arXiv:gr-qc/0411132 v2 15 Dec 2004

Sofia University

Charged perfect fluid configurations with a dilaton field

Stoytcho S. Yazadjiev^1

Department of Theoretical Physics, Faculty of Physics, Sofia University, 5 James Bourchier Boulevard, Sofia 1164, Bulgaria

Abstract

We examine static charged perfect fluid configurations in the presence of a dilaton field. A method for construction of interior solutions is given. An explicit example of an interior solution which matches continuously the external Gibbons-Maeda- Garfinkle-Horowitz-Strominger solution is presented. Extremely charged perfect fluid configurations with a dilaton are also examined. We show that there are two types of extreme configurations. For each type the field equations are reduced to a single nonlinear equation on a space of a constant curvature. In the particular case of a perfect fluid with a linear equation of state, the field equations of the first type configurations are reduced to a Helmlotz equation on a space with a constant curvature. An explicit example of an extreme configuration is given and discussed.

1 Introduction

Scalar field is believed to play an important role in moder physics. Nearly all generalized gravity theories as scalar-tensor and Kaluza-Klein theories involve a scalar field. On the other hand a scalar field arises from the string theory - the so-called dilaton. During the last two decades a lot of work has been devoted to the string theory inspired gravity models. It turns out to be useful to study such models as a first step in the search of exact string theory. On the one hand the studying of those models may throw light on and give some insight into the nonperturbative structure of string theory. On the other hand it leads to better understanding of some problems in classical general relativity - for example the black holes.

The string theory and higher dimensional gravity theories in their low energy limit predict the following effective four dimensional action[1],[2] S = ∫ d^4x √ −g [ R − 2g^{μν} ∂_μφ∂_ν φ − e^{−2bφ}F^{αβ}F_{αβ} ] (1) where R is the Ricci scalar curvature and φ is the dilaton field. The electromagnetic Maxwell field strength is denoted by F_{μν}. The parameter b describes the coupling between the electromagnetic and dilaton field. The exact external solution to (1) describing charged dilaton black holes was found in [1] and [2]. This is the famous external Gibbons-Maeda-Garfinkle-Horowitz-Strominger (GMGHS) solution. In last decade the GMGHS solution was studied in different aspects. However, no interior solution has been found which matches the GMGHS solution. A generalization of (1) incorporating matter (a perfect fluid) was considered in [3]. The authors examined static extreme perfect fluid distributions. They showed that the field equations reduce to a nonlinear version of Poisson equation and found a relation between the charge, the mass and the dilaton charge densities. Let us mention that the extreme charged perfect fluid configurations within the framework of general relativity has attracted interest in last years, too. In [4] Gürses solved exactly the Einstein equations for static charged dust distributions by reducing the Einstein equations to a nonlinear version of Poisson equation on flat space. Ida [5] studied static charged distributions and showed that if the norm of the Killing vector and the electrostatic potential had the Weyl-Majumdar relation, the background spacial metric is the space of a constant curvature and the field equations reduce to a single nonlinear partial differential equation. It was also shown that if the linear equation of states for the fluid was assumed this equation becomes a Helmholtz equation on a

1 E-mail:yazad@phys.uni-sofia.bg

space of constant curvature. Let us also mention the works by Varela [6], [7], Guilfoyle[8] and Ivanov[9] and references therein.

In this work we consider a generalization of (1) by incorporating a coupling to perfect fluid. A method for generating exact interior perfect fluid solutions is presented. An explicit example of exact interior solution is given. This solution matches continuously the external GMGHS solution and can be viewed as its source. We also consider extreme charged perfect fluid configurations. It is shown that there are two types extreme configurations and field equations are reduced to a single nonlinear equation on space of a constant curvature. Explicit exact solution describing extreme charged perfect fluid with a dilaton field is given,too. This solution matches continuously the extremal GMGHS solution.

2 The model

A generalization of (1) can be achieved by incorporating coupling to matter[3]

R_{μν} = 8π ( T_{μν} − 1 2 T g_{μν} ) + 2∂_μφ∂_ν φ + 2e^{−2bφ} ( F_{μα}F^α_ν − 1 4 g_{μν} F^{αβ}F_{αβ} ) , (2) ∇^μ∇_μφ = − b 2 e^{−2bφ}F^{αβ}F_{αβ} + 4πρ_{dil}, (3) ∇_ν ( e^{−2bφ}F^{μν} ) = 4πJ^μ. (4)

Here T_{μν} is the energy momentum tensor for a perfect fluid

T_{μν} = (ρ + p)u_μu_ν + pg_{μν}. (5) The dilaton charge density is denoted by ρ_{dil}. The electric current vector J^μ is given by

J^μ = σu^μ (6) where σ is the charge density.

3 The dimensionally reduced system

We consider static configurations with a spacetime metric

ds^2 = −e^{2U} dt^2 + e^{−2U} h_{ij}dx^idx^j (7) where the indexes i and j run from 1 to 3, and the metric function U and three-metric h_{ij} depend on the space coordinates x^i only.

We assume the following form of the electromagnetic field F = e^{−2U} ξ ∧ dΦ. (8) Here ξ is the one-form corresponding to the Killing vector ∂/∂t and Φ is the electrostatic potential depending on the space coordinates only.

The staticity also requires

ξ ∧ u = 0 (9) where u is the one-form corresponding to the fluid four velocity. The dimensionally reduced system is

1 √ h ∂_i (√ hh^{ij}∂_jU ) = 4π(ρ + 3p)e^{−2U} + e^{−2bφ−2U}h^{ij} ∂_iΦ∂_j Φ, (10) 1 √ h ∂_i (√ hh^{ij}∂_jφ ) = 4πρ_{dil}e^{−2U} + be^{−2bφ−2U}h^{ij} ∂_iΦ∂_j Φ, (11) 1 √ h ∂_i (√ he^{−2bφ−2U}h^{ij} ∂_jΦ ) = 4πσe^{−3U} , (12) R(h)_{ij} = −16πpe^{−2U} h_{ij} + 2∂_iU ∂_jU + 2∂_iφ∂_jφ − 2e^{−2bφ−2U}∂_iΦ∂_j Φ, (13) where R(h)_{ij} is the Ricci tensor with respect to the three-metric h_{ij}.

The contracted Bianchi identities lead to the hydrostatic equilibrium equation (Euler equation) ∂_ip + (ρ + p)∂_iU = −ρ_{dil}∂_iφ + σe^{−U} ∂_iΦ. (14) 4 Exact solutions

In order to solve the base system (10 - 13) we shall assume that all potentials U , φ and Φ depend on the space coordinates through one potential χ and satisfy the equations of the affinely parameterized geodesics for the metric dl^2 = dU^2 + dφ^2 − e^{−2bφ−2U} dΦ^2. (15) In the vacuum case this approach allows us to construct many exact solutions to the EMd gravity.

Details can be found in [10] and [11].

In explicit form the geodesic equations are

d^2U dχ^2 = e^{−2bφ−2U} ( dΦ dχ )_2

, (16)

d^2φ dχ^2 = be^{−2bφ−2U} ( dΦ dχ )_2

, (17) d dχ [ e^{−2bφ−2U} ( dΦ dχ )] = 0, (18) ( dU dχ )_2 + ( dφ dχ )_2 − e^{−2bφ−2U} ( dΦ dχ )_2 = ϵ, (19)

where ϵ = 0 or ϵ = 1. The case ϵ = 0 represents the null geodesics of the metric (15) and will be discussed in the next section. Here we consider the case ϵ = 1. In this situation we obtain dU dχ Δ_hχ = 4π(ρ + 3p)e^{−2U} , (20) dφ dχ Δ_hχ = 4πρ_{dil}e^{−2U} , (21) e^{−2bφ−2U} dΦ dχ Δ_hχ = 4πσe^{−3U} , (22) R(h)_{ij} = −16πpe^{−2U} h_{ij} + 2∂_iχ∂_j χ, (23) where Δ_h denotes the Laplacian with respect to the three-metric h_{ij}. Further if we require that χ and h_{ij} satisfy the pure Einstein perfect fluid equations

Δ_hχ = 4π(ρ_E + 3p_E)e^{−2χ}, (24) R(h)_{ij} = −16πp_E e^{−2χ}h_{ij} + 2∂_iχ∂_jχ, (25) we find

p = p_E e^{2U−2χ}, (26) ρ = e^{2U−2χ} [ (ρ_E + 3p_E) dU dχ − 3p_E ] , (27)

ρ_{dil} = e^{2U−2χ} (ρ_E + 3p_E ) dφ dχ , (28)

σ = e^{−2bφ+U−2χ} (ρ_E + 3p_E) dΦ dχ . (29)

Let us summarize the results in the following Proposition Let {χ, h_{ij}, ρ_E , p_E} be a solution to the static Einstein perfect fluid equations. Then {U, h_{ij}, φ, Φ, ρ, p, σ, ρ_{dil}} form a solution to the static charged perfect fluid equations with a dilaton field (10-13) where {U (χ), φ(χ), Φ(χ)} is a solution to the geodesic equations (16-19) with ϵ = 1 and {ρ, p, σ, ρ_{dil}} are given by eqs.(26-29).

Below we present the explicit solutions of the geodesic equations (16-19) for ϵ = 1 (see [10] and [11] ). Let us mention that we consider asymptotically flat configurations with

lim_{χ→0} U (χ) = lim_{χ→0} φ(χ) = lim_{χ→0} Φ(χ) = 0. (30)

Type I solutions.

Type I solutions are given by

e^{2U} = e^{2χ cos(ω−ωb)} ( 1 − Γ^2 1 − Γ^2e^{2χ√1+b2 cos ω}

) 2_{1+b2} , (31)

e^{2φ} = e^{−2χ sin(ω−ωb)} ( 1 − Γ^2 1 − Γ^2e^{2χ√1+b2 cos ω}

) 2b_{1+b2}

, (32) Φ = Γ √ 1 + b^2

1 − e^{2χ√1+b2 cos ω} 1 − Γ^2e^{2χ√1+b2 cos ω}

, (33)

where 0 ≤ Γ^2 < 1 and ω are free parameters and ω_b = arcsin ( b/ √ 1 + b^2 ) . Type II solutions. This type solutions are

e^{2U} = e 2bχ √_{1+b2} cosh(υ) [ cos^2(ψ) cos^2 ( χ √ 1 + b^2 sinh(υ) + ψ ) ] 1_{1+b2}

, (34)

e^{2φ} = e^− 2χ √_{1+b2} cosh(υ) [ cos^2(ψ) cos^2 ( χ √ 1 + b^2 sinh(υ) + ψ ) ] b_{1+b2} , (35)

Φ = − 1 √ 1 + b^2 sin ( χ √ 1 + b^2 sinh(υ) ) sin ( χ √ 1 + b^2 sinh(υ) + ψ

) . (36)

Here υ and 0 ≤ ψ < π/2 are free parameters. Type III solutions. The solutions are given by

e^{2U} = e 2bγ √_{1+b2} χ

(1 − N χ)^{− 21+b2} , (37)

e^{2φ} = e^− 2γ √_{1+b2} χ

(1 − N χ)^{− 2b1+b2} , (38)

Φ = − 1 √ 1 + b^2 N χ 1 − N χ , (39) where N ≠ 0 is a free parameter and γ^2 = 1.

Many exact solutions can be constructed through the use of the solution generating method given above. According to the proposition, there are three classes of interior solutions that can be obtained from every interior solution of the pure Einstein perfect fluid equations. Most of the known exact solutions to the Einstein perfect fluid equations are singular or have not well defined boundary (see for example [12]). Here we will explicitly consider a regular interior solution of the Einstein perfect fluid equations, namely the interior Schwarzschild solution with uniform perfect fluid energy density. This solution is given by

ds^2_E = −e^{2χ}dt^2 + dr^2 1 − 2mr^2/R^3

+ r^2(dθ^2 + sin^2 θdϕ^2), (40)

p_E = ρ_E ( 1 − 2mr^2/R^3 )_{1/2} − (1 − 2m/R)^{1/2} 3 (1 − 2m/R)^{1/2} − (1 − 2mr^2/R^3)^{1/2}

, (41)

ρ_E = m (4π/3)R^3

(42)

where

e^χ = 3 2 ( 1 − 2m R )_{1/2} − 1 2 ( 1 − 2mr^2 R^3 )_{1/2} . (43)

From the explicit form of the function e^χ it is not difficult to see that

e^{2χ} ≤ 1 − 2m R . (44)

The interior Schwarzschild solution has well defined boundary r = R where the pressure vanishes, p_E (R) = 0. On the surface r = R the interior metric matches continuously the external Schwarzschild metric. The regularity of the solution sets an upper bound on the mass to radius ratio, 2m R < 8 9 . (45)

There are three classes of interior solutions with a dilaton field corresponding to the interior Schwarzschild solution. Here we will not consider all of them. We shall focus our attention to the Type I solutions with ω = ω_b. This case is interesting since, in vacuum, it gives the exterior GMGHS solution. In the case under consideration we obtain

ds^2 = − ( 1 − Γ^2 1 − Γ^2e^{2χ}

) 2_{1+b2} e^{2χ}dt^2 + ( 1 − Γ^2e^{2χ}

1 − Γ^2

) 2_{1+b2} [ dr^2 1 − 2mr^2/R^3

+ r^2(dθ^2 + sin^2 θdϕ^2) ] ,(46)

e^{2φ} = ( 1 − Γ^2 1 − Γ^2e^{2χ}

) 2b_{1+b2}

, (47) Φ = Γ √ 1 + b^2 1 − e^{2χ} 1 − Γ^2e^{2χ}

, (48) p = p_E ( 1 − Γ^2 1 − Γ^2e^{2χ}

) 2_{1+b2} , (49) ρ = ( 1 − Γ^2 1 − Γ^2e^{2χ}

)^2_{1+b2} [ ρ_E + 2 1 + b^2

(ρ_E + 3p_E )

Γ^2e^{2χ} 1 − Γ^2e^{2χ} ] , (50) σ = − 2 √ 1 + b^2

(ρ_E + 3p_E ) Γe^χ 1 − Γ^2 ( 1 − Γ^2 1 − Γ^2e^{2χ}

) 3_{1+b2} , (51)

ρ_{dil} = 2b 1 + b^2

(ρ_E + 3p_E)

Γ^2e^{2χ} 1 − Γ^2 ( 1 − Γ^2 1 − Γ^2e^{2χ}

)^{3+b2}_{1+b2} , (52)

(53)

The solution is regular everywhere and has well defined boundary, r = R, where the pressure vanishes, p(R) = 0. In contrast to the pressure, the fluid energy density does not vanish on the surface r = R just like for the interior Schwarzschild solution ρ(R) = [ 1 + 2mΓ^2 (1 − Γ^2)R

]_− 2_{1+b2} [ 1 + 2 1 + b^2

Γ^2 ( 1 −^{2m}_R ) 1 − Γ^2 +^{2mΓ2}_R ] ρ_E . (54)

The same is true for the dilaton charge and electric charge density.They do not vanish on the surface r = R. The found solution, however, matches continuously the external GMGHS solution^2

ds^2 = − ( 1 + 2mΓ^2 (1 − Γ^2)r

)_− 2_{1+b2} ( 1 − 2m r ) dt^2

+ ( 1 + 2mΓ^2 (1 − Γ^2)r

) 2_{1+b2} [ dr^2 1 −^{2m}_r

+ r^2(dθ^2 + sin^2 θdϕ^2) ] , (55)

e^{2φ} = ( 1 + 2mΓ^2 (1 − Γ^2)r

)_−^{2b}_{1+b2} , (56) Φ = 1 √ 1 + b^2 2mΓ 1−Γ^2

r +^{2mΓ2}_{1−Γ2}

. (57)

The solution is characterized with the mass M , electric charge Q and the dilaton charge Q_{dil} given by M = m +

2Γ^2(1 − Γ^2)^{−1} (1 + b^2) m , Q = 2Γ(1 − Γ^2)^{−1} √ 1 + b^2 m , Q_{dil} = 2bΓ^2(1 − Γ^2)^{−1}

(1 + b^2) m. (58)

5 Extreme configurations

The extremal case corresponds to the null geodesics of the metric (15). The null geodesic equations have two types solutions.

Type I solutions. They are given by

e^{2U} = (1 − nχ)^{−21+b2} , (59)

e^{2φ} = (1 − nχ)^{−2b1+b2} , (60)

Φ = − 1 √ 1 + b^2 nχ 1 − nχ , (61)

where n ≠ 0 is a free parameter. Type II solutions. These solutions are

e^{2U} = e 2bγχ √_{1+b2} [ cos^2(ψ) cos^2 ( γ √ 1 + b^2χ + ψ ) ] 1_{1+b2} , (62)

e^{2φ} = e^− 2γχ √_{1+b2} [ cos^2(ψ) cos^2 ( γ √ 1 + b^2χ + ψ ) ] b_{1+b2} , (63)

Φ = − 1 √ 1 + b^2 sin ( γ √ 1 + b^2χ ) cos ( γ √ 1 + b^2χ + ψ

) , (64)

2 The solution can be cast in the familiar GHS coordinates by performing the coordinate shift r̄ = r +^{2mΓ2}_{1−Γ2} .

where γ ≠ 0 and 0 ≤ ψ < π/2 are free parameters. For the null geodesics the equations (10-13) reduce to dU dχ Δ_hχ = 4π(ρ + 3p)e^{−2U} , (65) dφ dχ Δ_hχ = 4πρ_{dil}e^{−2U} , (66) e^{−2bφ−2U} dΦ dχ Δ_hχ = 4πσe^{−3U} , (67) R(h)_{ij} = −16πpe^{−2U} h_{ij}. (68) The equation for the Ricci tensor shows that the three dimensional manifold with a metric h_{ij} is an Einstein space [5]. In the Einstein spaces the scalar curvature is a constant and therefore we find that the pressure p is proportional to e^{2U} . The three metric h_{ij} can be written in the form h_{ij}dx^idx^j = δ_{ij} dx^idx^j [ 1 +^1_4 κδ_{ij}x^ix^j

]_2 (69)

for which R(h)_{ij} = 2κh_{ij}. Here δ_{ij} is the three dimensional Kronecker delta. For the Type I solutions one finds

Δ_h(1 − nχ) = (1 + b^2) ( 3 2 k − 4πρe^{−2U} ) (1 − nχ). (70)

Defining V = e^{−(1+b2)U} = 1 − nχ the above equation can be written in the form

Δ_hV = (1 + b^2) ( 3 2 kV − 4πρV^{3+b} 2 1+b2 ) . (71)

For the dilaton and electric charge density we find

ρ_{dil} = bρ − 3b 8π κe^{2U} = bρ − 3b 8π κV^{− 21+b2} , (72) σ = − √ 1 + b^2e^{−(1+b2)U} ( ρe^U − 3κ 8π e^{3U} ) = − √ 1 + b^2 ( ρV^b 2 1+b2 − 3κ 8π V^b 2−2 1+b2 ) . (73)

Let us note that in the particular case κ = 0, we recover the result of [3] in four dimensions. The equation (71) is in general nonlinear. It can be made linear if we assume a linear equation of state for the perfect fluid, ρ = ζp. Then the equation (71) becomes

Δ_hV = κ 2 (1 + b^2)(3 + ζ)V (74)

i.e. a Helmloltz equation on a space with a constant curvature. Exact solutions to the equation (74) are presented and discussed in [5] (see also [13]).

For the Type II solutions we obtain

Δ_hΘ = 1 2 (1 + b^2) 8πρe^{−2U} − 3κ b + tan(Θ)

(75)

where Θ = γ √ 1 + b^2χ + ψ. The dilaton and the electric charge density are given by

ρ_{dil} = ( 3κ 8π e^{2U} − ρ ) 1 − b tan(Θ) b + tan(Θ)

, (76) σ = √ 1 + b^2 cos^{−1}(ψ) 3κ 8π e^{3U} − ρe^U b + tan(Θ)

. (77)

For a perfect fluid with a linear equation of state, ρ = ζp, we find

Δ_hΘ = − κ 2 (1 + b^2)

3 + ζ b + tan(Θ)

. (78)

Lest us consider an explicit example of an extreme dust (κ = 0) configuration of Type I. In vacuum equation (71) becomes

ΔV = 0 (79) where Δ is the Laplacian on a flat space. An asymptotically flat solution is

V = 1 + n r (80)

where n is chosen to be positive, n > 0. This solution corresponds to the extremal limit of the external GMGHS solution with mass, electric charge and dilaton charge given by M = n 1 + b^2 , Q = n √ 1 + b^2 , Q_{dil} = b 1 + b^2 n. (81)

In the presence of matter we shall assume that 4π(1 + b^2)ρV^{2+b} 2 1+b2 = λ2 = constant with λ > 0 [4],[6].

Then (71) reduces to

ΔV + λ^2V = 0 (82) which admits the solution V = A sin(λr) r (83)

where A > 0 is an integration constant.

In order to match the exterior and interior solution we require that the potentials U , φ and Φ and their radial derivatives are continuous on the boundary r = R. Since the potentials are functions of V it follows that the potential V and its derivative should be continuous on r = R. Imposing these conditons we obtain

tan(λR) = ( 1 + n R ) λR, (84) A R = √( 1 + n R )_2 + 1 λ^2R^2

, (85)

which formally coincide with those for the Einstein-Maxwell theory [7]. So obtained charged dust configuration is everywhere regular when λR ∈ (0, π/2) (see [7]). There are many other relationships between ρ and V (or ρ and Θ for the Type II cofigurations) that can be examined. Some of them lead to well known equations from soliton physics [6],[7],[3]. Although interesting, we shall not consider these possibilities in explicit form in the present work.

6 Conclusion and discussion

In this paper we considered charged perfect fluid configurations in presence of a dilaton field. A method for generating exact interior charged perfect fluid solutions with a dilaton was given. This method enables us to construct three classes of exact interior solutions from every interior perfect fluid solution to the pure Einstein equations. As an explicit example we constructed an interior solution which matches continuously the external GMGHS solution. Extreme charge dilaton perfect fluid configurations were examined, too. It was shown that there are two types of extreme configurations and the field equations were reduced to a single nonlinear equation on a space of a constant curvature for each type. In the particular case of a perfect fluid with a linear equation of state this equation becomes a Helmholtz equation on a space of a constant curvature for the first type configurations. Explicit exact solution describing extreme charged perfect fluid with a dilaton field was given.

Acknowledgement

This work was partially supported by Sofia University Research Fund.

References

[1] G. Gibbons and K. Maeda, Nucl. Phys. B298, 741 (1988). [2] D. Garfinkle, G. Horowitz and A. Strominger, Phys. Rev. D43, 3140 (1991). [3] Y. Cho, Y. Degura and K. Shiraishi, Phys. Rev. D62, 084038 (2000). [4] M. Gürses, Phys. Rev. D58, 044001 (1998). [5] D. Ida, Prog. Theor. Phys. 103, 573 (2000).

[6] V. Varela, Analytical describtion of voids in Majumdar-Papapetrou spacetimes, Eprint: gr-qc/9911062.

[7] V. Varela, Gen. Rel. Grav. 35, 1815 (2003). [8] B. Guilfoyle, Gen. Rel. Grav. 31, 1645 (1999). [9] B. Ivanov, Phys. Rev. D65, 104001 (2002) [10] S. Yazadjiev, Int. J. Mod. Phys. D8, 635 (1999).

[11] S. Yazadjiev, Exact static solutions in Einstein-Maxwell-Dilaton gravity with arbitrary dilaton coupling parameter, E-print: gr-qc/0101078.

[12] M. Delgaty and K. Lake, Comput. Phys. Commun. 115, 395 (1998). [13] E. Harrison, Rev. Mod. Phys. 39, 862 (1968).