^5 ~x , (67)

where S_m and S_g are the matter and the Einstein–Hilbert gravitational actions obtained by the integration (over all the spacetime coordinates) of the matter and the gravitational Lagrangians, L_m and L_g, respectively; note that the matter Lagrangian L_m contains also the contribution from the zero-point fields of the vacuum. We have

L_g = |det(~g_{μν} )|^{1/2} 8π^2 ( r + 8π^2 ) , (68)

which expression represents the gravitational Lagrangian with the dimensionless coupling constant 4π instead of the “usual” gravitational coupling constant (32πG/c^3)^{1/2}; see also Refs. [67, 7]. Of course, the above naïve renormalization of the coupling constant is a consequence of the fact that the energy density of the ground state (i.e., of the vacuum) takes a finite and well-defined value in our model. One should then add that in the sense usual for the quantum theory, a renormalization procedure in the toy model consists in operating (e.g., subtracting from each other) on Planck-scale order, finite quantities rather than on arbitrarily infinite ones.

The presence of the Newtonian constant G of the dimensionality of a negative power of mass in the “usual” gravitational Lagrangian is regarded as one of the main reasons implying the non-renormalizability of the quantum gravity; see, for instance, Refs. [68, 69]. For the gravitational Lagrangian containing the constant G, each order of the perturbation theory (PT) will give rise to a new counter-term with a new dimensionality. Thus, if only one order of the PT is non-renormalizable, like the two-loop divergences in Ref. [68], then such is the whole perturbation theory, too. However, when the gravitational Lagrangian is dimensionless, then one can at least hope that the nonrenormalizable term(s) arising in some order(s) of the PT will be cancelled out by the other non-renormalizable term(s) appearing in another order(s) of the perturbation theory. Thus, we should consider whether the formulation of the gravitational Lagrangian L_g in the dimensionless form given by expression (68) can allow one to reach any new conclusions suggesting how to renormalize the quantized pure Einstein gravity [68] as well as the quantized Einstein–Yang–Mills [69, 70], Einstein–Maxwell [71] and Dirac–Einstein [72] systems. On the other hand, we already know that the introduction of additional spatial dimension(s) into the spacetime manifold leads one to the obtaining of finite results concerning, at least, the lowest-order “divergent” graphs in the quantum field theory; see Refs. [73, 74, 75, 76, 77, 78]. It is clear that many efforts concerning both the above subjects are needed within the toy model under consideration to obtain any satisfactory and binding results.

References

[1] P. J. E. Peebles, Principles of Physical Cosmology (Princeton University Press, Princeton, 1993).

[2] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989); astro-ph/9610044;

astro-ph/0005265.

[3] W. Tarkowski, Class. Quantum Grav. 18, 2359 (2001), gr-qc/0407070. [4] D. C. Cole, Phys. Rev. A 42, 1847 (1990); 42, 7006 (1990); 45, 8953 (1992).

[5] D. K. Ross, Nuovo Cimento 114B, 1073 (1999).

[6] J. W. Moffat and G. T. Gillies, New J. Phys. 4, 92 (2002),

gr-qc/0208005.

[7] A. Strominger, in Quantum Theory of Gravity. Essays in honor of the 60th birthday of Bryce S. DeWitt, ed. S. M. Christensen (Adam Hilger Ltd, Bristol, 1984), p. 210.

[8] R. Alicki, J. Phys. A 11, 1807 (1978).

[9] G. Hunter and R. L. P. Wadlinger, Phys. Essays 2, 158 (1989). [10] J. P. Costella, B. H. J. McKellar, and A. A. Rawlinson, Am. J. Phys.

65, 835 (1997), hep-ph/9704210.

[11] P. A. M. Dirac, The Principles of Quantum Mechanics, 4th edn. (Clarendon Press, Oxford, 1958), p. 262.

[12] C. Elbaz, Phys. Lett. 127A, 308 (1988). [13] H. E. Puthoff, Phys. Rev. A 39, 2333 (1989). [14] E. E. Podkletnov, cond-mat/9701074.

[15] N. Li, D. Noever, T. Robertson, R. Koczor, and W. Brantley, Physica C 281, 260 (1997).

[16] G. Modanese and J. Schnurer, Phys. Essays 14, 93 (2001),

gr-qc/9612022.

[17] F. C. Witteborn and W. M. Fairbank, Phys. Rev. Lett. 19, 1049 (1967);

Nature 220, 436 (1968).

[18] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation (W. H. Freeman, San Francisco, 1973).

[19] P. S. Wesson, Phys. Rev. D 23, 1732 (1981). [20] B. Carter, Phys. Rev. 174, 1559 (1968). [21] D. Lynden-Bell, astro-ph/0207064. [22] S.-P. Sirag, Nature 278, 537 (1979).

[23] R. M. Wald, General Relativity (University of Chicago Press, Chicago, 1984).

[24] P. G. Bergman, An Introduction to the Theory of Relativity (Prentice Hall, New Delhi, 1969), p. 253.

[25] S. W. Hawking, Nature 248, 30 (1974); Commun. Math. Phys. 43, 199 (1975).

[26] D. Christodoulou, Phys. Rev. Lett. 25, 1596 (1970). [27] D. Christodoulou and R. Ruffini, Phys. Rev. D 4, 3552 (1971). [28] I. Levine et al. (TOPAZ Collaboration), Phys. Rev. Lett. 78, 424 (1997). [29] B. E. Kane et al., Phys. Rev. B 61, 2961 (2000), cond-mat/9903371. [30] A. Burinskii and G. Magli, Phys. Rev. D 61, 044017 (2000),

gr-qc/9904012.

[31] H. I. Arcos and J. G. Pereira, Gen. Rel. Grav. 36, 2441 (2004),

hep-th/0210103.

[32] C. W. Misner and J. A. Wheeler, Ann. Phys. 2, 525 (1957). [33] J. A. Wheeler, Ann. Phys. 2, 604 (1957).

[34] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47, 777 (1935). [35] B. Haisch, A. Rueda, and H. E. Puthoff, Phys. Rev. A 49, 678 (1994). [36] B. Haisch and A. Rueda, gr-qc/0106075.

[37] B. Haisch, A. Rueda, L. J. Nickisch, and J. Mollere, gr-qc/0209016. [38] B. G. Sidharth, Int. J. Mod. Phys. A13, 2599 (1998),

quant-ph/9808031; Indian J. Pure Appl. Phys. 35, 456 (1997),
quant-ph/9808020; quant-ph/9805013.

[39] J. W. Gallop, Int. J. Theor. Phys. 14, 237 (1975).

[40] P. Roman, in Quantum Theory and the Structures of Time and Space, Vol. 3, eds. L. Castell and C. F. von Weizsäcker (Carl Hanser Verlag, München, 1979), p. 151.

[41] H. Jehle, Phys. Lett. 104B, 207 (1981). [42] P. Cornille, Phys. Essays 6, 289 (1993).

[43] C. S. Bohun and F. I. Cooperstock, Phys. Rev. A 60, 4291 (1999),

physics/0001038.

[44] D. G. Ashworth and R. C. Jennison, J. Phys. A 7, 803 (1974). [45] R. C. Jennison and A. J. Drinkwater, J. Phys. A 10, 167 (1977). [46] R. C. Jennison, J. Phys. A 11, 1525 (1978); Phys. Lett. 141A, 377 (1989).

[47] A. Rueda, Nuovo Cimento 48A, 155 (1978). [48] P. C. W. Davies, J. Phys. A 8, 609 (1975). [49] W. G. Unruh, Phys. Rev. D 14, 870 (1976).

[50] M. Soffel, B. Müller, and W. Greiner, Phys. Rev. D 22, 1935 (1980). [51] J. F. Donoghue and B. R. Holstein, Am. J. Phys. 52, 730 (1984). [52] J. J. Bisognano and E. H. Wichmann, J. Math. Phys. 17, 303 (1976). [53] B. S. Kay and R. M. Wald, Phys. Rep. 207, 49 (1991). [54] R. M. Wald, Quantum Field Theory in Curved Spacetime and Black Hole Thermodynamics (University of Chicago Press, Chicago, 1994).

[55] S.-Y. Lin, gr-qc/0105051.

[56] D. J. Raine, D. W. Sciama, and P. G. Grove, Proc. R. Soc. Lond. A 435, 205 (1991).

[57] J. Dey, M. Dey, L. Tomio, and M. Schiffer, Phys. Lett. 172A, 203 (1993). [58] J. Dey, L. Tomio, and M. Dey, Phys. Lett. 318B, 387 (1993),

hep-ph/9308298.

[59] P. C. W. Davies, T. Dray, and C. A. Manogue, Phys. Rev. D 53, 4382 (1996), gr-qc/9601034.

[60] H. Rosu, Nuovo Cimento 109B, 423 (1994), physics/9711015. [61] W. G. Unruh, Phys. Rep. 307, 163 (1998), hep-th/9804158. [62] R. J. Gleiser, Am. J. Phys. 47, 735 (1979).

[63] W. G. Harter, J. Evans, R. Vega, and S. Wilson, Am. J. Phys. 53, 671 (1985).

[64] P. Cornille, J. Phys. D 23, 129 (1990).

[65] S. Olariu and I. Iovitzu Popescu, Rev. Mod. Phys. 57, 339 (1985). [66] E. Recami, P. Ammiraju, H. E. Hernández, L. C. Kretly, and W. A. Rodrigues Jr., Apeiron 4, 7 (1997), gr-qc/9509005.

[67] R. P. Feynman, Acta Phys. Polon. 24, 697 (1963).

[68] M. H. Goroff and A. Sagnotti, Phys. Lett. 160B, 81 (1985); Nucl. Phys.

B266, 709 (1986).

[69] S. Deser, H.-S. Tsao, and P. van Nieuwenhuizen, Phys. Lett. 50B, 491 (1974); Phys. Rev. D 10, 3337 (1974).

[70] R. Kallosh, Phys. Lett. 55B, 321 (1975).

[71] S. Deser and P. van Nieuwenhuizen, Phys. Rev. Lett. 32, 245 (1974);

Phys. Rev. D 10, 401 (1974).

[72] S. Deser and P. van Nieuwenhuizen, Phys. Rev. D 10, 411 (1974). [73] C. G. Bollini and J. J. Giambiagi, Phys. Lett. 40B, 566 (1972). [74] J. F. Ashmore, Nuovo Cimento Lett. 4, 289 (1972). [75] G. M. Cicuta and E. Montaldi, Nuovo Cimento Lett. 4, 329 (1972). [76] G. ’t Hooft and M. Veltman, Nucl. Phys. B44, 189 (1973). [77] D. M. Capper and G. Leibbrandt, J. Math. Phys. 15, 795 (1974). [78] F. Englert, C. Truffin, and R. Gastmans, Nucl. Phys. B117, 407 (1976).

Figure 1. The toy model predicts that the Universe before the Big Bang was of the form of the anti-de Sitter spacetime S^1 × R^1 × R^3 filled with the radiation quanta, each of which possessed the energy E equal to the cutoff energy E_c. The geodesic lines of the radiation particles, or quanta (the thick line in the figure represents one of them) were global closed null curves, with the periods of (a single) oscillation all equal to the cutoff time T_c = 2π/(c|λ|^{1/2}). Thus, the radiation quanta retraced their own life histories after each lapse of the period T_c of the coordinate time t. At the moment of the Big Bang, the phase transition S^1 → R^1 of the coordinate time occurred, which gave the beginning to the expansion of the flat three-dimensional space R^3 due to the release of the radiation into that space R^3. Note that the toy model assumes that no particle can possess the energy E greater than the cutoff energy E_c = h/T_c. After performing the calculation of the value of the cosmological constant λ in this paper, it turns out that the cutoff energy E_c is of the order of the Planck energy E_{Pl} , as one might have expected and as it was assumed a priori in Ref. [3]. Note. For reasons of clarity, only the anti-de Sitter two-dimensional spacetime S^1 × R^1 is shown, so the figure does not incorporate the flat space R^3. The coordinate of the additional spatial dimension is denoted by a; see Ref. [3] for more details.