arXiv:gr-qc/0407027 v2 30 Nov 2004

Inflation in Oscillating Universe

Yun-Song Piao^{a,b} and Yuan-Zhong Zhang^{c,d} aInstitute of High Energy Physics, Chinese Academy of Science, P.O. Box 918-4, Beijing 100039, P. R. China bInterdisciplinary Center of Theoretical Studies, Chinese Academy of Sciences, P.O. Box 2735, Beijing 100080, China cCCAST (World Lab.), P.O. Box 8730, Beijing 100080 and dInstitute of Theoretical Physics, Chinese Academy of Sciences, P.O. Box 2735, Beijing 100080, China

Abstract

We make use of possible high energy correction to the Friedmann equation to implement the bounce and study the behavior of massive scalar field before and after bounce semianalytically and numerically. We find that the slow-roll inflation can be preceded by the kinetic dominated contraction. During this process, the field initially in the bottom of its potential can be driven by the anti-frictional force resulted from the contraction and roll up its potential hill, and when it rolls down after the bounce, it can driven a period inflation. The required e-folds number during the inflation limits the energy scale of bounce. Further unlike that expected, the field during the contraction can not be driven to arbitrary large value, even though the bounce occurs at Planck scale.

PACS numbers: 98.80.Cq, 98.70.Vc

I. INTRODUCTION

The idea of oscillating universe is ancient, in which the universe oscillates through many successive expansion/contraction cycles, which was proposed originally by Tolman [1] in the 1930’s. Recently this idea has been awaken again in cyclic scenario [2], which is motivated by the string/M theory. The relevant dynamics with primordial perturbations can be described by an effective theory in which the separation of the branes in the extra dimensions is modeled as a scalar field. But the problems around bounce may remain. For contracting universe, it is hard to escape from a singularity in the frame of general relativity. Thus for the scenario of oscillating universe, one of difficulties of implementing it is how to obtain a non singular bounce. Several proposals have been discussed, such as using the negative energy density [3, 4, 5] or curvature term [6], or some high order correction term in the action [7, 8].

During contraction of each cycles, the scalar field can be driven and roll up along its potential to large enough value for inflation to occur, which has been noticed in Ref. [9] for closed universe, in which it has been shown that an oscillating universe certainly undergoes inflation after a finite number of cycles. During this process, a contracting phase dominated by kinetic energy followed by an inflation. Further, in Ref. [10], such scenario has been proposed to provide a possible explanation for the observed low CMB anisotropies on large angular scale. In this proposal, a kinetic dominated contracting phase is matched to an inflation phase. The power spectrum during the contraction ∼ k^{3 1}, which lead to an intense suppression of CMB quadrupole, in the meantime the nearly scale-invariant spectrum from slow-roll inflation is recover on small scale. But a physical mechanism for bounce is not included. In this paper, we make use of possible high energy correction to the Friedmann Eq. [15] to implement the bounce. We firstly focus the behavior of massive scalar field during such a bounce semianalytically and find that the slow-roll inflation can be preceded by the kinetic dominated contraction and the required e-folds number during the inflation after the bounce limits the energy scale of bounce. Finally we check and confirm these features numerically. Note that a similar scenario has been studied in string inspired frame [13], in which the Gauss-Bonnet term is used to construct a non singular bounce and the

1 This is also the usual results of Pre Big Bang scenario [11], see Ref. [12] for a review.

superinflation regime before slow-roll inflation leads to a suppression of primordial spectrum. This has also a similarity to the case in loop quantum gravity [14]. The effects from loop quantum gravity can driven the inflaton to its potential hill and increase the parameter space of initial conditions for successful inflation. Furthermore, the oscillatory universe induced by the effects from loop quantum gravity was investigated in Ref. [16].

II. DYNAMICS OF MODEL

In this section we study the cosmological behavior of massive scalar field before and after a bounce phase semianalytically. We use the modified Friedmann equation

h^2 = 1 3 (ρ_φ − ρ^2_φ σ ) (1)

to implement a realistic bounce, where 8π/m^2_p = 1 has been set, ρ_φ is the energy density of scalar field and σ is the bounce scale, when ρ_φ = σ, the universe bounces. Eq. (1) may be motivated in brane world scenario [15], see also [17], where our universe is embedded in high dimension space/time, see Ref. [18] for a recent introduction. Further it has been pointed out in Ref. [19] that due to the effects of the bulk and Israel matching conditions there might be some forms h(ρ) which is not standard Fridmann-like.

The motion equation of scalar field φ with the mass m is

φ̈ + 3hφ̇ + m^2φ = 0 (2)

We assume that initially the universe is in contracting phase and the field φ is in the bottom of its potential. Thus ρ_φ is small and the term ρ^2_φ in Eq. (1) is negligible. Some possible fluctuations will make φ departure from its minimum and oscillate near φ = 0. Since in this case m^2 ≫ h^2, i.e. the frequency of oscillation is much larger than the evolution rate of universe, thus after implementing the change of variable φ = a^{− 3}2 u,

ü + m^2u ≃ 0 (3)

can approximately be obtained, which can be solved as an oscillation

u ≃ u_a sin (mt) (4)

where u_a is a constant amplitude. Thus we have

φ = a^{− 32} u_a sin (mt) (5)

When taking the time average over many oscillations of field, < p_φ >≃ 0 is obtained, which is similar to the case dominated by matter. Thus in this regime the universe contracts as a ∼ t^{2/3} and the energy density of the field grows as

ρ_φ ∼ a^{−3}u^2_am^2 (6)

From (6), we can see that with the contraction of universe the energy density of scalar field increases. Thus when h^2 ∼ ρ_φ ≳ m^2, the term relevant with h of Eq. (2) can no more be neglected. In this case, a^{−3}u^2_am^2 ≳ m^2, which can be reduced to φ^2_a ≳ a^{−3}u^2_a ≳ 1. Thus as long as the oscillating amplitude of φ field is larger than 1, the oscillation of field will end and the field will roll up along its potential. Instead of Eq. (5),

φ̈ + 3hφ̇ ≃ 0. (7)

is satisfied. From Eq. (7), we have φ̇ ≃ c a^3 (8) where c is the integral constant. Thus with the further contraction the universe will enter into the regime dominated by kinetic energy of field rapidly, i.e. φ̇^2 ≫ m^2φ^2, where p_φ ≃ ρ_φ. This leads to ρ_φ ∼ φ̇^2 ∼ 1/a^6, thus we have

a^3 ≃ c √ 3 2 (t_s − t) (9)

where t_s is the the integral constant. and φ ≃ φ_k + √ 2 3 ln ( t_s − t_k t_s − t ) (10)

where φ_k and t_k are the value of field and time just entering into the regime dominated by kinetic energy, respectively.

When the kinetic energy of φ approaches σ, we have to includes the ρ^2_φ correction in Eq. (1). Thus instituting Eq. (8) into Eq. (1), we obtain 6 ( ȧ a )_2 = c^2 a^{12} ( a^6 − c^2 2σ ) (11)

whose solution can be obtained as follows

a^3 = √ 3c^2 2 (t − t_b)^2 + c^2 2σ (12) where t_b is the integral constant determined by σ as well as the value of φ̇ and a at t = t_k. When t = t_b, the scale factor of the universe arrives at its minimum and after t_b the universe bounces and expands.

For the universe dominated by stiff fluid with the same state equation p = ρ as the case dominated by kinetic energy of scalar field, its evolution will symmetric before and after the bounce, and up to all time. But the evolution of the universe driven by massive scalar field is different from that with fluid. After the bounce, the field φ will still roll up. However, since h > 0, the term 3hφ̇ of Eq. (2) serves as a damping term. Thus the roll-up motion of φ will decay quickly. When the velocity of φ arrives at 0, it reverses and rolls down along the potential. For the case of φ ≳ 1, we have m^2 ≲ h^2. The field will enters the slow-roll regime in which the universe is dominated by the potential energy of the scalar field and

3hφ̇ + m^2φ ≃ 0, (13)

is satisfied. In this case p_φ ≃ −ρ_φ and the universe inflates. The motion of field φ is given by φ ≃ φ_r − √ 2 3 mt (14) where φ_r is the value of field at reverse. When m^2 ∼ h^2, i.e. φ ∼ 1, the inflation ends and the field φ will reenter into an oscillatory stage.

Therefore from above discussion, we can see that before the bounce, the field initially in the bottom of its potential can be driven by roll up its potential hill and after the bounce it reverses and rolls down, and drives the inflation of universe.

III. NUMERICAL RESULTS

Then we study the above evolutive process numerically. We take m = 0.001 and σ = 0.0001, and a(0) = 1, φ(0) = 0 and φ̇(0) = 0.0001 for initial values. The evolutions of a and h are plotted in Fig. 1. We can see distinctly that the bounce is implemented. In Fig. 2, we plot the evolution of field φ. Initially the field oscillates about the bottom of its potential many times, then the field φ roll up along its potential rapidly. The field still rolls up after the bounce, but its velocity will approaches 0 quickly. Thus shortly it will reverse and roll down, and then enter into slow-roll regime. When the field decreases to ∼ 1 linearly, the slow-roll ends and the field will oscillates about φ = 0 again. These numerical results are consistent with our semianalytical discussions in last section. The modification scale σ determines the energy scale of bounce, thus in some sense also determines the maximal value φ_r which the φ can roll up to, see Fig. 3 for numerical solutions with various σ. We can simply estimate the value of φ_r. When the field just enter into the stage dominated by kinetic energy, φ̇^2_k ≃ m^2φ^2_k can be satisfied approximately, and when the field is at the point of the bounce, its value is φ̇^2_b ≃ σ. Thus from Eqs. (8) and (9), we have ( t_s − t_b t_s − t_k )_2 = ( a_b a_k )_6 = ( φ̇_k φ̇_b )_2 ≃ m^2φ^2_k σ (15)

Instituting it into Eq. (10), φ_r ≲ φ_k + √ 2 3 ln ( σ m^2φ^2_k

) (16) can be obtained, where the second term has been doubled since during kinetic dominated regime the evolution of the field can be regarded approximately as symmetrical before and after the bounce, which can also be seen from Fig. 4. For a reasonable estimation, we take φ_k ∼ 1, thus obtain φ_r ≲ 4 for σ = 0.0001 and φ_r ≲ 10 for σ = 0.1, which is compatible with the numerical results of Fig. 3. In this case there is a up-limit φ_r ≲ 11 for σ = 1, in which the modification of Friedmann equation is at Planck scale. Therefore, from Eq. (16), for massive scalar field initially in the bottom of its potential with a small velocity from fluctuations, the maximal value that it can roll up to during the contraction is only dependent on its mass m and the modification scale σ. The larger φ_r is, the longer the time that the universe after the bounce inflates is.

Focusing on the chaotic inflation model [21], instead of 8π/m^2_p = 1 on whole paper, we take m^2_p = 1 here. The e-folds number is given by

N ≃ 2πφ^2_r (17)

and Eq. (16) is modified as

φ_r ≲ φ_k + √ 1 12π ln ( σ m^2φ^2_k

) (18)

For N ≳ 60, this requires φ_r ≳ 3. Considering m ∼ 10^{−6} required by observational primordial perturbations, the limit to σ is given by σ ≳ 10^{−8}. Further for σ = 1 the maximal value that the field can roll up to is given by φ_r ≲ 1 + 12

√_1 12π ln 10 ≃ 5.5, which is suitable for a successful inflationary cosmology but is far away from eternal inflation [22].

FIG. 1: The scale factor ln a (solid line) and the Hubble parameter h (dashing line) as a function of time. The inset is a zoom before and after the bounce. h has been multiplied by 1000.

FIG. 2: The scale factor ln a (solid line) and the field φ as a function of time.

FIG. 3: The field φ as a function of time for various σ. From long dashing line to solid line, σ takes 0.0001, 0.001, 0.01, 0.1, respectively. Since m is taken same, initially the oscillation of fields has same frequency, which can be seen from Eq. (4).

FIG. 4: The potential energy (solid line) and the kinetic energy (dashing line) of the field as a function of time before and after the bounce.

FIG. 5: The scale factor ln a (solid line) and the field φ (dashing line) as a function of time for an oscillating universe.

FIG. 6: The potential energy (solid line) and the kinetic energy (dashing line) of the field as a function of time for an oscillating universe. The time taken only includes two cycles.

FIG. 7: The scale factor ln a as a function of time for an oscillating universe. The long, short dashing and solid lines are the cases of^σ_{m2} = 50, 5, 2.5, respectively. For^σ_{m2} = 2.5, from (16), we have φ_r ≲ 1. In this case, inflation dose not occur in each cycle, thus the amplitude of successive cycle dose not increase.

We have found that the slow-roll inflation after the bounce can be preceded by the kinetic dominated contraction. Further we would like to check this feature in a controlled model of oscillating universe^2. We plot the evolutions of (a, φ) and the (kinetic, potential) energy with time in Fig. 5 and Fig. 6, respectively. To show the oscillation of universe better, we take m^2 = 0.2, σ = 50 and a(0) = 1, φ(0) = 0 and φ̇ = 1 for initial values. We see that the maximum of expansion amplitude in each successive expansion/contraction cycle grows gradually. This asymmetry of cosmological evolution seems conflicted with intuition, since both the field equation (2) and Fridmann equation (1) are non dissipative and time reverse invariant. The reason of asymmetry has been analyzed in Ref. [9] for the case of closed universe. However, in fact this is not dependent on the curvature of universe, but the evolutive behavior of scalar field. For φ ≳ 1, during the expansion, the state equation p_φ ≃ −ρ_φ, thus the field is in slow-roll regime and the universe expands exponentially i.e. a ∼ e^{ht}. However, during the contraction, the universe is dominated by kinetic energy of scalar field. In this case, a ∼ t^{1/3}. Thus the time when the field rolls up to the value from which it will roll down into slow-roll inflationary regime is more shorter. It is the evolutive asymmetry of the field that leads to the growth of successive expansion/contraction cycles.

2 To realise a transition from expansion to contraction, we take the density of potential energy < 0 in the minimum. The details of cosmology with negative potential have been studied in Ref. [24].

When that m^2 is the same order as σ, from (16), we obtain φ_r ≲ 1. In this case, the field can not roll up to slow-roll regime. Thus the asymmetry between the expansion driven by the potential of field and the contraction driven by the kinetic term of field will not exist. We can see from Fig. 7 that the amplitude of successive cycle does not increase in this case.

IV. CONCLUSION

We make use of possible high energy correction to the Friedmann equation to implement a bounce. We study the behavior of massive field and find that the slow-roll inflation can be preceded by the kinetic dominated contraction. During this process, the field initially in the bottom of its potential can be driven by the anti-frictional force resulted from the contraction and roll up its potential hill. We show that the required e-folds number during the inflation after the bounce limits the energy scale of bounce, for N ≳ 60, σ ≳ 10^{−8} is required. Further unlike that expected, in our case the field can not arrive arbitrary large value, even though the bounce occurs at Planck scale, for σ = 1, we have φ_r ≃ 5.5. The reason is that during the contraction the kinetic energy of the field is much larger than its potential energy and the growth of the field value is only logarithmical. When the kinetic energy approaches σ, its potential energy is still far less, see Fig. 3. These features have been checked and confirmed numerically. Moreover, for possible oscillating universe model, we point out that the successive increasing of expansion amplitude of each cycle is actually depended on whether there exists inflation in each cycle. For the oscillating universe without inflation in its each cycle, its amplitude dose not increase with time.

Acknowledgments This work is supported in part by K.C.Wang Postdoc Foundation and also in part by the National Basic Research Program of China under Grant No. 2003CB716300.

[1] R.C. Tolman, Relativity, Thermodynamics and Cosmology (ClarPress, Oxford, 1934). [2] J. Khoury, B.A. Ovrut, P.J. Steinhardt and N. Turok, Phys. Rev. D64 (2001) 123522; J.

Khoury, B.A. Ovrut, N. Seiberg, P.J. Steinhardt and N. Turok, Phys. Rev. D65 (2002) 086007; P.J. Steinhardt and N. Turok, Science 296, (2002) 1436; Phys. Rev. D65 126003 (2002); astro-ph/0404480.

[3] P. Peter and N. Pinto-Neto, Phys. Rev. D66 063509 (2002). [4] F. Finelli, JCAP 10, 011 (2003). [5] L.E. Allen and D. Wands, astro-ph/0404441. [6] C. Gordon and N. Turok, Phys. Rev. D67 (2003) 123508.

[7] I. Antoniadis, E. Gava and K.S. Narain, Nucl. Phys. B383 (1992) 93; I. Antoniadis, J. Rizos and K. Tamvakis, Nucl. Phys. B415 (1994) 497.

[8] M. Gasperini, M. Maggiore and G. Veneziano, Nucl. Phys. B494 (1997) 315; R. Brustein and R. Madden, Phys. Rev. D57 (1998) 712.

[9] N. Kanekar, V. Sahni and Shtanov, Phys. Rev. D63 (2001) 084520. [10] Y.S. Piao, B. Feng and X. Zhang, Phys. Rev. D69 103520 (2004). [11] M. Gasperini and G. Veneziano, Astropart. Phys. 1 (1993) 317, hep-th/9211021. [12] G. Veneziano, hep-th/0002094; J.E. Lidsey, D. Wands and E.J. Copeland, Phys. Rept. 337 (2000) 343; M. Gasperini and G. Veneziano, Phys. Rept. 373 (2003) 1.

[13] Y.S. Piao, S. Tsujikawa and X. Zhang, hep-th/0312139.

[14] S. Tsujikawa, P. Singh and R. Maartens, astro-ph/0311015; M. Bojowald, J.E. Lidsey, D.J.

Mulryne, P. Singh and R. Tavakol, gr-qc/0403106. [15] Y. Shtanov and V. Sahni, Phys. Lett. B557 1 (2003).

[16] P. Singh and A. Toporensky, Phys. Rev. D69, 104008 (2004); J.E. Lidsey, D.J. Mulryne, N.J.

Nunes and R. Tavakol, gr-qc/0406042.

[17] M.G. Brown, K. Freese and W.H. Kinney, astro-ph/0405353. [18] R. Maartens, gr-qc/0312059; astro-ph/0402485. [19] D. Chung and K. Freese, Phys. Rev. D61 023511 (2000).

[20] P. Binetruy, C. Deffayet and D. Langlois, Nucl. Phys. B565 (2000) 269; P. Binetruy, C.

Deffayet, U. Ellwanger and D. Langlois, Phys. Lett. B477 (2000) 285. [21] A.D. Linde, Phys. Lett. B129 177 (1983). [22] A.D. Linde, Phys. Lett. B175 395 (1986).

[23] R. Kallosh, A. Linde, S. Prokushkin and M. Shmakova, Phys. Rev. D66, 123503 (2002); R.

Kallosh and A. Linde, Phys. Rev. D67, 023510 (2003); JCAP 0302, 002 (2003). [24] G. Felder, A. Frolov, L. Kofman and A. Linde, Phys. Rev. D66 023507 (2002).