arXiv:gr-qc/0407092v2 15 Mar 2008

Tidal Force in Metric-Affine Gravity

Aleks Kleyn

Abstract. Generalization of an idea may lead to very interesting result. Learning how torsion influences on tidal force reveals similarity between tidal equation for geodesic and the Killing equation of second type.

The relationship between tidal acceleration, curvature and torsion gives an opportunity to measure torsion.

Paper [6] drew my attention. To explain anomalous acceleration of Pioneer 10 and Pioneer 11 ([4]) Antonio Ranada incorporated the old Einstein’s view on nature of gravitational field and considered Einstein’s idea about variability of speed of light. When Einstein started to study the gravitational field he tried to keep the Minkowski geometry, therefore he assumed that scale of space and time does not change. As result he had to accept the idea that speed of light should vary in gravitational field. When Grossman introduced Riemann geometry to Einstein, Einstein realized that the initial idea was wrong and Riemann geometry solves his problem better. Einstein never returned to idea about variable speed of light.

Indeed, three values: scale of length and time and speed of light are correlated in present theory and we cannot change one without changing another. The presence of gravitational field changes this relation. We have two choices. We keep a priory given geometry (here, Minkowski geometry) and we accept that the speed of light changes from point to point. The Riemann geometry gives us another option. Geometry becomes the result of observation and the measurement tool may change from point to point. In this case we can keep the speed of light constant. Geometry becomes a background which depends on physical processes. Physical laws become background independent.

1. Tidal Acceleration

Observations in Solar system and outside are very important. They give us an opportunity to see where general relativity is right and to find out its limitation. It is very important to be very careful with such observations. NASA provided very interesting observation of Pioneer 10 and Pioneer 11 and managed complicated calculation of their accelerations. However, one interesting question arises: what kind of acceleration did we measure?

Pioneer 10 and Pioneer 11 performed free movement in solar system. Therefore they move along their trajectory without acceleration. However, it is well known that two bodies moving along close geodesics have relative acceleration that we call tidal acceleration. Tidal acceleration in general relativity has form

(1.1) D^2δx^k ds^2 = R^k_{lnk}δx^kv^nv^l Aleks Kleyn@MailAPS.org.

Tidal Force in Metric-Affine Gravity

Aleks Kleyn

where v^l is the speed of body 1 and δx^k is the deviation of geodesic of body 2 from geodesic of body 1. We see from this expression that tidal acceleration depends on movement of body 1 and how the trajectory of body 2 deviates from the trajectory of body 1. But this means that even for two bodies that are at the same distance from a central body we can measure different acceleration relative an observer.

Section 2 is dedicated to the problem what kind of changes the tidal force experiences on metric affine manifolds.

Finally the question arises. Can we use equation (2.5) to measure torsion? We get tidal acceleration from direct measurement. There is a method to measure curvature (see for instance [3]). However, even if we know the acceleration and curvature we still have differential equation to find torsion. However, this way may give direct answer to the question of whether torsion exists or not.

Deviation from tidal acceleration (1.1) predicted by general relativity may have different reason. However we can find answer by combining different type of measurement.

2. Tidal Equation

I consider generalized connection [7]-(10.1). We assume that considered bodyes perform not geodesic but arbitrary movement.

We assume that both observers start their travel from the same point^1 and their speed satisfy to differential equations

(2.1) Dv^i_I ds_I = a^i_I where I = 1, 2 is the number of the observer and ds_I is infinitesimal arc on geodesic I. Observer I follows the geodesic of connection [7]-(10.1) when a_I = 0. We assume also that ds_1 = ds_2 = ds.

Deviation of trajectories (2.1) δx^k is vector connecting observers. The lines are infinitesimally close in the neighborhood of the start point x^i_2(s_2) = x^i_1(s_1) + δx^i(s_1)

v^i_2(s_2) = v^i_1(s_1) + δv^i(s_1) Derivative of vector δx^i has form dδx^i ds = d(x^i_2 − x^i_1) ds = v^i_2 − v^i_1 = δv^i

Speed of deviation δx^i is covariant derivative Dδx^i ds = dδx^i ds + Γ^i_{kl}δx^k v^l_1

= δv^i + Γ^i_{kl}δx^kv^l_1

(2.2)

From (2.2) it follows that

(2.3) δv^i = Dδx^i ds − Γ^i_{kl}δx^kv^l_1 1I follow [3], page 33

Aleks Kleyn Tidal Force in Metric-Affine Gravity

Finally we are ready to estimate second covariant of vector δx^i D^2δx^i ds^2 = d^{Dδxi}_{ds} ds + Γ^i_{kl} Dδx^k ds v^l_1 = d(δv^i + Γ^i_{kl}δx^kv^l_1) ds + Γ^i_{kl} Dδx^k ds v^l_1 = dδv^i ds + dΓ^i_{kl} ds δx^kv^l_1 + Γ^i_{kl} dδx^k ds v^l_1 + Γ^i_{kl}δx^k dv^l_1 ds + Γ^i_{kl} Dδx^k ds v^l_1

(2.4) D^2δx^i ds^2 = dδv^i ds + Γ^i_{kl,n}v^n_1 δx^kv^l_1 + Γ^i_{kl}δv^kv^l_1 + Γ^i_{kl}δx^k dv^l_1 ds + Γ^i_{kl} Dδx^k ds v^l_1

Theorem 2.1. Tidal acceleration of connection [7]-(10.1) has form D^2δx^i ds^2 = T^i_{ln} Dδx^n ds v^l_1 + (R^i_{klm} + T^i_{km;<l>})δx^mv^k_1 v^l_1

+ a^i_2 − a^i_1 + Γ^i_{ml}δx^ma^l_1

(2.5)

Proof. The trajectory of observer 1 satisfies equation

(2.6) Dv^i_1 ds = dv^i_1 ds + Γ^i_{kl}(x_1)v^k_1 v^l_1 = a^i_1

(2.7) dv^i_1 ds = a^i_1 − Γ^i_{kl}v^k_1 v^l_1

The same time the trajectory of observer 2 satisfies equation Dv^i_2 ds = dv^i_2 ds + Γ^i_{kl}(x_2)v^k_2 v^l_2 = d(v^i_1 + δv^i) ds + Γ^i_{kl}(x_1 + δx)(v^k_1 + δv^k)(v^l_1 + δv^l) = dv^i_1 ds + dδv^i ds + (Γ^i_{kl} + Γ^i_{kl,m}δx^m)(v^k_1 v^l_1 + δv^k v^l_1 + v^k_1 δv^l + δv^kδv^l)

= a^i_2 We can rewrite this equation up to order 1 dv^i_1 ds + dδv^i ds + Γ^i_{kl}v^k_1 v^l_1 + Γ^i_{kl}(δv^k v^l_1 + v^k_1 δv^l) + Γ^i_{kl,m}δx^mv^k_1 v^l_1 = a^i_2

Using (2.6) we get

a^i_1 + dδv^i ds + Γ^i_{kl}δv^kv^l_1 + Γ^i_{kl}v^k_1 δv^l + Γ^i_{kl,m}δx^mv^k_1 v^l_1 = a^i_2

(2.8) dδv^i ds = −Γ^i_{kl}δv^kv^l_1 − Γ^i_{lk}δv^kv^l_1 − Γ^i_{kl,m}δx^mv^k_1 v^l_1 + a^i_2 − a^i_1

Tidal Force in Metric-Affine Gravity

Aleks Kleyn

We substitute (2.3), (2.7), and (2.8) into (2.4) D^2δx^i ds^2 = −Γ^i_{kl}δv^kv^l_{11} − Γ^i_{ln}( Dδx^n ds − Γ^n_{mk}δx^mv^k_1 )v^l_1 − Γ^i_{kl,m}δx^mv^k_1 v^l_1 + a^i_2 − a^i_1 + Γ^i_{mk,l}v^k_1 δx^mv^l_1 + Γ^i_{kl}δv^kv^l_{11}

+ Γ^i_{mn}δx^m(a^n_1 − Γ^n_{kl}v^k_1 v^l_1) + Γ^i_{nl} Dδx^n ds v^l_1 D^2δx^i ds^2 = (Γ^i_{mk,l} − Γ^i_{kl,m} + Γ^i_{ln}Γ^n_{mk} − Γ^i_{mn}Γ^n_{kl})δx^mv^k_1 v^l_1

+ Γ^i_{nl} Dδx^n ds v^l_1 − Γ^i_{ln} Dδx^n ds v^l_1 + a^i_2 − a^i_1 + Γ^i_{mn}δx^ma^n_1 D^2δx^i ds^2 = (Γ^i_{mk,l} − Γ^i_{km,l} + Γ^i_{km,l} − Γ^i_{kl,m} + Γ^i_{ln}Γ^n_{mk} − Γ^i_{nl}Γ^n_{mk} + Γ^i_{nl}Γ^n_{mk} − Γ^i_{nl}Γ^n_{km} + Γ^i_{nl}Γ^n_{km} − Γ^i_{mn}Γ^n_{kl} + Γ^i_{nm}Γ^n_{kl} − Γ^i_{nm}Γ^n_{kl})δx^mv^k_1 v^l_1 + T^i_{ln} Dδx^n ds v^l_1 + a^i_2 − a^i_1 + Γ^i_{mn}δx^ma^n_1 D^2δx^i ds^2 = T^i_{ln} Dδx^n ds v^l_1 + (T^i_{km,l2} + Γ^i_{km,l1} − Γ^i_{kl,m1} + T^i_{nl}Γ^n_{mk2} + Γ^i_{nl}T^n_{km2} + Γ^i_{nl}Γ^n_{km1} − T^i_{nm}Γ^n_{kl2} − Γ^i_{nm}Γ^n_{kl1})δx^mv^k_1 v^l_1 + a^i_2 − a^i_1 + Γ^i_{ml}δx^ma^l_1

(2.9)

Terms underscored with symbol 1 are curvature and terms underscored with symbol 2 are covariant derivative of torsion. (2.5) follows from (2.9). □ Remark 2.2. The body 2 may be remote from body 1. In this case we can use procedure (like in [4]) based on parallel transfer. For this purpose we transport vector of speed of observer 2 to the start point of observer 1 and then estimate tidal acceleration. This procedure works in case of not strong gravitational field. □ Remark 2.3. If in central field observer 1 has orbital speed V_ϕ, observer 2 moves in radial direction and both observers follow geodesic then tidal acceleration has form D^2δx^1 ds^2 = R^1_{lnk}δx^k v^nv^l = (R^1_{001}v^0v^0 + R^1_{221}v^2v^2)δx^1 = ( r_g r^3c^2 1 1 −^{V 2ϕ}_{c2}

− (−1 + r_g 2r − r − r_g r )V^2_ϕ )δx^1 □

Aleks Kleyn Tidal Force in Metric-Affine Gravity

Remark 2.4. If observer 2 follows geodesic in central field, but observer 1 fixed his position at distance r then a^1 = Γ^1_{kl}v^kv^l = r_g 2r^2c^2 Acceleration follows inverse square law as follows from (2.5). □ Remark 2.5. Theorem 2.1 has one specific case. If observer 1 moves along an extreme line we can use Cartan connection. In this case a^i_1 = 0. If observer 2 moves along geodesic then (2.10) a^i_2 = −Γ(C)^i_{kl}v^k_2 v^k_2 = −Γ(C)^i_{kl}(v^k_1 v^k_1 + 2v^l_1δv^k) If we substitute (2.3) into (2.10) we get

a^i_2 = −Γ(C)^i_{kl}v^k_1 v^k_1 − 2Γ(C)^i_{kl}v^l_1 Dδx^k ds + 2Γ(C)^i_{ml}Γ^m_{kn}v^n_1 v^l_1δx^k

In this case (2.5) gets form D^2 δx^i ds^2 = ( R^i_{lnk} + ∇_n T^i_{lk})v^l_1v^n_1 δx^k + T^i_{lk} D δx^k ds v^l_1

− Γ(C)^i_{kl}v^k_1 v^k_1 − 2Γ(C)^i_{kl}v^l_1 D δx^k ds + 2Γ(C)^i_{ml}Γ^m_{kn}v^n_1 v^l_1δx^k

(2.11)

In case of initial conditions δx^k = 0 Dδx^k ds = 0 (2.11) is estimation of acceleration [7]-(11.1). □

3. Tidal Acceleration and Lie Derivative (2.5) reminds expression of Lie derivative [7]-(7.4). To see this similarity we need to write equation (2.5) different way.

By definition Da^k ds = da^k ds + Γ^k_{lp}a^l dx^p ds = a^k_{,p}v^p + Γ^k_{lp}a^lv^p

(3.1) Da^k ds = a^k_{;<p>}v^p Because^{Dak}_{ds} is vector we can easy find second derivative

D^2a^k ds^2 = D^{Dak}_{ds} ds = D(a^k_{;<p>}v^p) ds = a^k_{;<pr>}v^pv^r + a^k_{;<p>}v^p_{;r}v^r (3.2)

On the last step we used (3.1) when a^k = v^k. When v^p is tangent vector of trajectory of observer 1 from (2.1) it follows that

(3.3) Dv^i ds = v^i_{;r}v^r = a^i_1 5

Tidal Force in Metric-Affine Gravity

Aleks Kleyn

and from (3.2) and (3.3) it follows that

(3.4)

D^2a^k ds^2 = a^k_{;pr}v^pv^r + a^k_{;<p>}a^p_1

Theorem 3.1. Speed of deviation of two trajectories (2.1) satisfies equation

(3.5) L_{Dδx}n_{ds} Γ^i_{kl}v^kv^l = a^i_2 − a^i_1 + Γ^i_{ml}δx^ma^l_1

Proof. We substitute (3.1) and (3.4) into (2.5). δx^i_{;<kl>}v^kv^l + δx^k_{;<p>}a^p_1 = T^i_{ln}δx^n_{;<k>}v^kv^l_1 + (R^i_{klm} + T^i_{km;<l>})δx^mv^k_1 v^l_1 + a^i_2 − a^i_1 + Γ^i_{ml}δx^ma^l_1 0 = (T^i_{ln}δx^n_{;<k>} − δx^i_{;<kl>} + R^i_{klm}δx^m + T^i_{km;<l>}δx^m)v^k_1 v^l_1 + a^i_2 − a^i_1 − δx^k_{,p}a^p_1

(3.6)

(3.5) follows from (3.6) and [7]-(7.4). □

At a first glance one can tell that the speed of deviation of geodesics is the Killing vector of second type. This is an option, however equation

L_{Dδx}n_{ds} Γ^i_{kl} = 0

does not follow from equation

(3.7) L_{Dδx}n_{ds} Γ^i_{kl}v^kv^l = 0

However equation (3.7) shows a close relationship between deep symmetry of spacetime and gravitational field.

4. References

[1] F. W. Hehl, P. von der Heyde, G. D. Kerlick, and J. M. Nester, General relativity with spin and torsion: Foundations and prospects, Rev. Mod. Phys. 48, 393 (1976) [2] O. Megged, Post-Riemannian Merger of Yang-Mills Interactions with Gravity, eprint arXiv:hep-th/0008135 (2001) [3] Ignazio Ciufolini, John Wheeler. Gravitation and Inertia. Princeton university press.

[4] J. D. Anderson, P. A. Laing, E. L. Lau, A. S. Liu, M. M. Nieto, and S. G. Turyshev, Study of the anomalous acceleration of Pioneer 10 and 11, Phys. Rev. D 65, 082004, 50 pp., (2002), eprint arXiv:gr-qc/0104064 (2001) [5] J. D. Anderson, P. A. Laing, E. L. Lau, A. S. Liu, M. M. Nieto, and S. G.

Turyshev, Indication, from Pioneer 10/11, Galileo, and Ulysses Data, of an Apparent Anomalous, Weak, Long-Range Acceleration, Phys. Rev. Lett. 81, 2858, (1998), eprint arXiv:gr-qc/9808081 (1998) [6] Antonio F. Ranada, Pioneer acceleration and variation of light speed: experimental situation, eprint arXiv:gr-qc/0402120 (2004) [7] Aleks Kleyn, Metric-Affine Manifold, eprint arXiv:gr-qc/0405028 (2004)

5. Index

deviation of trajectories 2

speed of deviation 2

6. Special Symbols and Notations Dδxi ds speed of deviation 2 δx^k deviation of trajectories 2