arXiv:gr-qc/0408095v3 30 Jan 2008

Slice Energy in Higher-Order Gravity Theories and Conformal Transformations

Spiros Cotsakis

Research Group of Mathematical Physics and Cosmology Department of Information and Communication Systems Engineering University of the Aegean Karlovassi 83 200, Samos, Greece E-mail: skot@aegean.gr

Abstract

We study the generic transport of slice energy between the scalar field generated by the conformal transformation of higher-order gravity theories and the matter component. We give precise relations for this exchange in the cases of dust and perfect fluids. We show that, unless we are in a stationary spacetime where slice energy is always conserved, in non-stationary situations contributions to the total slice energy depend on whether or not test matter follows geodesics in both frame representations of the dynamics, that is on whether or not the two conformally related frames are physically indistinguishable.

1 Introduction

With recent advances in observational cosmology [1] f(R) theories (and the closely related family of scalar-tensor ones) have in the last few years regained much attention both in cosmology [2] and in other contexts [3]. Perhaps the most economical and convenient way to study such modified gravity theories is through their well-known conformal relation to general relativity, a technique developed in the eighties by different groups [4].

In this conformal method the f(R)-vacuum equations on a spacetime (V, g) (the socalled Jordan frame) are transformed via a conformal transformation of the type g̃ = e^ϕg, where ϕ is a function of ∂f/∂R, to become on the conformally related spacetime (V, g̃) (the so-called Einstein frame) Einstein equations for the metric g̃ with the scalar field ϕ having a self-interacting potential that depends on the function f(R) and its first derivatives. This technique provides a refreshing way to view the f(R)-vacuum theory as a unified theory of gravitation (described in the Einstein frame by the metric g̃) and the scalar field ϕ, that is as a theory uniting general relativity and the (lagrangian) theory of the scalar field. In the Jordan frame only one single geometric object appears, the ‘metric’ g, and the conformal transformation then serves as a tool to ‘fragment’ g into its two pieces in the Einstein frame, namely the gravitational field g̃ and the scalar field ϕ.

In a higher-order gravity theory with matter we have the following different pieces of information involved in the conformal transformation:

• gravity, the field g or the conformally related field g̃

• the scalar field ϕ.

• the various matter fields ψ which couple non-minimally to g̃ and to ϕ, or their conformal transform ψ̃ which couples minimally to g̃ but is not coupled to ϕ.

The conformal transformation then relates the different pieces of matter and spacetime geometry and describes the interaction between the components listed above in the context of f(R) theories.

We describe in this paper how interactions of this sort lead to an exchange of slice energy between the various fields and spacetime geometry. For more varied interactions and energy transfer models of interest to cosmological situations see [6, 7] and references therein.

The plan of this paper is as follows. The next Section is preliminary and includes two simple applications (Corollaries 2.1, 2.2) of the basic properties (Theorems 2.1, 2.2) of the slice energy. These basic properties and also their proofs are included here for easy reference and also to establish notation. Their applications deal with the simpler case of f(R) theories in vacuum. Section 3 is the heart of this paper. There, we find the general (slice) energy transport equation and study in detail its application to the case of a general f(R) theory coupled to matter, where by matter we mean a general perfect fluid-scalar field system. There are many properties analysed here but a particularly important one deals with conditions under which the choice of ‘physical’ metric influences the net contribution to slice energy of the system. We conclude with a discussion of these results in Section 4.

2 Energy on a slice

Consider a time-oriented spacetime (V, g) with V = M × R, where M is a smooth manifold of dimension n, g a spacetime metric and the spatial slices M_t (= M × {t}) are spacelike submanifolds endowed with the time-dependent spatial metric g_t. (In the following, Greek indices run from 0 to n, while Latin indices run from 1 to n. We also assume that the metric signature is (+ − · · · −).) On (V, g) we consider a family of matterfields denoted collectively as ψ, assume that the field ψ arises from a lagrangian density which we denote by L and denote the stress tensor of the field ψ by T (ψ).

For X any causal vectorfield of V we define the energy-momentum vector P of a stress tensor T relative to X to be P^β = X_αT^{αβ} . (2.1) The energy on the slice M_t with respect to X is defined by the integral (when it exists)

E_t = ∫ M_t P^αn_αdμ_t, (2.2)

where n is the unit normal to M_t and dμ_t is the volume element with respect to the spatial metric g_t. We call P^αn_α the energy density. Assume that X and T are smooth. Then we have ∇_αP^α = ∇_α(X_βT^{αβ}) = ∇_αX_βT^{αβ} + X_β∇_αT^{αβ} or, equivalently, ∇_αP^α = 1 2 T^{αβ} (∇_αX_β + ∇_βX_α) + X_β∇_αT^{αβ}. (2.3) Thus, if K ⊂ V is a compact domain with smooth boundary ∂K, it follows from Stokes’ theorem that ∫ K ∇_αP^αdμ = ∫ ∂K P^αn_αdσ, (2.4) where dμ is the volume element of V and dσ that of ∂K, and so we find ∫ ∂K P^αn_αdσ = 1 2 ∫ K T^{αβ}(∇_αX_β + ∇_βX_α)dμ + ∫ K X_β∇_αT^{αβ}dμ. (2.5) Hence, when M is compact or the field falls off appropriately at infinity, on the spacetime slab D = Σ × [t_0, t_1], Σ ⊂ M, and with T having support on D we have the following relation for the energies on the two end-slices ∫ M_{t1} P^αn_αdμ_{t1} − ∫ M_{t0} P^αn_αdμ_{t0} = 1 2 ∫_{t1} t_0 ∫ M_t T^{αβ}(∇_αX_β + ∇_βX_α)dμ + ∫_{t1} t_0 ∫ M_t X_β∇_αT^{αβ}dμ (2.6) or E_{t1} − E_{t0} = 1 2 ∫_{t1} t_0 ∫ M_t T^{αβ}(∇_αX_β + ∇_βX_α)dμ + ∫_{t1} t_0 ∫ M_t X_β∇_αT^{αβ}dμ. (2.7)

We therefore see that when X is a Killing vectorfield the first term on the right-hand-side of Eq. (2.7) is zero and so we have

E_{t1} − E_{t0} = ∫_{t1} t_0 ∫ M_t X_β∇_αT^{αβ}dμ. (2.8) Thus we have shown the following result (cf. [8], p. 87-88).

Theorem 2.1 When X is a Killing vectorfield and the field is conserved, i.e., ∇_αT^{αβ} = 0, we have E_{t1} = E_{t0} . (2.9)

This means that, when the energy-momentum tensor of a field is conserved, the same is true for its slice energy relative to a Killing vectorfield as a function of time.

In the next Section we pay particular attention to the case for which the field is a matter field ψ interacting with a scalar field ϕ with potential V (ϕ). We take the scalar field lagrangian density to be L = − 1 2 g^{αβ}∂_αϕ∂_βϕ + V (ϕ). (2.10)

Then the energy-momentum tensor of ϕ is T^{αβ} (ϕ) = ∂^αϕ∂^β ϕ − 1 2 g^{αβ}(∂^λϕ∂_λϕ − 2V (ϕ)), (2.11)

and we have the following result.

Theorem 2.2 The energy density P^αn_α of the scalar field ϕ with potential V (ϕ) is positive when V (ϕ) > 0.

Proof. The proof, which we give here for a general scalar field potential V (ϕ), is a direct adaptation with slight modifications of that found in [8], p. 88, for a power-law potential. Using Eq. (2.11) we calculate

P^αn_α = − 1 2 X^αn_α∂^λϕ∂_λϕ + X^α∂_αϕn^β∂_β ϕ + X^αn_αV (ϕ). (2.12)

We define the quadratic form

γ^{λμ} = −g^{λμ}X^αn_α + (X^λn^μ + X^μn^λ) (2.13)

and then we find that

P^αn_α = − 1 2 X^αn_αg^{λμ}∂_λϕ∂_μϕ + 1 2 (X^λn^μ + X^μn^λ)∂_λϕ∂_μϕ + X^αn_αV (ϕ). (2.14)

This means that P^αn_α = 1 2 γ^{λμ}∂_λϕ∂_μϕ + X^αn_αV (ϕ). (2.15) Since M_t is a t = const. hypersurface, we can choose coordinates such that X^0 = 1, X^i = 0, n_i = 0. Then n_0 = (g^{00})^{−1/2}, n^i = g^{i0}(g^{00})^{−1/2} and so it follows that the quadratic form γ is positive definite,

γ^{00} = g^{00}n_0, γ^{i0} = 0 γ^{ij} = −g^{ij}n_0, (2.16)

(recall signature of g_{ij} is (− · · · −)). We then find that

P^αn_α = 1 2 ( γ^{00}∂_0ϕ∂_0ϕ + 2γ^{i0}∂_iϕ∂_0ϕ + γ^{ij}∂_iϕ∂_j ϕ ) + n_0V (ϕ) = 1 2 ( n_0g^{00}ϕ̇^2 − g^{ij}n_0∂_iϕ∂_j ϕ ) + n_0V (ϕ)

and therefore we conclude that the energy density P^αn_α is positive whenever V (ϕ) > 0. This concludes the proof.

To end this Section, for the following simple application of the preceding developments we restrict attention to n = 4 spacetime dimensions although everything we do becomes valid with minor modifications to arbitrary n. The following notation for conformally related quantities is used: Let g and g̃ be two conformal metrics, g̃ = Ω^2g, on the manifold V. This means that in two orthonormal moving frames, θ^α and θ̃^α, the two conformal metrics satisfy

g̃ = η_{αβ}θ̃^αθ̃^β , g = η_{αβ}θ^αθ^β and θ̃^α = Ω^{−1} θ^α, (2.17) with η_{αβ} = diag(+, − · · · −) being the flat metric. Setting Ω^2 = e^ϕ we see that θ̃^α = e^{−ϕ/2}θ^α and obviously θ̃_α = e^{ϕ/2}θ_α. The same rules are true for any 1-form or vectorfield on V. Consider now the f(R)-vacuum equations, L_{αβ} ≡ f^′R_{αβ} − 1 2 g_{αβ}f − ∇_α∇_βf^′ + g_{αβ} □_gf^′ = 0, (2.18) where the left hand side satisfies the conservation identities (cf. [9], p. 140) ∇_αL^{αβ} = 0. (2.19) Then we conformally transform from (V, g) to the Einstein frame (V, g̃), according to the prescription given in [4], that is, we set ϕ = ln f^′, (2.20) to obtain the Einstein equations with a scalar field ‘matter source’ of potential V (ϕ) = (1/2)(f^′)^{−2}(Rf^′ − f) and energy-momentum tensor given by Eq. (2.11): G̃_{αβ} = T̃_{αβ} (ϕ). (2.21) In this case we conclude that the field ϕ is conserved, i.e., ~∇_αT̃^{αβ} (ϕ) = 0, (2.22) and, since ~∇_αT̃^{αβ}(ϕ) = ∂^β ϕ( ~∇_α∂^αϕ + V^′), (2.23) we find that the ϕ-field is a scalar field satisfying the wave equation ~∇_α∂^αϕ + V^′ = 0. (2.24) Further from Theorem 2.1 we have the following result.

Corollary 2.1 The slice energy of the scalar field ϕ generated by the conformal transformation (2.20) to the Einstein frame of the f(R)-vacuum equations (2.18) relative to a Killing vectorfield of g̃ is conserved, i.e., Ẽ_t(ϕ) = ∫ M_t P̃^αñ_αdμ̃_t = const, (2.25) with dμ̃_t being the volume element of g̃_t.

Secondly from Theorem 2.2 we have:

Corollary 2.2 For all f(R)-vacuum theories (2.18) with a positive potential in the Einstein frame the energy density P̃^αñ_α of ϕ is positive.

Examples of theories in the last Corollary include, for instance, the choice f(R) = R + αR^2, α > 0.

3 f(R)-matter systems

Suppose now that we start by coupling a matter field ψ to the geometry in (V, g) via the f(R)-matter field equations f^′R_{αβ} − 1 2 g_{αβ}f − ∇_α∇_βf^′ + g_{αβ} □_gf^′ = T_{αβ}(ψ). (3.1) Because of the conservation identities (2.19), the field ψ satisfies the conservation laws ∇_αT^{αβ}(ψ) = 0. (3.2) Then, if we conformally transform from (V, g) to the Einstein frame (V, g̃) according to (2.20), in place of equations (2.21) we obtain G̃_{αβ} = T̃_{αβ}(ϕ) + T̃_{αβ} (ψ̃), (3.3) where now the whole tensor in the right-hand-side is conserved, namely ~∇_α ( T̃^{αβ} (ϕ) + T̃^{αβ} (ψ̃) ) = 0, (3.4) but the two components are not conserved separately, that is ~∇_αT̃^{αβ}(ϕ) ≠ 0 (3.5) and ~∇_αT̃^{αβ}(ψ̃) ≠ 0, (3.6) unless the conservation equations (3.2) for the field ψ are conformally invariant (conditions for this are given in [10], p. 448). This result (already given in Ref. [11]) indicates that in higher order gravity theories there must be a generic, nontrivial ϕ − ψ̃ interaction between the matter field ψ̃ and the ϕ-field, and an associated exchange of energy between ϕ and ψ̃.

Writing Eq. (2.7) for the scalar field ϕ and substituting for the last term in the righthand-side from Eq. (3.4) we find the general energy transport equation in the Einstein frame,

E_{t1} (ϕ)−E_{t0} (ϕ) = 1 2 ∫_{t1} t_0 ∫ M_t T̃^{αβ}(ϕ)( ~∇_αX̃_β + ~∇_βX̃_α)dμ̃− ∫_{t1} t_0 ∫ M_t X̃_β ~∇_αT̃^{αβ}(ψ̃)dμ̃, (3.7)

with dμ̃ being the volume element of g̃.

This result is only symbolic and has to be augmented by precise equations satisfied by the fields. Since the stress tensor of the ϕ-field is not separately conserved, it follows that the ϕ-field will not satisfy the usual scalar wave equation, ~□_{g̃}ϕ + V^′(ϕ) = 0, but this equation will in general contain new terms. Similarly for the ‘ordinary matter’ ψ̃-field, whatever its form (scalar field, Maxwell, a fluid etc), its field equations have new terms indicating the ϕ − ψ̃ interaction and associated energy exchange. For instance, if the ψ̃ field is another scalar field, then the equations satisfied by its conformal transform, ψ̃, have a general form of the type ~□ψ̃ + h(ϕ) ∂_αϕ ∂^αψ̃ = 0, where h(ϕ) is a smooth function of ϕ (often exponential).

To study this interaction and the associated energy exchange between ϕ and ψ̃ more closely we give some concrete examples. Suppose firstly that ψ is a dust cloud on (V, g) with 4-velocity V_α and stress tensor T_{αβ, dust} = ρV_αV_β, (3.8) satisfying the f(R)-dust equations in the Jordan frame, namely f^′R_{αβ} − 1 2 g_{αβ}f − ∇_α∇_βf^′ + g_{αβ} □_gf^′ = ρV_αV_β. (3.9) Then ∇_α(ρV^αV^β) = 0, (3.10) and it is obvious that here the dust streamlines are geodesics, that is V^α is the tangent vectorfield to the geodesics. After the conformal transformation we find

G̃_{αβ} = T̃_{αβ} (ϕ) + ρ̃ Ṽ_αṼ_β, (3.11)

with T̃_{αβ} (ϕ) given by (2.11) with tildes where appropriate, and with

Ṽ_a = e^{−ϕ/2}V_a, ρ̃ = e^{−2ϕ}ρ. (3.12)

(We have set ρ̃ = Ω^{−4}ρ and since Ω^2 = e^ϕ, Ω^{−4} = e^{−2ϕ}.)

What is the field equation satisfied by the scalar field ϕ? From Eq. (3.11) the divergence of the stress tensor of ϕ is minus that of the dust, but

~∇_α(ρ̃ Ṽ^αṼ^β) = ∇_α(ρ̃ Ṽ^αṼ^β) + A^α_γρ̃ Ṽ^γṼ^β + A^β_{αγ}ρ̃ Ṽ^αṼ^γ , (3.13)

where A^α_{βγ} = 1 2 ( δ^α_β ∂_γ ϕ + δ^α_γ ∂_βϕ − g_{βγ} g^{αδ}∂_δ ϕ ) . (3.14) From these equations and Eq. (3.10) we deduce the modified scalar field equation in the form ∂^β ϕ(~□ϕ + V^′) + 1 2 ρ̃ Ṽ^αṼ^β∂_αϕ − 1 2 ρ̃∂^β ϕ = 0. (3.15) Another way to derive the scalar field equation is as follows. Since

~∇_αT̃^{αβ}_{dust} = ~∇_α(ρ̃ Ṽ^αṼ^β) = Ṽ^β ~∇_α(ρ̃ Ṽ^α) + ρ̃( ~∇_αṼ^β)Ṽ^α, (3.16)

and, since Ṽ_βṼ^β = 1, if we multiply Eq. (2.23) by Ṽ_β and use the fact that the divergence of the right hand side of Eq. (3.11) is zero to arrive at the following equation for the scalar field ϕ in the Einstein frame, namely,

∂^β ϕ(~□ϕ + V^′) + Ṽ^β ~∇_α(ρ̃ Ṽ^α) + ρ̃Ṽ^α ~∇_αṼ^β = 0. (3.17)

Recalling that dust matter follows geodesics on the original Jordan frame, V^α∇_αV^β = 0, and taking it as a working hypothesis that the same is true in the conformally related

Einstein frame, we find that the last two terms in this equation are equal to the last two terms in Eq. (3.15) and so we conclude that Eq. (3.17) provides an equivalent form of Eq. (3.15).

We note that only in the very special case where we impose the constraint Ṽ_β = ∂_β ϕ, (3.18) which implies some sort of ‘alignment’ between the dust component and the scalar field, does the scalar field equation (3.15) becomes the standard one, namely, ~□ϕ + V^′ = 0. (3.19) We now study the behaviour of the total slice energy of the system comprised of ϕ and the dust component. We choose V = X so that P^αn_α = X_βn_αρV^αV^β = ρV^αn_α. (3.20) Hence, applying Stokes’ theorem we obtain ∫ K ~∇_α(ρ̃Ṽ^α)dμ̃ = ∫ ∂K ρ̃Ṽ^αñ_αdσ̃. (3.21) Therefore Eq. (3.7) becomes

E_{t1} (ϕ) − E_{t0} (ϕ) = 1 2 ∫_{t1} t_0 ∫ M_t T̃^{αβ}(ϕ)( ~∇_αṼ_β + ~∇_βṼ_α)dμ̃

− [∫ M_{t1} ρ̃Ṽ^αñ_αdμ̃_{t1} − ∫ M_{t0} ρ̃Ṽ^αñ_αdμ̃_{t0} ]

= 1 2 ∫_{t1} t_0 ∫ M_t T̃^{αβ}(ϕ)( ~∇_αṼ_β + ~∇_βṼ_α)dμ̃ + ∫ M_{t0} ρ̃Ṽ^αñ_αdμ̃_{t0} − ∫ M_{t1} ρ̃Ṽ^αñ_αdμ̃_{t1} , (3.22) or E_t(ϕ) + E_t(dust) = E_0(ϕ) + E_0(dust) + 1 2 ∫_{t1} t_0 ∫ M_t T̃^{αβ}(ϕ)( ~∇_αṼ_β + ~∇_βṼ_α)dμ̃, (3.23) where by definition and Eq. (3.20), for any t,

E_t(dust) = ∫ M_t ρV^αn_αdμ_t. (3.24)

We see that the last term in Eq. (3.23) can be zero only when V is a Killing vectorfield. We therefore arrive at the following result about the total slice energy with respect to the fluid itself.

Theorem 3.1 The total slice energy with respect to the timelike vectorfield Ṽ , tangent to the dust timelines, of the scalar field-dust system satisfying the field equations (3.9), satisfies

E_t(ϕ + dust) = E_0(ϕ + dust) + 1 2 ∫_{t1} t_0 ∫ M_t T̃^{αβ}(ϕ)( ~∇_αṼ_β + ~∇_βṼ_α)dμ̃. (3.25)

In particular the slice energy of the scalar field-dust system is conserved when Ṽ is a Killing vectorfield of g̃.

We also conclude that the property of the conservation of slice energy for dust is a conformal invariant. However, when V is not a Killing vectorfield, we see that there is a nontrivial contribution to the slice energy coming from the combined effect of the stress tensor of the scalar field generated by the conformal transformation coupled to the non-stationarity of the spacetime due to the lack of a Killing vector. Note that this contribution is also nonzero even in the special case that Eq. (3.18) is assumed for in that case the first term in T̃^{αβ}(ϕ)( ~∇_αṼ_β + ~∇_βṼ_α) is zero because Ṽ^αṼ^β( ~∇_αṼ_β + ~∇_βṼ_α) = 0, but the whole combination is still not zero as there are additional terms coming from the contributions of the other terms in Eq. (2.11) (unless the fluid satisfies an extra condition – see below).

We now proceed to see how this result changes when we assume that (V, g) is filled with a perfect fluid. With our conventions the stress tensor of a perfect fluid with energy density ρ and pressure density p is T_{αβ} = (ρ + p)V_αV_β − pg_{αβ} and the fluid satisfies the field equations f^′R_{αβ} − 1 2 g_{αβ} f − ∇_α∇_βf^′ + g_{αβ}□_gf^′ = (ρ + p)V_αV_β − pg_{αβ} . (3.26)

In this case, because the energy-momentum vector P^α = ρV^α, we have P^αn_α = ρV^αn_α and so the slice energy with respect to the timelike vectorfield Ṽ in the Einstein frame is again E_t(fluid) = ∫ M_t ρ̃Ṽ^αñ_αdμ̃_t. (3.27) Then ~∇_αT̃^{αβ}_{fluid} = ~∇_α [ (ρ̃ + p̃)Ṽ^α ] Ṽ^β + (ρ̃ + p̃)Ṽ^α ~∇_αṼ^β − ~∇^βp̃. (3.28)

Since Ṽ_αṼ^α = 1, we have Ṽ_α ~∇_βṼ^α = 0 and so on multiplication of Eq. (3.28) by Ṽ_β we find Ṽ_β ~∇_αT̃^{αβ}_{fluid} = ~∇_α [ (ρ̃ + p̃)Ṽ^α ] − Ṽ^β∂_βp̃ = p̃ ~∇_αṼ^α + ~∇_α(ρ̃ Ṽ^α). (3.29)

Integrating Eq. (3.29) on the spacetime slab D and using Eq. (3.21) to re-express the ρ-term in (3.29) we have ∫_{t1} t_0 ∫ M_t −Ṽ_β ~∇_αT̃^{αβ}_{fluid}dμ̃ = ∫_{t1} t_0 ∫ M_t −p̃ ~∇^αṼ_αdμ̃ − [∫ M_{t1} ρ̃dμ̃_{t1} − ∫ M_{t0} ρ̃dμ̃_{t0} ] (3.30)

and therefore we obtain from (3.7) the general energy transport equation in the form

E_{t1} (ϕ) − E_{t0} (ϕ) = 1 2 ∫_{t1} t_0 ∫ M_t T̃^{αβ}(ϕ)( ~∇_αṼ_β + ~∇_βṼ_α)dμ̃ − ∫_{t1} t_0 ∫ M_t p̃ ~∇^αṼ_αdμ̃ + E_{t0} (fluid) − E_{t1} (fluid). (3.31)

We thus arrive at the following result.

Theorem 3.2 The total slice energy of the scalar field – perfect fluid system satisfying the field equations (3.26), depends upon the integrated pressure according to the formula

E_{t1} (ϕ+fluid) = E_{t0} (ϕ+fluid)+ 1 2 ∫_{t1} t_0 ∫ M_t T̃^{αβ}(ϕ)( ~∇_αṼ_β + ~∇_βṼ_α)dμ̃− ∫_{t1} t_0 ∫ M_t p̃ ~∇^αṼ_αdμ̃. (3.32) In particular, the slice energy is conserved when Ṽ is a Killing vectorfield for g̃ (stationary spacetime).

When V is not a Killing vectorfield, this slice energy is not generally conserved and this is true even in the special case of a fluid with zero expansion, ~∇^αṼ_α = 0, for which the last term in Eq. (3.32) is zero. In this case the term depending on the scalar field continues to have a nonzero contribution to the total slice energy. This term is given by

T^{αβ}(ϕ)( ~∇_αṼ_β + ~∇_βṼ_α) = ∂^αϕ∂^β ϕ( ~∇_αṼ_β + ~∇_βṼ_α) − ~∇_αṼ^α(∂^λϕ∂_λϕ − 2V (ϕ)) (3.33)

and so Eq. (3.32) becomes

E_{t1} (ϕ + fluid) = E_{t0} (ϕ + fluid) + 1 2 ∫_{t1} t_0 ∫ M_t ∂^αϕ∂^β ϕ( ~∇_αṼ_β + ~∇_βṼ_α)dμ̃ − ∫_{t1} t_0 ∫ M_t ( 1 2 ∂^λϕ∂_λϕ + p̃ − V (ϕ)) ~∇^αṼ_αdμ̃. (3.34)

We conclude that the only other possible case for which we have slice energy conservation is when V is not a Killing vectorfield for g̃, but the alignment condition (3.18) holds (making the middle term in Eq. (3.34) equal to zero) and the fluid has in addition zero expansion (last term in Eq. (3.34) is zero).

4 Discussion

The results of this paper allow us to make some comments concerning the problem of deciding which of the two frames (or metrics), Jordan or Einstein, is the physical one, meaning in which of the two representations of the dynamics test particles follow geodesics (assuming the validity of the principle of equivalence). In the case where test particles follow geodesics in both frames, one says that the two conformally related frames are physically equivalent. The main results of Section 3, in particular Eq. 3.25 (as well as its pressure extension - Eq. 3.32), were proved under the implicit assumption that the vectorfield V^a of the dust streamlines generates geodesics in both the Jordan frame and the conformally related Einstein frame.

But does Ṽ^α always generate a geodesic in the latter frame so that Ṽ_β ~∇_αT̃^{αβ}_{dust} = ~∇_α(ρ̃Ṽ α) (cf. Eq. 3.16)? In general, it will not do so and the two frames will not be physically equivalent. In this case, we have Ṽ_β ~∇_αT̃^{αβ}_{dust} = ~∇_α(ρ̃ Ṽ^α)Ṽ_βṼ^β + ρ̃( ~∇_αṼ^β)Ṽ^αṼ_β, (4.1)

so that the result of Theorem 3.1 becomes,

E_t(ϕ + dust) = E_0(ϕ + dust) + 1 2 ∫_{t1} t_0 ∫ M_t T̃^{αβ}(ϕ)( ~∇_αṼ_β + ~∇_βṼ_α)dμ̃ − ∫_{t1} t_0 ∫ M_t ρ̃( ~∇_αṼ^β)Ṽ^αṼ_βdμ̃,

= E_0(ϕ + dust) + 1 2 ∫_{t1} t_0 ∫ M_t ( T̃^{αβ}(ϕ) − ρ̃Ṽ^αṼ^β ) ( ~∇_αṼ_β + ~∇_βṼ_α)dμ̃. (4.2) We may therefore conclude that the expressions for the total slice energy in the two situations considered here, namely, when test particles follow geodesics in both metrics g, g̃ (cf. Eq. 3.25), or only in the original Jordan frame metric g (cf. Eq. 4.2), are different and in the latter case there is an extra term contributing to the total energy (i.e., the dust term in the integrand in the last term in Eq. 4.2). This additional contribution will appear as a measurable quantity which, if measured to be nonzero, will lead us to conclude that the two conformally related frames cannot be physically indistinguishable.

Acknowledgements

We are indebted to Y. Choquet-Bruhat for her encouragement and for offering her precious time and opinion so willingly. These have led to a substantial improvement of this work. We also thank J. Miritzis for reading this paper and P.G.L. Leach for comments on a preliminary version of this manuscript.

References

[1] A.G. Reiss, et al, Astron. J. 116 (1998) 1009; [arXiv:astro-ph/9805201]; S. Perlmutter, et al, Ap. J. 517 (1999) 565; [arXiv:astro-ph/9812133]; C. B. Netterfield, et al,

Ap. J. 571 (2002) 604; [arXiv:astro-ph/0104460]; N. W. Halverson, et al, Ap. J. 568 (2002) 38 [arXiv:astro-ph/0104489]; C. L. Bennett, et al, [arXiv:astro-ph/0302207]; J. L. Tonry, et al, Ap. J. 594 (2003) 1; [arXiv:astro-ph/0305008].

[2] S. Capozzielo, et al, [arXiv:astro-ph/0303041]; J. Miritzis, J.Math.Phys. 44 (2003) 3900-3910, [arXiv:gr-qc/0305062]; J. Miritzis, Class.Quant.Grav. 21 (2004) 3043-3056, [arXiv:gr-qc/0402039]; S. M. Carroll, et al, Phys.Rev. D70 (2004) 043528, [arXiv:astro-ph/0306438]; D. N. Vollick, Phys.Rev. D68 (2003) 063510, [arXiv:astro-ph/0306630]; S. Nojiri and S. D. Odintsov, Phys. Rev. D68 (2003) 123512; [arXiv:hep-th/0307288]; S. Nojiri and S. D. Odintsov, Gen. Rel. Grav. 36 (2004) 1765; [arXiv:hep-th/0308176]; X. Meng and P. Wang, Class.Quant.Grav. 20 (2003) 4949-4962, [arXiv:astro-ph/0307354]; A.D. Dolgov, M. Kawasaki, Phys.Lett. B573 (2003) 1-4, [arXiv:astro-ph/0307285v2]; M. E. Soussa, R. P. Woodard, Gen.Rel.Grav. 36 (2004) 855-862, [arXiv:astro-ph/0308114v2]; S. Nojiri, S. D. Odintsov, Gen.Rel.Grav. 36 (2004) 1765-1780, [arXiv:hep-th/0308176v2]; D. N. Vollick, Phys.Rev. D69 (2004) 064030, [arXiv:gr-qc/0309101v1]; S. Nojiri, S. D. Odintsov, Mod.Phys.Lett. A19 (2004) 627-638, [arXiv:hep-th/0310045v1]; G. Allemandi, A. Borowiec, M. Francaviglia, Phys.Rev. D70 (2004) 043524, [arXiv:hep-th/0403264v2]; J.-F. Dufaux et al, Phys.Rev. D70 (2004) 083525, [arXiv:hep-th/0404161v2]; F. P. Schuller, M. N.R. Wohlfarth, Nucl.Phys. B698 (2004), [arXiv:hep-th/0403056v2]; M. Gasperini, Int.J.Mod.Phys. D13 (2004) 2267-2274, [arXiv:gr-qc/0405083v1]; S. Nojiri, TSPU Vestnik 44N7 (2004) 49- 57, [arXiv:hep-th/0407099v2]; P. Wang , Gen.Rel.Grav. 38 (2006) 517-521, [arXiv:gr-qc/0408058v1]; M.C.B. Abdalla et al, Class.Quant.Grav. 22 (2005) L35, [arXiv:hep-th/0409177v3]; F. P. Schuller, M. N.R. Wohlfarth, Phys.Lett. B612 (2005) 93-99, [arXiv:gr-qc/0411076v3]; X. Meng and P. Wang, Class.Quant.Grav. 22 (2005) 23-32, [arXiv:gr-qc/0411007v1]; K. Maeda, N. Ohta, Phys.Rev. D71 (2005) 063520, [arXiv:hep-th/0411093v4]; V. V. Dyadichev et al, Phys.Rev. D72 (2005) 084021, [arXiv:hep-th/0412334v3]; J. Miritzis, J.Math.Phys. 46 (2005) 082502,

[arXiv:gr-qc/0505139]; T. Clifton, J. D. Barrow, Phys.Rev. D72 (2005) 103005, [arXiv:gr-qc/0509059v2]; J. D. Barrow and T. Clifton, Class.Quant.Grav. 23 (2006) L1, [arXiv:gr-qc/0509085v1]; S. Nojiri, S. D. Odintsov, Phys.Lett. B631 (2005) 1-6; S. Carloni et al, Class.Quant.Grav. 23 (2006) 1913-1922, [arXiv:gr-qc/0510130v1]; J. A. Leach, et al, Class.Quant.Grav. 23 (2006) 4915-4937, [arXiv:gr-qc/0603012v2]; T. Clifton, J. D. Barrow, Phys.Rev. D72 (2005) 123003, [arXiv:gr-qc/0511076v3]; J. D. Barrow, S. Hervik, Phys.Rev. D73 (2006) 023007, [arXiv:gr-qc/0511127v3]; M. Bojowald, M. Kagan, Class.Quant.Grav. 23 (2006) 4983-4990, [arXiv:gr-qc/0604105v1]; R. Catena, et al, [arXiv:astro-ph/0604492v2]; S. Capozzielo, et al, Phys.Lett. B639 (2006) 135-143, [arXiv:astro-ph/0604431v3]; Luca Amendola, et al, Int. J. Mod. Phys. D16, 1555-1561, 2007, [arXiv:astro-ph/0605384v2]; S. Tsujikawa, Annalen Phys. 15 (2006) 302-315, [arXiv:hep-th/0606040v2]; D. Muller, S. D. P. Vitenti, Phys.Rev. D74 (2006) 083516, [arXiv:gr-qc/0606018v2]; W. Fang, et al, [arXiv:hep-th/0606032v4]; J. D. Barrow, S. Hervik, Phys.Rev. D74 (2006) 124017, [arXiv:gr-qc/0610013v2]; T. Clifton, J. D. Barrow, Class.Quant.Grav. 23 (2006) 2951, [arXiv:gr-qc/0601118v1]; T. Faulkner, et al, [arXiv:astro-ph/0612569v1]; B. Li, et al, Phys. Rev. D75, 084010 (2007), [arXiv:gr-qc/0701111v2]; J. Miritzis, arXiv:0708.1396v1 [gr-qc]; S. Cotsakis, A. Tsokaros, Phys. Lett. B. 651 (2007) 341- 344, [arXiv:gr-qc/0703043]; N. Agarwal, R. Bean, [arXiv:0708.3967]; C. G. Boehmer, et al, arXiv:0709.0046v2 [gr-qc].

[3] T. Chiba, Phys.Lett. B575 (2003) 1-3, [arXiv:astro-ph/0307338]; E. E. Flanagan, Phys.Rev.Lett. 92 (2004) 071101, [arXiv:astro-ph/0308111]; E. E. Flanagan, Class.Quant.Grav. 21 (2003) 417-426, [arXiv:gr-qc/0309015]; D. N. Vollick, Class.Quant.Grav. 21 (2004) 3813-3816 [arXiv:gr-qc/0312041]; Xin-He Meng, P. Wang, Gen.Rel.Grav. 36 (2004) 1947-1954, [arXiv:gr-qc/0311019v1]; E. E. Flanagan, Class.Quant.Grav. 21 (2004) 3817, [arXiv:gr-qc/0403063]; G. J. Olmo and W. Komp, [arXiv:gr-qc/0403092]; A. Nunez and S. Solganik, [arXiv:hep-th/0403159]; P. Wang, et al, Gen.Rel.Grav. 38 (2006) 517-521, [arXiv:gr-qc/0408058v1]; D.

Vollick, Phys.Rev. D71 (2005) 044020, [arXiv:gr-qc/0409068v1]; X. Meng and P. Wang, Class.Quant.Grav. 22 (2005) 23-32, [arXiv:gr-qc/0411007v1]; C. H. Brans, arXiv:gr-qc/0506063v1; T.P. Sotiriou, Class.Quant.Grav. 23 (2006) 5117- 5128, [arXiv:gr-qc/0604028v2]; S. Deser and B. Tekin, Class.Quant.Grav. 23 (2006) 7479-7482, [arXiv:gr-0qc/0609111]; G. J. Olmo, Phys.Rev.Lett. 98 (2007) 061101, [arXiv:gr-qc/0612002]; G. J. Olmo, Phys.Rev. D75 (2007) 023511, [arXiv:gr-qc/0612047]; G. Allemanti and M. Francaviglia, Int. J. Geom. Meth. Mod. Phys. 4 (2007) 1-23; S. Capozzielo, et al, arXiv:0708.3038v2; A. Iglesias, et al, arXiv:0708.1163v2; N. Lanahan-Tremblay, V. Faraoni, arXiv:0709.4414v2; D. Vollick, arXiv:0710.1859v2; N Deruelle, et al, arXiv:0711.1150v1; M. Salgado, et al, arXiv:0801.2372v1.

[4] J. D. Barrow and S. Cotsakis, Phys. Lett. B214 (1988) 515; K. Maeda, Phys. Rev.

D39 (1989) 3159.

[5] M. Gasperini, Int. J. Mod. Phys. D13 (2004) 2267-2274.

[6] J. D. Barrow and T. Clifton, Phys. Rev. D73 (2006) 103520.

[7] J. D. Barrow and T. Clifton, Phys. Rev. D73 (2006) 104022.

[8] Y. Choquet-Bruhat and C. DeWitt-Morette, Analysis, Manifolds and Physics, Part II, Revised and Enlarged Edition (North-Holland, 2000)

[9] A. Eddington, The Mathematical Theory of Relativity, (Chelsea, 1923)

[10] R. M. Wald, General Relativity, (Chicago University Press, 1984)

[11] S. Cotsakis, Phys. Rev. D47 (1993) 1437-1439; Erratum: Phys. Rev. D49 (1994) 1145.