arXiv:gr-qc/0408014 v1 5 Aug 2004

Brane-world Cosmologies with non-local bulk effects

R J van den Hoogen, Adam Horne

Department of Mathematics, Statistics, and Computer Science, Saint Francis Xavier University, Antigonish, N.S., B2G 2W5, Canada

E-mail: rvandenh@stfx.ca

Abstract.

It is very common to ignore the non-local bulk effects in the study of braneworld cosmologies using the brane-world approach. However, we shall illustrate through the use of three different scenarios, that the non-local bulk-effect P_{μν} does indeed have significant impact on both the initial and future behaviour of brane-world cosmologies.

PACS numbers: PACS numbers(s): 04.20.Jb, 98.80.Hw

1. Introduction

There is much interest in cosmologies derived from alternative theories of gravity. String theory, being one of these alternatives has motivated many different viable cosmologies. In particular there is a class of cosmologies motivated by string theory in which matter fields are restricted to a 3-dimensional brane embedded in 1 + 3 + d dimensions (the bulk), while the gravitational field is free to propagate in the d extra dimensions [1, 2, 3, 4, 5, 6]. In fact, Randall and Sundrum [7, 8] have been successful in recreating conventional Einstein gravity at low enough energies in their second brane-world proposal [8], here-after labelled RS2. There has been many studies of cosmologies derived from these brane-world scenarios. For example, the so-called perfect fluid Friedmann brane-world models were investigated in [9, 10, 11, 12, 13, 14, 15, 16] and more recently, people have investigated anisotropic brane-world models [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]. See [26, 27, 28, 29] for reviews of brane-world cosmology.

There are essentially two approaches in studying brane-world cosmologies. Firstly, the bulk-based approach [9, 10, 11, 14] in which one first solves the higher dimensional field equations and then attempts to determine whether a lower-dimensional braneworld exists and subsequently studies the cosmological dynamics on the brane. Secondly, the brane-world approach in which one solves the projected field equations on the brane [30, 31] and essentially ignores the extension of the solution to the bulk. Both of these fundamentally different approaches have their benefits as well as their drawbacks (See [17] for additional arguments).

One of the inherent problems of studying brane-world cosmologies using the brane-world approach is that observers on the brane cannot possibly determine all the effects resulting from the bulk. In particular there exist non-local effects (U, Q_μ, P_{μν}) coming from the bulk that affect the local dynamics of observers on the brane [31]. It is not at all well understood what the non-local effects from the bulk have on cosmological observations in the brane. In most papers that study RS2 brane-world cosmologies, one of the following assumptions is often made:

• U = Q_μ = P_{μν} = 0, in which case the bulk is conformally flat and there are no non-local bulk effects affecting the dynamics on the brane.

• U ≠ 0 but Q_μ = P_{μν} = 0, which are necessary conditions for the existence of a Friedmann Brane-world while the remaining non-zero component of the nonlocal effect on the brane, U, behaves as if it were a radiative fluid (assuming it is positive), or can be interpreted holographically as the dual conformal field theory living on the brane [32, 33].

• U ≠ 0, Q_μ = 0 and σ^{μν} P_{μν} = 0, a common constraint in the investigation of anisotropic but spatially homogeneous brane-worlds, chosen primarily for the ease in analyzing the models in a self consistent manner [19, 20].

There has been some additional work on determining the effects of a non-zero P_{μν} on the behaviour of brane-world cosmological models [19, 20, 22, 25, 34]. However, for the most part, all the assumptions above are essentially adhoc and not well founded. Below, we will make an alternative but reasonable assumption on the form of the unknown P_{μν} .

A note with regards to notation. Tilde quantities denote quantities in the five dimensional bulk while non-tilde quantities are quantities on the four-dimensional 3- brane. The upper case latin indices range from 0 to 4 while the lower case greek indices range from 0 to 3. Round (square) brackets enclosing indices represent (anti-) symmetrization.

2. The Effective Field Equations on the Brane

We shall investigate brane-world cosmologies using the brane-world approach. Shiromizu et al. [30] have developed an elegant covariant approach to determine the effective four dimensional field equations induced on a single brane embedded in a five dimensional bulk using the Gauss-Codazzi equations, the so-called Israel junction conditions [35] and the usual Z_2 symmetry. Maartens [31] further developed the ideas of Shiromizu et al. by extending earlier work of Ellis and MacCallum [36, 37] by determining the dynamical equations describing braneworld cosmologies. The resulting equations are a modification of the standard Einstein Field equations, with new terms transferring bulk effects onto the brane. Assuming a five-dimensional bulk spacetime containing a 3-brane, the field equations are Einstein’s equations with a (negative) bulk cosmological constant ~Λ and brane energy momentum T_{AB} , as a source ~G_{AB} = ~κ^2 [ −~Λg̃_{AB} + δ(χ){−λg_{AB} + T_{AB} } ]

where χ = 0 yields the location of the 3-brane and ~κ^2 = 8π/ ~M^3_p . Let g_{μν} be the induced metric on the brane, then the effective field equations on the brane become

G_{μν} = −Λg_{μν} + κ^2T_{μν} + ~κ^4S_{μν} − E_{μν} , (1)

where

κ^2 = 8π M^2_p

, λ = 6 κ^2 ~κ^4 , Λ = 4π ~M 3_p [ ~Λ + ( 4π 3 ~M^3_p ) λ^2 ] . (2)

The bulk corrections to the Einstein equations on the brane manifest themselves in two forms: firstly, any matter field on the brane contributes to local quadratic energy-momentum corrections via the tensor S_{μν} defined as S_{μν} = 1 12 T_α^αT_{μν} − 1 4 T_{μα}T^α_ν + 1 24 g_{μν} [ 3T_{αβ}T^{αβ} − (T_α^α)^2 ] . (3)

Secondly, there are nonlocal effects from the free gravitational field in the bulk, transmitted through a projection of the bulk Weyl tensor onto the brane. If n^A is the spacelike unit normal vector to the brane then we define E_{AB} ≡ ~C_{ABCD}n^C n^D which is both traceless and symmetric and has no components that are orthogonal to the brane. We then take lim_{χ→0} E_{AB} = E_{μν} δ^μ_Aδ^ν_B

to define the non-local effect of the bulk gravitational field on the brane [31]. Given a timelike congruence u^μ, on the brane, the bulk correction, E_{μν} can be decomposed into an equivalent non-local energy density on the brane, U, a nonlocal energy-flux on the brane, Q_μ, and a non-local anisotropic pressure on the brane, P_{μν} , via E_{μν} = − ( ~κ κ )_4 [ U(u_μu_ν + 1 3 h_{μν} ) + P_{μν} + 2Q_{(μ}u_{ν)} ] (4) where U = − ( κ ~κ )_4

E_{μν} u^μu^ν, (5)

Q_μ = ( κ ~κ )_4 E_{<μ>ν} u^ν , (6) P_{μν} = − ( κ ~κ )_4 E_{<μν>}. (7) Where h_{μν} = g_{μν} + u_μu_ν projects orthogonal to u_μ on the brane and the angled brackets denote the projected, symmetric, and trace free part via

V_{<μ>} = h^ν_μ V_ν , W_{<μν>} = [h^α_{(μ} h^β_{ν)} − 1 3 h^{αβ}h_{μν} ]W_{αβ} (See [31] for complete details.)

Due to the nature of the matter in the bulk (a cosmological constant) and the Z_2 symmetry, it can be shown that the brane energy momentum tensor on the brane is separately conserved, that is T^μ_{ν;μ} = 0. (8) It then follows from the contracted Bianchi identities on the brane that E^μ_{ν;μ} = ~κ^4S^μ_{ν;μ}. (9) In general, equation (9) yields evolution equations for U and Q_μ (see [31]) for further details). Unfortunately, there are no evolution equations for the non-local anisotropic pressure, P_{μν}. Therefore, generically the projection of the 5-dimensional field equations onto the brane does not lead to a closed system of equations.

3. Governing Equations

In order to illustrate the possible effects of P_{μν} on the dynamics of a braneworld cosmological model, we first make some simplifying assumptions.

• Firstly, it is common to assume through fine tuning of the brane tension λ (a la Randall Sundrum) that the effective cosmological constant on the brane is zero. Here, for illustrative purposes only, we shall also assume that the effective cosmological constant on the brane is zero, that is, Λ = 0.

• The simplest geometry for the braneworld, that permits a non-zero P_{μν} is that of a Bianchi type I spacetime geometry. That is, we will assume a Bianchi I brane with line element of the form ds^2 = −dt^2 + [a_1(t)]^2dx^2 + [a_2(t)]^2dy^2 + [a_3(t)]^2dz^2. (10) • For simplicity, we shall assume that the matter on the brane is in the form of a perfect fluid with four velocity orthogonal to the surfaces of homogeneity (nontilted). The energy-momentum tensor for a perfect fluid on the brane is given by T_{μν} = ρu_μu_ν + ph_{μν} (11) where u^μ is the fluid 4-velocity and ρ and p are the energy density and isotropic pressure respectively.

It then follows that the Hubble expansion scalar, acceleration vector, and anisotropic shear tensor are of the form H ≡ 1 3 u^μ_{;μ} = 1 3 ( ȧ_1 a_1 + ȧ_2 a_2 + ȧ_3 a_3 )

u̇_μ ≡ u_{μ;ν} u^ν = 0 σ_{μν} ≡ u_{(μ;ν)} − Hh_{μν} + u̇_{(μ}u_{ν)} = 1 3 diag ( 0, 2 ȧ_1 a_1 − ȧ_2 a_2 − ȧ_3 a_3 , 2 ȧ_2 a_2 − ȧ_1 a_1 − ȧ_3 a_3 , 2 ȧ_3 a_3 − ȧ_1 a_1 − ȧ_2 a_2 )

where an over-dot represents a derivative with respect to t.

With the assumption of a perfect fluid source on the brane, the local bulk corrections, (see equation 3), to the effective four-dimensional field equations reduces to S_{μν} = 1 12 ρ^2u_μu_ν + 1 12 ρ (ρ + 2p) h_{μν} . (12)

Both the local and non-local bulk corrections mentioned above can be consolidated into an effective total energy density, pressure, heat flux and anisotropic stress as follows. The modified Einstein equations can be rewritten in the standard Einstein form with a redefined energy-momentum tensor:

G_{μν} = κ^2T^{total}_{μν} , (13) where

T^{total}_{μν} ≡ T_{μν} + ~κ^4 κ^2 S_{μν} − 1 κ^2

E_{μν} (14)

is equivalent to an imperfect fluid energy-momentum tensor with the total equivalent energy density, pressure, heat flux and anisotropic pressure due to a perfect fluid source on the brane

ρ^{total} = ρ + ~κ^4 κ^6 [ κ^4 12 ρ^2 + U ] , (15)

p^{total} = p + ~κ^4 κ^6 [ κ^4 12 ρ (ρ + 2p) + 1 3 U ] , (16)

q^{total}_μ = ~κ^4 κ^6

Q_μ, (17)

π^{total}_{μν} = ~κ^4 κ^6

P_{μν} . (18)

The effective Einstein field equations (13-14) yield the following dynamical equations describing the evolution of the Bianchi I brane-world [31, 38]:

Ḣ = − H^2 − 2 3 σ^2 − κ^2 6 (ρ^{total} + 3p^{total}), (19)

σ̇_{μν} = − 3Hσ_{μν} + κ^2π^{total}_{μν} , (20) κ^2ρ^{total} = 3H^2 − σ^2, (21) κ^2q^{total}_μ = 0, (22) where ρ^{total}, p^{total}, q^{total}_μ and π^{total}_{μν} are defined in equations (15-18) and

σ^2 = 1 2 σ_{μν}σ^{μν} .

From equations (8-9) (assuming p = (γ − 1)ρ) we obtain the following conservation equations ρ̇ = − 3γHρ, (23) U̇ = − 4HU − σ_{μν} P^{μν} , (24) h^ξ_νP^ν_{μ;ξ} = 0. (25) We define new dependent dynamical variables of the form Σ = 1 √ 3 σ H , Ω = κ^2ρ 3H^2 , Ω_U = 6 κ^2λ U 3H^2

, Ω_λ =

3H^2 2λκ^2 ( κ^2ρ 3H^2

)_2 , (26)

and a new independent variable dt dτ = 1 H . We also define a dimensionless variable P to represent the non-local bulk corrections arising from the quantity P_{μν} P = 6 κ^2λ 1 2 σ_{μν} P^{μν} √ 3H^2

√_1 2 σ_{μν}σ^{μν} = √ 3 κ^2λ σ_{μν} P^{μν} σH^2 . (27)

The resulting system of differential equations decouples into an evolution equation for H, (which we use to define the deceleration q, ) H^′ = −(q + 1)H, (28) so that

q ≡ 2Σ^2 + Ω_U + 1 2 (3γ − 2)Ω + 1 2 (6γ − 2)Ω_λ, (29)

and a reduced dynamical system describing the dynamics of the Bianchi I perfect fluid braneworld with non-local bulk effects Σ^′ = Σ(q − 2) + P, (30) Ω^′ = Ω[2q − (3γ − 2)], (31) Ω^′_λ = Ω_λ[2q − (6γ − 2)], (32) Ω^′_U = Ω_U (2q − 2) − 2ΣP, (33) where^′ denotes differentiation with respect to τ . Equation (21) yields a constraint of the form 1 = Σ^2 + Ω + Ω_λ + Ω_U , (34) that can be used to globally eliminate one of the dynamical variables.

There is no evolution equation for the quantity P. This is not unexpected since observers on the brane are not expected to be able to determine all characteristics of the bulk (see [31, 38]). In order to proceed further, we must make some assumption as to the form of P. In order to obtain a closed system of equations, it would not be unreasonable to expect that P is a differentiable function of the remaining dynamical variables, that is, P = P(Σ, Ω, Ω_λ, Ω_U ). (35) which clearly satisfies the conservation equation (25). With this assumption, the value of q (see equation 29) at the equilibrium points of the dynamical system (30) is constant. Provided q ≠ −1 at the equilibrium point, we are able to solve equation (28) and obtain the solution H(t) = H_0t^{−1}. With this, we are now able to find the solution of the remaining variables, ρ = ρ_0t^{−2}, σ_{μν} = (σ_{μν} )_0t^{−1}, U = U_0t^{−2}, and P_{μν} = (P_{μν} )_0t^{−2} where H_0, ρ_0, (σ_{μν})_0, U_0, (P_{μν})_0 are all constants. It is worth noting, that the resulting braneworld spacetime represented by these equilibrium points is geometrically self-similar [39, 40]. (If q = −1 at an equilibrium point, then the resulting solution has H, ρ, σ, U, all equal to constants and consequently the resulting spacetime is not self-similar.) The property of asymptotic self-similarity is one that has been investigated by many in the context of general relativistic cosmologies, see [39, 40, 41]. Here we observe, that our assumption on the form of P is a necessary condition in order for the equilibrium points of the resulting reduced dynamical system to represent self-similar cosmological models. Now it is not at all clear what the actual form of this function should be, but we shall investigate a number of cases.

• P = P_0, a constant: This case includes the scenarios P_{μν} = 0 studied by [9, 12, 13, 14, 15, 16, 21, 22, 23, 24] and P_{μν} σ^{μν} = 0 [19, 20] as special subcases of P = 0.

• P = P_ΣΣ^α, α > 0: This ansatz guarantees that the necessary condition P(Σ, Ω, Ω_λ, Ω_U )|_{Σ=0} = 0 is satisfied for the existence of an isotropic equilibrium point.

• P = P_{ΩU} Ω^β_U , β > 0: This ansatz is perhaps more desirable than the others in that both P and Ω_U are directly related to the Weyl curvature in the bulk, while all the other dynamical variables are inherently on the brane. This assumption is similar to that used in [22, 34].

With an assumption on the form of P, the evolution equations for the variables ⃗X = [Σ, Ω, Ω_λ, Ω_U ] yields a dynamical system of the form ⃗X^′ = ⃗F ( ⃗X) suitable for a qualitative analysis using dynamical systems techniques [37]. In short, the procedure requires one to find equilibrium solutions of the dynamical system, that is, points ⃗X = ⃗X_0 such that ⃗F ( ⃗X_0) = ⃗0. If the eigenvalues of the linearization of ⃗F ( ⃗X) at ⃗X = ⃗X_0 have non-zero real parts, then the nonlinear system ⃗X^′ = ⃗F ( ⃗X) behaves qualitatively the same as the linear system ⃗X^′ = DF ( ⃗X_0)( ⃗X − ⃗X_0) in a local neighborhood of ⃗X = ⃗X_0. If the real parts of the eigenvalues of DF ( ⃗X_0) are all negative (positive), then the equilibrium point is said to be stable to the future (past) as all orbits in a local neighborhood of the equilibrium point have this equilibrium point as a future (past) asymptotic state, and the point is consequently called a sink (source). If the eigenvalues have both positive and negative real parts, then the equilibrium point is called a saddle and is subsequently unstable to both the past and to the future.

4. Qualitative Analysis

4.1. P = P_0

4.1.1. Equations The dynamical system (30) is invariant under the transformation (P, Σ) → (−P, −Σ). This implies that we can restrict ourselves to the scenario P_0 ≥ 0 without loss of generality. The required analysis becomes more manageable if we also redefine the parameter P_0 = f(P ) = P (P^2 − 1) where f : [1, ∞) → [0, ∞) is a homeomorphism. Equation (34) can be used to eliminate the variable Ω_U from the dynamical system (30) to yield the following three dimensional system Σ^′ = Σ(q − 2) + P (P^2 − 1), Ω^′ = Ω[2q − (3γ − 2)], (36) Ω^′_λ = Ω_λ[2q − (6γ − 2)], where

q = 1 + Σ^2 + 1 2 (3γ − 4)Ω + 1 2 (6γ − 4)Ω_λ. (37)

The equilibrium points and their local stability are discussed below.

4.1.2. Equilibrium Points Bianchi I perfect fluid model (BI_{pf} ): Σ = 2P (P^2 − 1) 3(2 − γ)

, Ω = 1 −

8P^2(P^2 − 1)^2 9(2 − γ)^2(3γ − 4)

, Ω_λ = 0, q = 3γ − 2 2 . This equilibrium point represents an anisotropic Bianchi I perfect fluid cosmology. Because 1 ≤ P < ∞, we observe that Σ ≥ 0. This point is physical only when Ω ≥ 0, which implies that P and γ must also satisfy 1 − 8P^2(P^2 − 1)^2 9(2 − γ)^2(3γ − 4)

≥ 0. (38)

For γ < 4/3 the constraint is satisfied for all values of P . However, for 4/3 < γ < 2 the constraint is essentially an inverted cubic function of P^2 with up to three roots. It can be shown that P^2 = 1 is a local max for all values of γ, and that the largest real root is P^2 = P̄_1 where

P̄_1 = 1 4 [ −(3γ − 8) + √ (3γ − 8)^2 − 36(γ − 2)^2 ] . Therefore the constraint is satisfied if P^2 is less than the value of the largest root, i.e, P^2 < P̄_1. In the limit as the parameter P → 1 this equilibrium point becomes isotropic and represents a zero curvature perfect fluid Friedmann-Robertson-Walker cosmology. The exact solution at this equilibrium point has H(t) = (2/3γ)t^{−1}. The eigenvalues of the linearization about this point are: λ_1 = − 3γ,

λ_{2,3} = 1 4 [ (9γ − 14) ± √ (9γ − 14)^2 + 24(2 − γ)(3γ − 4) ( 1 − 8P^2(P^2 − 1)^2 9(2 − γ)^2(3γ − 4) )] . For 1 ≤ γ <^4_3 this point exists for all values of P and is locally a sink, whence

Ω_U =

4P^2(P^2 − 1) 3(2 − γ)(3γ − 4)

≤ 0. (39)

Over the interval^4_3 < γ < 2 the equilibrium point becomes a local saddle and Ω_U ≥ 0 whenever the point exists. The stability of this point is summarized in Table 1. Bianchi I brane-world model (BI_{br}):

Σ = −

P (P^2 − 1) 3(γ − 1)

, Ω = 0, Ω_λ = 1 −

P^2(P^2 − 1)^2 9(γ − 1)^2(3γ − 2) , q = 3γ − 1.

This equilibrium point represents an anisotropic Bianchi I brane-world cosmology since Ω_λ ≠ 0. The point is physical only when Ω_λ ≥ 0 and thus P and γ must satisfy 1 − P^2(P^2 − 1)^2 9(γ − 1)^2(3γ − 2)

≥ 0. (40)

This constraint is essentially an inverted cubic function of P^2 with up to three roots. It can be shown that P^2 = 1 is a local max for all values of γ, and the largest real root is P^2 = 3γ − 2. Therefore the constraint is satisfied if P^2 is less than the value of the largest root, i.e, P^2 < 3γ − 2. In the limit as the parameter P → 1 this equilibrium point becomes isotropic and represents the usual Binetruy et al. [9] Friedmann-Robertson-Walker brane-world cosmology. The exact solution at this equilibrium point has H(t) = (1/3γ)t^{−1}. The eigenvalues of the linearization about this equilibrium point are:

λ_1 = 3γ,

λ_{2,3} = 1 2 [ (9γ − 7) ± √ (9γ − 7)^2 − 24(γ − 1)(3γ − 2) ( 1 − P^2(P^2 − 1)^2 9(γ − 1)^2(3γ − 2) )] . This point is a source on the interval 1 < γ ≤ 2 whenever it exists. We also note the value

Ω_U = −

P^2(P^2 − 1)^2 3(γ − 1)(3γ − 2)

≤ 0. (41)

The stability of this point is summarized in Table 1. Kasner-like bulk dominated brane-world model (K_U ):

Σ = −P, Ω = 0, Ω_λ = 0, q = 1 + P^2.

This equilibrium point represents a Bianchi I model containing no ordinary matter but does contain a form of dark matter that can be interpreted as radiation as a result of the bulk effect U. In the limit as P → 1 this point approaches a vacuum dominated Bianchi I model or Kasner model. This point exists for all values of the parameters P and γ. The exact solution at this equilibrium point has H(t) = (1/(2 + P^2))t^{−1}. The eigenvalues of the linearization about this equilibrium point are:

λ_1 = 2P^2 + 4 − 3γ, λ_2 = 2P^2 + 4 − 6γ, λ_3 = 3P^2 − 1.

This point is a source for P^2 > 3γ − 2, else it is a saddle. At this equilibrium point

Ω_U = 1 − P^2 (42)

and therefore Ω_U ≤ 0. The stability of this point is summarized in Table 1. Bianchi I bulk dominated brane-world model (^ϵBI_U ): Σ = P + ϵ √ 4 − 3P^2 2 , Ω = 0, Ω_λ = 0, q = (4 − P^2) + ϵP √ 4 − 3P^2.

There are two copies of the equilibrium point, signified by the parameter ϵ which takes values ±1. These equilibrium points again represent anisotropic Bianchi I models containing no ordinary matter but contain a form of dark radiation U as a result of the bulk. However, these points differ from K_U in that^+BI_U approaches the a general relativistic Bianchi I model containing radiation as P → 1 while the point −BI_U approaches an isotropic Robertson-Walker model containing radiation. This point exists only if P lies in the interval 1 ≤ P ≤^{2√}_3 . The exact solution at this

Table 1. This table summarizes the local stability of the equilibrium points in the P = P_0 ≡ P (P^2 − 1) case. DNE=Does Not Exist

Label Equilibrium Point (Σ, Ω, Ω_λ) Range of γ Conditions on P Stability 1 ≤ γ <^4_3 1 ≤ P^2 Sink BI_{pf} (_{2P (P 2 −1)} 3(2−γ) , 1 − 8P^2(P^2 −1)^2 9(2−γ)^2(3γ−4) , 0

)_4 3 < γ < 2 1 ≤ P^2 < P̄_1 Saddle 4 3 < γ < 2 P̄_1 < P^2 DNE BI_{br} ( −^{P (P 2 −1)} 3(γ−1) , 0, 1 − P^2 (P^2 −1)^2 9(γ−1)^2(3γ−2) ) 1 < γ ≤ 2 P^2 < 3γ − 2 Source 1 < γ ≤ 2 P^2 > 3γ − 2 DNE K_U (−P, 0, 0) 1 ≤ γ ≤ 2 3γ − 2 < P^2 Source 1 ≤ P^2 < 3γ − 2 Saddle +BI_U

(_1 2 (P + √ 4 − 3P^2), 0, 0 ) 1 ≤ γ ≤ 2 1 < P^2 <^4_3 Saddle 1 ≤ γ ≤ 2^4_3 < P^2 DNE 1 ≤ γ <^4_3 1 ≤ P^2 <^4_3 Saddle 4 3 < γ <^{14}_9 1 ≤ P^2 < P̄_1 Sink −BI_U (_1 2 (P − √ 4 − 3P^2), 0, 0

)_4

3 < γ <^{14}_9 P̄_1 < P^2 <^4_3 Saddle 14 9 < γ ≤ 2 1 ≤ P^2 <^4_3 Sink 1 ≤ γ ≤ 2^4_3 < P^2 DNE

where P̄_1 =^1_4 ( (8 − 3γ) + √ (20 − 9γ)(3γ − 4) )

equilibrium point has H(t) = (1/(q + 1))t^{−1}. The eigenvalues of the linearization about this equilibrium point are:

λ_1 =

4 − 3P^2 + 3ϵP √ 4 − 3P^2 2 , λ_2 = 6 − P^2 + ϵP √ 4 − 3P^2 − 3γ,

λ_3 = 6 − P^2 + ϵP √ 4 − 3P^2 − 6γ.

Whenever this point exists this point is a saddle. The remaining variable

Ω_U =

3P^4 4 ≥ 0. (43)

The stability of these points is summarized in Table 1.

4.1.3. Observations We observe that in general the dynamics in the case of P = P_0 a constant, are quite different than what is found currently in the literature. However, as we have observed in the preceding analysis, the qualitative behaviour approaches the qualitative behaviour discovered by Campos and Sopuerta [15, 16] in their analysis of the Bianchi I brane-worlds containing a perfect fluid. In our analysis, for P ≠ 1 (P_0 ≠ 0) we have found that none of the equilibrium points are isotropic, and all have some form of dark matter in the form of radiation, that is U ≠ 0. It appears that the non-local bulk corrections have a significant impact on the behaviour. The initial singularity represented by either BI_{br} and K_U are not isotropic. This result suggests that the initial singularity in braneworld cosmologies is not isotropic as argued by Coley in [21]. As stated earlier, at each of the equilibrium points here, we have U = U_0t^{−2} and P_{μν} = [P_{μν}]_0t^{−2} where U_0 is a constant and [P_{μν}]_0 is a matrix of constants.

Of course the ansatz that P = 6 κ^2λ 1 2 σ_{μν}P^{μν} √ 3H^2

√_1 2 σ_{μν} σ^{μν} = P_0

a constant may not be physically plausible, however, it is no less acceptable than the alternative of artificially setting P_{μν} = 0 or P_{μν} σ^{μν} = 0 apriori. In the next two subsections we consider P to be dynamic and analyze two alternative possibilities.

4.2. P = P_ΣΣ^α, α > 0

4.2.1. Equations To illustrate this case we let α = 1 and again use equation (34) to eliminate the variable Ω_U from the dynamical system (30) whence we obtain the following three dimensional system Σ^′ = Σ(q − 2) + P_ΣΣ, Ω^′ = Ω[2q − (3γ − 2)], (44) Ω^′_λ = Ω_λ[2q − (6γ − 2)], where again

q = 1 + Σ^2 + 1 2 (3γ − 4)Ω + 1 2 (6γ − 4)Ω_λ

and P_Σ ∈ R. We note that Σ = 0 is an invariant set and that the dynamical system (44) is invariant under the transformation Σ → −Σ. Therefore without loss of generality we restrict ourselves to the invariant set Σ ≥ 0. The equilibrium points and their local stability are discussed below.

4.2.2. Equilibrium Points FRW perfect fluid model (F_{pf} ):

Σ = 0, Ω = 1, Ω_λ = 0, q = 3γ − 2 2 . This equilibrium point represents a zero curvature isotropic Friedman-Robertson- Walker perfect fluid cosmology and in the context of brane-world cosmologies when extended to the bulk is represented by the solutions in [10, 11]. The exact solution at this equilibrium point has H(t) = (2/3γ)t^{−1}.The eigenvalues of the linearization about this equilibrium point are:

λ_1 = −3γ, λ_2 = 3γ − 4, λ_3 = P_Σ + 3 2 (γ − 2). This point is a sink if 1 ≤ γ <^4_3 and P_Σ < −^3_2 (γ − 2), else this point is a saddle. At this point Ω_U = 0 and the stability of this point is summarized in Table 2. FRW brane-world model (F_{br}):

Σ = 0, Ω = 0, Ω_λ = 1, q = 3γ − 1.

This equilibrium point represents the Binetruy et al. [9] Friedmann-Robertson- Walker brane-world solution. The exact solution at this equilibrium point has H(t) = (1/3γ)t^{−1}. The eigenvalues of the linearization about this equilibrium point are:

λ_1 = 3γ, λ_2 = 6γ − 4, λ_3 = P_Σ + 3(γ − 1).

Table 2. This table summarizes the local stability of the equilibrium points in the P = P_ΣΣ case. DNE=Does Not Exist

Label Equilibrium Point (Σ, Ω, Ω_λ) Range of γ Conditions on P_Σ Stability 1 ≤ γ <^4_3 P_Σ < −^3_2 (γ − 2) Sink F_{pf} (0, 1, 0) 1 ≤ γ <^4_3 P_Σ > −^3_2 (γ − 2) Saddle 4 3 < γ ≤ 2 P_Σ ∈ R Saddle F_{br} (0, 0, 1) 1 ≤ γ ≤ 2 P_Σ < −3(γ − 1) Saddle P_Σ > −3(γ − 1) Source F_U (0, 0, 0) 1 ≤ γ <^4_3 P_Σ ∈ R Saddle 4 3 < γ ≤ 2 P_Σ < 1 Sink P_Σ < −3(γ − 1) Source K_U ( √ 1 − P_Σ, 0, 0) 1 ≤ γ ≤ 2 P_Σ > −3(γ − 1) Saddle P_Σ > 1 DNE

This point is a source for 1 ≤ γ ≤ 2 and P_Σ > −3(γ − 1), else this point is a saddle. At this point Ω_U = 0 and the stability of this point is summarized in Table 2. FRW bulk dominated brane-world model (F_U ):

Σ = 0, Ω = 0, Ω_λ = 0

This point represents a spatially homogeneous and isotropic cosmological model containing no ordinary matter but does contain a form of dark matter in the form of radiation as a result of the bulk term U. The eigenvalues of the linearization about this equilibrium point are:

λ_1 = P_Σ − 1, λ_2 = 4 − 3γ, λ_3 = 4 − 6γ,

where

Ω_U = 1.

Over the interval^4_3 < γ ≤ 2 when P_Σ < 1 this point is a sink, else the point is a saddle. The stability of this point is summarized in Table 2. Kasner-like bulk dominated brane-world model (K_U ): Σ = √ 1 − P_Σ, Ω = 0, Ω_λ = 0, q = 2 − P_Σ.

This equilibrium point represents a Bianchi I model containing no ordinary matter but does contain a form dark matter in the form of radiation as a result of the bulk term U. This point is physical only when P_Σ ≤ 1. In the limit as P_Σ → 0 this point approaches a vacuum dominated Bianchi I model or Kasner model. The eigenvalues of the linearization about this equilibrium point are:

λ_1 = 2 − 2P_Σ, λ_2 = 6 − 2P_Σ − 3γ, λ_3 = 6 − 2P_Σ − 6γ

where Ω_U = P_Σ.

This point is a source whenever P_Σ < −3(γ − 1), else it is a saddle. The stability of this point is summarized in Table 2.

4.2.3. Observations The most interesting result in this case is that the Binetruy et al. [9] Friedmann-Robertson-Walker brane-world solution may not represent the past asymptotic state. In particular there are parameter values of P_Σ such that the initial singularity is represented by the somewhat more conventional Kasner-like solution. We also find these cosmologies do not necessarily evolve to a purely general relativistic cosmology since one of the local sinks is dominated by the bulk term U.

4.3. P = P_{ΩU} Ω^β_U , β > 0

4.3.1. Equations Similar to the previous case we will set β = 1 for illustrative purposes only and again use equation (34) to eliminate the variable Ω_U from the dynamical system (30). We thus obtain the following three dimensional system Σ^′ = Σ(q − 2) + P_{ΩU} (1 − Σ^2 − Ω − Ω_λ), Ω^′ = Ω[2q − (3γ − 2)], (45) Ω^′_λ = Ω_λ[2q − (6γ − 2)], where again

q = 1 + Σ^2 + 1 2 (3γ − 4)Ω + 1 2 (6γ − 4)Ω_λ,

and P_{ΩU} ∈ R. The equilibrium points and their local stability are discussed below.

4.3.2. Equilibrium Points FRW perfect fluid model (F_{pf} ):

Σ = 0, Ω = 1, Ω_λ = 0, q = 3γ − 2 2 This equilibrium point exists for all parameter values and represents a zero curvature isotropic Friedman-Robertson-Walker perfect fluid cosmology and in the context of brane-world cosmologies when extended to the bulk is represented by the solutions in [10, 11]. The exact solution at this equilibrium point has H(t) = (2/3γ)t^{−1}. The eigenvalues for this point are:

λ_1 = −3γ, λ_2 = 3γ − 4, λ_3 = 3 2 γ − 3. This point is a sink over the interval 1 ≤ γ <^4_3 , else it is a saddle. At this point Ω_U = 0. The stability of this point is summarized in Table 3. FRW brane-world model (F_{br}):

Σ = 0, Ω = 0, Ω_λ = 1, q = 3γ − 1.

This equilibrium point also exists for all parameter values and represents the the Binetruy-Deffayet-Langlois zero curvature brane-world solution [9]. The exact solution at this equilibrium point has H(t) = (1/3γ)t^{−1}. The eigenvalues for this point are: λ_1 = 3γ, λ_2 = 6γ − 4, λ_3 = 3γ − 3.

This point is a source over the interval 1 < γ ≤ 2, where again Ω_U = 0. The stability of this point is summarized in Table 3. Bianchi I vacuum model (Kasner) (^ϵK):

Σ = ϵ, Ω = 0, Ω_λ = 0, q = 2.

The parameter ϵ = ±1 signifying that there are two of these points that exist for all values of the parameters γ, P_{ΩU} . These equilibrium points represent anisotropic vacuum Bianchi I models, known as Kasner cosmological models. The exact solution at this equilibrium point has H(t) = (1/3)t^{−1}. The eigenvalues for these point are: λ_1 = 2 − 2ϵP_{ΩU} , λ_2 = 6 − 3γ, λ_3 = 6 − 6γ.

This point is a saddle over the interval 1 < γ < 2, regardless of the value of P_{ΩU} . At this equilibrium point Ω_U = 0. The stability of this point is summarized in Table 3. Kasner-like bulk dominated brane-world model (K_U ):

Σ = P_{ΩU} , Ω = 0, Ω_λ = 0, q = 1 + P^2_{ΩU} .

This equilibrium point represents a Bianchi I model containing no ordinary matter but does contain a form of dark radiation U as a result of the bulk. The exact solution at this equilibrium point has H(t) = (1/P^2_{ΩU} )t^{−1}. The eigenvalues for this point are: λ_1 = P^2_{ΩU} − 1, λ_2 = 2P^2_{ΩU} + 4 − 3γ, λ_3 = 2P^2_{ΩU} + 4 − 6γ.

This point is a source over the interval 1 ≤ γ ≤ 2, given that P^2_{ΩU} > 3γ − 2. On the interval^4_3 < γ < 2 and given that P^2_{ΩU} <^3_2 γ − 2 this point behaves as a sink. For any other parameter values this point is a saddle. At this point Ω_U = 1 − P^2_{ΩU} . (46) The stability of this point is summarized in Table 3. Bianchi I perfect fluid model (BI_{pf} ): Σ = 3γ − 4 2P_{ΩU} , Ω = 1 − 3γ − 4 2P^2_{ΩU}

, Ω_λ = 0, q = 3γ − 2 2 . This equilibrium point represents an anisotropic Bianchi I perfect fluid cosmology. This point is physical when Ω ≥ 0, which implies that P_{ΩU} and γ must satisfy 1 − 3γ − 4 2P^2_{ΩU}

≥ 0. (47)

The eigenvalues for this point are: λ_1 = − 3γ,

λ_{2,3} = 1 4 ( 3(γ − 2) ± √ [3(γ − 2)]^2 + 24(3γ − 4)(γ − 2) ( 1 − (3γ − 4) 2P^2_{ΩU} )) , where

Ω_U =

3(3γ − 4)(2 − γ) 4P^2_{ΩU}

. (48)

This point, whenever it exists is a saddle over the interval 1 ≤ γ <^4_3 , and it is a sink on the interval^4_3 < γ < 2. The stability of this point is summarized in Table 3. Bianchi I brane-world model (BI_{br}): Σ = 3γ − 2 P_{ΩU} , Ω = 0, Ω_λ = 1 − 3γ − 2 P^2_{ΩU} , q = 3γ − 1

Table 3. This table summarizes the local stability of the equilibrium points in the P = P_{ΩU} Ω_U case. DNE=Does Not Exist

Label Equilibrium Point (Σ, Ω, Ω_λ) Range of γ Conditions on P^2_{ΩU} Stability F_{pf} (0, 1, 0) 1 ≤ γ <^4_3 P^2_{ΩU} ∈ R^+ Sink 4 3 < γ < 2 P^2_{ΩU} ∈ R^+ Saddle F_{br} (0, 0, 1) 1 < γ ≤ 2 P^2_{ΩU} ∈ R^+ Source ϵK (ϵ, 0, 0) 1 < γ < 2 P^2_{ΩU} ∈ R^+ Saddle 1 ≤ γ ≤ 2 P^2_{ΩU} > 3γ − 2 Source K_U (P_{ΩU} , 0, 0) 1 ≤ γ <^4_3 P^2_{ΩU} < 3γ − 2 Saddle 4 3 < γ < 2^3_2 γ − 2 < P^2_{ΩU} < 3γ − 2 Saddle 4 3 < γ < 2 P^2_{ΩU} <^3_2 γ − 2 Sink 1 ≤ γ <^4_3 P^2_{ΩU} ∈ R^+ Saddle BI_{pf} (_{3γ−4} P_{ΩU} , 1 − 3γ−4 2P^2_{ΩU} , 0

)_4 3 < γ < 2 P^2_{ΩU} >^3_2 γ − 2 Sink 4 3 < γ < 2 P^2_{ΩU} <^3_2 γ − 2 DNE BI_{br} (_{3γ−2} P_{ΩU} , 0, 1 − 3γ−2 P^2_{ΩU} ) 1 < γ ≤ 2 P^2_{ΩU} > 3γ − 2 Saddle 1 < γ ≤ 2 P^2_{ΩU} < 3γ − 2 DNE

This equilibrium point represents an anisotropic Bianchi I brane-world cosmology since Ω_λ ≠ 0. This point is physical only when Ω_λ ≥ 0 and thus P_{ΩU} and γ must satisfy 1 − 3γ − 2 P^2_{ΩU}

≥ 0. (49)

The eigenvalues for this point are:

λ_1 = 3γ,

λ_{2,3} = 1 2 ( 3(γ − 1) ± √ [3(γ − 1)]^2 + 24(3γ − 2)(γ − 1) ( 1 − (3γ − 2) P^2_{ΩU} )) , where

Ω_U = −

3(3γ − 2)(γ − 1) P^2_{ΩU}

. (50)

This point, whenever it exists, is a saddle over the interval 1 < γ ≤ 2, its stability is independent of the parameter P_{ΩU} . The stability of this point is summarized in Table 3. 4.3.3. Observations An interesting observation in this case is that the Binetruy- Deffayet-Langlois Braneworld solution is always a source. However, there will exist cosmological models that will asymptote to the past towards the anisotropic bulkdominated Kasner-like models represented by the points K_U when P_{ΩU} > 3γ − 2. This means that the initial singularity is again not necessarily isotropic. The future behaviour is determined primarily by the parameter γ. If γ < 4/3 then the general relativistic flat Robertson-Walker perfect fluid model is the future attractor. However, if γ > 4/3 then the non-local bulk corrections become dominant, that is, there exists models in which Ω_U ↛ 0 as τ → ∞. Depending on the parameter P_{ΩU} either K_U or BI_{pf} becomes the future asymptotic state. It is worth noting that neither of these two local sinks are isotropic.

5. Conclusions

A dimensionless variable P was introduced to model the non-local bulk corrections arising from the bulk term P_{μν} . That is, we introduced the quantity P = √ 3 κ^2λ σ_{μν}P^{μν} σH^2 . (51)

to model the non-local bulk corrections. Since there are no equations in the braneworld approach to model the effects of the non-local bulk term P_{μν}, there is no equation to determine the effects of P. Therefore, one is required to make justifiable and reasonable assumptions on the form of P. Here, we assume that P is a differentiable function of the remaining dynamical variables which results in self-similar asymptotic solutions.

In this paper we specifically investigated three different cases, P = P_0, P = P_ΣΣ, and P = P_{ΩU} Ω_U where P_0, P_Σ and P_{ΩU} are constants. It was found that in each case, the effects of the non-local bulk effect P_{μν} were significant. In the standard cosmological brane-world situation, the Binetruy-Deffayet-Langlois zero curvature brane-world solution [9] represents the ’generic’ initial behaviour in brane-world cosmologies containing ordinary matter. Here we find that Kasner-like bulk-dominated models can also act as sources in all three cases and that the Binetruy-Deffayet- Langlois zero curvature brane-world solution does not even exist as an equilibrium state in one of the cases studied. With regards to possible future behaviors, we find for 1 ≤ γ < 4/3 that the future asymptotic state is generically matter dominated, in that the future asymptotic state has Ω_{pf} ↛ 0 as τ → ∞. For γ > 4/3 we find that there exist future asymptotic states that can become ’bulk-dominated’ in that Ω_U ↛ 0 as τ → ∞. The qualitative analysis of this system is by no means complete. Only a local analysis of finite equilibrium points was investigated, none of the global behaviour was determined and none of the bifurcations were analyzed in any detail. There may be some additional interesting dynamics to be found, at points of infinity or even closed/periodic orbits at finite values. Further work in this area should include a discussion of these topics, but the motivation for this paper was to illustrate the effects of the non-zero non-local bulk effect P_{μν} in which one makes the assumption that all equilibrium states of the resulting dynamical system represent self-similar cosmologies.

In conclusion, it should be apparent that neglecting the bulk effects in the braneworld approach to brane-world cosmologies is extremely dangerous. Even in this simple toy model, with a relatively simple ansatz for the non-local bulk term P_{μν}, we find significant differences with what is currently found in the literature when one ignores these effects.

Acknowledgments

Both RvdH and AH are supported in part through a research grant from the Natural Sciences and Engineering Research Council of Canada and a research grant from the St. Francis Xavier University Council on Research. RvdH would also like to thank A.A. Coley for comments on an earlier draft of this paper.

References

[1] Rubakov V A and Shaposhnikov M E 1983 Phys. Lett. B 125 136–138

Brane-world Cosmologies with non-local bulk effects 17

[2] Akama K 1982 Pregeometry: Gauge Theory and Gravitation, Proceedings, Nara, volume 176 of Lecture Notes in Physics, pages 267–271 ed Kikkawa K, Nakanishi N and Nariai H (Springer- Verlag) [3] Visser M 1985 Phys. Lett. B 159 22–25 [4] Squires Euan J 1986 Phys. Lett. B 167 286–288 [5] Arkani-Hamed N., Dimopoulos S., and Dvali G. 1998 Phys. Lett. B 429 263–272 [6] Antoniadis Ignatios, Arkani-Hamed Nima, Dimopoulos Savas, and Dvali Gia 1998 Phys. Lett. B 436 257 [7] Randall Lisa and Sundrum Raman 1999 Phys. Rev. Lett. 83 3370–3373 [8] Randall Lisa and Sundrum Raman 1999 Phys. Rev. Lett. 83 4690–4693 [9] Binétruy Pierre, Deffayet Cédric, and Langlois David 2000 Nuclear Physics B 565 269 [10] Csáki Csaba, Graesser Michael, Kolda Christopher F., and Terning John, 1999 Phys. Lett. B 462 34 [11] Cline James M., Grojean Christophe and Servant Geraldine, 1999 Phys. Rev. Lett. 83 4245 [12] Kaloper Nemanja 1999 Phys. Rev. D 60 123506 [13] Mukohyama Shinji, Shiromizu Tetsuya, and Maeda Kei-ichi 2000 Phys. Rev. D 62 024028 [14] Binétruy Pierre, Deffayet Cédric, Ellwanger Ulrich, and Langlois David 2000 Phys. Lett. B 477 285 [15] Campos Antonio and Sopuerta Carlos F 2001 Phys. Rev. D 64 104011 [16] Campos Antonio and Sopuerta Carlos F 2001 Phys. Rev. D 63 104012 [17] Campos Antonio, Maartens Roy, Matravers David, and Sopuerta Carlos F 2003 Preprint gr-qc/0308158 [18] Santos M G, Vernizzi F, and Ferreira P G 2001 Phys. Rev. D 64 063506 [19] Maartens R, Sahni V, and Saini Tarun Deep 2001 Phys. Rev. D 63 063509 [20] Torporensky A V 2001 Class. Quantum Grav. 18 2311–2316 [21] Coley A A 2002 Class. Quantum Grav. 19 L45–L56 [22] Savchenko N Yu, Savchenko S V, and Toporensky A V 2002 Class. Quantum Grav. 19 4923–4932 [23] van den Hoogen R J, Coley Alan A, and He Yanjing 2003 Phys. Rev. D 68 023502 [24] van den Hoogen R J and Ibañez J 2003 Phys. Rev. D 67 083510 [25] Aguirregabiria Juan M, Chimento Luis P and Lazkoz Ruth 2003 Preprint gr-qc/0303096 [26] Maartens Roy 2003 Preprint gr-qc/0312059 [27] Langlois David 2002 Preprint hep-th/0209261 [28] Padilla Antonio 2002 Preprint hep-th/0210217 [29] Brax Philippe and van de Bruck Carsten 2003 Class. Quant. Grav. 20 R201 [30] Shiromizu T, Maeda K, and Sasaki M 2000 Phys. Rev. D 62 024012 [31] Maartens Roy 2000 Phys. Rev. D 62 084023 [32] Savonije Ivo and Verlinde Erik 2001 Phys. Lett. B 507 305 [33] Gregory James P. and Padilla Antonio 2002 Class. Quant. Grav. 19 4071 [34] Barrow John D and Maartens Roy 2002 Phys. Lett. B 532 153–158 [35] Israel Werner 1966 Nuovo Cim 44B 1 [36] Ellis G F R and MacCallum M A H 1969 Comm. Math. Phys. 12 108–141 [37] Wainwright J and Ellis G F R 1997 Dynamical Systems in Cosmology (Cambridge:Cambridge University Press) [38] Maartens Roy 2001 Geometry and dynamics of the brane-world Reference Frames and Gravitomagnetism, Proceedings of the XXIII Spanish Relativity Meeting, (Valladolid, Spain) ed Sánchez Pascual et al, (Singapore: World Scientific) [39] Carr B J and Coley A A 1999 Class. Quantum Grav. 16 R31–R71 [40] Hsu L and Wainwright J 1986 Class. Quantum Grav. 3 1105–1124 [41] van den Hoogen R J and Coley A A 1994 J. Math. Phys. 35 4117–4144