arXiv:gr-qc/0410019 v1 5 Oct 2004

Rigidity of cosmic acceleration in a class of k-essence cosmologies

Ruth Lazkoz

Fisika Teorikoa, Zientzia eta Teknologiaren Fakultatea, Euskal Herriko Unibertsitatea, 644 Posta Kutxatila, 48080 Bilbao, Spain

Abstract

We study the structural stability of a cosmic acceleration (inflation) in a class of k-essence cosmologies against changes in the shape of the potential. Those models may be viewed as generalized tachyon cosmologies and this analysis extends previous results on the structural stability of cosmic acceleration in tachyon cosmologies. The study considers both phantom and non-phantom cases. The concepts of rigidity and fragility are defined through a condition on the functional form of the Hubble factor. Given the known result of the existence of inflationary (non-phantom) and super-inflationary (phantom) attractors we formulate the question of their structural stability. We find that those attractors are rigid in the sense that they never change as long as the conditions for inflation or super-inflation are met.

1

1 Introduction

Even though WMAP data [1] support the inflationary paradigm , no completely satisfactory theoretical explanation of that phenomenon has been found yet. Some works in this direction have attempted to find an answer in string theory, and as a result tachyonic inflation has been put forward [2]. The idea strongly relies in the possibility of describing tachyon condensates in string theories in terms of perfect fluids. Such models are derived from the factorizable Born-Infeld Lagrangian L = −V (ϕ) √ 1 − ϕ̇^2 which was associated with the tachyon by computations in boundary string field theory [3]. Such Lagrangian also arises in open bosonic string theory [4] and is a key ingredient in the effective theory of D-branes [5]. The energy density and pressure of cosmologies derived from that Lagrangian will not be canonical in the sense that they will not depend linearly on the kinetic energy.

In general, cosmological models derived from Lagrangians with non-cano-nical kinetic terms are dubbed k-essence cosmologies. Such models have not only been considered for the modest goal of describing inflation, but also for the most ambitious purposes of describing late time acceleration induced by dark energy or even for the unification of dark energy and dark matter. Nevertheless, here we will concentrate on issues to do with inflation only.

Construction of cosmological models involves a great deal of idealization, and k-essence models are no exception. It may turn out that conclusions or results depend strongly on the chosen values and number of free parameters in the potential. There are two main reasons why cosmological modeling is never perfect: First, simplifying assumptions made in common practice are chosen for technical convenience and have little to do with observations; second, cosmological observations depend on the model and so add to the possible errors, and thus, even models based on observation will necessarily be imperfect. To make things worse, the existence of a large number of noticeably different mathematical models which agree so well with the data make a very bad case of the empirical methods used nowadays in physics [6].

As put forward many years ago by Andronov and Pontryagin [7], in one wishes to build satisfactory models of real phenomena (not just in cosmology) then one should try and make ensure their structural stability, that is, one should provide predictions qualitative independent of perturbations. In addition, it has been claimed [9] that the concepts of rigidity and fragility seem to be important for most cosmological models, and that structural fragility might be the suitable theoretical setup for cosmology [8].

Turning back to inflation driven by k-essence, we address the problem of its rigidity or fragility from the perspective of a class of models which can be viewed as generalizations of the conventional tachyon cosmologies. The relation between these generalized tachyon cosmologies and the conventional ones is that there is a relation of proportionality between the effective speed of sound of those two classes of k-essence.

In analysis of structural stability of inflation in such models we follow closely an approach devised for standard scalar fields in [10], as we did in our previous work regarding conventional tachyon cosmologies [11] (this technique has also been recently applied to study the structural stability of inflation with phantom fields). The method allows identifying regions where the attractor solutions change, thus indicating fragility in the system.

The evolution of our models, and of any other FRW cosmology with a single matter component, is given by a two-dimensional set of equations. This is particularly interesting, because according to the Peixoto theorem for as close as wished to any two-dimensional dynamical system there exists another one which is structurally stable. Therefore, it is justified to require the structural stability of inflation of FRW cosmologies with a single matter component. Note that at the end of the day inflation will only represent a realistic phenomenon if it shared by both a particular model and by slightly perturbed versions of it.

The plot of the paper is as follows. In Section 1 we outline the main equations, in Section 2, we prove the existence of inflationary attractors, in Section 3 we prove the rigidity of inflation in the models under discussion, and finally in Section 4 we draw our main conclusions.

2 Basic setup

The Einstein equations for a flat (k = 0) Friedmann-Robertson-Walker (FRW) cosmological model with a perfect fluid with energy density ρ and pressure p

3H^2 = ρ (1) 2Ḣ = −(ρ + p), (2)

and they lead to the conservation equation

ρ̇ + 3H(ρ + p), (3) where overdots denote differentiation with respect to cosmic time t, H ≡ ȧ/a is the Hubble parameter, and a is the synchronous scale factor.

Let us recall now that conventional tachyon cosmologies [12] are a class of k-essence cosmologies [13]. If the tachyon field is ϕ and the self-interaction potential is V (ϕ) we have ρ = V (ϕ) √ 1 ∓ ϕ̇^2

, (4) p = −V (ϕ) √ 1 ∓ ϕ̇^2. (5)

where here and throughout the upper sign will correspond to non-phantom models and the lower one to phantom ones. Recall that for phantom models ρ > 0 and ρ + p < 0. Note as well that switching from the non-phantom to the phantom case only takes a Wick rotation of the field [15].

The stability of the k-essence with respect to small wavelength perturbations requires that the square of the effective sound speed given by the definition [14]

c^2_s = ∂p/∂ϕ̇^2 ∂ρ/∂ϕ̇^2 (6) be positive. However, in [16] it was shown that a positive sound speed is not a sufficient condition for the theory to be stable. In the case of the conventional tachyon cosmologies one has

c^2_s = 1 ∓ ϕ̇^2, (7)

and combining this result with the aforementioned requirement on c^2_s , in [17] the author looked for the families of k-essence cosmologies such that their sound speed is proportional to that of the conventional tachyon. In that reference it was found that if r is an arbitrary parameter, then k-essence models with a sound speed 2r − 1 times smaller than conventional tachyon models correspond to having

ρ = V (ϕ)(1 ∓ ϕ̇^{2r})^{1−2r2r} , (8) p = −V (ϕ)(1 ∓ ϕ̇^{2r})^{12r} . (9)

Accordingly, Eqs. (2) and (3) become respectively 2Ḣ 3H^2

= ∓ϕ̇^{2r} (10) and V,_ϕ V ± 3Hϕ̇^{2r−1} + (2r − 1) ϕ̇2(r−1)ϕ̈ 1 ∓ ϕ̇^{2r} = 0 (11)

Now, our purpose is to look for correspondences between the space of scale factors and that of inflationary potentials in the setup of this class of k-essence cosmologies. We will set the discussion in a general framework (valid for any potential) which is an adaptation of Lidsey’s approach [10].

Nevertheless, before we go on we have to study whether inflationary solutions are asymptotically stable, i.e. whether inflationary attractors exist. Typically, for inflation to proceed it is necessary that the energy density be dominated by the potential energy, which is equivalent to having a negligible kinetic energy. In such situation, it will be possible to discard the term proportional to ϕ̈ in (11). As a consequence inflationary attractors must be solutions satisfying γ = −2Ḣ/3H^2 ≈ cons.

The stability of k-essence models with constant barotropic index was studied in [18], where it was shown that stability required γ < 1, so accelerated and super-accelerated (phantom) solutions are attractors. This proves the existence of inflationary attractors.

Having proved, the existence of generalized tachyon cosmologies with accelerated expansion, we can now move on to see how the features of the attractors depend on the form of the potential.

3 Structural stability

We start off by rewriting the equations of motion, using the Hamiltonian formalism. The Friedmann constraint can be cast in the following form: ( 3H^2 )_{2r} = V^{2r} 1 ∓ ( ∓ 2H^′ 3H^2 ) 2r_{2r−1} 1−2r , (12)

where here and throughout primes denote differentiation with respect to ϕ.

Clearly, the task of obtaining most of the important results to do with accelerated expansion gets simplified upon using the Hamiltonian formalism. Specifically, the power and appeal of this technique lies in the fact that it allows to consider H(ϕ), rather than V (ϕ) as the fundamental quantity to be specified.

Solutions to (12) can be labelled by means of a parameter p, so that we have H(ϕ(t), p). The value of p is fixed unambiguously once the initial conditions have been chosen. The corresponding expression for the scale factor will be

a(ϕ(t), p) = a_i exp ∫_ϕ ϕ_i dϕ̃H(ϕ̃, p) ( ∓ ∂H(ϕ̃, p)/∂ϕ̃ 3H^2(ϕ̃, p)/2 )_{−1/(2r−1)} , (13) where a_i and ϕ_i are constants of integration.

Let us consider now two solutions H(ϕ, p + Δp) and H(ϕ, p), under the requirement that they are very close together in the corresponding space, i.e. |Δp ≪ 1|. We then have H(ϕ, p + Δp) − H(ϕ, p) ≈ (∂H/∂p)_ϕ Δp . (14) By differentiating (12) with respect to p, and combining the result with the evolution equation (10) and the definition of H we get H(ϕ, p + Δp) − H(ϕ, p) ∝ a^{−3}(ϕ, p)Δp , (15) which coincides exactly with the formula obtained in [11] for conventional tachyon cosmologies.

As a consequence of (15), the differences between not very different solutions disappear as the models evolve, which means they all approach some attractor solution H(ϕ). However, the attractor may not be the same for all values of the potential parameters; put another way, the system may be fragile around the point at which the attractors change. In order to check whether that is the case, one defines the quantity F ≡ | | | | | H(ϕ, p + Δp) H(ϕ, p) − 1 | | | | | . (16)

Equation (15) shows that in an expanding universe F → 0 as time grows, but the form of the attractor may vary if ∂F/∂ϕ changes sign. Note that F can go to zero for ∂F/∂ϕ > 0 or for ∂F/∂ϕ < 0, but not for both. Thus, if ∂F/∂ϕ = 0 for some value of the parameters the system will be said to be fragile around that very value. For convenience, we look for sign changes in ∂ log F/∂ϕ instead of ∂F/∂ϕ. It can be seen that

∂ log F ∂ϕ = −3H(ϕ, p) ( ∓ 3H^2(ϕ, p) 2H^′(ϕ, p) ) 1_{2r−1} − H^′(ϕ, p) H^2(ϕ, p)

. (17)

Therefore, the fragility condition is ± ( ∓ 2H^′ 3H^2 ) 2r_{2r−1} = 2, (18)

which, as will be shown immediately, is all we need to answer the question of whether cosmic acceleration is rigid in the models under consideration. In flat FRW models the condition for accelerated expansion is −Ḣ/H^2 < 1 and in the case of generalized tachyon cosmologies it can be seen to be equivalent to ± ( ∓ 2H^′ 3H^2 ) 2r_{2r−1} < 1. (19)

Clearly, rigidity of cosmic acceleration or super-acceleration follows automatically from the latter.

4 Conclusions

Realistic models of the universe are believed to have to be structurally stable, in the sense that the if we have a particular model with desirable properties then its slightly perturbed versions must also display the same property. Models of a flat homogeneous universe with a single matter component are described by a two-dimensional set of evolution equations, and the requirement of the structural stability of two-dimensional dynamical systems is justified by the Peixoto theorem.

In this paper we have proved the rigidity (i.e., the structural stability) of cosmic acceleration in a class of k-essence cosmologies by using a procedure that allows spotting changes in the attractor solutions just by checking at the value of some function of a simple function of the Hubble factor and its derivative with respect to the tachyon field. Since those k-essence cosmologies can be viewed as generalized tachyon cosmologies the rigidity of conventional tachyonic inflation (which was discussed in a previous work [11]) is just a particular application of the discussion in this paper. All along we have considered non-phantom and phantom cases, for the former we have proved the rigidity of inflation, whereas for the latter we have proved the rigidity of super-inflation.

Acknowledgments

Thanks to J.M. Aguirregabiria and L.P. Chimento for conversations. Support from the University of the Basque Country through research grant UPV00172.310-14456/2002, from former the Spanish Ministry of Science jointly with FEDER funds through research grant BFM2001-0988 and from the Spanish Ministry of Science and Education through research grant FIS2004- 01626 is also acknowledged.

References

[1] C. L. Bennett et al., Astrophys. J. Suppl. 148, 1 (2003); E. Komatsu et al.,Astrophys. J. Suppl. 148, 119 (2003); G. Hinshaw et al., Astrophys. J. Suppl. 148, 135 (2003); D. N. Spergel et al., Astrophys. J. Suppl. 148, 175 (2003); H.V. Peiris et al., Astrophys. J. Suppl. 148, 213 (2003).

[2] A. Mazumdar, S. Panda and A. Pérez-Lorenzana, Nucl. Phys. B 614, 101 (2001); A. Sen, JHEP 0204, 048 (2002); JHEP, 0207, 065 (2002).

[3] A.A. Gerasimov and S.L. Shatashvili, JHEP 0010, 034 (2000); D. Kutasov, M. Marino and G. Moore, JHEP 0010, 045 (2000); S. Sugimoto and S. Terashima, JHEP 0207, 025 (2002).

[4] E.S. Fradkin and A.A. Tseytlin, Phys. Lett. B 163, 123 (1985); M. R.

Garousi, Nucl. Phys. B 584, 284 (2000); E.A. Bergshoeff, M. de Roo, T.C. de Witt, E. Eyras and S. Panda, JHEP 0005, 009 (2000).

[5] R.G. Leigh, Mod. Phys. Lett. A 4, 2767 (1989).

[6] M. Szydlowski, M. Heller, and Z.A. Golda Gen. Rel. Grav. 16, 877 (1984); Z.A. Golda, M. Szydlowski, and M. Heller, Gen. Rel. Grav. 19, 707 (1987).

[7] A.A. Andronov and L.S. Pontryagin, Dokl. Akad. Nauk. SSSR 14, 247 (1937).

[8] R.K. Tavakol and G.F.R. Ellis, Phys. Lett. A 130, 217 (1988); L. Farina- Busto and R.K. Tavakol, Europhys. Lett. 11, 493 (1990); R.K. Tavakol, Brit. J. Phil. Sci. 42, 147 (1991).

[9] A.A. Coley and R.K. Tavakol, Gen. Rel. Grav. 24, 835. (1992).

[10] J.E. Lidsey, Gen. Rel. Grav. 25, 399 (1993).

[11] J.M.Aguirregabiria and R. Lazkoz, Mod. Phys. Lett. A 19, 927 (2004).

[12] G.W. Gibbons, Phys.Lett. B 537, 1 (2002); M. Fairbarn and M.H.G.

Tytgat, Phys. Lett. B 546, 1 (2002); S. Mukohyama, Phys. Rev. D 66, 024009 (2002); T. Padmanabhan, Phys. Rev. D 66, 021301 (2002); T. Padmanabhan and T. Roy Choudhury, Phys. Rev. D 66, 081301 (R) (2002); M. Sami, Mod. Phys. Lett. A 18, 691 (2003); M. Sami, P. Chingangbam, and T. Qureshi, Phys. Rev. D 66, 043530 (2002); A. Feinstein, Phys. Rev. D 66, 063511 (2002); D. Choudhury, D. Ghoshal, D.P. Jatkar, and S. Panda, Phys. Lett. B 544, 231 (2002); X.-z. Li, J.-g. Hao, and D.-j. Liu, Chin. PHys. Lett 19, 1584 (2002); G. Shiu and I. Wasserman Phys. Lett. B 541, 6 (2002); J.-c. Hwang and H. Noh, Phys. Rev. D 66, 084009 (2002);A. Frolov, L. Kofman, A. Starobinsky, Phys. Lett. B 545, 8 (2002); L. Kofman, A.Linde, JHEP 0207, 004 (2002). J.-g. Hao and X.-z. Li, Phys. Rev. D 66, 087301 (2002); M.C. Bento, O. Bertolami, and A. A. Sen, Phys. Rev. D 67, 063511 (2003); Y.-S. Piao, R.-G. Cai, X. Zhang, and Y.-Z. Zhang, Phys. Rev. D 66, 121301 (2002); B. Chen, M. Li, F.-L. Lin, JHEP 0211, 050 (2002); J.S. Bagla , H.K. Jassal, and T. Padmanabhan, Phys. Rev. D 67, 063504 (2003); X.-z. Li and X.-h. Zhai, Phys. Rev. D 67, 067501 (2003); Z.- K. Guo, Y.-S. Piao, R.-G. Cai, Y.-Z. Zhang, Phys. Rev. D 68, 043508 (2003); L.R.W. Abramo and F. Finelli, Phys. Lett. B 575, 165 (2003); M.C. Bento, N.M.C. Santos, A.A. Sen, astro-ph/0307292; D.A. Steer and F. Vernizzi, hep-th/0310139; G.W. Gibbons, Class. Quant. Grav. 20, S321 (2003); V. Gorini, A. Yu. Kamenshchik, U. Moschella, V. Pasquier, Phys. Rev. D 69, 123512 (2004); Y.-S. Piao and Y.-Z. Zhang, hep-th/0307074; J.M. Aguirregabiria and R. Lazkoz, Phys. Rev. D 69, 123502 (2004); B.C. Paul and M. Sami, Phys. Rev. D 70, 027301 (2004); R. Herrera, D. Pavón, and W. Zimdahl, astro-ph/0404086.

[13] T. Chiba, T. Okabe, and M. Yamaguchi, Phys. Rev. D 62, 023511 (2000); C. Armendáriz-Picón, V. Mukhanov, and P.J. Steinhardt, Phys. Rev. Lett. 85, 4438 (2000); C. Armendáriz-Picón, V. Mukhanov, and P.J. Steinhardt, Phys. Rev. D 63, 103510 (2001).

[14] J. Garriga and V.F. Mukhanov, Phys. Lett. B 458, 219 (1999).

[15] J.M. Aguirregabiria, L.P. Chimento, and R. Lazkoz, Phys. Rev. D70 023509 (2004).

[16] S. M. Carroll, M. Hoffman and M. Trodden, Phys. Rev. D 68, 023509 (2003).

[17] L.P. Chimento, Phys. Rev. D 69, 123517 (2004). [18] L.P. Chimento and R. Lazkoz, astro-ph/0404494.