arXiv:gr-qc/0410096 v1 20 Oct 2004

Phantom Cosmology with Non-minimally Coupled Real Scalar Field

Zu-Yao Sun^{1,2,4} You-Gen Shen^{1,2,3}

Please send proofs to: Prof. You-Gen Shen Shanghai Astronomical Observatory, 80 Nandan Road, Shanghai 200030, China.

e-mail: ygshen@center.shao.ac.cn Tel: (86)(21)64386191-517 Fax: (86)(21)64384618

1Shanghai Astronomical Observatory, Chinese Academy of Sciences, Shanghai 200030, China; e-mail: ygshen@center.shao.ac.cn.

2National Astronomical Observatories, Beijing 100012, China.

3Institute of Theoretical Physics, Chinese Academy of Sciences, Beijing 100080, China. 4Graduate School of Chinese Academy of Sciences, Beijing 100039, China.

Abstract We find that the expansion of the universe is accelerating by analyzing the recent observation data of type Ia supernova(SN-Ia) .It indicates that the equation of state of the dark energy might be smaller than -1,which leads to the introduction of phantom models featured by its negative kinetic energy to account for the regime of equation of state parameter w < −1.In this paper the possibility of using a nonminimally coupled real scalar field as phantom to realize the equation of state parameter w < −1 is discussed.The main equations which govern the evolution of the universe are obtained.Then we rewrite them with the observable quantities.

KEY WORDS: dark energy; phantom;non-minimally coupled; scalar field.

1 INTRODUCTION

Recent observations of the microwave background show that the universe is almost flat[1,2]. And the astrophysical data of type Ia supernova(SN-Ia) reveals that the universe is currently undergoing a period of accelerating expansion[3,4]. It follows immediately that there must be a kind of dark energy, which makes up of two thirds of the energy density and has negative pressure that can drive the accelerating expansion of the universe. Many candidates for dark energy have been proposed so far to fit the current observations. They are cosmological constant, tachyon and a time varying scalar field with positive or negative kinetic energy evolving in a specific potential, referred to as “quintessence” or “phantom” and so on. The major difference among these models are that they predict different equation of state of the dark energy. As to cosmology constant and “quintessence”,the equation of state are confined with in the range of −1 < w < −^1_3 .Cosmologists have proposed many models for quintessence cosmology,and discussed many problems for it [5,6,7,8,9,10,11,12,13,14]. However, recent observations do not exclude, but actually suggest a dark eneygy equation of state −1.38 < w < −0.82[15]. Therefore,some authors investigated phantom field models that possess negative kinetic energy and can realize w < −1 in their evolution.It has some strange properties. For example,the energy density of phantom energy increases with time.It also violates the dominant-energy condition,which helps prohibit time machine and wormholes.However,phantom is an interesting topic because it fits current observations. A striking consequence of dark energy with w < −1 is that our universe would end in a “Big Rip”[16,17].

Several scalar-field models have been proposed for phantom energy[16,18,19, 20,21,22]. Theorists have also discussed stringy phantom energy[23] and brane-world phantom energy[24]. In this letter we take a non-minimally coupled real scalar field into account,and show that it can be phantom.The information on phantom may be determined with the observation data r (z) from the reconstruction equations.We also discussed the feasibility of yielding the equation of state of phantom with the data r (z).

Throughout the paper the units G = c = 1 are used.

2 FIELD EQUATION

We start from the flat Robertson-Walker metric

ds^2 = dt^2 − a^2 (t) ( dr^2 + r^2dφ^2_1 + r^2 sin^2 φ_1dφ^2 ) , (1)

where a (t) is the scale factor of the universe.

The energy-momentum tensor of the scalar field is given by

T_{μν} = (2ξ − 1) ϕ_{,μ}ϕ_{,ν} + (1 2 − 2ξ ) g_{μν} ϕ_{,α}ϕ^{,α} + 2ξϕ_{,μν} ϕ − 1 2 ξg_{μν} ϕ□ϕ +ξG_{μν} ϕ^2 + 3 2 ξ^2Rg_{μν} ϕ^2 + (1 − 3ξ) g_{μν} V, (2)

where □ is the d’Alembert operator, G_{μν} is Einstein tensor,V is the potential of the field, R = 6 (aä + ȧ^2) /a^2 is the Ricci scalar. For the dust universe, the energy-momentum tensor of the non-relativistic matter is

~T_{μν} = ρ_mU_μU_ν , (3) where ρ_m is the matter density and U_μ is the 4-velocity of the dust particles. Therefore, Einstein equations can be written as

H^2 = ȧ^2 a^2 = 8π 3 [ ρ_m − 1 2 ϕ̇^2 + V + 3 2 ξ^2Rϕ^2 +ξ (3 2 ϕϕ̈ − 3 2 Hϕϕ̇ − 3H^2ϕ^2 − 3V )] , (4) ä a = − 4π 3 [ ρ_m − 2ϕ̇^2 − 2V − 3ξ^2Rϕ^2 +ξ ( 6ϕ̇^2 + 3ϕ̈ϕ + 3Hϕϕ̇ + 6 ä a ϕ^2 + 6V )] . (5)

The coupled real scalar field contributes the energy density ρ_Φ and pressure p_Φ as follows

ρ_Φ = − 1 2 ϕ̇^2 + V + 3 2 ξ^2Rϕ^2 +ξ (3 2 ϕϕ̈ − 3 2 Hϕϕ̇ − 3H^2ϕ^2 − 3V ) , (6)

p_Φ = − 1 2 ϕ̇^2 − V − 3 2 ξ^2Rϕ^2 +ξ ( 2ϕ̇^2 + 1 2 ϕϕ̈ + 3 2 Hϕϕ̇ − ϕ^2G^1 + 3V ) . (7)

where G^1 is one component of Einstein tensor. We focus on the strongly coupled case,then Eq.(4) and (5) can be simplified to be

H^2 = ȧ^2 a^2 = 8π 3 [ ρ_m − 1 2 ϕ̇^2 + V + 3 2 ξ^2Rϕ^2 ] , (8) ä a = − 4π 3 [ ρ_m − 2ϕ̇^2 − 2V − 3ξ^2Rϕ^2 ] . (9)

In this case the equation-of-state for phantom field is w = p_Φ ρ_Φ = −^1_2ϕ̇^2 − V −^3_2 ξ^2Rϕ^2 −^1_2ϕ̇^2 + V +^3_2 ξ^2Rϕ^2

(10)

It is clear that the strongly coupled field could realized the equation-of-state w < −1 under the condition V > 1 2 ϕ̇^2 − 3 2 ξ^2Rϕ^2 (11)

In Eq.(6) and Eq.(7), the contributions from the field evolution ϕ̇^2 and coupled effect ξ^2Rϕ^2 to the energy density and pressure are proportional to (dϕ/da)^2 H^2a^2 and Rϕ^2 ∼ H^2ϕ^2, respectively. Provided that ϕ obeys the power law ϕ = a^p, the contribution of coupled effect and field evolution are of the same order in terms of the universe scale.Thus we can not neglect either of them.

3 EQUATION OF MOTION

The Lagrangian density for the coupled real scalar field Φ is L = √ −g [ − 1 2 ∂_μΦ∂^μΦ + 1 2 ξRΦ^2 − V (Φ) ] , (12)

where ξ is a numerical factor. Now we decompose the field into homogeneous parts and fluctuations as follows

Φ = ϕ (t) + δϕ (t, ⃗x) , (13)

Using Eq.(13) the Lagrangian density can be written as L = √ −g [ − 1 2 ( ϕ̇ + δϕ̇ )_2 + 1 2a^2 (∇δϕ)^2 + 1 2 ξR (ϕ + δϕ)^2 − V (ϕ + δϕ) ] , (14)

where the dot denotes the derivative with respect to t, ∇ is the Laplace operator.

The variation of the lagrangian density Eq.(14) yields the equation of motion of the field[25,26]

ϕ̈ + 3Hϕ̇ + d dϕ [ 1 2 ξRϕ^2 − V ] = 0, (15) for the homogeneous parts and δϕ̈ + 3Hδϕ̇ − ∇^2 a^2 δϕ + ξRδϕ − V^{′′} (ϕ) δϕ = 0, (16) for fluctuations.

The solution can be obtained in the following form δϕ = δϕ_0e^{α(t)+i⃗k·⃗x}. (17) From the above, we can see that the fluctuations will grow exponentially if α is real and positive. Thus the field is unstable in such case. Substituting Eqs.(17) into Eq.(16) , we obtain

α̇^2 + 3Hα̇ + k^2 a^2

+ ξR − V^{′′} = 0. (18)

We assume that α̈ ≪ α̇^2. In order for α not to be real and positive, it should generally has the relation

H^2 − 4 9 ( k^2 a^2 + ξR − V^{′′} ) < 0, (19)

Then the coupled real scalar field becomes stable and may play the role of phantom. Eq.(4), Eq.(5), and Eq.(15) are the main equations which governing the evolution of the universe.The term^1_2 ξRϕ^2 in Eq.(15), which is coming from the the “coupled effect” of the field can be teated as an effective potential. It produces a “centrifugal force” and tends to drive ϕ away from zero.

4 NUMERICALLY ANALYSIS

Then we would numerically study the system in a specific potential and obtain the results that might confirm our qualitative analysis.

To do so, we choose the potential as

V (ϕ) = V_0 ( 1 + ϕ ϕ_0 ) exp ( − ϕ ϕ_0 ) (20)

Eq(8) could be rewritten as

H^2 = H^2_i ( ρ_Φ ρ_{c,i} + Ω_{m,i}( a_i a )^3 ) (21)

Where the subscript i denotes the quantity at a initial time t_i. ρ_{c,i} is the critical density of the universe at t_i,which is defined as ρ_{c,i} =^{3H 2i}_K ,and K = 8π. Ω_{m,i} is the cosmic density for matter at t_i. Introducing the new variables X = ϕ, Y = dϕ dt , N = ln a a_i , (22)

Then we can rewrite the main equations in the form dX dN = Y H_i E(N) (23) dY dN = −3Y − E(N) H_i d dX ( 1 2 ξRX^2 − V ) (24)

Where E(N) = ( Kρ_ϕ 3H^2_i

+ Ω_{m,i}e^{−3N} )^{− 12} (25)

We can get some insights into the evolution of the field by solving these equations. We give a few of different quantities at the initial time,and take different points as t_i,such as equipartition epoch and present day.Then we find that the evolution of the field is not sensitive to them.Thus,we can obtain the evolution of the equation of state parameter w roughly by taken some quantities not very strict.The results are shown in Fig.1(non-minimally coupled case in which ξ=50) and Fig.2(minimally coupled case in which ξ=0).They are done by choosing V_0=100,ϕ_0=1.

Fig.1 The evolution of Phantom equation of state w with respect to N in non-minimally coupled case, for ξ = 50.

Fig.2 The evolution of Phantom equation of state w with respect to N in minimally coupled case, for ξ = 0.

From Fig.1 and Fig.2 we can see that the coupled constant ξ could make the equation of state parameter w rise to -1 more quickly.

RECONSTRUCTION

Now,we correlate the observable quantities with non-observable quantities.

To do so,following the earlier study in this field,we introduce the relations between r (z) , H_0, Ω_m and a (t) , H (t), ρ_m (t) as follows

1 + z = 1 a , r (z) = − ∫_{t(z)} t_0 dt^′ a (t^′ ) = ∫_z 0 dz^′ H (z^′ ) ,

H (z) = ȧ a = 1 dr/dz , ρ_m = Ω_mρ_c =

3Ω_m 8π H^2_0 (1 + z)^3 , (26) ä a = 1 (dr/dz)^2 + (1 + z) d^2r/dz^2 (dr/dz)^3 . where z, H_0 and Ω_m are redshift, Hubble constant and matter energy density, respectively. Using Eq.(26), we can obtain the reconstruction equation

ϕ̇^2 − ξ [ 2ϕϕ̈ + 2ϕ̇^2 + 2ϕ^2 (1 + z) d^2r/dz^2 (dr/dz)^3 ]

= 1 4π · (1 + z) d^2r/dz^2 (dr/dz)^3 + 3Ω_m 8π H^2_0 (1 + z)^3 , (27)

1 2 ξ [ ϕϕ̈ − 2ϕ̇^2 − 3Hϕϕ̇ − 6H^2ϕ^2 − 2ϕ^2 (1 + z) d^2r/dz^2 (dr/dz)^3 − 6V ]

+9ξ^2ϕ^2 [ 2 (dr/dz)^2 + (1 + z) d^2r/dz^2 (dr/dz)^3 ] + V = 1 8π [ 3 (dr/dz)^2 + 2 (1 + z) d^2r/dz^2 (dr/dz)^3 ] − 3Ω_m 16π H^2_0 (1 + z)^3 , (28)

where ϕ̇ and ϕ̈ are defined by ϕ̇ = dϕ dt = − (1 + z) 1 dr/dz dϕ dz , (29) ϕ̈ = d^2ϕ dt^2 = (1 + z)^2 1 (dr/dz)^2 d^2ϕ dz^2 + dϕ dz [ (1 + z) 1 (dr/dz)^2 − (1 + z)^2 1 (dr/dz)^3 d^2r dz^2 ] .

For strongly coupled case, Eq.[27] and Eq.[28] could be simplified to

ϕ̇^2 = 1 4π · (1 + z) d^2r/dz^2 (dr/dz)^3 + 3Ω_m 8π H^2_0 (1 + z)^3 , (30)

9ξ^2ϕ^2 [ 2 (dr/dz)^2 + (1 + z) d^2r/dz^2 (dr/dz)^3 ] + V = 1 8π [ 3 (dr/dz)^2 + 2 (1 + z) d^2r/dz^2 (dr/dz)^3 ] − 3Ω_m 16π H^2_0 (1 + z)^3 . (31)

Therefore we can exam the model with the data r(z),and find the influence of coupled effect and the potential of the field to the evolution of the universe.

CONCLUSION

In conclusion, we have shown that it is possible to use the coupled real scalar field as the phantom for the accelerating of the universe, and it can realize the equation-of-state w < −1 under the condition V >^1_2ϕ̇^2 −^3_2 ξ^2Rϕ^2. We also compared the minimally coupled case and the non-minimally coupled case by pictures of the variation of dark energy equation-of-state w.Through the main equations which govern the evolution of the universe,we can study the evolution of our universe. The coupled term reveals the strong action between matter and dark energy. The interaction between the two kinds of energy must be of great importance in sometime of the universe evolution. Therefore it should be seriously considered.

Eq.(6) and Eq.(7) show us the contributions to the energy density and pressure that the coupled effect makes. It is generally not negligible. Furthermore, provided that the field evolution obeys the power law ϕ = a^p,then the contributions of the coupled effect and field evolution are of the same order in terms of the universe scale.Current observations show that the dark energy equation-of-state is in the range of −1.38 < w < −0.82. Thus, we must take phantom as a possible candidate of dark energy. Because it can realize w < −1 while quintessence and cosmology constant can realize w ≥ −1.

The nature of the dark energy is still a mystery.But we can tell the suitable one from quintessence,cosmology constant and phantom by observations. We may get the information of the phantom through the the observable quantities by the reconstruction equations.The future data would give us more proof to determine whether the dark energy is phantom or not.

ACKNOWLEDGEMENT

The work has been supported by the National Natural Science Foundation of China (Grant No. 10273017) and Foundation of Shanghai Development for Science and Technology(Grant No. 01JC14035).

References

[1] P. de Bernardis et al.(2000). Nature 404, 955. [2] S. Hanany et al.(2000).Astrophys. J. 545, L5. [3] S. Perlmutter et al.(1999). Astrophys. J.517, 565. [4] A. G. Riess et al.(1998). Astron. J. 116 , 1009.

[5] I. Zlatev, L. Wang and P. J. Steinhardt.(1999). Phys. Rev. Lett. 82 896.

P. J. Steinhardt, L. Wang and I. Zlatev.(1999). Phys. Rev. D59, 123504. [6] C. J. Gao and Y. G. Shen.(2002). Phys.Lett.B541,1 [7] C. J. Gao and Y. G. Shen.(2002). Chin.Phys.Lett.19,1396 [8] Luis Anchordoqui, Haim Goldberg.(2003).Phys.Rev. D68,083513 [9] J.-An Gu and W. -Y. P. Hwang.(2001) Phys.Lett. B517, 1. [10] Casey R. Watson, Robert J. Scherrer.(2003).Phys.Rev. D68,123524 [11] S. Kasuya and M. Kawasaki.(2000). Phys. Rev. Lett. 85, 2677.

[12] D. Huterer and M. S. Turner.(1999). Phys.Rev.D60, 091301. [13] A. A. Starobinsky.(1998). JETP Lett. 68, 757. [14] T. Chiba and T. Nakamura.(2000). Phys. Rev. D62, 121301. [15] A.Melchiorri,L.Mersini,C.J.Odmann and M.Trodden.(2003). Phys.Rev.

D68,043509 [16] R.R.Caidwell.(2002).Phys.Lett.B 545, 23 [17] R.R.Caidwell,M.Kamionkowski,and

N.N.Weinberg.(2003).Phys.Rev.Lett. 91,071301 [18] V.Sahni and A.A.Starobinsky.(2002).Int.J.Mod.Phys. D9, 373 [19] L.Parker and A.Raval.(1999). Phys.Rev.D 60, 063512 [20] A.E.Schulz, Martin White.(2001). Phys.Rev.D 64, 043514 [21] D.F.Torres.(2002).Phys.Rev.D 66, 043522 [22] L.P. Chimento, Ruth Lazkoz.(2003).Phys.Rev.Lett. 91, 211301 [23] P.Frampton.(2003).Phys.Lett. B555,139-143 [24] V.Sahni and Y.Shtanov. (2003). JCAP 0311, 014 [25] A. Kusenko and M. Shaposhnikov.(1998). Phys. Lett. B418, 46. [26] K. Enqvist and J. MacDonald.(1999). Nucl. Phys. B538, 321.