arXiv:gr-qc/0411011 v3 12 Jul 2005

Kasner generalization of Levi-Civita spacetime

Özgür Delice^∗

July 12, 2005

Abstract

We investigate some cylindrically symmetric nonstationary and nonstatic solutions of Einstein field equations. We first study some physical properties of a solution which can be considered as Kasner generalization of static Levi-Civita vacuum solution. Then we generalize this metric to include a solution where a space-time filled with null dust or a stiff fluid.

KEY WORDS: Levi-Civita Spacetime, Vacuum solutions

1 Introduction

One of the most important differences of the spherically and the cylindrically symmetric vacuum solutions of General Relativity is that, according to the Birkhoff theorem, there is a timelike Killing vector in the spherically symmetric vacuum solution. Thus, it can be said that the spherically symmetric vacuum is necessarily static. However, the situation drastically changes when we consider the cylindrically symmetric systems since there is no analogue of Birkhoff’s theorem in cylindrical symmetry. During the gravitational collapse of a cylindrically symmetric system, gravitational waves can be emitted and the exterior region of a collapsing cylindrical body is not static [1]. This fact has important consequences in the studies of gravitational waves, cosmological models, quantum gravity and numerical relativity.

If ∂_z and ∂_ϕ are the axial and the angular Killing vectors describing cylindrical symmetry, then the most general cylindrically symmetric nonstationary metric can be written in the canonical form as [2]:

ds^2 = e^{2(K−U)}(−dt^2 + dr^2) + e^{2U} dz^2 + e^{−2U} W^2dϕ^2, (1)

where K, U and W are the functions of r and t in general. Here r is the radial, t is the time, z is the axial and ϕ is the angular coordinate with the ranges 0 ≤ r < ∞, −∞ < z, t < ∞, 0 ≤ ϕ ≤ 2π. ∗Department of Physics, Bogazici University, 34342 Bebek, Istanbul, Turkey; e-mail:

odelice@boun.edu.tr

The static solution of the metric (1) represents the exterior gravitational field of a general static cylindrical line source and was found by Levi-Civita in 1919 [3]:

ds^2 = −ρ^{4s}dt^2 + ρ^{4s(2s−1)}(dρ^2 + dz^2) + α^2ρ^{2(1−2s)}dϕ^2, (2)

where here s and α are constant parameters. These parameters in general cannot be removed by a coordinate transformation if ϕ is an angular coordinate. Research on this solution was mainly focused on the understanding of these parameters and finding physically acceptable sources generating this metric since in order to understand the meaning and the behaviour of the metric parameters s and α, one may need to match it with an interior solution. Static cylinders [4] and cylindrical shells [5] have been constructed as a source of this metric. Shells composed of various matter sources satisfying some energy conditions for certain ranges of s have also been studied [6]. The parameter s is related to the energy density of the source and α is an angular deficit parameter.

The nonstatic vacuum solutions of (1) have also been studied extensively. They have important consequences on cosmology, gravitational waves and also on quantum gravity. For a discussion of these solutions we refer to the book of Stephani et. al. [2].

Furthermore, the time dependent cylindrically symmetric nonvacuum solutions of Einstein equations were studied for different cylindrical systems. An expanding cylindrical radiation filled universe [7], a radiation universe with heat and null radiation flow [8], nonstatic cosmic strings with a time dependent vacuum exterior [9, 10, 11], nonstatic global strings [12] are some examples of such solutions. Some of these solutions have an interesting property that their exterior vacuum solutions correspond to some particular values of the parameters the Levi-Civita metric having also a Kasner type time dependence. This fact motivates us to study the Kasner generalization of the Levi-Civita solution with the full range of its parameters. Thus in this paper, we will study the properties of cylindrically symmetric time dependent vacuum solutions in Kasner form. This solution can be considered as a Kasner generalization of the Levi-Civita (LC) solution since for every constant time slice it reduces to the LC solution. These kind of generalized Kasner solutions having more than one variable are well known and studied by different authors [13]. This solution is also equivalent to the Einstein-Rosen soliton wave solutions [14] by a coordinate transformation. Although this solution is well known, we will establish a direct relation between the parameters of the LC solution with the parameters of its Kasner generalization. We will also perform a detailed comparison of the LC solution and its nonstatic Kasner generalization by studying their singularity behaviour, geodesic structure and radial acceleration of test particles in these spacetimes.

We also extend our discussion into some nonvacuum generalizations of this solution. Since the gravitational collapse of a physically reasonable source is one of the main topics in general relativity, the cylindrical collapse is studied extensively in the literature [1, 15]. The radiating Levi-Civita space-time [16], a space-time filled with a radially oriented null radiation in an otherwise empty static background is generally employed in these concerns and others [17], since this metric can represent the exterior region of a collapsing cylindrical body. However, since there is no analogue of Birkoff theorem in cylindrical symmetry, it might be reasonable to discuss a nonstatic generalization of this radiating Levi- Civita solution. We also present a nonstatic stiff fluid as an another example of this form.

The paper is organized as follows. In the next section we present the Kasner generalization of the LC solution. In the section (III) we discuss some physical properties of this solution. The Section (IV) discusses the radiating generalization of this solution and its some physical properties. In the Section (V) we present a solution representing a universe filled with a nonstatic isotropic stiff fluid. Lastly, we give a brief conclusion.

2 Levi-Civita-Kasner Solution

Let us consider the following ansatz for the functions of the metric (1):

W = α(c_1r + c_2)(c_3t + c_4), (3) U = k ln(c_1r + c_2) + q ln(c_3t + c_4), (4) K = k^2 ln(c_1r + c_2) + q^2 ln(c_3t + c_4), (5)

where k, q, α and c_i’s are constants. Here, when c_3 = 0, c_4 ≠ 0, c_1 ≠ 0 we get the Levi-Civita solution of the form:

ds^2 = r^{2(k2−k)}(−dt^2 + dr^2) + r^{2k}dz^2 + α^2r^{2(1−k)}dϕ^2 (6)

where we have rescaled the coordinates r, t and z. One can recover the conventional form of the LC solution (2) by applying the following coordinate transformations: R = r^κ κ , R = ρ^S S , κ = k^2 − k + 1, S = 4s^2 − 2s + 1, s = k 2(k − 1)

. (7)

When we choose c_1 = 0, c_2 ≠ 0, c_3 ≠ 0 the solution reduces to well known vacuum Kasner solution:

ds^2 = t^{2(q2−q)}(−dt^2 + dr^2) + t^{2q}dz^2 + t^{2(1−q)}dϕ^2, (8)

where q is a real constant. For this case the coordinates can be thought of as the Cartesian coordinates. The coordinate transformation t^′ = (Q t)Q^{−1} puts the Kasner solution in its familiar form as [19]:

ds^2 = −dt^2 + t^{2a}dr^2 + t^{2b}dz^2 + t^{2c}dϕ^2, (9)

where we have again rescaled the metric, removed prime for clarity and a = (q^2 − q)Q^{−1}, b = q Q^{−1}, c = (1 − q)Q^{−1} with Q = q^2 − q + 1. Kasner solution corresponds to an anisotropic homogenous cosmology. Here the constants a, b, c satisfy the Kasner constraints:

a + b + c = 1 = a^2 + b^2 + c^2. (10)

Also, for c_1 = c_3 = 0 and others nonvanishing we get flat Minkowski spacetime. Notice that c_1 and c_2 cannot vanish simultaneously in (3). Same is true also for c_3 and c_4.

If one calculates the Ricci tensor of the metric (3), the only nonvanishing term is:

R_{01} = −c_1c_3(−1+k^2 −2kq+q^2)(c_1r+c_2)^{(−1+2k−2k2)}(c_3t+c_4)^{(−1+2q−2q2)}. (11)

Here we see that when c_1 or c_3 vanish we have a vacuum solution as it should be. Assuming they do not vanish, equating (11) to zero we get q = k ± 1 which results (Hereafter we choose c_2 = c_4 = 0 and we absorb c_1 and c_3 in the coordinates r, t, z by redefining them):

ds^2 = r^{2(k2−k)} t^{2((k+ϵ)2−k−ϵ)}(−dt^2 + dr^2) +r^{2k} t^{2(k+ϵ)}dz^2 + P^2 r^{2(1−k)} t^{2(1−k−ϵ)}dϕ^2, (12)

with ϵ = ±1. Thus, we have obtained the desired Kasner generalization of the LC solution, where we can call it as Levi-Civita-Kasner space-time (LCK). It is better to express them with the Levi-Civita parameter since we want to compare them with the static solution. The transformations:

R = r^κ κ^{−1}, τ = Q^{−1}t^Q, k = 2s/(2s − 1), Q = (k + ϵ)^2 − (k + ϵ) + 1, (13)

leads to the following metric:

ds^2 = −R^{2D}dτ^2 + τ^{2A}dR^2 + R^{2E} τ^{2B}dz^2 + α^2 R^{2F} τ^{2C}dϕ^2, (14)

where we again rescaled the coordinates τ, R, z, absorbed all constant into α and H = ϵ(4s^2 − 1) + (1 − 2s)^2, A = 2s + H S + H , (15) B = (2s − 1)(2s + ϵ(2s − 1)) S + H , C = (1 − 2s)(1 + ϵ(2s − 1)) S + H , (16) D = 2s S , E = 2s(2s − 1) S , F = 1 − 2s S . (17)

For any value of s we have in general two different solutions depending on ϵ = ±1. These solutions are in the form of the generalized Kasner spacetimes [13] and the metric functions A, B, C and E, F, G satisfy the Kasner constraints separately:

A + B + C = A^2 + B^2 + C^2 = 1, (18) D + E + F = D^2 + E^2 + F^2 = 1. (19)

The LCK solution (12) is also equivalent to Einstein-Rosen soliton wave solutions [14, 2] by a transformation: r = √ T − √ T^2 − ϱ^2, t = √ T + √ T^2 − ϱ^2 (20)

which puts the metric functions into the form:

W = rt = ϱ (21)

U = k ln ϱ + ϵ 2 ln ( T + √ T^2 − ϱ^2 ) (22)

K = k^2 ln ϱ + ( ϵk + 1 2 ) ln ( T + √ T^2 − ϱ^2 ) − 1 2 ln( ( 2 √ T^2 − ϱ^2 ) (23)

This transformation is valid only for t^2 > r^2. For r^2 > t^2 we need the following transformation: r = √ ϱ + √ ϱ^2 − T^2, t = √ ϱ − √ ϱ^2 − T^2, (24)

which gives:

W = rt = T, (25)

U = k ln T + ϵ 2 ln ( ϱ − √ ϱ^2 − T^2 ) , (26)

K = k^2 ln T − ( ϵk + 1 2 ) ln ( ϱ − √ ϱ^2 − T^2 ) − 1 2 ln ( 2 √ ϱ^2 − T^2 ) . (27)

Here the first metric is not valid at ϱ > T and the other is not valid at ϱ < T . Then we need to extend one to join with the other. After achieving this, the resulting spacetime is the solution we consider in this article. Hence, the metric we discuss covers both regions.

3 Some Physical properties of LCK solution

3.1 NP Spin and Weyl Coefficients

The static Levi-Civita metric is Petrov type I in general except it is flat for s = 0, 1/2 and it is Petrov type D for s = −1/2, 1/4, 1 (See da Silva et al in [4]). Let us compare with LCK spacetime.

Here, using a NP tetrad, we will present the nonvanishing spin and Weyl scalars of this spacetime since in this formalism some of the curvature components have direct physical meaning [20]. The canonical form of the metric (12) is more appropriate for our purposes. We chose the NP tetrad as follows:

ds^2 = l ⊗ n − m ⊗ m̄, (28) √ 2 l = e^0 + e^1, √ 2 n = e^0 − e^1, √ 2 m = e^2 + ie^3, (29) e^0 = r^{k2−k}t^{(k+ϵ)2−k−ϵ}dt, e^1 = r^{k2−k}t^{(k+ϵ)2−k−ϵ}dr, (30) e^2 = r^kt^{k+ϵ}dz, e^3 = αr^{1−k}t^{1−k−ϵ}dϕ. (31)

For ϵ = 1 the nonvanishing components of spin coefficients and Weyl scalars are: σ = − (1 + 2k) r + (1 − 2k) t 2 √ 2r^{k2−k+1}t^{k2+k+1} , λ = (1 + 2k) r − (1 − 2k) t 2 √ 2 r^{k2−k+1} t^{k2+k+1}

, (32) ρ = t − r 2 √ 2 r^{k2−k+1} t^{k2+k+1} , μ = t + r 2 √ 2 r^{k2−k+1} t^{k2+k+1}

, (33) ϵ = k((1 + k) r + (1 − k) t) 2 √ 2 r^{k2−k+1} t^{k2+k+1} , γ = k((1 − k) t − (1 + k) r) 2 √ 2 r^{k2−k+1} t^{k2+k+1}

, (34)

κ = ν = τ = π = α = β = 0, (35)

Ψ_0 = k ( (1 + k)(1 + 2k) r^2 + 4(1 − k^2) r t + (1 − k)(1 − 2k) t^2 ) 2 r^{2k2−2k+2} t^{2k2+2k+2}

, (36)

Ψ_2 = k((1 + k) r^2 + (1 − k) t^2)

2 r^{2k2−2k+2} t^{2k2+2k+2}

, (37)

Ψ_4 = k ( (1 + k)(1 + 2k) r^2 − 4(1 − k^2) r t + (1 − k)(1 − 2k) t^2 ) 2 r^{2k2−2k+2} t^{2k2+2k+2}

. (38)

This shows us that the LCK spacetime with ϵ = 1 is again Petrov type I in general except it is flat for k = 0(s = 0) and k → ∞ (s = 1/2). Also, since κ = 0, l is geodesics but it is not affinely parameterized since ϵ ≠ 0 except k = 0(s = 0). It also has expansion (−ρ ≠ 0) and shear (|σ| ≠ 0) but it is not twisting.

For ϵ = −1 we have σ = (3 − 2k) r + (2k − 1) t 2 √ 2 r^{k2−k+1} t^{k2−3k+3} , λ = (2k − 3) r + (2k − 1) t 2 √ 2 r^{k2−k+1} t^{k2−3k+3} , (39) ρ = t − r 2 √ 2 r^{k2−k+1} t^{k2−3k+3} , μ = t + r 2 √ 2 r^{k2−k+1} t^{k2−3k+3} , (40) ϵ = (k − 1)((k − 2)r − k t) 2 √ 2 r^{k2−k+1} t^{k2−3k+3} , γ = (k − 1)((2 − k)r − k t) 2 √ 2 r^{k2−k+1} t^{k2−3k+3} , (41)

κ = ν = τ = π = α = β = 0, (42)

Ψ_0 =

(k − 1)((6 − 7k + 2k^2) r^2 − 4k(k − 2) r t + k(2k − 1) t^2) 2 r^{2k2−2k+2} t^{2k2−6k+6}

, (43)

Ψ_2 =

(k − 1)((k − 2) r^2 − kt) 2 r^{2k2−2k+2} t^{2k2−6k+6}

, (44)

Ψ_4 =

(k − 1)((6 − 7k + 2k^2) r^2 + 4k(k − 2) r t + k(2k − 1) t^2) 2 r^{2k2−2k+2} t^{2k2−6k+6}

. (45)

Thus, LCK with ϵ = −1 is also Petrov type I in general except k = 1 (s → ∞) and k → ∞(s = 1/2) where it is flat. Again, the vector l is geodesics but not affinely parameterized except k = 1. Also, it has nonvanishing expansion and shear but it is not twisting. Thus, the LC and LCK solutions have common Petrov types in general, but they differ for some particular values of the parameter s.

3.2 Singularity Behaviour

The Kretschmann scalar K = R_{abcd}R^{abcd} of the metric (14) are

K = 64 s^2 (1 − 2s)^2 ( (1 − 4s)^2r^{−8s/(1−2s+4s2)} (1 − 6s + 12s^2)^3 t^4 + t^{8s(1−4s)/(1−6s+12s2)} (1 − 2s + 4s^2)^3 r^4 − 2 (1 − 4s)^2 r^{−4s/(1−2s+4s2)} t^{4s(1−4s)/(1−6s+12s2)} (1 − 2s + 4s^2)^2(1 − 6s + 12s^2)^2 r^2 t^2 ) , (ϵ = 1), (46)

K = 64 (1 − 2s)^2 ( (s − 1)^2 r^{−8s/(1−2s+4s2)} (3 − 6s + 4s^2)^3t^4 + s^2 t^{4(1−2s)2 /(3−6s+4s2)} (1 − 2s + 4s^2) r^4 t^4 − 8s^2(s − 1)^2r^{4s/(1−2s+4s2)}t^{2(1−2s)2/(3−6s+4s2)} (3 − 6s + 4s^2)(1 − 2s + 4s^2)r^2t^4 ) , (ϵ = −1). (47)

We see that, this spacetime has singularities as in the static case. It is well known that the static Levi-Civita spacetime is singular at r = 0, except for s = 0, s = ±1/2 and s → ∞. For these values of s, the solution is regular and flat. If one compares the static solution with the nonstatic solutions, one realizes that there are similarities and differences. For ϵ = 1 only when s = 0 or s = 1/2, the solution is locally flat. For other cases, there are singularities. For s = 1/4 we have a singularity at r = 0 whereas for s → ∞ we have singularity at t = 0. For all other values of s we have singularities at both r = 0 and t = 0. When ϵ = −1 the situation is also different. For this case when s = 0 the solution is not locally flat but contains a singularity at t = 0. There are locally flat solutions when s = 1/2 or s → ∞. For s = 1 we have a singularity at r = 0. For other values of s we have both line and big-bang singularities.

As we have mentioned, for s = 0 and s = 1/2 static Levi-Civita solution (2) is flat. Corresponding solutions for ϵ = ±1 are:

ds^2 = −dτ^2 + dr^2 + τ^2dz^2 + α^2r^2dϕ^2, (s = 0, ϵ = 1), (48) ds^2 = −dτ^2 + τ^{4/3}dR^2 + τ^{−2/3}dz^2 + α^2R^2τ^{4/3}dϕ^2, (s = 0, ϵ = −1), (49) ds^2 = −R^2dτ^2 + τ^2dR^2 + dz^2 + α^2dϕ^2, (s = 1/2, ϵ = ±1). (50)

Here the first and third metrics are flat whereas the second one is curved. The first and third metrics can be put into standard Minkowski form with a suitable coordinate transformation. The first solution is presented in [9] as a possible nonstatic exterior solution corresponding to a nonstatic string. Also, the second solution (49) was introduced in [8, 11, 12] as an exterior vacuum solution to their interior nonstatic stringlike cylindrical source. It is not singular at r = 0 but has a big bang singularity at t = 0 since its Kretschmann scalar is K ∼ t^{−4}. Thus, for some specicif values of parameters, the LCK solution reduces to some previously known solutions.

3.3 Radial acceleration of test particles

The radial acceleration of a free test particle at rest in the coordinate system of (14) is given by: d^2R dτ^2 = − D R T^{2A} . (51)

The radial acceleration in the static Levi-Civita spacetime can be found by taking A = 0. For the Levi-Civita spacetime, when the parameter s is positive, the axis is attractive and when s is negative, the axis is repulsive. For a particle in a constant radius, the magnitude of the acceleration is increasing with increasing s when 0 < s < 1/2, and decreases with increasing s when s > 1/2. For s = 0, no radial force is exerted on a particle at rest. For nonzero s, when the radial distance increases, radial acceleration decreases.

Figure 1: The radial acceleration of a particle at r = 1, t = 3 for the static Levi- Civita and Levi-Civita-Kasner spacetimes with ϵ = ±1. Dotted line represents static Levi-Civita spacetime, the solid line represents the solution with ϵ = 1 and dashed line represents ϵ = −1 case.

As in the Levi-Civita spacetime, for the Levi-Civita-Kasner spacetimes (14) when s positive the axis is attractive and when s negative the axis is repulsive. And also when s = 0, no radial acceleration is felt by a particle at rest. However, since the solution is time dependent, the behaviour of acceleration is changing with time. A typical behavior for t = 3 can be seen in Figure 1. Here, for ϵ = 1 the magnitude of acceleration increases with increasing s up to s ∼ 0.17, then it starts to decrease sharply up to s ∼ 0.3, and then it decreases monotonically with increasing s. For ϵ = −1 situation is different. It increases monotonically up to s = 1/2 then increases more sharply up to s = 3/2 then starts to decrease with increasing s. When the time evolves, the radial acceleration is getting stronger for certain ranges of s and out of this range, particle feels very tiny force. For ϵ = 1 this range is in between 0 and 0.2. For ϵ = −1 the situation is reverse. For small s particle feels very small force. The region where acceleration is very strong is near s ∼ 1. For other values of s a test particle feels very tiny radial force on it.

An important difference between LC and LCK spacetimes is that for s = 1/2 the radial acceleration of test particles becomes maximum for LC metric. This fact has been discussed in previous studies of LC metric since when the parameter s increases the energy density increases for 0 < s < 1/2 but decreases for s > 1/2. This fact suggested that the parameter s is somehow related with the energy density of the source but not proportional to it. For the LCK spacetime the maximum value of the radial acceleration is different than 1/2 (Fig. (1)). Thus they have different gravitational fields.

3.4 Circular geodesics

Here we study the equations of a test particle following a circular geodesics in the spacetime (14). The circular geodesics in the LC spacetime is discussed in detail by da Silva et. al.[4].

Let us denote the angular velocity of a particle moving along a geodesics as ω = dϕ/dτ and its tangential velocity as W^μ = (0, 0, 0, W^ϕ) with W^ϕ = ω/ √ −g_{tt}, then we have (here τ is the time coordinate, not the proper time and dot represents derivation with respect to an affine parameter η): ( ds dτ )_2 = −R^{2D} + R^{2F} τ^{2C} ( dϕ dτ )_2 , (52)

ω^2 = ( ϕ̇ τ̇ )_2 = D α^2F

R^{2(D−F )}τ^{−2C}, (53)

τ̈ = −Cα^2R^{2(F −D)}τ^{2C−1}ϕ̇^2, (54) ṙ = 0, ż = 0. (55)

Then,

W^2 = D F . (56)

Replacing this into the first and the third equations, we get ( ds dτ )_2 = ( W^2 − 1 ) R^{2D}, (57)

τ̇ = dτ dη = τ_0 τ^{C√W} . (58)

Thus, the circular geodesics are timelike for W < 1 (s < 1/4), spacelike for W > 1 (s > 1/4) and null for W = 1 (s=1/4). We have the same conditions with the static Levi-Civita spacetime. Thus the time dependence does not affect the circular geodesics. Also, as in the static case, for a given s the tangential velocity of a particle is constant. The only difference between LC and LCK spacetimes that is ∂_τ is not a Killing vector for LCK spacetimes. This does not affect the dependence of the character of the circular geodesics to the parameter s, although they have different gravitational fields, since τ̇ is not constant for this metric and also since the previous section suggests.

4 Radiating Levi-Civita-Kasner space-time

It is well known [18, 2] that for any Einstein-Rosen wave solution with (K = K_0, U = U_0, W = W_0) solving vacuum Einstein equations for this metric, there is a corresponding radiative solution (K = F (r − t) + K_0, U = U_0, W = W_0) satisfying:

T_{μν} = η k_μk_ν (59)

where k_μ is a null vector satisfying k_μk^μ = 0 and η is energy density of the pure radiation (null dust). Using this property we can easily construct the Kasner generalization of radiating Levi-Civita solution. For the functions K_0, U_0, W_0 we will use the functions K, U, W of LCK solutions, namely have the metric:

K = F (r − t) + k^2 ln (c_1r + c_2) + q^2 ln (c_3t + c_4) U = k ln (c_1r + c_2) + q ln (c_3t + c_4) W = α(c_1r + c_2)(c_3t + c_4) (60) q = k + ϵ, ϵ = ±1, which are solutions of (59) with the energy density: η = (c_2c_3 − c_1(c_4 + c_3(t − r))) Ḟ (c_1r + c_2)(c_3t + c_4)

. (61)

Notice that both c_1 and c_2 cannot vanish simultaneously. This is also true for c_3 and c_4. When F = const. this solution reduces to the LCK spacetime. Also, when we take c_3 = 0 c_4 ≠ 0 we get the radiating Levi-Civita solution of the form:

ds^2 = e^{2F} r^{2(k2−k)}(−dt^2 + dr^2) + r^{2k}dz^2 + α^2r^{2(1−k)}dϕ^2, (62)

The energy density is η = − Ḟ r (63)

To have a positive energy density, here we need Ḟ < 0. Also for c_1 = 0 c_2 ≠ 0 we get the radiating Kasner solution with the metric:

ds^2 = e^{2F (t−r)}t^{2(k2−k)}(−dt^2 + dr^2) + t^{2k}dz^2 + t^{2(1−k)}dϕ^2. (64)

For this radiating Kasner solution it is better to think the coordinates as the Cartesian coordinates. This metric describes a pure radiation moving in the r direction in the Kasner spacetime. The energy density is the negative of the Levi-Civita case and Ḟ must be positive in order to have positive energy density since for this case η = Ḟ t . (65)

At t = 0 this metric has a Kasner type cosmological singularity except k = 0 and k = 1.

If we have c_2c_3 − c_1c_4 ≥ 0, c_1c_3(r − t)Ḟ > 0, Ḟ > 0, (66) or c_2c_3 − c_1c_4 ≤ 0, c_1c_3(r − t)Ḟ < 0, Ḟ < 0, (67)

in (61) then the energy density of the solution (60) is positive.

For example the following choice

c_2 = c_4 = 0, c_1 = c_3 = 1, F = −a(t − r)^n, n = 1, 2, 3..., (68)

where a > 0 is a constant leads to positive energy solutions when n is even.

This spacetime (60) contains in general a Kasner type cosmological singularity at t = 0 and also it is singular at the axis (We take c_2 = c_4 = 0 in (60)). The spacetime is not singular for the particular values of the parameters ϵ = 1, k = 0 and ϵ = −1, k = 1. The cosmological singularity seems to unavoidable but if one is able to find a regular interior radiating solution containing the symmetry axis, then we can avoid having a line singularity at r = 0 since our solution could be an exterior solution of a radiating nonstatic cylindrical source. The spacetime is well behaved for t > 0 and r > 0.

4.1 Some properties of the solution

4.1.1 NP coefficients

Here we analyze Ricci and Weyl scalars of the metric (60) using a null tetrad. For ϵ = 1 we have the spin coefficients:

Φ_{00} = (t − r)F^′ e^{2F r2k2−2k+1 t2k2+2k+1} (69)

Ψ_0 = ( k((1 + k)(1 + 2k)r^2 − 4(k^2 − 1)rt + (k − 1)(2k − 1)t^2) (70)

− ((1 + 2k)r + (1 − 2k)t)2rtF^′ ) /(2e^{2F} r^{2k2−2k+2} t^{2k2+2k+2}) (71)

Ψ_2 = k((1 + k)r^2 + (1 − k)t^2) 2e^{2F} r^{2k2−2k+2} t^{2k2+2k+2}

(72)

Ψ_4 = k((1 + k)(1 + 2k)r^2 + 4(k^2 − 1)rt + (k − 1)(2k − 1)t^2 2e^{2F} r^{2k2−2k+2} t^{2k2+2k+2}

. (73)

This shows that only for ϵ = 1 case, for k = 0, Ψ_2 and Ψ_4 vanishes and the spacetime is Petrov type D. For other values of k, Ψ_0, Ψ_2 and Ψ_4 is nonvanishing and Petrov type is I. For ϵ = −1 we have:

Φ_{00} = (t − r)F^′ e^{2F} r^{k2−2k+1} t^{2k2−6k+5}

(74)

Ψ_0 = ( (k − 1)((k − 2)(2k − 3)r^2 − 4k(k − 2)rt + k(2k − 1)t^2) (75) − ((2k − 3)r + (1 − 2k)t)2rtF^′ ) / ( 2 e^{2F} r^{2k2−2k+2} t^{2k2−6k+6} ) (76)

Ψ_2 =

(k − 1)(k − 2)r^2 − kt^2 2 e^{2F} r^{2k2−2k+2} t^{2k2−6k+6}

(77)

Ψ_4 =

(k − 1)(k − 2)(2k − 3)r^2 + 4k(k − 2)rt + k(2k − 1)t^2 2 e^{2F} r^{2k2−2k+2} t^{2k2−6k+6}

. (78)

For the ϵ = −1 case, Ψ_0, Ψ_2 and Ψ_4 is nonvanishing and the spacetime is Petrov type I except for k = 1 where Ψ_2 and Ψ_4 is vanishing and the spacetime is Petrov type N.

4.1.2 Radial acceleration of test particles

The radial acceleration of a test particle initially at rest in a constant radius in the spacetime (60) is given by:

r̈ =

(k − k^2)r^{−1} − F^′ e^F r^{k2−k} t^{q2−q} . (79)

If we compare (79) with the LCK metric, we see that the main difference is the term ∼ F^′ which characterizes the null radiation. When the F^′ is positive, the axis is more attractive whereas when it is negative, the axis is less attractive. Thus, the presence of null dust may alter the particle motion.

4.1.3 Circular geodesics

Let us study the equations of a test particle following a circular geodesics in the spacetime (60). Let us denote the angular velocity of a particle moving along a geodesics as w, then we have:

ω^2 =

(k^2 − k)r^{−1} + F^′ (1 − k)e^{2F} r^{2k2−1}t^{2(q2−1)}

, (80)

which results ( ds dt )_2 = ( k^2 − k + rF^′ 1 − k − 1 ) e^{2F} r^{2(k2−2)} t^{2(q2−q)}. (81)

Thus, the circular geodesics are timelike if the expression inside the parentheses is negative, null if it is zero and spacelike if it is positive. For the Levi-Civita and LCK metrics the ranges of k where the geodesics are timelike, spacelike or null are the same. However, here we have extra terms proportional to r F^′ and they are in general depends on time and the radial coordinate. This might have some consequences on particle motion. For example, when time passes, a particle following a circular geodesics may not continue to its motion since such geodesics become spacelike. Also for a given k, the circular geodesics might be restricted to a certain radius. Hence, The presence of the null radiation clearly affects the dependence of these ranges to the parameter k.

4.2 A Radiating nonstatic string-like object

Using the property of the Einstein-Rosen type solutions, we can construct examples of interior solutions having a nonstatic radiating object with a cosmic string like equation of state and generating outer radiating spacetime for particular values of the parameters k and q . The interior and exterior metrics are given by:

ds^2_− = t^4 ( e^{2F (r−t)}(−dt^2 + dr^2) + A(r)^2 dϕ^2 ) + t^{−2}dz^2, (82)

ds^2_+ = t^4 ( e^{2F (r−t)}(−dt^2 + dr^2) + α^2r^2 dϕ^2 ) + t^{−2}dz^2, (83)

with the energy momentum tensor:

T_{μν−} = T^{(R)}_{μν−} + T^{(S)}_{μν−}, T_{μν+} = η_+k_μk_ν , (84)

T^{(R)}_{μν−} = κ η_−k_μk_ν , k_μ = (1, 1, 0, 0) (85)

T^{0 (S)}_{0−} = T^{z (S)}_{z−} = −κ μ (86)

η_− = (t A^′ − A) F^′ t A , μ = −A^{′′} A e^{2F} t^{−4} , η_+ = (t − r) F^′ t r (87)

In these solutions, the interior and exterior metrics can be smoothly matched if the metrics and their first derivatives are continuous on the boundary of the stringlike object. Since we have chosen same inner and outer coordinates, this can be fulfilled if A(r_0) = αr_0 and A^′(r_0) = α. These are called Lichnerowicz boundary conditions [21] and can be satisfied for the present case easily. For example if we choose A(r) = sin(b r) then the junction conditions yield:

α = sin(br_0), r_0 = tan(b r_0)/b (88)

which can be easily satisfied since we have more parameters than equations.

Here the problem of these solutions is that, unlike μ, it seems that it may be impossible to η_− to be positive for all ranges of r and t. However, we can avoid negative energy density if we limit the r and t ranges with limited values where η_− > 0. Then, the solution can represent a radiating nonstationary cosmic string like object emitting null radiation.

5 A Stiff Fluid of generalized Kasner form

Let us consider the following metric:

ds^2 = r^{2(k2−k)} t^{2(q2−q+a)}(−dt^2 +dr^2)+r^{2k} t^{2q}dz^2 + P^2 r^{2(1−k)} t^{2(1−q)}dϕ^2, (89) which deviates from LCK solution by a parameter a. For a = −k^2 − q^2 + 2kq + 1 we have a nonstatic stiff fluid with the equation of state

− G^0_0 = G^r_r = G^z_z = G^ϕ_ϕ = a r^{2(k−k2)}t^{2(q−q2 −a−1)}. (90)

When a → 0 we recover the LCK solution. This solution has the similar singularity behavior as the LCK metric and it is singular in general at r = 0 and t = 0. For a special values of k, q we can avoid the singularity at the axis. For example for k = q = 0 we have a = 1 and the metric becomes

ds^2 = t^2(−dt^2 + dr^2 + r^2dϕ^2) + dz^2, (91)

with − G^0_0 = G^r_r = G^z_z = G^ϕ_ϕ = t^{−4}. (92)

This metric describes a cosmological solution where at t = 0 we have a big bang singularity, the Kretchman scalar is K ∼ t^8, then we have an universe filled with an isotropic stiff fluid with the equation of state ρ = p. Since the energy density goes with t^{−4}, for large t the it becomes negligible at late times and practically at (t → ∞) we get vacuum universe.

6 Conclusions

In this paper we have first investigated some physical properties of the nonstatic vacuum solutions in cylindrical coordinates with Kasner type time dependence. They can describe the exterior regions of nonstatic line sources and nonstatic straight strings [9]-[12] having nonvanishing gravitational potential. For each constant time slice they reduce to the Levi-Civita metric. For each Levi-Civita parameter, s, there are in general two corresponding nonstatic vacuum solution of this form depending on ϵ = ±1. We have studied some physical properties of this space-time and compared with the static Levi-Civita spacetime. This metric is in the form of generalized Kasner solutions studied before [13]. Also, by a coordinate transformation, it reduces to Einstein-Rosen soliton waves [14]. We have discovered some differences and similarities between LC and LCK spacetimes. We believe that the form of the metric (14) is suitable for future applications.

Next, we generalized the discussion to a cylindrical nonstatic metric corresponding to an exterior atmosphere of a cylindrical radiating nonstatic source having generalized Kasner type metric. The atmosphere has an outgoing radial pure radiation as well as incoming and outgoing gravitational radiation. For some special cases of our parameter k, these solutions reduce to the exterior field of the radiating nonstatic cosmic string-like objects.

Finally, we have presented a stiff fluid solution by a small deviation of g_{tt} component of the metric from LCK spacetime. This solution is also nonstatic and nonstationary and it is another sign off richness of cylindrically symmetric sources of general relativity together with the previous solutions we have discussed.

Acknowledgments

I would like to thank Metin Arık for reading the manuscript and useful discussions. Some portions of this work is done with the help of GRTensor II [22].

References

[1] K. S. Thorne, Magic without Magic ed J R Klauder, (Freeman, San Fransisco, 1972), p. 231;

T. Piran, Phys. Rev. Lett. 41, 1085 (1978); F. Echeverria, Phys. Rev. D 47, 2271 (1993);

T. A. Apostolatos and K. S. Thorne, Phys. Rev. D 46, 2435 (1992); K. Nakamura and H. Ishihara, [gr-gc/9710078].

[2] H. Stephani, et.al. Exact Solutions of Einstein’s Field Equations, (Cambridge University Press, Cambridge, 2003) [3] T. Levi-Civita, Rend. Acc. Lincei 28, 101 (1919). [4] L. Marder, Proc. R. Soc. A 244, 524 (1958);

W. B. Bonnor, J Phys. A: Math. Gen. 12, 847 (1979); W. B. Bonnor and W. Davidson, Class. Quantum Grav. 9, 2065 (1992); M. F. A. da Silva, L. Herrera, F. M. Paiva and N. O. Santos, J. Math. Phys. 36, 3625 (1995);

S. Haggag and F. Desokey, Class Quantum Grav. 13, 3221 (1996); T. G. Philbin, Class. Quantum Grav. 13, 1217 (1996);

W. B. Bonnor (1999). The static cylinder in general relativity, in On Einsteins Path ed. A. Harvey, (Springer, New York, 1999), p. 113.

[5] J. Stachel, J. Math. Phys. 25, 338 (1983);

A. Z. Wang,M. F. A. da Silva and N. O. Santos, Class. Quantum Grav. 14, 2417 (1997);

L. Herrera, N. O. Santos, A. F. F. Teixeira and A. Z. Wang, Class. Quantum Grav. 18, 3847 (2001);

M. F. A. da Silva, A. Z. Wang and N. O. Santos, Phys. Lett. A 244, 462 (1998).

[6] J. Bicak and M. Zofka, Class. Quantum Grav. 19, 3653 (2002);

M. Arik and O. Delice, Int. J Mod. Phys. D 12, 1095(2003); M. Arik and O. Delice, Gen. Relat. Gravit. 35, 1285 (2003); M. Zofka, Class. Quantum Grav. 21, 465 (2004);

M. Arik and O. Delice, Static cylindrical matter shells, To appear in Gen. Relat. Gravit. Preprint [gr-qc/0405065].

[7] W. Davidson, J. Math. Phys. 32, 1560 (1991). [8] L. K. Patel and N. Dadhich, Ap. J 401, 433 (1992). [9] J. A. Stein-Schabes, Phys. Rev. D 33, 3545 (1986). [10] E. Shaver and K. Lake, Phys. Rev. D 40, 3287 (1989). [11] A. K. Raychaudhuri, Directions in General Relativity, in Proceedings of the 1993 International Symposium, Maryland, eds. B. L. Hu, M. P. Ryan, Jr. and C. V. Vishveshwara (Cambridge University Press, Cambridge, 1993), p. 297;

M. A. P. Martins, A. A. Moregula and M. M. Som, Phys. Rev. D 59, 107501 (1999);

M. M. Som, M. A. P. Martins and A. A. Moregula, Phys. Rev. D 65, 067501 (2002).

[12] A. Banerjee, N. Banerjee and A. A. Sen, Phys Rev. D 53, 5508 (1996). [13] R. A. Harris and J. D. Zund, Tensor 30, 255 (1976);

R. A. Harris and J. D. Zund, Tensor 32, 39 (1978); C. B. G. McIntosh, Gen. Relat. Gravit. 24, 757 (1992).

[14] M. Carmeli, C. Charach and S. Malin, Phys. Rep76, 19 (1981);

V. Belinskii and V. E. Zakharov, Sov. Phys. JETP 75, 1953 (1978); A. Tomimatsu, Gen. Relat. Gravit. 21, 613 (1989).

[15] S. L. Shapiro and S. A. Teukolsky, Phys. Rev. Lett. 66, 994 (1991);

F. Echeverria, Phys. Rev. D 47, 2271 (1993); T. Chiba, Prog. Theor. Phys. 95, 321 (1996); J. P. S. Lemos, Phys. Rev. D 57, 4600 (1998);

K. Nakao and Y. Morisawa, Class. Quantum Grav. 21, 2101 (2004); K.Nakao and Y. Morisawa, Prog. Theor. Phys. 113 73 (2005).

[16] J. Krishna Rao, J. Phys. A: Gen Phys. 4 17 (1971).

[17] P. R. T. C. Pereira and A. Z. Wang, Phys. Rev. D 62, 124001 (2000); 67, 129902(E) (2003);

R. J. Gleiser, Phys. Rev. D 65, 068501 (2002); T. A. Morgan, Gen.Relat. Gravit 4, 203 (1973).

M. F. A. da Silva, J. P. S. Lemos and N. O. Santos, Phys. Lett. A, 157, 101 (1991);

S. M. C. V. Goncalvez and S. Jhingan, Int. J. Mod. Phys D 11, 1469 (2002); B. C. Nolan, Phys. Rev.D 65, 104006 (2002); M. Seriu, Phys. Rev. D 69, 124030 (2004); B. Himmetoglu, [gr-qc/0409078];

P.S. Lettelier and A. Z. Wang, Phys. Rev. D 49, 5105 (1994); 51, 5968(E) (1995).

[18] J. Krishna Rao, Proc. Nat. Inst. Sci. India A 30 439 (1964);

J. Krishna Rao, Indian J. Pure Appl. Math. 1 367 (1970). [19] E. Kasner, Am. J. Math. 43, 217 (1921).

[20] E. Newman and R. Penrose, J Math. Phys. 3, 566 (1962);

P. Szekeres, J Math. Phys. 6, 1387 (1966); 7, 751 (1966).

[21] A. Lichnerowicz, Theories Relativistes de la Gravitation et de Electromagnetisme, (Masson, Paris, 1955), p. 61.

[22] Freely avaible at http://grtensor.org