arXiv:gr-qc/0412098 v1 21 Dec 2004

TUW–04–32 LU-ITP 2004/048

The Spherically Symmetric Standard Model with Gravity

H. Balasin^∗, C. G. Böhmer^† and D. Grumiller^‡

∗†‡Institut für Theoretische Physik Technische Universität Wien Wiedner Hauptstr. 8–10, A-1040 Wien Austria

‡Institut für Theoretische Physik Universität Leipzig Augustusplatz 10-11, D-04103 Leipzig Germany

Abstract

Spherical reduction of generic four-dimensional theories is revisited. Three different notions of “spherical symmetry” are defined. The following sectors are investigated: Einstein-Cartan theory, spinors, (non-)abelian gauge fields and scalar fields. In each sector a different formalism seems to be most convenient: the Cartan formulation of gravity works best in the purely gravitational sector, the Einstein formulation is convenient for the Yang-Mills sector and for reducing scalar fields, and the Newman-Penrose formalism seems to be the most transparent one in the fermionic sector. Combining them the spherically reduced Standard Model of particle physics together with the usually omitted gravity part can be presented as a two-dimensional (dilaton gravity) theory.

Key words: spherical symmetry, Standard Model, 2d theories, dilaton grav- ity

∗e-mail: hbalasin@tph.tuwien.ac.at † e-mail: boehmer@hep.itp.tuwien.ac.at ‡ e-mail: grumil@hep.itp.tuwien.ac.at

LIST OF FIGURES 1

Contents

1 Introduction 2

2 Three ways of spherical symmetry/reduction 4

3 Three formalisms 7 3.1 Cartan’s form calculus and Gravity . . . . . . . . . . . . . . 7 3.1.1 The 2-2 split . . . . . . . . . . . . . . . . . . . . . . 7 3.1.2 Reduction of torsion and curvature . . . . . . . . . . 8 3.1.3 Reduction of the Einstein-Hilbert action . . . . . . . 10 3.2 Dilaton gravity with matter . . . . . . . . . . . . . . . . . . 11 3.2.1 Static and spherically symmetric matter . . . . . . . 14 3.2.2 Spherically symmetric perfect fluids . . . . . . . . . 16 3.2.3 Static and spherically symmetric perfect fluids . . . 17 3.3 Spinor formalism and reduction of fermions . . . . . . . . . 20 3.4 Reduction of Yang-Mills fields . . . . . . . . . . . . . . . . . 25

4 The spherically symmetric Standard Model 30 4.1 Reduction of the SU (2) Yang-Mills Dirac system . . . . . . 30 4.2 Reduction of the SU (3) Yang-Mills Dirac system . . . . . . 33 4.3 The Higgs model . . . . . . . . . . . . . . . . . . . . . . . . 34 4.4 Yukawa couplings . . . . . . . . . . . . . . . . . . . . . . . . 35 4.5 Einstein-Cartan theory . . . . . . . . . . . . . . . . . . . . . 37

5 Effective theory in d=2 41 5.1 The SSSMG as a 2d model . . . . . . . . . . . . . . . . . . 42 5.2 Quantisation of SSSMG . . . . . . . . . . . . . . . . . . . . 45

6 Concluding remarks 47

A Spherical harmonics 48

B Linking GHP and Cartan formalism 48

C Inner products 49

List of Figures

1 Foliation of spacetime by two-spheres . . . . . . . . . . . . . 20 2 Embedding diagram for the spin-spaces . . . . . . . . . . . 26

1 INTRODUCTION 2

1 Introduction

Spherical symmetry plays a pivotal role in theoretical physics because the system simplifies such that an exact solution is often possible; this in turn allows for an understanding of some basic principles of the underlying dynamical system and thus can be of considerable pedagogical value.^1 As compared to other frequently used scenarios, like the ultra-relativistic limit where the rest mass is much smaller than the kinetic energy or the static limit where the rest mass is much larger than the kinetic energy, spherical symmetry has the advantage that it allows for dynamics such as scattering of s-waves as opposed to the static case and for bound states as opposed to the ultra-relativistic limit. Moreover, many physical systems of relevance exhibit at least approximate spherical symmetry – to name a few: the l = 0 sector of the Hydrogen atom, non-rotating isolated stars, the universe on large scales (actually isotropic with respect to any point), etc. Also semi-classically spherically symmetric modes are often the dominant ones – e.g. ca. 90% of the Hawking flux of an evaporating black hole is due to this sector (cf. e.g. [1]), the Balmer series stems from it (disregarding the finestructure), etc. From a technical point of view the success of spherical symmetry is related to the fact that systems in two dimensions d = 2 have many favourable properties (cf. e.g. [2]).

However, the advantages of simplifications due to spherical symmetry become most apparent in the context of (quantum) gravity. As an illustration four selected examples are presented: Krasnov and Solodukhin discussed recently the wave equation on spherically symmetric black hole (BH) backgrounds [3]. They found an intriguing interpretation in terms of Conformal Field Theory, at least in certain limits (near horizon, near singularity and high damping), thus realizing ’tHooft’s suggestion [4] of an analogy between strings and BHs. In the framework of canonical quantum gravity recently the concepts of quantum horizons [5] and quantum black holes [6] have been introduced for spherically symmetric systems. While the former work is inspired by the concept of isolated horizons [7], the latter invokes trapped surfaces and thus may be applied to dynamical horizons. Both confirm the heuristic picture that at the quantum level horizons fluctuate. One of the present authors together with Fischer, Kummer and Vassilevich considered scattering of s-waves on their own gravitational self-energy by means of two-dimensional methods, obtaining a simple but nontrivial S-matrix with virtual BHs as intermediate states [8] (for a review cf. [9]), in accordance with ’tHooft’s idea that BHs have to be considered in

1It is impossible to present a complete list of references regarding spherical symmetry, because ever since Coulomb we estimate that ca. 10^5 publications appeared in this context. However, whenever a certain technical detail is used of course some of the original literature, or at least reviews for further orientation, will be provided.

1 INTRODUCTION 3

the S-matrix together with elementary matter fields [10]. Finally, the seminal numerical work by Choptuik [11] on critical collapse was based upon a study of the spherically symmetric Einstein-massless-Klein-Gordon model. Although similar features were found later in many other systems (for a review cf. [12]) we believe it is no coincidence that the crucial discovery was made first in the simpler spherically symmetric case.

In the first, third and fourth example the coupling to matter degrees of freedom was essential. It is therefore of some interest to study the most general coupling to matter consistent with observation, in particular the Standard Model of particle physics [13] or a recent improvement thereof [14].

The purpose of this work is 1. to clarify what is meant by spherical symmetry; three different notions will be presented, 2. to review the basic formalisms that are useful in the context of spheric reduction (Cartan-, Geroch-Held-Penrose (GHP) and metric-formalism), 3. to apply them to obtain the spherically symmetric Standard Model plus gravity (SSSMG) in a comprehensive manner, 4. to present an effective theory in d = 2 which then in principle can be quantised. As byproducts several sectors will be discussed in technical detail. Necessarily, large part of this work have the character of a review. Nonetheless, several new results are contained in it: It is shown that static perfect fluids can be regarded as generalised dilaton gravity models. In the reduction of the Einstein-Yang-Mills-Dirac system we find an additional contribution that might have been overlooked in previous considerations. We discuss the symmetry restoration of spontaneous symmetry breaking by giving an interpretation to the effective Higgs potential. The Yukawa interaction is spherically reduced without fixing the isospin direction. We spherically reduce the torsion induced four fermion interaction term present in Einstein-Cartan theory. Finally we comment on the quantisation of the SSSMG.

We would also like to point out that one of the main aims of our work is to provide a link between concepts from particle physics (like the matter content inspired by the standard model) and input from general relativity like the spin-coefficient formalism that is particularly adequate for the reduction of spinors in a spherically symmetric context.

This paper is organised as follows: in Section 2 three different notions of spherical symmetry are discussed. Section 3 fixes the notation and introduces the three formalisms (Cartan, GHP, metric) by means of relevant and rather explicit examples. A brief recapitulation of dilaton gravity with matter by means of a discussion of static perfect fluid solutions is given. Collecting them the spherically symmetric Standard Model plus gravity is constructed in Section 4. It is presented as an effective theory in two dimensions (Section 5). The final Section 6 contains some concluding remarks. The appendices provide supplementary material mostly related to

2 THREE WAYS OF SPHERICAL SYMMETRY/REDUCTION 4

the GHP formalism.

2 Three ways of spherical symmetry/reduction

In the following we will define different notions of spherical symmetry.

0) In order to be able to talk about spherical symmetry one needs an action of the rotation group SO(3) on the spacetime manifold M under consideration. For the geometry we require that the vector-fields of the action ξ leave the metric g_{ab} unchanged, i.e.,^2

L_ξg_{ab} = ∇_{(a}ξ_{b)} = 0 , ξ ∈ SO(3) , (2.1)

or equivalently that they are Killing. (Let us remark that the action is given by space-like vector-fields). This property will be assumed subsequently. It entails the form of the symmetry generators, a basis of SO(3), and the metric

ξ_ϕ = i∂_ϕ , ξ_± = 1 √ 2 e^{±iϕ} (∂_θ ± i cotθ∂_ϕ) , (2.2)

ds^2 = g_{αβ}(x^α)dx^α ⊗ dx^β − X(x^α)dΩ^2 , α, β = 0, 1 , (2.3)

in adapted coordinates, where ϕ, θ are the standard coordinates of (the round) S^2, dΩ^2 = dθ^2 + sin^2θ dϕ^2. The Killing vectors (2.2) obey the angular momentum algebra [ξ_±, ξ_ϕ] = ±ξ_±, [ξ_+, ξ_−] = ξ_ϕ.

The state of the physical systems under consideration will in addition to the metric also contain various matter fields which we denote by ϕ_α and which are taken to be sections of various (vector-)bundles over spacetime. As long as those bundles are naturally tied to M, i.e., are tensor products of the tangent- and cotangent bundles T M and T^∗M, the action of ξ on their sections is well-defined.

1) For these matter fields strict spherical symmetry is defined by L_ξϕ_α = 0.

Example 1.1 (Reduction of scalar matter I) The action for scalar matter in d = 4 reads

L^{(4)} = ∫ (G^{μν}∇_μϕ∇_νϕ) ω_G, (2.4)

where ϕ is the scalar field and ω_G is the 4d volume form. L_ξϕ = 0 implies that in adapted coordinates ϕ = ϕ(t, r) and hence the action (2.4) after

2Because from the context it will always be clear whether we mean a Lie-group or its associated algebra we do not discriminate notationally between them.

2 THREE WAYS OF SPHERICAL SYMMETRY/REDUCTION 5

integrating out the angular part simply leads to the reduced action with 2d volume form ω_g

L^{(2)} = 4π ∫ (g^{αβ}∇_αϕ∇_βϕ)Xω_g . (2.5) However, in general we are also interested in bundles more loosely tied to the spacetime manifold (like Spin-bundles and principal SU (N )-bundles). For their sections the SO(3) action on M does not automatically extend. However, in the above mentioned cases there exist certain “natural” notions, which allow an action to be defined on the sections of these bundles. In general strict invariance will not be possible (or too restrictive).

Example 1.2 (No strictly spherically symmetric spinors) Let k^A = k^0o^A + k^1ι^A be an arbitrary spinor. This spinor would be called strictly spherically symmetric if one could solve L_ξk^A = 0 for non-trivial k^0 and k^1. Direct calculation easily shows that this is impossible.

2) For these fields only “covariant” transformation behaviour is possible. They will be called spherically symmetric if

L_ξϕ_α = D(ξ)ϕ_α , (2.6)

where D refers to a typically linear transformation, e.g. a derivative operator.

Example 2.1 (Gauge fields) A gauge field obeying L_{ξi} A = DW_i, where D is the gauge covariant derivative; thus, the field A itself need not be strictly spherically symmetric, only up to gauge transformations.

Finally an even less stringent form, which we call weak spherical symmetry, may be defined by expanding the fields with respect to a complete set of eigenfunctions of the spherical Laplacian.

3) For these fields of spin s, we decompose

Δ_S2_sY_{j,m} = −(j − s)(j + s + 1)_sY_{j,m} , ϕ_α = ∑ jm ϕ_{α,jm s}Y_{j,m} , (2.7)

where_sY_{j,m} are the spin-weighted spherical harmonics (for s = 0 they coincide with the standard spherical harmonics while for higher spin we refer the reader to subsection 3.3). On the dynamical level, i.e., upon insertion into the action and integration of the angular part, this yields a spherically reduced (two-dimensional) system.

2 THREE WAYS OF SPHERICAL SYMMETRY/REDUCTION 6

Example 3.1 (Reduction of scalar matter II) The action for scalar matter reads L = ∫ (G^{μν} ∇_μϕ∇_νϕ) ω_G, (2.8)

where ϕ is the scalar field. Expanding ϕ in terms of spherical harmonics ϕ = ∑ lm ϕ_{lm}Y_{lm}, the scalar action (2.8) upon integration of the angular part leads to L = ∑ lm ∫ ( g^{αβ}∇_αϕ_{lm}∇_βϕ_{lm} + l(l + 1) X ϕ_{lm}ϕ_{lm} ) Xω_g , (2.9)

where the s-wave sector l = 0 corresponds to (2.5).

Example 3.2 (Spherically reduced gravity) Spherically reduced gravity (SRG) emerges from averaging over the angular part, < R_{μν} > −1/2 < g_{μν} R >= κ < T_{μν} > , where R_{μν} is the Ricci tensor, T_{μν} is the energy-momentum tensor, κ is the gravitational coupling and the bracket denotes integration over the angular part – this system of averaged equations of motion can be deduced from an action in d = 2, the geometric part of which is just the spherically reduced Einstein-Hilbert action. For the Einstein-massless-Klein-Gordon model the matter part (2.9) contains an infinite tower of scalar fields with dilaton dependent (and l-dependent) mass.

Each of these notions is weaker than its predecessor:

strict sph. sym. ≥ spherical symmetry ≥ weak sph. sym.

For the rest of this paper we assume spherical symmetry according to the second notion, unless stated otherwise.

Having defined spherical symmetry we would like to focus on spherical reduction. By this procedure we mean the derivation of a reduced action in d = 2 the equations of motion of which are equivalent (in a well-defined way) to the equations of motion of the original theory if the latter are restricted to spherical symmetry. The fact that such a procedure works is not trivial in general (i.e., if the isometry group is different from SO(3)). Due to the compactness of SO(3), however, one can immediately apply Theorem 5.17 (or proposition 5.11) of [15] and employ the “principle of symmetric criticality” [16] which guarantees the (classical) equivalence of the reduced theory to the original one (cf. also [17]). The main advantage of spherical reduction is the possibility to exploit the simplicity of two dimensional field theories.

3 THREE FORMALISMS 7

3 Three formalisms

The purpose of this section is threefold: the three relevant formalisms are reviewed together with their respective advantages, relevant examples are considered and en passant our notation is fixed in detail.

3.1 Cartan’s form calculus and Gravity

In the Cartan formalism one works in an anholonomic frame and uses the vielbein 1-form and connection 1-form as independent variables. With these variables one can use the advantages of the form calculus, where diffeomorphism invariance is implied automatically, see e.g. [18].

3.1.1 The 2-2 split In the Cartan formalism the line element can be written as

ds^2 = g_{μν} dx^μ ⊗ dx^ν = e^m_μ e^n_ν η_{mn} dx^μ ⊗ dx^ν = η_{mn} e^m ⊗ e^n . (3.1) Greek letters are used for holonomic indices and Latin letters for anholonomic ones. η_{mn} is the flat (Minkowski) metric with signature (+, −, −, −). The vielbein is denoted by E^μ_m, E^μ_me^n_μ = δ^n_m , E_m⌟e^n = δ^n_m , (3.2) where ⌟ means contraction. One similarly writes the vector field E_m = E^μ_m∂_μ. The covariant derivative is written as D̃^m_n = δ^m_n d + ω̃^m_n , (3.3) with the skew-symmetric connection 1-from ω̃_{mn} = −ω̃_{nm}, because of metricity. The connection 1-form may be split accordingly ω̃^m_n = ω^m_n + K^m_n , (3.4) where ω^m_n is the torsion free part and K^m_n is the contortion.

Acting with (3.3) on the vielbein e^m and on the connection 1-form ω̃^m_n defines the torsion 2-form and the curvature 2-form, respectively

T^m = (D̃e)^m = de^m + ω̃^m_ne^n = K^m_ne^n = 1 2 T^m_{μν} dx^μdx^ν , (3.5) R^m_n = (D̃^2)^m_n = dω̃^m_n + ω̃^m_lω̃^l_n = 1 2 R^m_{nμν} dx^μdx^ν . (3.6) Note that we avoid writing out the wedge product explicitly.

3 THREE FORMALISMS 8

In case of spherical symmetry one can separate the metric (3.1) ds^2 = η_{mn} e^m ⊗ e^n = η_{ab} e^a ⊗ e^b − δ_{rs} e^s ⊗ e^r , (3.7) where the indices (α, β, . . . ; a, b, . . .) denote quantities of the two-dimensional manifold L and letters (ρ, σ, . . . ; r, s, . . .) quantities connected with the sphere S^2. Moreover the dilaton X from (2.3) has been redefined as X = Φ^2 in order to avoid square-roots in subsequent formulas. Barred (“intrinsic”) and unbarred quantities are related by e^a = ē^a, e^r = Φē^r , E_a = Ē_a, E_r = 1 Φ Ē_r . (3.8)

The torsion free connection 1-form ω^m_n is given by ω^a_b = ω̄^a_b, ω^a_r = (Ē^aΦ)ē_r , ω^r_s = ω̄^r_s, ω^r_a = (Ē_aΦ)ē^r . (3.9)

3.1.2 Reduction of torsion and curvature Gauge covariant transformation behaviour under spherical symmetry restricts the possible contributions of torsion [19] according to L_ξT^a = 0 , L_ξT^r = Ω^r_sT^s , (3.10) where the skew-symmetric matrix Ω is defined by L_ξe^r = Ω^r_se^s. This – together with the non-existence of a rotationally invariant vector field on S^2 – entails the decomposition

T^a = T̄^a + 1 2 T^a_{rs}e^r e^s , T^r = T^r_{as}e^ae^s . (3.11)

Consequently, the sphere S^2 has to be torsion free intrinsically, i.e., Ē_t⌟K^r_s = 0. The connection need not be strictly spherically symmetric but only symmetric up to gauge transformations (much like in the Yang-Mills case below). Expanding (3.10) according to our 2-2 split the conditions read dL_ξe^a + L_ξ(ω̃^a_be^b) + L_ξ(ω̃^a_r e^r) = 0 , (3.12) dL_ξe^r + L_ξ(ω̃^r_ae^a) + L_ξ(ω̃^r_se^s) = Ω^r_sT^s . (3.13) Because of L_ξe^a = 0 = L_ξω̃^a_b equation (3.12) establishes

L_ξK^a_r = k̃^ae_r + h̃^aε_{rs}e^s , k̃^a = k̃^a(x^α), h̃^a = h̃^a(x^α) . (3.14)

3 THREE FORMALISMS 9

Plugging (3.4) and (3.9) into (3.13) yields L_ξK^r_a = Ω^r_sK^s_a , (3.15) This means that the right hand side of (3.14) is not only valid for L_{ξi} K^r_a but also for K^a_r , which suggests the useful definitions of vector valued scalars k_a := Ē_r⌟K^r_a , h_a := Ē^s⌟K^r_aε_{rs} . (3.16) The following observation is helpful: The intrinsic torsion T̄^a of the reduced 2d theory is irrelevant as there is no way to couple sources to it (because the 2d connection is not present in the action of 2d fermions). Thus, it can be demanded always Ē_c⌟K^a_b = 0. Obviously, due to spherical symmetry also Ē_r⌟K^a_b = 0. Thus, K^a_b can be set to zero.

The curvature 2-form (3.6) can be calculated using (3.4), (3.9) and taking into account the previous considerations on torsion. The 2-2 split for curvature and torsion yields the result

R^a_b = R̄^a_b + R^a_b , R^r_s = R̄^r_s(1 + (Ē_aΦ)(Ē^aΦ)) + R^r_s , (3.17) R^a_r = −η^{ab}R_{rb} , R^r_a = (Ē_bĒ_aΦ)ē^bē^r − (Ē_bΦ)ω^b_aē^r + R^r_a , (3.18) T^a = K^a_re^r , T^r = K^r_ae^a + K^r_se^s , (3.19) K^a_b = 0 , K^r_s = ε^r_ss_ae^a , (3.20) K^a_r = −η^{ab}K_{rb} , K^r_a = − 1 2 (k_aē^r + h_aε^{rs}ē_s) , (3.21)

with R̄^r_s = ē^rē_s being the curvature 2-form of S^2 and R̄^a_b being the intrinsic curvature in 2d. The contortion contributions to curvature read R^r_s = ω^r_aK^a_s + K^r_aω^a_s + K^r_aK^a_s + dK^r_s + ω^r_tK^t_s + K^r_tω^t_s , (3.22) R^r_a = dK^r_a + K^r_bω^b_a + K^r_sK^s_a

+ ε^r_ss_bē^b(E_aΦ)ē^s − 1 2 ω^r_s(k_aē^s + h_aε^{sr}ē_r ) , (3.23)

R^a_b = 0 − 1 4 η^{ac}(2(Ē_{[c}Φ) + k_{[c})h_{b]}ē_r ε^{rs}ē_s , (3.24)

where we use T_{[μν]} := T_{μν} − T_{νμ}. Note that in each equation the second line does not contribute to the curvature scalar because the corresponding contractions vanish. Thus, for instance, the contortion contribution R^a_b does not produce any terms in the Einstein-Hilbert action.

As compared to the torsionless case additional effective fields are obtained: three vector valued scalars (depending on x^α), k_a, h_a and s_a. Depending on the original action in d = 4 some of these fields might drop.

3 THREE FORMALISMS 10

3.1.3 Reduction of the Einstein-Hilbert action

Double contraction,

R̃ = R + 2E^a⌟E_r⌟R^r_a + E^s⌟E_r⌟R^r_s , (3.25)

yields the torsion free curvature scalar R in terms of the two-dimensional one R^L, terms coming from intrinsic and extrinsic curvature of S^2 and torsion terms

R̃ = R^L − 2

Φ^2 ( 1 + (∇_aΦ)(∇^aΦ) ) − 4 Φ (∇_a∇^aΦ) + 1 Φ^2 1 2 (h_ah^a − k_ak^a) + 2 Φ s_ah^a + 2 Φ^2

∇_a(k^aΦ) . (3.26)

The first line coincides with the torsion-free result (e.g. equation (A.8) of reference [20]). Note that in (3.26) ∇_a is the covariant derivative operator with respect to L. The last term together with the volume form produces just a surface term. Thus, as can be expected on general grounds [21] torsion is not propagating in the Einstein-Hilbert action.

For easier comparability with later results the anholonomic components of the contortion 1-form K^m_n = K_l^m_ne^l are decomposed into the contortion vector k_a like in (3.16),

k_a = ΦK_{r a}^r , A^a = 1 3! ε^{almn}K_{lmn} , (3.27) and the axial contortion vector A^a. The remaining components of the contortion tensor are denoted by U_{lmn}. Then the curvature scalar (3.26) can alternatively be written

R̃ = R^L − 2

Φ^2 ( 1 + (∇_aΦ)(∇^aΦ) ) − 4 Φ (∇_a∇^aΦ) − 1 Φ^2 1 2 k^2 − U^2 − 6A^2 + 2 Φ^2

∇_a(k^aΦ) , (3.28)

where

6A^2 = − 2 3 (s_as^a + 1 Φ^2 h_ah^a + 2 Φ s_ah^a) , (3.29)

U^2 = 2 3 (s_as^a + 1 4Φ^2 h_ah^a − 1 Φ s_ah^a) . (3.30)

This second form of the curvature scalar is used in section 4.5. Moreover the separation of the contortion tensor into its irreducible parts is often found in literature [22].

3 THREE FORMALISMS 11

In the absence of torsion spheric reduction [23] of the Einstein-Hilbert action L_{EH} = ∫ M Rω_G yields the dilaton gravity action

L_{dil} [g_{αβ}, X] = 4π ∫ L ( XR^L + (∇X)^2/(2X) − 2 ) ω_g , (3.31)

where ω_G = Φ^2ω_g d^2Ω. M denotes the four-dimensional manifold and L its two-dimensional Lorentzian part.

It is convenient to reformulate this second order action^3 as a first order one [26] and to rescale the dilaton as X → λ^2X in order to make it dimensionless,

L_{FOG}[e^a, ω, X, X^a] = 2π λ^2 ∫ L [X_a(D ∧ e)^a + Xdω + V(X, X^a X_a)ϵ] , (3.32)

with V = −X_aX^a/(4X) − λ^2. Whenever a first order action in d = 2 is presented for sake of compatibility with [20] the following notation is used: in accordance with above e^a is the zweibein 1-form, ϵ = e^+ ∧ e^− is the volume 2-form. The 1-form ω represents the spin-connection^4 ω^a_b = ε^a_bω with the totally antisymmetric Levi-Civitá symbol ε_{ab} (ε_{01} = +1). With the flat metric η_{ab} in light-cone coordinates (η_{+−} = 1 = η_{−+}, η_{++} = 0 = η_{−−}) the first (“torsion”) term of (3.32) is given by X_a(D ∧ e)^a = η_{ab}X^b(D ∧ e)^a = X^+(d − ω) ∧ e^− + X^−(d + ω) ∧ e^+. Signs and factors of the Hodge-∗ operation are defined by ∗ϵ = 1. The auxiliary fields X, X^a can be interpreted as Lagrange multipliers for geometric curvature and torsion, respectively. X^± correspond to the expansion spin coefficients ρ, ρ^′ (both are real in case of spherical symmetry, see below).

All classical solutions can be obtained with particular ease from (3.32) not only locally, but globally [27].

Even in the presence of torsion the reduced equations of motion enforce vanishing torsion unless matter couplings to torsion exist. Such a discussion will be postponed because fermion fields – which are the topic of the next section – will be needed as sources. It will turn out that the field k_a, the contortion vector, decouples from the theory even in the presence of fermions.

3.2 Dilaton gravity with matter

In this subsection dilaton gravity with matter is discussed. Although we specialise to spherically reduced gravity the following is still valid for generic

3Alternatively, one can try to eliminate the dilaton by means of its EOM, thus obtaining an action which depends non-linearly on curvature. Reviews on this approach are [24] and [25].

4It should be noted that even in the absence of torsion in d = 4 the connection ω^a_b in (3.32) is torsion free if and only if V depends on X only.

3 THREE FORMALISMS 12

dilaton gravity theories, which means for generic functions U (X) and V (X), combined in the potential V = X^+X^−U + V .

Spherical reduction produces (3.32) with V = −X^+X^−/(2X) − λ^2, where λ is a physical parameter which can be scaled to 1 by redefining the units. By a conformal transformation e^a → ẽ^a = e^aΩ with conformal factor Ω = X^{1/4} the transformed dilaton potential Ṽ = −2λ^2 √ X becomes independent of X^±. Choosing such a conformal frame is often helpful, however we will not specify the conformal frame for the time being.

It will be assumed that X^+ ≠ 0 in a given patch. If X^+ = 0 and X^− ≠ 0 everything can be repeated with + ↔ −. If both X^+ = 0 = X^− in an open region a constant dilaton vacuum is encountered, which will not be discussed here (but they are rather trivial anyhow). If X^+ = 0 = X^− at an isolated point typically this corresponds to a bifurcation 2-sphere. This slight complication will be neglected here as it is not essential for the present discussion.^5 X^+ X^− = 0 corresponds to an apparent horizon, which in the static case is a Killing horizon.

The generic Ansatz for the energy-momentum 1-form is

W^± = W^±_X dX + W^±_Z Z , (3.33)

where the 1-form Z is defined by

Z := e^+ X^+

. (3.34)

For the following it will make sense to further specify (3.33):

W^+_X = X^+ T_1 , W^+_Z = X^+T_2 , W^−_X = X^−T_3 , W^−_Z = X^−T_4 , (3.35)

which is only allowed in the absence of horizons. The EOM

dX + X^−e^+ − X^+ e^− = 0 , (3.36) (d ± ω)X^± ∓ Ve^± + W^± = 0 , (3.37)

dω + ∂V ∂X ϵ + W ϵ = 0 , (3.38)

(d ± ω) ∧ e^± + ∂V ∂X^∓ ϵ = 0 . (3.39)

Let us emphasise that ω is the Levi-Civitá connection only in a conformal frame with U = 0, i.e., V = V (X). Together with (3.33) and (3.35)

5One can describe a patch in which X^+ = 0 = X^− at a certain point e.g. by a coordinate system similar to the one introduced by Israel [28] or by Kruskal like coordinates.

3 THREE FORMALISMS 13

immediately imply the following relations:

e^− = dX X^+

+ X^−Z , (3.40)

ϵ = e^+ ∧ e^− = Z ∧ dX , (3.41) ω = − dX^+ X^+ + VZ − W^+ X^+

, (3.42)

dZ = (T_1 + U (X))dX ∧ Z , (3.43)

where in addition

d(X^+X^−) + V (X)dX + X^+X^−U (X)dX + X^+X^−(T_1 + T_3)dX + X^+X^−(T_2 + T_4)Z = 0 , (3.44)

indicates the existence of a conserved quantity. The line element can easily be computed to be

ds^2 = 2e^+ ⊗ e^− = 2X^+X^−Z ⊗ Z + 2Z ⊗ dX , (3.45)

which follows from (3.34) and (3.40) and takes the usual Eddington-Finkelstein gauge, g_{αβ} = ( 2X^+X^− 1 1 0 ) , g^{αβ} = ( 0 1 1 −2X^+ X^− ) . (3.46)

By virtue of the previous relations one obtains the minus part of (3.39)

d(X^+X^−) ∧ Z + V (X)dX + X^+X^−U (X)dX + (2X^+X^−T_1 − T_2)dX ∧ Z = 0 , (3.47)

which together with (3.44) implies

T_2 = X^+X^−(T_1 − T_3) . (3.48)

Therefore we are left with three independent functions. This is of course expected since any symmetric two-dimensional energy-momentum tensor has only three independent components.

For later use it is important to relate the generic energy-momentum 1-form (3.33) with the energy-momentum tensor T^{αβ} obtained by varying the matter Lagrangian with respect to the metric. It would be tempting to vary the matter Lagrangian with respect to the 1-form e^a and relate this object directly with the energy-momentum tensor. However, in the four dimensional case variation of the matter Lagrangian with respect to

3 THREE FORMALISMS 14

the 1-form e^m gives a 3-form and its dual defines the energy-momentum tensor. Therefore one finds δL^m = ∫ δe^a ∧ W_a = 1 2 ∫ δ^{γδ}_{αβ}δe^a_γ W_{aδ} dx^α ∧ dx^β = ∫ W_{aα}ε^{αβ}δe^a_β ϵ = ∫ T^α_a δe^a_αϵ , (3.49)

where δ^{γδ}_{αβ} is the permutation symbol, and which together with (3.48) implies the following form the energy-momentum tensor T^{αβ} are related by

T^{αβ} = ε^{γα}W^a_γ E^β_a . (3.50)

Hence we find the following energy-momentum tensor

T^{αβ} = ( T_1 −T_2 −T_2 X^+ X^−(T_2 − T_4) ) . (3.51)

Note again, that we are working in the Eddington-Finkelstein gauge.

So far all EOMs have been exploited except for two; one of them yields the local Lorentz angle (i.e., it determines the ratio of X^−/X^+), which is not of interest here, while the other one yields the dilaton current W . In addition to the equations of motion one has one more equation, namely the covariant conservation of the energy-momentum tensor. In the non-static case we cannot do much more but if in addition staticity is assumed, we can solve the equations of motion.

3.2.1 Static and spherically symmetric matter

In the following staticity is assumed. Then the equations of motion simplify considerably and the conservations equation (3.44) can be integrated. For static solutions of generic dilaton gravity models cf. e.g. [29–31]. Staticity implies that X^+X^− = X^+X^−(X) and T_i = T_i(X). Putting this into (3.44) immediately leads to

T_2 + T_4 = 0 . (3.52)

Equation (3.38), which yields the dilaton current, simplifies to

T^′_2 + T_1(T_2 − V + X^+X^−U ) + W = 0 , (3.53)

where the prime means differentiation with respect to the dilaton. Furthermore the covariant conservation of the energy-momentum 1-form takes the following form E_a⌟ ( dW^a + ε^a_bω ∧ W^b ) = ( W + X^+X^−U (T_1 + T_3) ) dX , (3.54)

3 THREE FORMALISMS 15

where the above relation (3.48) implied the vanishing of the Z direction and (3.52), (3.53) were used for simplifications. It should be noted that the 4d energy-momentum conservation equation is given by (3.54). Thus, one concludes that the non-conservation of the 2d energy-momentum tensor is essentially given by the dilaton current W .

The conservation equation (3.44) reads d(X^+X^−) + V (X)dX + X^+ X^− ( U (X) + T_1 + T_3 ) dX = 0 (3.55)

which suggests the definitions

I(X) : = exp ∫_X (U (y) + T_1(y) + T_3(y))dy ,

w(X) : = ∫_X I(y)V (y)dy , (3.56)

and the total conserved quantity can be integrated to

C = X^+X^−I(X) + w(X) = const. , (3.57) which is precisely the form of ordinary dilaton gravity. The difference is, of course, that I and w depend on functions present in the energy-momentum tensor. Note: If the term T_1 + T_3 scales with 1/X^+X^− one should redefine the potential V → V + T_1 + T_3 and leave U unchanged. In the absence of horizons X^+X^− ≠ 0 this redefinition is well defined. This point does not change the integrability feature.

From (3.43) one finds the Z can be written as Z = e^Qdu , Q = ∫_X (T_1(y) + U (y))dy , (3.58)

which in turn gives dX = e^{−Q}dr . (3.59)

Therefore the line element simplifies to ds^2 = 2dudr + K(X)du^2 , (3.60)

where the Killing norm is given by

K(X) = 2e^{2Q}X^+X^−

= 2 exp (∫ X (U (y) + T_1(y) − T_3(y))dy )( C − w(X) ) . (3.61)

This is nothing but the most general solution of dilaton gravity (cf. eq. (3.26) of [20]). The aspect that static matter solutions can be mapped on ordinary solutions of dilaton gravity is discussed in subsection 3.2.3, where matter is assumed to be a static and spherically symmetric perfect fluid.

3 THREE FORMALISMS 16

3.2.2 Spherically symmetric perfect fluids

A perfect fluid is characterised by

T^{μν} = (ρ + P )u^μu^ν − P g^{μν} , (3.62)

where ρ and P denote the energy density and pressure respectively with respect to the equal time frame (momentaneous) defined by u^μ, the fluid’s four-velocity. The gravitational field equations imply the vanishing of the covariant derivative of the energy-momentum tensor

∇_νT^{μν} = 0 . (3.63)

Its form is best known in spherically symmetric four-dimensional gravity in diagonal gauge ds^2 = e^ν dt^2 − e^adr^2 − r^2dΩ^2. By suppressing the spherical components it reads

T^{μν} = ( ρe^{−ν} 0 0 P e^{−a} ) , (3.64)

which in the Eddington-Finkelstein gauge becomes

T^{μν} = (_{ρ+P} K −P −P P K ) . (3.65)

Comparing the above energy-momentum tensor with (3.51) leads to the following identifications

T_1 = ρ + P 2X^+X^−

, T_2 = P ,

T_3 = ρ − P 2X^+X^−

, T_4 = −P . (3.66)

Therefore one immediately finds that T_1 + T_3 scales with 1/X^+X^− which henceforth must be taken into account if the conservation equation (3.44) is considered, see the discussion above.

Lastly we denote the explicit form of the energy-momentum 1-form (3.35) for a perfect fluid

W^± = ∓ ρ − P 2 e^± ± X^± X^∓ ρ + P 2 e^∓ , (3.67)

which explicitly depends on X^±. It is not surprising that we cannot recover a perfect fluid action from (3.67). However, with prescribed equation of state the action is given by the pressure and one can well define what is meant by an action principle [32].

3 THREE FORMALISMS 17

3.2.3 Static and spherically symmetric perfect fluids

Spherically symmetric static perfect fluid solutions have been studied in several publications, cf. [33] and references therein. As may be expected, the discussion becomes particularly easy within the reduced theory. The fact that a perfect fluid couples minimally to the dilaton also in the reduced theory is a crucial technical ingredient. Assuming staticity the EOMs are solved. Integrability of this system can be deduced from a general discussion [34], but it will be made explicit below.

By virtue of the identification (3.56) one obtains

X^+ X^−(T_1 + T_3) = ρ . (3.68)

Assume ρ > 0, then the latter equation (3.68) implies the absence of Killing horizons, X^+X^− ≠ 0, if |T_1 + T_3| < ∞ holds. However at the boundary of a perfect fluid sphere the energy density may vanish ρ = 0. Since the exterior spacetime is matterless, i.e., T_1+T_3 = 0, there is no horizon located at the boundary. The condition X^+X^− ≠ 0 is weaker than the Buchdahl inequality [35] but suffices to show the non-existence of horizons.

The static conservation equation (3.55) gives

d(X^+X^−) + V (X)dX + X^+X^−U (X)dX + ρ(X)dX = 0 , (3.69)

where we now see that rather than (3.56) one must choose

I(X) : = exp ∫_X U (y)dy , w(X) : = ∫_X I(y)(V (y) + ρ(y))dy , (3.70)

which yields the total conserved quantity (3.57) to be

C = X^+X^−I(X) + w(X) . (3.71)

The usual energy-momentum conservation (3.63) is encoded in equation (3.53) with vanishing dilaton current, W = 0. Hence we conclude that a static perfect fluid couples minimally to dilaton gravity. The conservation equation (3.63) reads

P^′ + T_1(P − V + X^+X^−U ) = 0 ,

T_1(P − V + X^+X^−U ) = K^′ 2K (ρ + P ) , (3.72)

where the second relation of (3.72) can be obtained by differentiating (3.61) and using the identification (3.66). The Killing norm for static perfect fluids

3 THREE FORMALISMS 18

becomes

K(X) = 2X^+X^− exp ( 2 ∫_X T_1(y) + U (y)dy ) , (3.73)

where we explicitly see that X^+X^− = 0 corresponds to a Killing horizon. The identification of T_1 can be re-expressed with (3.71) and yields

T_1 = ρ + P 2X^+X^− = 1 2 I(X)(ρ + P ) C − ∫_X I(y)(V (y) + ρ(y))dy . (3.74)

It should be noted that the energy-momentum conservation equation of an anisotropic perfect fluid reads

P^′ + K^′ 2K (ρ + P ) = X^′ X (P_⊥ − P ) , (3.75)

where P_⊥ is the orthogonal pressure component of the anisotropic perfect fluid T^μ_ν = diag(ρ, −P, −P_⊥, −P_⊥). If P_⊥ = P then the conservation equations decouples from the dilaton and one is back at the isotropic case. Therefore one concludes that an anisotropic fluid can only be described with non-minimal coupling to the dilaton.

Therefore every static, spherically symmetric, minimally coupled (W = 0) matter solution can be mapped onto solutions of a dilaton gravity model, see the discussion that follows. This in particular includes the discussed perfect fluid case. For a colliding null dust this statement can already be found in [36], in our framework this corresponds to prescribing the pressure to vanish.

Starting from (3.60) and (3.61) with the redefinition

dr = exp (∫^~X (U (y) + T_1(y) − T_3(y))dy ) dX̃ = Ĩ(X̃)dX̃ , (3.76)

yields the line element in the following form

ds^2 = Ĩ(X̃) ( 2dudX̃ + (C − w̃(X̃))du^2 ) , (3.77)

where we furthermore redefined (3.56) to be

w̃(X̃) = ∫~_X Ĩ(y)Ṽ (y)dy , Ṽ (X̃) = V (X̃) exp ( 2 ∫~_X T_3(y)dy ) . (3.78)

Let us now, in contrast to the perfect fluid case, assume that the function T_1(X) is given, which corresponds to the introduction of some generating

3 THREE FORMALISMS 19

function [33]. Note that for given T_1(X) equation (3.53) yields T_2(X) and therefore T_4(X) by (3.52) and finally T_3(X) is obtained from (3.48).

Hence for each choice of T_1 in the dilaton gravity sector there is exactly one w̃ in the matter or perfect fluid sector. However, not every w̃ permits a regular representation as a perfect fluid! Only if one allows for singular configurations all^6 2d dilaton gravity theories can be mapped onto a static spherically symmetric perfect fluid model coupled to Einstein gravity in d = 4. This can be seen most easily be checking that for regular T_1 the relation between X and X̃ is invertible. The same holds for r and X. Thus, these three coordinates can be expressed as monotonous functions with respect to each other (e.g. X(X̃)). Because the original V (X) is also monotonous, this means that also w̃ is monotonous. Moreover, the function Ĩ cannot be zero. Therefore, there can be at most one (nonextremal) Killing horizon, depending on the sign of C and eventual lower or upper bounds of w̃. Thus, the only possibility to express generic 2d dilaton gravity as a perfect fluid model is to allow for singular energy distributions. However, at a singular point of T_1 all previous coordinate redefinitions are not valid anymore. Only if one simultaneously performs a conformal transformation with compensating singularities—thus changing the causal structure in an essential way— finally all dilaton gravity models can be reproduced.

In this sense, generic 2d dilaton gravity corresponds to a (not necessarily regular) perfect fluid solution in a certain (not necessarily regular) conformal frame. However, regardless of this minor interpretational issue the particular ease of this formalism should be emphasised and compared with the usually more involved calculations in d = 4.

Further remarks and comments

In order to complete the perfect fluid discussion some remarks are necessary. Firstly one should have in mind that the Einstein field equations for a static and spherically symmetric perfect fluid reduce to a system of two first order differential equations for a given equation of state. Existence and uniqueness of the solution of this system was proved in [38] for an already wide class of equations of state. Many assumptions on the equation of state could later be weakened in [39] and [40].

The power of dilaton gravity is to get equations of motion of the first order, so it seems that in the perfect fluid case only little can be won, namely the total conserved quantity C in (3.71). The disadvantage on the other hand is the more complicated structure of the differential equations if the density, the pressure or an equation of state is specified. Already in

6By “all” in the parlance of [37] it is meant that the “good” function w̃ can attain any form. The “muggy” function Ĩ, however, cannot be chosen independently.

3 THREE FORMALISMS 20

the constant density case equations get more involved than with the usual approach through the Tolman-Oppenheimer-Volkoff [41, 42] equation. As expected, the three equations (3.71)–(3.72) contain four unknown functions, namely ρ, P, K and X^+X^−, therefore one of these functions can be chosen freely.

3.3 Spinor formalism and reduction of fermions

Since spherical symmetry provides a foliation of spacetime by spacelike two-surfaces (round two-spheres) it is natural to adapt the Clifford algebra to this foliation. In particular the Geroch-Held-Penrose (GHP) spincoefficient formalism [43,44] is particularly well suited for this situation. It uses a double-null tetrad (l^a, n^a, m^a, m̄^a) satisfying^7

l · n = 1 , m · m̄ = −1 , l^2 = 0 , n^2 = 0 , m^2 = 0 , m̄^2 = 0 , (3.79)

m_adx^a = − Φ √ 2 (dθ − i sinθdϕ) , (3.80)

adapted to such a foliation by noticing that the orthogonal complement of the tangent space of the two-surfaces is uniquely spanned by two nullnormals l^a, n^a. l^a n^a

< m^a, m̄^a > S^2

Figure 1: Foliation of spacetime by two-spheres

7We note that we follow here the usage of most of the literature, taking Latin indices for abstract indices, whereas they were used for anholonomic indices in the previous section.

3 THREE FORMALISMS 21

In the GHP formalism the null tetrad gives uniquely rise to a spinor basis (dyad) via the identification

l^a = o^Ao^{A′} , n^a = ι^Aι^{A′} , m^a = o^Aι^{A′} , m̄^a = ι^Ao^{A′} , (3.81) g_{ab} = ε_{AB} ε_A′_B′ = l_an_b + n_al_b − m_am̄_b − m̄_am_b , (3.82)

ε^{AB}o_Aι_B = o_Aι^A = 1 . (3.83)

This identification allows us to consider tensor fields as a special case of spinor-fields, by identifying a tensor index a with a pair of primed and unprimed spinor indices AA^′. Note that in the previous section Latin letters were used for anholonomic indices, in this section they are used as abstract indices.

The covariant derivatives along the null directions of the tetrad define the 12 complex spin coefficients (taking into account priming and complex conjugation)

Do^A = −γ^′o^A − κι^A , Dι^A = γ^′ι^A − τ^′o^A , (3.84) δo^A = βo^A − σι^A , δι^A = −βι^A − ρ^′o^A , (3.85) where D = l^a∇_a and δ = m^a∇_a. The GHP formalism and Cartan’s form calculus can be linked by noting appendix B and especially equations (B.2) and (B.3). They can be used to read of the spin coefficients for a given null tetrad.

In a spherically symmetric spacetime 6 of the 12 spin coefficients vanish, see [45] for the static and spherically symmetric case. The vanishing coefficients are κ = σ = τ = 0, together with their primed counterparts. Furthermore γ and γ^′ are real quantities describing the 2d spacetime only. ρ and ρ^′, which are also real, describe the expansion of the sphere. As already said in the end of subsection 3.1.3, they correspond to X^± respectively. The remaining two spin coefficients are not independent and are explicitly given by β = β̄^′ = (cotθ)/(2 √ 2Φ).

The two-spinor equivalent Dirac action functional [46] can be written L = ∫ ( i Ψ̄ /∇Ψ − mΨ̄Ψ ) ω_G , (3.86)

where Ψ̄ = Ψ^†γ^0 is the Dirac conjugate and /∇ = γ^a∇_a. We take the space of Dirac 4-spinors Ψ to be of the form Ψ = (ψ_A, χ^{A′} ), i.e., the direct sum of the dual with the complex conjugate 2-spinor space. Note that ψ_A and χ^{A′} are left- and right-handed fermions respectively. In this combination the Dirac conjugate is simply given by Ψ̄ = (χ̄^A, ψ̄_A′ ). The Clifford algebra associated with g_{ab} is follows from the identification

/v = √ 2 ( 0 v_{AB}′ v^{A′ B} 0 ) , /u/v + /v/u = 2(u · v)1 . (3.87)

3 THREE FORMALISMS 22

Identifying the vectors of the null tetrad (3.81) leads to

l//n + /nl/ = 21 , /m/m̄ + /m̄/m = −21 . (3.88)

Thus the four-dimensional Clifford algebra is generated by two two-dimen-sional Clifford algebras. The first is generated by the orthonormal basis l^a and n^a, the second by the basis vectors of the two-sphere S^2, m^a and m̄^a.

Furthermore we find

S_I = {( o_A 0 ) , ( 0 ι^{A′} )} , S_{II} = {( 0 o^{A′} ) , ( ι_A 0 )} , (3.89)

as invariant subspaces of the two-dimensional Clifford algebra generated by l^a and n^a, hence one can write S = S_I ⊕ S_{II} . With respect to this basis the two-dimensional Clifford algebra is represented by l/ → γ^−_{I,II} = ± √ 2 ( 0 1 0 0 ) , /n → γ^+_{I,II} = ± √ 2 ( 0 0 1 0 ) , (3.90)

from which the γ^a-matrices in a local Lorentz frame are given by γ^0_{I,II} = ± ( 0 1 1 0 ) , γ^1_{I,II} = ∓ ( 0 1 −1 0 ) , (3.91)

γ^⋆ = γ^0γ^1 = ( 1 0 0 −1 ) , (3.92)

where we used √ 2γ^0 = γ^+ + γ^−. The upper and lower signs refer to the invariant subspaces S_I and S_{II} respectively.

From the above the Dirac action functional (3.86) can be written in two-spinor form L = ∫ ( i √ 2(ψ̄_A′ ∇^{AA′} ψ_A + χ̄^A∇_{AA}′ χ^{A′} ) − mψ̄_A′ χ^{A′} − mχ̄^Aψ_A ) ω_G , (3.93)

which by variation with respect to the spinors ψ̄_A′ and χ̄^A leads to the Dirac equation [47] in two-spinor form i √ 2 ∇^{AA′} ψ_A − mχ^{A′} = 0 , i √ 2 ∇_{AA}′ χ^{A′} − mψ_A = 0 . (3.94)

The Dirac two-spinors are expanded in terms of the basis spinors ψ^A = Ao^A + P ι^A, χ^{A′} = Bι^{A′} + Qo^{A′} , where A, B, P and Q are functions of all four spacetime coordinates. The functions A, B, P and Q have spin weights −1/2, −1/2, 1/2 and 1/2 respectively. Therefore one can rewrite

3 THREE FORMALISMS 23

the first term of the Dirac action (3.93) in terms of weighted derivative operators [44]

ψ̄_{A′} ∇^{AA′} ψ_A = Ā(þ − ρ)A + Āð^′P + P̄ (þ^′ − ρ^′)P + P̄ ðA , (3.95)

where the weighted operators are given by þη = Dη + w 2 (γ^′ + γ̄^′)η + s 2 (γ^′ − γ̄^′)η , (3.96) ðη = δη − w 2 (β − β̄^′)η − s 2 (β + β̄^′)η , (3.97)

when acting on a weighed quantity η with spin weight s and boost weight w. It was taken into account that the spin coefficients κ, σ and τ together with their primed counterparts vanish in case of spherical symmetry.

Since the action (3.93) must be a real functional the real spin coefficients ρ and ρ^′ drop out because of the factor i in front. This yields L = ∫ ( i √ 2 (¯ AþA + Āð^′P + B̄þ^′B + B̄ð^′Q ) i √ 2 (¯ QþQ + Q̄ðB + P̄ þ^′P + P̄ ðA ) − m (¯ AB + B̄A ) + m (¯ QP + P̄ Q )) ω_gΦ^2d^2Ω . (3.98)

Next the weighed functions A, B, P and Q are expanded in terms of spin weighted spherical harmonics with the appropriate spin weights, A = ∑ jm A_{jm−} 1_2 Y 1_2 1_2 , etc. These are the eigenfunctions of the operator ð^′ð for each spin weight s. They are defined by [44, 48] ð^′ð_sY_{j,m} = − (j + s + 1)(j − s) 2Φ^{2 s}

Y_{j,m} , (3.99) ð_sY_{j,m} = − √ (j + s + 1)(j − s) √ 2Φ^{s+1}

Y_{j,m} , (3.100) ð^′_sY_{j,m} = √ (j − s + 1)(j + s) √ 2Φ^{s−1}

Y_{j,m} , (3.101)

and, for each spin weight s, enjoy the orthogonality condition ⟨_sY_{j,m},_sY_j′_{,m}′ ⟩ = 1 4π δ_{jj}′ δ_{mm}′ , ⟨f, g⟩ = 1 4π ∫ f̄gd^2Ω . (3.102)

Hence the spherical dependence of (3.98) can be integrated out. In particular we obtain ∫ ĀþAd^2Ω = ∑ jm Ā_{jm}þA_{jm} , (3.103) ∫ Āð^′P d^2Ω = j +^{12}√ 2Φ ∑ jm Ā_{jm}P_{jm} . (3.104)

3 THREE FORMALISMS 24

Then the spherically reduced fermion action reads

L_D = √ 2 ∑ jm ∫ ( i (¯ A_{jm}þA_{jm}+ j +^1_2 √ 2Φ Ā_{jm}P_{jm})+i(B̄_{jm}þ^′B_{jm}+ j +^{12}√ 2Φ B̄_{jm}Q_{jm})

+ i (¯ Q_{jm}þQ_{jm} − j +^1_2 √ 2Φ Q̄_{jm}B_{jm}) + i(P̄_{jm}þ^′P_{jm} − j +^{12}√ 2Φ P̄_{jm}A_{jm}) − m √ 2 (¯ A_{jm}B_{jm} + B̄_{jm}A_{jm} ) + m √ 2 (¯ P_{jm}Q_{jm} + Q̄_{jm}P_{jm} )) Φ^2ω_g . (3.105)

Two-spinor representation

Let the two-spinors with respect to their invariant subspace S_{I,II} respectively be^8

Ψ^I_{jm} = ( A_{jm} B_{jm} ) , Ψ̄^I_{jm} = Ψ^{I†}_{jm}γ^0_I = (¯ B_{jm} , Ā_{jm} ) , (3.106)

Ψ^{II}_{jm} = ( Q_{jm} P_{jm} ) , Ψ̄^{II}_{jm} = Ψ^{II†}_{jm}γ^0_{II} = − (¯ P_{jm} , Q̄_{jm} ) . (3.107)

The weighted derivative operators þ and þ^′ are simply given by þ = l^a∇_a and þ^′ = n^a∇_a. Therefore the dyads E^a_+ = l^a and E^a_− = n^a in light cone form are introduced.

Thus the reduced action (3.105) written in an intrinsically 2d form becomes

L_D = ∑ jm ∫ ( Ψ̄^I_{jm}(iE^a_+∇_aγ^+_I + iE^a_−∇_aγ^−_I − m1)Ψ^I_{jm}+ Ψ̄^{II}_{jm}(iE^a_+∇_aγ^+_{II} + iE^a_−∇_aγ^−_{II} − m1)Ψ^{II}_{jm}+ j +^1_2 Φ (¯ Ψ^{II}_{jm}γ^⋆IΨ^I_{jm} + Ψ̄^I_{jm}γ^⋆I^{−1}Ψ^{II}_{jm} )) Φ^2ω_g , (3.108)

where I is the intertwiner between the representations of the two-dimensional Clifford algebra in S_I and S_{II} respectively. The unity matrices in the first and second line should also carry an index with respect to their spinorspace, which was avoided for clarity. With respect to the bases chosen in S_I and S_{II} we have I : S_I → S_{II} , I = ( i 0 0 −i ) = iγ^⋆ . (3.109)

8If the spinor ψ_A is labelled by spinorial indices A, A^′, . . . then ψ̄_A′ denotes the complex conjugate of the spinor ψ_A. In all other cases the quantity Ψ̄ is the Dirac conjugate of the spinor Ψ.

3 THREE FORMALISMS 25

This allows us to identify S_I with the two-dimensional (irreducible) representation space S of the (two-dimensional) Clifford algebra, whereas the representation in S_{II} is equivalent under the action of the intertwiner I. We rewrite the reduced action by denoting Ψ^I_{jm} = η (this means identifying S with S_I ) and Ψ^{II}_{jm} = Iλ where λ ∈ S. Then the above expression (3.108) turns into L = ∫ ( η̄ ( i /∇ − m1 ) η + λ̄ ( i /∇ − m1 ) λ + j +^1_2 Φ (¯ λγ^⋆η − η̄γ^⋆λ )) Φ^2ω_g ,

(3.110)

where the summation over the modes is understood and henceforth the kinetic term is abbreviated using /∇ = E^a_+∇_aγ^+_{I,II} + E^a_−∇_aγ^−_{I,II} when acting on η or λ, respectively. In this formulation both spinors η and λ belong to the same spinor space. Finally we introduce an internal index u and write ψ_u = (η, λ) L = ∫ ( δ^{uv}ψ̄_u ( i /∇ − m1 ) ψ_v − j +^1_2 Φ ε^{uv} (¯ ψ_uγ^⋆ψ_v )) Φ^2ω_g , (3.111)

which display that the action is in a SO(2) ≃ U (1) covariant form.

This remaining freedom is the two parameter subgroup of the Lorentz group at each point and can be understood from the following. One can rescale the basis spinors by a complex scalar field o^A → Λo^A and ι^A → (1/Λ)ι^A, which leaves the null directions invariant. By writing Λ^2 = R exp(iϕ) one finds that the null directions l^a and n^a are boosted, whereas m^a and m̄^a are rotated by an angle ±ϕ, respectively.

Graphically the above spaces and their embeddings are summarised in figure 2.

3.4 Reduction of Yang-Mills fields

In this subsection we use the metric formalism to spherically reduce Yang- Mills fields, where Latin letters correspond to abstract indices. This formalism uses a generic metric and does not specify the signature, in contrast to the GHP formalism, in which the signature is fixed.

Before starting with the nonabelian case it is worthwhile to consider U (1). In standard notation [44] the skew-symmetric field tensor

F_{ab} = ϕ_{AB}ε_A′_B′ + ε_{AB}ϕ̄_A′_B′ , (3.112)

can be decomposed in terms of a complex, symmetric bispinor ϕ_{AB}. If a potential exists the relation ϕ_{AB} = ∇_A′_{(A}A_{B)}^{A′} implies F_{ab} = 2∇_{[a}A_{b]}.

According to our notion, spherical symmetry means that the Lie-derivative taken into the Killing-directions acting on the (in the present case abelian)

3 THREE FORMALISMS 26

Cl(M, g)

T M

Cl(L, h)

T L

L

S_M γ_M

π_M γ_S S_L

π_L π_{SL}

M

⊕

π_{SM}

Figure 2: Embedding diagram for the spin-spaces of M = M, L. T M denotes the tangent bundle and Cl(M, g_M) the corresponding Clifford bundle with Clifford-map γ_M. S_M refers to the respective spin-bundles, i.e., representation spaces of Cl(M, g_M).

Yang-Mills action yields only surface terms. A sufficient, but by no means necessary condition is strict spherical symmetry, L_ξF_{ab}^!= 0, implying L_ξϕ_{AB} = 0 (since L_ξε_{AB} = 0 by construction). More explicitly this condition reads

(ξ · ∇)ϕ_{AB} + Φ_A^C ϕ_{CB} + Φ_B^C ϕ_{AC} = 0 . (3.113)

Applying the decomposition with respect to the basis, ϕ_{AB} = ϕ^{00}o_Ao_B + ϕ^{01}o_{(A}ι_{B)} +ϕ^{11}ι_Aι_B, yields three conditions for the three coefficients ϕ^{ij}. In the same way in which the nonexistence of strictly spherically symmetric spinors can be proved the relation ϕ^{ii} = 0 can be shown. However, as opposed to spinors this does not imply a trivial field configuration. Indeed, the equation

(ξ · ∇)(ϕ^{01}o_{(A}ι_{B)}) = 0 , (3.114)

after contraction with o^B ι^A reduces to

(ξ · ∇)ϕ^{01} = 0 , (3.115)

allowing for nontrivial field configurations (namely electric monopoles and their dual). This is of course not unexpected, since the Coulomb-solution

3 THREE FORMALISMS 27

is well-known for exhibiting spherical symmetry. This result can be generalised to the Yang-Mills case. However, the condition of strictness can be relaxed.

Since su(2) is the building block of all other Lie-Algebras (and for sake of simplicity) we will restrict ourselves to the gauge group SU (2). It can be expected that spherical reduction yields a non-trivial result due to the fact that the SU (2) ≡ S^3 allows for a Hopf-fibration U (1) over S^2 and because the isometry group of the metric by construction contains SO(3) as subgroup with S^2-orbits. Spherical reduction of SU (2)-Yang-Mills theory has been performed by several authors during the 1970’s – the most prominent is probably reference [49]. We will follow in our description closely the approach of Forgács and Manton [50]. The condition

L_{ξm} A_a^!= D_aW_m , (3.116)

provides spherical symmetry up to gauge transformations. For each Killing vector ξ_m a Lie-algebra valued scalar field W_m = W^i_mT^i is introduced, with T^i being the generators of SU (2). Note that m is not a usual abstract index, but just a label for the m^{th} Killing vector. D_a is the gauge-covariant derivative, i.e., D_aW = ∇_aW − ig[A_a, W ]. Equation. (3.116) is equivalent to gauge-covariant transformation behaviour of the nonabelian field tensor L_ξF_{ab} = ig[F_{ab}, W ]. Applying the commutator of two Lie-derivatives establishes the (Wess- Zumino) consistency condition

2L_{ξ[m}W_{n]} = [W_m, W_n] + f_{mnl}W_l , (3.117)

with the structure constants [ξ_m, ξ_n] = if_{mnl} ξ_l

The general idea to solve (3.116) as advocated in [50] is as follows: instead of solving this equation on the coset-space S^2 = SO(3)/SO(2), it is solved using the whole symmetry group SO(3), thus introducing an additional dimension. By a gauge transformation one can simplify (3.116) such that the right hand side vanishes. Equations of this type can be solved easily (they must be fulfilled separately for each generator). Afterwards a gauge transformation is used to effectively project the gauge-field to the coset space. Then one proceeds to find the most general solution to the consistency conditions.

What has been explained in words will now be presented briefly in formulas. The abstract index-set {ã, i, w} is split into the isometry part ã (“r − t-part”), the coset part i (“θ − ϕ”-part) and the phase part w (the third Euler angle χ = x^w). A generic index of the subset {i, w} is denoted with â. A generic index of the subset {ã, i} is denoted by a. The solution of L_{ξm} A^i_â = 0 , ∀m, i , (3.118)

3 THREE FORMALISMS 28

reads

A^i_â = Φ^i_mξ̃_{mâ} , (3.119)

where ξ̃ denotes left-translations (as opposed to the usual right-translations ξ). The scalars ϕ^i_m are independent of the phase x^w. The ã-component is trivially given by

A^i_ã = A^i_ã(x^ã) . (3.120)

Afterwards a gauge is chosen such that A_w = 0 and the other components be independent of x^w (so in fact the third Euler angle decouples and one can restrict to the coset space).

For explicit calculations one assumes that the generator of the SO(2) subgroup (defining the coset space S^2) is T^3. There are three possible solutions of the consistency equations

∇_aΦ^i_3 − gε^{iβγ} A^β_a Φ^γ_3 = 0 , (3.121) ε_{m3l}Φ^i_l + gε^{iβγ} Φ^β_mΦ^γ_3 = 0 . (3.122)

It is convenient to fix a gauge where Φ^1_3 = Φ^2_3 = 0.

There exists a degenerate solution when all Φ^i_m vanish, which produces simply pure SU (2) gauge theory after reduction (this is the analogue of the U (1)-example discussed before). Another solution is obtained for vanishing Φ_1 = Φ_2 and constant Φ^3, corresponding to an abelian monopole of arbitrary charge.

The solution of the constraint equations in the general case is given by

A^i_a = 1 g (0, 0, a_a) , (3.123)

Φ^i_1 = 1 g (Φ_1, Φ_2, 0) , (3.124)

Φ^i_2 = 1 g (Φ_2, −Φ_1, 0) , (3.125)

Φ^i_3 = 1 g (0, 0, 1) . (3.126)

A gauge rotation which makes A^i_w equal to zero for all i establishes an

3 THREE FORMALISMS 29

equivalent form, the so-called Witten ansatz:

A^i_t = 1 g (0, 0, a_0) , (3.127)

A^i_r = 1 g (0, 0, a_1) , (3.128)

A^i_θ = 1 g (−Φ_1, −Φ_2, 0) , (3.129)

A^i_ϕ = 1 g (Φ_2 sin θ, −Φ_1 sin θ, cosθ) . (3.130)

It leads after reduction to an abelian gauge theory, supplemented by a complex scalar field. The corresponding scalar fields W^i_m read (cf. equation (3.116))

W^3_1 = sin ϕ sinθ

, W^3_2 = cosϕ sin θ

, W^i_m = 0 otherwise. (3.131)

The real scalars Φ_1 and Φ_2 are combined to one complex quantity w. Most conveniently [51], the spherically symmetric Lie algebra valued 1- form can be written as follows: Let us denote a = a_0dt + a_1dr and for SU (2) we have T_i = σ_i/2, where σ_i are the Pauli matrices. For SU (3) the above Witten ansatz has to be supplemented by just one additional term (b/2g)λ_8, where b = b_0dt + b_1dr, T_i = (λ_1, λ_2, λ_3)/2 and λ_i are the standard Gell-Mann matrices. Therefore

A = T_iA^i_μdx^μ = a g T_3 + 1 g (ImwT_1 + RewT_2)dθ+ 1 g (ImwT_2 − RewT_1 + cotθT_3) sinθdϕ + b 2g λ_8 . (3.132)

We already introduced an additional contribution in the simple SU (3) case, where the SU (2) generators are the trivially embedded into the SU (3) group, called isospin-1/2 embedding. There is a second, more involved, isospin-1 embedding of the SU (2) group into the SU (3) group which will not be used here [52, 53].

Equation (3.132) is invariant under U(1) gauge transformations generated by U = exp(iΩ(t, r)T_3), under which a_a → a_a + ∂_aΩ , w → e^{iΩ}w , b → b . (3.133) The four dimensional Yang-Mills action reads L = − ∫ 1 2 Tr(F ∗F ) , (3.134)

4 THE SPHERICALLY SYMMETRIC STANDARD MODEL 30

where the gauge field strength is given by F = dA − ig[A, A] and g is the gauge coupling constant. This action is invariant under gauge transformations of A, under which A → U AU^{−1} + (1/g)U dU^{−1} and F → U F U^{−1}.

Then the spherically reduced Yang-Mills action of the gauge field ansatz (3.132) reads [51]

L_{YM} = 4π ∫ ( − 1 4g^2 f^2 − 1 4g^2 f^2 + 1 g^2 |Dw|^2 Φ^2 − 1 g^2

(|w|^2 − 1)^2 2Φ^4 ω_g ) Φ^2 ,

(3.135)

where f^2 = f ∗f, |Dw|^2 = |Dw ∗Dw| and the 2d abelian field strengths are given by

f = da , (3.136) f = db . (3.137)

The gauge covariant derivative is D = d − ia, when acting on scalars. In case of arbitrary magnetic and electric charge the Yang-Mills equations imply w = 0. On the other hand, w ≠ 0 only allows a magnetic monopole with unit charge but still an arbitrary electric one [51].

The field strength (3.137) does not emerge from the commutator of the gauge covariant derivative D = d−ia. Thus there is no coupling between w and b. This can be understood from the fact that λ_8 in (3.132) commutes with the generators λ_1, . . . , λ_3 of the SU (2) Lie sub-algebra.

Nonetheless the gauge covariant derivative defined below, equation (4.22), when acting on spinors, has an contribution due to b.

4 The spherically symmetric Standard Model

The aim of the last section was to review the three formalisms needed for spherical reduction. This section uses these to spherically reduce the remaining parts of the SM of particle physics. Furthermore, with all the machinery already at hand, we spherically reduce torsion generated by fermions, which yields a four fermion interaction term.

Our procedure of spherical reduction can easily be extended to also include the new terms of the recently proposed New Minimal Standard Model [14]. For example, dark matter necessitates the introduction of a new real scalar field, which was already spherically reduced in example 3.1, equation (2.9).

4.1 Reduction of the SU(2) Yang-Mills Dirac system

The spherical reduction of the interaction term was often performed by an ansatz for the Dirac spinors [54, 55]. With our methods we show that

4 THE SPHERICALLY SYMMETRIC STANDARD MODEL 31

an additional term appears that may have been overlooked in previous calculations.

The interaction term is described by L = ∫ ( Ψ̄^Λ_α(γ^μ)^α_β e^a_μ(gA_a)_{ΛΔ}Ψ^{Δβ} ) ω_g , (4.1)

where Λ and Δ denote the group indices of the Yang-Mills field A_a, whereas the indices α and β describe the group indices of the Dirac four-spinors Ψ.

Writing action (4.1) in the spinor formalism of section 3.3 yields L = ∫ (√ 2ψ̄^{ΛA′} gA_{AA}′_{ΛΔ}ψ^{ΔA} ) ω_G , (4.2)

since only left-handed fermions are interacting in the SM and where the minimal substitution ∇_{AA}′ → ∇_{AA}′ − igA_{AA}′_{ΛΔ} , (4.3) was used. The Yang-Mills field in terms of spinor components become ι^Aι^{A′} A_{AA}′ = 1 g (n^aa_a)T_3 , (4.4) o^Ao^{A′} A_{AA}′ = 1 g (l^aa_a)T_3 , (4.5) o^Aι^{A′} A_{AA}′ = −i √ 2gΦ (w̄T_− − cot θ T_3) , (4.6) ι^Ao^{A′} A_{AA}′ = i √ 2gΦ (wT_+ − cot θ T_3) , (4.7)

where

T_± = T_1 ± iT_2 . (4.8)

In analogy to subsection 3.3 the left-handed spinor ψ^{ΔA} is written as

ψ^{ΔA} = A^Δo^A + P^Δι^A , (4.9)

where the two-component objects P^Δ and A^Δ are written as

P^Δ = ( P^1 P^2 ) , A^Δ = ( A^1 A^2 ) . (4.10)

Putting in the components of the Yang-Mills fields in (4.2) leads to L = √ 2 ∫ ( Āl^aa_aT_3A + P̄ n^aa_aT_3P + P̄ −i√ 2Φ (w̄T_− − cot θ T_3) A + Ā i √ 2Φ (wT_+ − cot θ T_3) P ) ω_G . (4.11)

4 THE SPHERICALLY SYMMETRIC STANDARD MODEL 32

Next we expand the functions A^Δ and P^Δ in terms of spin weighted spherical harmonics and integrate out the sphere. To simplify the following calculations the spin weighted spherical harmonics are restricted to the cases j = 1/2 and m = ±1/2

A^Δ = ∑ m=±^1_2

A^Δ1_{2 m −} 1_2 Y 1_{2 m} , P^Δ = ∑ m=±^1_2

P^Δ1_{2 m} 1_2 Y 1_{2 m} . (4.12)

Spherical reduction of the first two terms yields

L_1 = √ 2 2 ∑ m=±^1_2 ∫ ( Ā^1_{12 m}l^aa_aA^1_{12 m} − Ā^2_{12 m}l^aa_aA^2_{12 m}

+ P̄^1_{2 m}n^aa_aP^1_{2 m} − P̄^21_{2 m}n^aa_aP^21_{2 m} ) Φ^2ω_g . (4.13)

In the remaining two terms of (4.11) the cotθ terms vanish if the integration over the sphere is performed. T_+ and T_− project out one component of A^Δ and P^Δ, respectively. Integrating out the sphere in the remaining terms gives ±π/4. Thus one finds

L_2 = i π 4 ∫ ( P̄^2_{12 12} w̄ Φ A^11_2 1_2 − P̄^21_{2 −} 1_2 w̄ Φ A^11_{2 −} 1_2

− Ā^11_2 1_2 w Φ P^21_2 1_2 + Ā^11_{2 −} 1_2 w Φ P^21_{2 −} 1_2 ) Φ^2ω_g , (4.14)

where we needed the explicit form of the harmonics (c.f. appendix A), to evaluate the integral over the sphere. L_1 + L_2 represent the spherically reduced SU (2) Yang-Mills-Dirac interaction term.

Two-spinor representation of the SU(2) interaction term

Following the notation of the former sections the two spinors are defined by Ψ^I_{jm} = ( A_{jm} 0 ) , Ψ^{II}_{jm} = ( 0 P_{jm} ) , (4.15)

where B = Q = 0 was taken because only left-handed fermions couple to SU (2)-Yang-Mills fields in the SM. Rewriting (4.13) in terms of these two-spinors leads to

L_1 = ∑ m=±^1_2 ∫ ( Ψ̄^I_{12 m}l^aa_aT_3γ^−_I Ψ^I_{12 m} + Ψ̄^{II}_{12 m}n^aa_aT_3γ^+_{II} Ψ^{II}_{12 m} ) Φ^2ω_g ,

(4.16)

4 THE SPHERICALLY SYMMETRIC STANDARD MODEL 33

whereas for (4.14) we find

L_2 = π 4 ∑ m=±^1_2

(−)^{12 +m} ∫ ( Ψ̄^I_{12 m} w Φ T_+I^{−1}Ψ̄^{II}1_{2 m} + Ψ̄^{II}1_{2 m} w̄ Φ T_−IΨ̄^I1_{2 m} ) Φ^2ω_g .

(4.17)

Before fully writing out the reduced interaction term, we study the SU (3) case.

4.2 Reduction of the SU(3) Yang-Mills Dirac system

The spherical reduction of the interaction of fermions and SU (3) Yang-Mills fields is very similar to the SU (2) case. The additional terms in (3.132) are just ι^Aι^{A′} A_{AA}′ = 1 2g n^ab_aλ_8 , o^Ao^{A′} A_{AA}′ = 1 2g l^ab_aλ_8 , (4.18)

and all equations of the former subsections hold if T_i denote the first three SU (3) generators. This depends on the fact that we only consider the simple isospin-1/2 embedding of the SU (2) group into SU (3). In the isospin-1 case [53] things change considerably, since spacetime and group indices mix and hence the spherical reduction is much more involved. However, the presented procedure can be applied straightforwardly.

P^Λ is now a three-component object and the only additional term in the action reads L = √ 2 2 ∫ ( Āl^ab_aλ_8A + P̄ n^ab_aλ_8P ) ω_G , (4.19)

where the sphere can be integrated out easily to give L = √ 2 2 ∑ jm ∫ ( Ā_{jm}l^ab_aλ_8A_{jm} + P̄_{jm}n^ab_aλ_8P_{jm} ) Φ^2ω_g . (4.20)

Combining the left-handed part of (3.108) with the reduced terms finally leads to the reduced Dirac-Yang-Mills action

L_{DYM} = ∑ m=±^1_2 ∫ ( Ψ̄^I_{12 m}iE^a_+γ^+_I D_aΨ^I_{12 m} + Ψ̄^{II}_{12 m}iE^a_−γ^−_{II} D_aΨ^{II}_{12 m}

+ 1 Φ Ψ̄^{II}_{12 m}(γ^⋆ + (−)^12^{+m} π 4 w̄T_−)IΨ^I1_{2 m} + 1 Φ Ψ̄^I_{12 m}(γ^⋆ + (−)^12^{+m} π 4 wT_+)I^{−1}Ψ^{II}1_{2 m} ) Φ^2ω_g , (4.21)

4 THE SPHERICALLY SYMMETRIC STANDARD MODEL 34

with the gauge covariant derivative

D_a = ∇_a − ia_aT_3 − i b_a 2 λ_8 , (4.22)

when acting on fermions. In case of SU (2) Yang-Mills theory, i.e., b = 0, T_i = σ_i/2, the above action (4.21) is in agreement with references [54,55] if only one value of the ’magnetic’ quantum number m is considered.

Exact solutions of the SU (2) and SU (4) Einstein-Yang-Mills-Dirac systems by reduction methods were found in [56]. In addition to spherical symmetry these authors also assumed homogeneity, hence considered cosmological solutions.

4.3 The Higgs model

In the action of the Higgs model one considers a complex scalar field with mass and self-interaction term L = ∫ ( G^{μν} (D_μH)^†D_ν H − λ 4 (H^†H − v^2)^2 ) ω_G , (4.23)

where the gauge covariant derivative reads D_μH = ∇_μH − igA_μH. In spherical symmetry [51, 55, 57, 58] the Higgs field is given by^9 H = v g φ exp(iξT_r)|a⟩ , (4.24)

where φ = φ(x^α) and ξ = ξ(x^α) are real functions and |a⟩ is a constant unit spinor, ⟨a|a⟩ = 1. The radial Pauli matrix T_r is defined by

T_r = sinθ cosϕT_1 + sinθ sinϕT_2 + cosθT_3 . (4.25)

Note that the Higgs field ansatz (4.24) differs from the standard parametrisation in particle physics. There the Higgs field is usually parametrised by its shift around the vacuum expectation value H → H_0 + H^′, where H_0 denotes the vacuum expectation value and H^′ is the shifted field. The classical potential in (4.23) vanishes for H^†_0H_0 = v^2. Therefore one sees that the function φ represents the deviation around the minimum of the potential, but in contrast to the above, by multiplication rather than addition.

The exponential exp(iξT_r) written explicitly yields

exp(iξT_r) = cos ξ 2 1 + i sin ξ 2 ( cosθ e^{−iϕ} sinθ e^{iϕ} sinθ − cosθ ) . (4.26)

The second term contains the spherical harmonics with s = 0 and l = 1 (see appendix A). Before performing the spherical reduction it should be noted

9We stick with the notation of [51].

4 THE SPHERICALLY SYMMETRIC STANDARD MODEL 35

that one could set ξ = 0 and fix the isospin direction. The Higgs field (4.24) is still spherically symmetric is some sense but not spherically symmetric up to gauge transformations, so not according to our second notion. When we analyse the effective theory in two dimensions in section 5 we will choose the gauge ξ = 0 to simplify the further calculation.

Spherical reduction of the Higgs action (4.23) using the ansatz (4.24) leads to

L_H = ∫ ( v^2 g^2 |Dh|^2 − v^2 2g^2Φ^2 φ^2|w − e^{iξ}|^2 − λv^4 4g^4

(φ^2 − g^2)^2 ) Φ^2ω_g , (4.27)

where h = φ exp(iξ/2) and the gauge covariant derivative reads D_α = ∇_α − ia_α/2. (For w recall the remark after equation (3.131)). The Higgs mass and the vector boson mass are given by M^2_H = 2λv^2 and M^2_W = g^2v^2, respectively.

The spherical reduction procedure yields an additional dilaton dependent term in the Higgs potential. Hence the effective potential in (4.27) reads V = v^2 g^2 ( φ^2 2Φ^2 |w − e^{iξ} |^2 + λv^2 4g^2

(φ^2 − g^2)^2 ) , (4.28)

which has a global minimum if Φ ≤ √ 2 |w − e^{iξ}| M_H , (4.29)

and its usual symmetry breaking form otherwise. Following e.g. [57] finite energy solutions require |w|^2 < 1 and hence |w − e^{iξ}| < 2. Therefore from (4.29) we conclude Φ ≤ 2 √ 2 M_H . (4.30)

For M_H ≈ 100GeV − 1TeV this yields a radius of ca. 10^{16} − 10^{17} Planck lengths.

Restoration of symmetry at some small radius, e.g. near a black hole horizon [59, 60], can be understood from the following consideration. An observer would not see the Higgs field in some vacuum state but rather in a thermal bath of Hawking quanta close to a black hole. Hence, if that temperature is high enough, the potential smears out.

4.4 Yukawa couplings

In the SM of particle physics fermion masses are introduced by Yukawa couplings and the Higgs mechanism. Therefore the explicit mass terms in

4 THE SPHERICALLY SYMMETRIC STANDARD MODEL 36

the fermion sector, section 3.3, can be ignored henceforth. The Yukawa interaction term reads L = ∫ χ_A′ψ̄^{A′ Δ}H_Δω_G , (4.31)

where the internal group index in the Higgs field indicates the presence of the unit spinor |a⟩ in (4.24). Since the action (4.31) is not hermitian one must add the hermitian conjugate, which we do at the end.

Following the procedure of the previous sections we first write the spinors χ_A′ and ψ̄^{A′ Δ} in terms of basis spinors and get L = ∫ ( v g φ(QP̄^Δ − BĀ^Δ) exp(iξT_r)|a⟩ ) Φ^2ω_gd^2Ω . (4.32)

Next we expand the coefficients A, B, P, Q in terms of spin weighted spherical harmonics and use their explicit form (4.26). Furthermore, to simplify the following, we choose the unit vector to be ⟨a| = (0, 1). The first term of (4.26) is easily reduced because one can use the orthogonality condition (3.102) since A, B and P, Q have the same spin weights respectively. This yields

L_1 = ∑ m=±^1_2 ∫ ( v g φ cos ξ 2 (Q 1_{2 m}P̄^21_{2 m} − B 1_{2 m}Ā^21_{2 m}) ) Φ^2ω_g . (4.33)

The second and more involved term after spherical reduction reads

L_2 = ∫ v g φi sin ξ 2 ( 2 3 (Ā^11_{2 −} 1_2 B 1_2 1_2 − P̄^1_{2 −} 1_2 Q 1_2 1_2 ) + 1 3 (Ā^21_2 1_2 B 1_2 1_2 − Ā^21_{2 −} 1_2 B 1_{2 −} 1_2 − P̄^21_2 1_2 Q 1_2 1_2 + P̄^21_{2 −} 1_2 Q 1_{2 −} 1_2 ) ) Φ^2ω_g .

(4.34)

The last two terms plus their hermitian conjugates will be written in terms of two-spinors. The latter are defined by (3.106) and (3.107), moreover (4.10) is taken into account. Since we wish to write the effective 2d action without the unit spinor |a⟩, the expansion coefficients B and Q are embedded in the complex two-spinor space by B_{jm} = ( 0 B_{jm} ) , Q_{jm} = ( 0 Q_{jm} ) . (4.35)

4 THE SPHERICALLY SYMMETRIC STANDARD MODEL 37

Then the spherically reduced Yukawa term becomes

L_Y = ∑ m=±^1_2 ∫ v g φ ( − cos ξ 2 (Ψ̄^I1_{2 m}1Ψ^I1_{2 m} + Ψ̄^{II}1_{2 m}1Ψ^{II}1_{2 m})

+ i 1 3 sin ξ 2 (−)^{12 +m}(Ψ̄^I1_{2 m}γ^⋆Ψ^I1_{2 m} − Ψ̄^{II}1_{2 m}γ^⋆Ψ^{II}1_{2 m}) + i 2 3 sin ξ 2 (Ψ̄^I1_{2 −} 1_2 T_+P_−Ψ^I1_2 1_2 − Ψ̄^I1_2 1_2 T_−P_+Ψ^I1_{2 −} 1_2

+ Ψ̄^{II}1_{2 −} 1_2 T_+P_+Ψ^{II}1_2 1_2 − Ψ̄^{II}1_2 1_2 T_−P_−Ψ^{II}1_{2 −} 1_2 ) ) Φ^2ω_g , (4.36)

where we added the hermitian conjugate. P_± are the usual chiral projection operators defined by

P_± = 1 2 (1 ± γ^⋆) , (4.37)

which are needed since left- and right-handed fermions are coupled together.

For later use we set ξ = 0 in the spherically reduced Yukawa action (4.36) which fixes the isospin direction. Then the last three lines vanish and one is left with the simple term

L_Y = ∑ m=±^1_2 ∫ ( − v g φ )(¯ Ψ^I1_{2 m}1Ψ^I1_{2 m} + Ψ̄^{II}1_{2 m}1Ψ^{II}1_{2 m} ) Φ^2ω_g . (4.38)

Therefore the induced mass of the Yukawa coupling reads

m_Y = v g φ , (4.39)

by comparison with the spherically reduced Dirac action (3.108). A small consistency check is to note that the negative sign of (4.38) is consistent with (3.108).

4.5 Einstein-Cartan theory

As in section 3.1 torsion is most naturally included by assuming the existence of a derivative operator ~∇_a that is not torsion-free. That derivative operator can be split into a torsion-free part ∇_a and a torsion dependent part by ~∇_aU^c = ∇_aU^c + K_{ab}^cU^b , (4.40)

where K_{ab}^c is called the contortion tensor and where we follow the notation of Penrose [44]. K_{ab}^c is the holonomic version of (3.4) with an additional

4 THE SPHERICALLY SYMMETRIC STANDARD MODEL 38

negative sign because of the different index positions used in the different formalisms.

Metricity of both covariant derivative operators immediately implies antisymmetry of K_{ab}^c in the last index pair. Contortion and torsion are related by T̃_{ab}^c = K_{ba}^c − K_{ab}^c . (4.41)

When ~∇_a is acting on spinors we write ~∇_{AA′} ψ^C = ∇_{AA′} ψ^C + Θ_{AA′B}^C ψ^B , (4.42) ~∇_{AA′} χ^{C′} = ∇_{AA′} χ^{C′} + Θ̄_{AA′B′}^{C′} χ^{B′} , (4.43) from which the contortion tensor can be reconstructed when the action on a vector U^c = U^{CC′}

K_{ab}^c = Θ_{AA}′_B^C ε_B′^{C′} + Θ̄_{AA}′_B′^{C′} ε_B^C , (4.44)

is considered. Torsion can now be incorporated in the former equations by replacing ∇_a by ~∇_a. Then one uses (4.40) and (4.42), (4.43) and finds additional contributions containing the contortion spinor. The latter can be decomposed further into irreducible parts by

Θ_A′_{ABC} = Θ_A′_{(ABC)} + 1 3 ε_{AB} Θ_A′_C + 1 3 ε_{AC} Θ_A′_B , (4.45)

where the trace terms are

Θ_A′_B = Θ_{DA}′_B^D, Θ̄_{AB}′ = Θ̄_D′_{AB}′^{D′} . (4.46)

Using the above, a third way of writing the Einstein-Hilbert-Cartan action is L_{EHC} = ∫ R̃ ω_G = ∫ ( R + K_{ae}^bK_b^{ae} − K_{be}^bK_a^{ae} ) ω_G = ∫ ( R + 4 3 Θ_A′_B Θ^{A′B} + 4 3 Θ̄_{AB′} Θ̄A^′ B − Θ_A′_{(ABC)}Θ^{A′(CAB)} − Θ̄_{A(A}′_B′_C′_)Θ̄^{A(C′ A′B′ )} ) ω_G , (4.47)

where the surface term is omitted, see e.g. [61]. The introduction of ~∇_a in the Dirac action functional (3.93) leads to an additional term

L_{DT} = i √ 2 ∫ ( Θ_A′_B (ψ̄^{A′} ψ^B − χ^{A′} χ̄^B) − Θ̄_{AB}′ (ψ^Aψ̄^{B′} − χ̄^Aχ^{B′} ) ) ω_G . (4.48)

4 THE SPHERICALLY SYMMETRIC STANDARD MODEL 39

From (4.47) and (4.48) one can derive the equations of motion for the contortion contribution. Variation with respect to δΘ_A′_{(ABC)} yields the trivial equation of motion Θ_A′_{(ABC)} = 0. Variation with respect to δΘ_A′_B yields δL_{EHT} δΘ_A′_B = 8 3 Θ^{A′ B} , δL_{DT} δΘ_A′_B = i √ 2 (ψ̄^{A′} ψ^B − χ^{A′}χ̄^B ) , (4.49)

which implies an algebraic equation of motion

Θ^{A′ B} = i 3 8 √ 2 (ψ̄^{A′} ψ^B − χ^{A′}χ̄^B ) , (4.50)

for the trace of the contortion spinor. We already argued in subsection 3.1.3 that this is expected on general grounds. The contortion spinor is given by the fermion current and is purely imaginary.

In the literature [21, 22, 62] the statement is often found that Dirac fermions only couple to the axial torsion vector or that the contortion tensor is totally skew-symmetric. This can easily be understood in the spinor formalism since one easily checks that

A^a = 2 3 Im Θ^{AA′} , k^a = −Φ2Re Θ^{AA′} , (4.51)

where A^a and k^a are the holonomic, not yet spherically reduced versions of (3.27). The vector A^a given by the equation of motion for contortion clearly has components along the m^a , m̄^a directions. The minus sign in k^a is due to the different conventions, already mentioned in the beginning of this subsection. Since fermions only couple to the axial contortion vector variation with respect to k^a and U_{lmn} must vanish. The vanishing of U_{lmn} implies that

s_a = 1 2Φ h_a , (4.52)

as can be seen from (3.30). Since the equation of motion (4.50) is purely algebraic one can eliminate the contortion terms from L_{EHT} and L_{DT}. Since 4 3 Θ^{A′B} Θ_A′_B = 3 16 (ψ̄^{A′} ψ^B χ_A′χ̄_B) , (4.53) i √ 2 Θ_A′_B (ψ̄^{A′} ψ^B − χ^{A′}χ̄^B ) = 3 8 (ψ̄^{A′} ψ^B χ_A′χ̄_B ) , (4.54)

one finds that the elimination yields τ = 2(3/16 + 3/8) = 9/8

L_T = L_{EHC} + L_{DT} = τ ∫ (ψ̄^{A′} χ_A′ ψ^Bχ̄_B)ω_G , (4.55)

4 THE SPHERICALLY SYMMETRIC STANDARD MODEL 40

an effectively four-fermion interaction term. It has the structure of a dilaton deformed Thirring model [63]. If the fermion action only consists of chiral fermions, then either ψ^A of χ^{A′} is zero, hence the action (4.55) would vanish. Therefore torsion generated by fermions is nontrivial if and only if both four dimensional chiralities are present. However, only one of the invariant two-spinors (3.106) or (3.107) is needed to generate torsion.

If the Dirac two-spinors are expanded in terms of basis spinors the action (4.55) becomes

L_T = τ ∫ (P̄ Q − ĀP )(P Q̄ − AB̄)ω_G . (4.56) As already pointed out the standard model with torsion is characterised by one additional term only, namely the four-fermion interaction term (4.55). This action can be spherically reduced by the above methods. We expand the functions A, B, P, Q in terms of spin weighted spherical harmonics_sY_{jm} with the additional restriction j = 1/2 and m = ±1/2.

Putting the expansion in the action (4.56) gives 2^6 = 64 terms. Next the spherical dependence can be integrated out and one has to evaluate inner products of four spin weighted spherical harmonics. 40 of these inner product vanish and one is left with 24 non-vanishing terms, which equals the number of independent components of the torsion or contortion tensor. Note that these 24 non-vanishing terms are not independent since for fermions the contortion tensor has only four independent components. The inner products are given in appendix C. As before these terms can be written in terms of two spinors (3.106), (3.107), which are also given in appendix C.

For the moment we put Ψ^{II}_{jm} = 0 and moreover assume that only one ’magnetic’ quantum number m is present, say m = 1/2, in (C.12) and (C.13). Then the simplest non-trivial torsion term becomes

L_T = τ 3π ∫ ( Ψ̄^I_{12 12} P_+Ψ^I_{12 12} )(Ψ̄^I_{12 12} P_−Ψ^I_{12 12} ) Φ^2ω_g , (4.57)

which we simply state to show the general structure of those terms.

Similar to the Yukawa coupling, the projectors (4.37) are needed since left- and right-handed fermions couple together. The factor 1/3π enters because of the integration of four spin-weighted spherical harmonics.

For sake of completeness we mention some additional aspects of Einstein- Cartan theory. The GHP spin-coefficient formalism can be extended to include torsion [64]. The idea is based on equation (4.40), one splits every spin-coefficient into two parts, ρ^0 which is torsion free and ρ_1 that depends on the contortion, where we adopted the notation of [64]. Therefore the complete spin-coefficient is just the sum of those two parts. The extended

5 EFFECTIVE THEORY IN D=2 41

formalism was then used in [62] to analyse neutrino fields in Einstein- Cartan theory. There the torsion spin-coefficients are

ρ_1 = ikϕ̄ϕ , γ_1 = ik 2 ϕ̄ϕ , (4.58)

where ϕ^A = ϕo^A is the neutrino field and k is the coupling constant. Furthermore [62] contains some interesting theorems, that we can use directly. One of them states (see §(7) of [62]) that ghost neutrinos, which have vanishing canonical energy-momentum tensor, cannot be constructed in spherically symmetric spacetimes.

The perfect fluid considered previously in subsection 3.2.2 can be generalised by a Weyssenhoff fluid [65] which permits a non-vanishing spin density. It is characterised by a classical description of spin, where the source term of torsion is written s^κ_{μν} = u^κS_{μν} , with u^κ the fluid’s four velocity and S_{μν} the intrinsic angular momentum tensor. In [66] a Weyssenhoff fluid determining torsion by one function S was considered within the framework of the extended spin-coefficient formalism by the same authors. It was found that the torsion spin-coefficient are

ρ_1 = −ρ^′_1 = 2γ_1 = −2γ^′_1 = iS . (4.59)

By considering a static and spherically symmetric Weyssenhoff fluid in a cosmological context, one of the present authors could suggest a mechanism to solve the sign problem of the cosmological constant [67]. Note that in equation (4.58) the torsion coefficient ρ_1 appears, although the torsion free part ρ_0 drops out of the Dirac action (3.98).

Einstein-Cartan theory is derived from the usual Einstein-Hilbert action without restricting to torsionless spacetimes. This action is linear in curvature. However, the term ε^{klmn}R̃_{klmn} is also linear in curvature and was considered in [68]. In case of vanishing torsion this term identically vanishes which was already mentioned in [69]. If torsion is present then the term gives additional contributions to the field equations. In [68] it was used to analyse parity violating contributions in the action. Fortunately it turns out that this term also vanishes identically if fermions are the source of torsion as in the SM under consideration. The first non-trivial contributions enters the field equations if massive spin one particles are allowed to generate torsion, which is beyond the scope of the present work.

5 Effective theory in d=2

The advantage of an effective theory in lower dimensions is twofold: at the level of equations of motion the theory is equivalent to the higherdimensional one, but the classical analysis is much simpler. Thus, exact solutions

5 EFFECTIVE THEORY IN D=2 42

can be constructed with particular ease. However, there is more to the lowerdimensional theory than just a convenient scheme for reproduction: it can be treated as a model on its own and semi-classical and quantum aspects can be studied in detail. This can provide valuable insight into the quantum regime of the higherdimensional theory, although one has to be careful with interpreting the results because spherical reduction and renormalisation need not to commute [70].

We now present the SSSMG as an effective 2d theory and address its quantisation.

5.1 The SSSMG as a 2d model

We now combine the spherically reduced actions of the former sections into an effectively 2d action which represents the SSSMG in first order form

L = L_{FOG} + L^{U(1)}_{YM} + L^{SU(2)}_{YM} + L^{SU(3)}_{YM} + L_{DYM} + L_H + L_Y + L_T , (5.1)

where the different parts of the action are given by (ϵ := e^+ ∧ e^−)

L_{FOG} = 2π λ^2 ∫ L ( X_a(D ∧ e)^a + Xdω + ϵV(X, X^aX_a) ) , (5.2)

L^{U(1)}_{YM} = 4π g^2_1 ∫ L ( z_1da_1 + ϵ z^2_1 X ) , (5.3) L^{SU(2)} YM = 4π g^2 ∫ L ( z_2da_2 + ϵ z^2 X + |Dw_2 ∧ ∗(Dw_2)| − (|w_2|^2 − 1)^2 2X ϵ ) , (5.4) L^{SU(3)} YM = 4π g^2_3 ∫ L ( z_3da_3 + ydb + ϵ z^2_3 + y^2 X + |Dw_3 ∧ ∗(Dw_3)| − (|w_3|^2 − 1)^2 2X ϵ ) , (5.5)

L_{DYM} = ∑ m=±^1_2 ∫ L ( X ∑ N=I,II ( iΨ̄^N1_{2 m}γ^a_N e_a ∧ ∗DΨ^N1_{2 m} )

+ (j + 1 2 ) √ Xϵ ( Ψ̄^{II}_{12 m}(γ^⋆ + (−)^12^{+m} π 4 w̄T_− ) IΨ^I1_{2 m}

+ Ψ̄^I1_{2 m} ( γ^⋆ + (−)^{12 +m} π 4 wT_+ ) I^{−1}Ψ^{II}1_{2 m} )) , (5.6)

L_H = v^2 g^2 ∫ L ( X|Dh ∧ ∗Dh| − 1 2 ϵφ^2|w_2 − e^{iξ}|^2 − Xϵ λv^2 4g^2

(φ^2 − g^2)^2 ) . (5.7)

5 EFFECTIVE THEORY IN D=2 43

New auxiliary fields y, z_i have been introduced in order to bring the Yang- Mills part (with gauge field 1-forms b, a_i) into first order form. For convenience of the reader we recall the field content: (X, X^a, z_1, z_2, z_3, y) are scalar fields which in the absence of matter can be interpreted as target space coordinated of a Poisson manifold [26]; (ω, e^a, a_1, a_2, a_3, b) are connection, zweibein, U (1) connection, SU (2) connection, SU (3) connection, respectively. w_2 and w_3 are complex scalar fields coming from the reduction of the SU (2) and SU (3) connection, respectively. The complex scalar h = φ exp(iξ/2) is the Higgs field. Ψ represents all SM fermions.

The gauge covariant derivatives read

(D ∧ e)^± = de^± ± ω ∧ e^± , (5.8) Dw_2 = dw_2 − ia_2w_2 , (5.9) Dw_3 = dw_3 − ia_3w_3 , (5.10)

neutrinos: DΨ = dΨ − i a_2 2 σ_3Ψ , (5.11)

charged leptons: DΨ = dΨ − ia_1Ψ − i a_2 2 σ_3Ψ , (5.12)

quarks: DΨ = dΨ − ia_1Ψ − i a_2 2 σ_3Ψ − i a_3 2 λ_3Ψ − i b 2 λ_8Ψ , (5.13) Dh = dh − i a_2 2 h . (5.14)

(5.11)–(5.13) cover all covariant derivatives with and without SU (2) couplings.

Different parts of the above actions and permutations thereof were a rich source of analytical and numerical investigations during the last 15 years. The likely starting point was [71]. In recent years the inclusion of the cosmological constant with its non-flat asymptotic structure motivated further studies of the above system, going back probably to [72].

The remaining terms of the standard model are

L_Y = ∑ m=±^1_2 ∫ L v g_2 φ ( − cos ξ 2 (Ψ̄^I1_{2 m}1Ψ^I1_{2 m} + Ψ̄^{II}1_{2 m}1Ψ^{II}1_{2 m})

+ i 1 3 sin ξ 2 (−)^{12 +m}(Ψ̄^I1_{2 m}γ^⋆Ψ^I1_{2 m} − Ψ̄^{II}1_{2 m}γ^⋆Ψ^{II}1_{2 m}) + i 2 3 sin ξ 2 (Ψ̄^I1_{2 −} 1_2 T_+P_−Ψ^I1_2 1_2 − Ψ̄^I1_2 1_2 T_−P_+Ψ^I1_{2 −} 1_2

+ Ψ̄^{II}1_{2 −} 1_2 T_+P_+Ψ^{II}1_2 1_2 − Ψ̄^{II}1_2 1_2 T_−P_−Ψ^{II}1_{2 −} 1_2 ) ) Xϵ . (5.15)

5 EFFECTIVE THEORY IN D=2 44

Finally the torsion terms are

L_T = τ 3π ∑ m=±^1_2 ∫ L ( (Ψ̄^{I,II}_{12 ±m}P_+Ψ^{I,II}_{12 ±m})(Ψ̄^{I,II}_{12 ±m}P_−Ψ^{I,II}_{12 ±m})

−(Ψ̄^I1_{2 ∓m}P_±Ψ^I1_{2 ∓m})(Ψ̄^{II}1_{2 ±m}P_±Ψ^{II}1_{2 ±m})+ 1 2 (Ψ̄^{I,II}_{12 ∓m}P_+Ψ^{I,II}_{12 ∓m})(Ψ̄^{I,II}_{12 ±m}P_−Ψ^{I,II}_{12 ±m}) + 1 2 (Ψ̄^{I,II}_{12 ∓m}P_+Ψ^{I,II}_{12 ±m})(Ψ̄^{I,II}_{12 ±m}P_−Ψ^{I,II}_{12 ∓m})− 1 2 (Ψ̄^I1_{2 ±m}P_±Ψ^I1_{2 ±m})(Ψ̄^{II}1_{2 ±m}P_±Ψ^{II}1_{2 ±m}) + 1 2 (Ψ̄^I1_{2 ±m}P_±Ψ^I1_{2 ∓m})(Ψ̄^{II}1_{2 ±m}P_±Ψ^{II}1_{2 ∓m}) ) Xϵ . (5.16)

In case of Riemannian manifolds rather that Lorentzian ones, the action of the torsion free standard model with gravity was formally expressed in terms of Dirac-Yukawa operators in [73].

As an illustration why the reformulation as a 2D model is useful we consider now its classical solutions. Surprisingly, up to the very last step the construction of geometry works exactly as for the matterless case and the relevant details have been spelled out in section 3.2. So assuming that either X^+ or X^− are non-vanishing in an open region the line element reads

ds^2 = 2dudr + 2X^+X^−du^2 − r^2dΩ^2 , (5.17)

where r ∝ √ X and the product X^+X^− fulfils the conservation equation (3.44). Of course, in general it is quite hopeless to integrate that equation which contains the information of all matter contributions described above; nevertheless, the simplicity of (5.17) allows for some general statements, independent from material details: Apparent horizons are encountered for X^+X^− = 0. If both X^+ = X^− = 0 at an isolated point the region around that point behaves like the region around the bifurcation 2-sphere of the Schwarzschild BH; in that case instead of (5.17) one should use a different gauge, e.g. Kruskal gauge or Israel gauge [28]. The construction of an atlas by means of “large” Eddington-Finkelstein patches and “small” Kruskal patches has been introduced by Walker [74]. By tuning the matter contributions in a special way it may be possible to achieve X^+ = 0 = X^− in an open region which implies that also the dilaton field X (and thus the surface area) has to be constant in that region. For minimal coupling to the dilaton it follows from (3.38) that such a region has constant curvature and thus may be only Minkowski, Rindler or (A)dS. Note that in the absence of matter and cosmological constant it is not possible to achieve such a constant dilaton region for finite X. Thus, the appearance of such regions is a non-trivial consequence of the presence of matter.

5 EFFECTIVE THEORY IN D=2 45

5.2 Quantisation of SSSMG

There are two basic strategies: either to quantise first and to impose symmetries later or the other way round. The first one appears to be preferable conceptually, but it is more difficult to implement. Since one of the points of imposing spherical symmetry is to simplify the quantisation procedure itself it is also tempting to take the second route. At least some of the basic conceptual problems arise even in this simplified framework and provided they can be solved one can learn something for the full theory without introducing unnecessary technical difficulties. Actually, the preference for either of the two strategies depends on which kind of question one would like to ask; it is not just a matter of taste. We would like to be more concrete on this: First of all, one should recall that in both cases there are no propagating physical modes in the gravity sector. Thus, if one is interested e.g. in scattering problems where virtual BHs may arise as intermediate states one has to add matter degrees of freedom if one would like to keep spherical symmetry, as there are no spherically symmetric gravitons. Adding matter is much simpler following the second route. On the other hand, if one is interested in questions that may be addressed without matter the first route seems to be the better one as it allows for slightly more structure in the geometrical sector than the more restrictive first one. As we are interested in interactions with SM fields and ensuing questions of information loss, scattering problems, virtual BH production etc. we impose spherical symmetry first and quantise later. Thus, we take (5.1) as our starting point and try to quantise this effective action in two dimensions.

There are still two alternatives: either one fixes a geometric background before quantisation and applies methods from quantum field theory on a curved background (cf. e.g. [75]), thus encountering the phenomenon of Hawking radiation, or one quantises geometry exactly first and applies perturbative methods in the matter sector afterwards (cf. e.g. sect. 7 of [20]). As there exists an extensive amount of literature devoted to the first route (even in the more general case when spherical symmetry is absent) the focus will be on the second path. Along these lines the simple case with a single scalar field in the matter sector has been studied extensively [76,77], for reviews cf. [9, 20]. The extension to the SSSMG is straightforward, albeit somewhat lengthy. Thus, we will merely present the algorithm and note especially where differences to the previous cases arise, rather than presenting all calculations in detail.

The first step, a Hamiltonian analysis including a discussion of constraints, their algebra and the construction of the BRST charge and the ghost sector fortunately essentially remains the same. The algorithm works as follows: as starting point declare the zero-component as “time” and introduce canonical coordinates q = (ω_1, e^−_1 , e^+_1 , a_1, b_1, matter) with associated

5 EFFECTIVE THEORY IN D=2 46

momenta p = (X, X^+, X^−, y, z, matter) and q̄ = (ω_0, e^−_0 , e^+_0 , a_0, b_0) producing primary first class constraints p̄ ≈ 0. In addition, there will be the usual second class constraints from the fermions, which may be dealt with in the standard way, i.e., by introducing Dirac brackets. Then, take the Dirac bracket of the first class constraints with the Hamiltonian to calculate the secondary constraints denoted by G (which are also first class). It is then noticed that the Hamiltonian is a sum over constraints, H = Σq̄G, as expected for a reparameterisation invariant theory [78]. No ternary constraints arise. Next, one should consider the structure functions arising in the Dirac algebra of first class constraints. They will enter the BRST charge, which may be constructed straightforwardly and does not receive any higher order ghost contributions, i.e., no quartic ghost terms arise. At least in the geometric sector no ordering ambiguities arise, as discussed in appendix B.2 of [77]. A convenient gauge-fixing fermion is one that leads to “temporal” gauge

ω_0 = 0 , e^−_0 = 1 , e^+_0 = 0 , a_0 = 0 , b_0 = 0 . (5.18)

In the geometric sector this amounts to Eddington-Finkelstein gauge. Note that it is not possible to set all zero components to zero because this would amount to a singular metric. The choice (5.18) exploits the maximum amount of simplification and consequently the gauge fixed Hamiltonian simplifies drastically as most of the terms drop out. The most convenient order of path integrations seems to be the following one: all non-geometric gauge fields, their related auxiliary fields and the corresponding ghost sectors are integrated out exactly. Then, the remaining ghost sector is eliminated yielding some (contribution to the Faddeev-Popov-)determinant in the measure. As a next step eventual matter momenta are integrated out, if this can be performed exactly by linear or Gaussian path integration. The ensuing action will be linear in the remaining zweibein and connection components. Thus, path integration over geometry can be performed yielding functional δ-functions. They can be used to perform the integration over the auxiliary fields X, X^±, cancelling exactly the first contribution to the Faddeev-Popov-determinant mentioned above. Because the functional δ-functions contain first derivatives acting on the auxiliary fields at this point homogeneous solutions arise which have to be fixed conveniently. In ordinary QFT often “natural boundary conditions” are invoked, but clearly they cannot be implemented for all fields as the metric must not vanish asymptotically. Instead, a very natural and simple condition is asymptotic flatness, which indeed fixes the relevant homogeneous contributions. Irrelevant contributions may be absorbed by fixing the scalingand shift-ambiguity of the dilaton field. The path integral measure for the final matter integrations can be adjusted in accordance with [79]. The ensuing effective action will be nonlocal and non-polynomial in the matter

ACKNOWLEDGEMENT 47

fields. So at the end of this algorithm one has an effective theory depending solely on the propagating physical modes (scalar fields and fermions), but, to emphasise this again as it is very important, this theory is nonlocal and non-polynomial. Physically, non-locality comes from integrating out exactly the gravitational self-energy of the fields.

Perturbation theory may be imposed upon this effective theory and Feynman rules may be derived. Since the theory is non-polynomial tree vertices with an arbitrary number of external legs will emerge. Moreover, these vertices will be non-local, in general. For the special case of the spherically reduced Einstein-massless-Klein-Gordon model explicit results may be found in ref. [8]. These Feynman rules are then the basis of any phenomenological study. It is not very difficult to obtain them, but somewhat tedious.

6 Concluding remarks

The three formalisms discussed (Cartan, GHP, metric) were used to spherically reduce the Standard model of particle physics with gravity in a comprehensive manner yielding the SSSMG. One of the main aims of the present work was to link knowledge from particle physics on the one and gravity on the other hand.

We are convinced that the SSSMG as a two-dimensional model as presented in section 5 will be of use for further research. These results can for example be used to study several classical aspects like the existence of solitonic solutions, semi-classical aspects like the Hawking radiation and the no-hair theorem and quantum aspects like the role of the virtual black holes in scattering.

Moreover, we hope that our investigations lay the foundation for the discussion of extensions of the spherically reduced Standard Model, like (local) supersymmetry, non-metricity and the reduction of higher dimensional models.

Acknowledgement

This work has been supported by projects P-14650-TPH and J-2330-N08 of the Austrian Science Foundation (FWF) and by projects 622-1/2002, 798-1/2003 and 349-1/2004 of the Austrian Exchange Service (ÖAD) and is part of the research project Nr. 01/04 Quantum Gravity, Cosmology and Categorification of the Austrian Academy of Sciences (ÖAW) and the National Academy of Sciences of Ukraine (NASU). Part of this work has been performed in the hospitable atmosphere of the International Erwin Schrödinger Institute.

B LINKING GHP AND CARTAN FORMALISM 48

We deeply thank W. Kummer and D. Vassilevich for useful discussions.

A Spherical harmonics

Spherical harmonics for s = 0 and j = 1 are

0Y_{1 0} = 1 2 √ 3 π cosθ ,_0Y_{1 ±1} = ∓ 1 2 √ 3 2π sinθe^{±iϕ} . (A.1)

The spin weighted spherical harmonics are given for spin weight s = ±^1_2 and j =^1_2 . Since −j ≤ m ≤ j one only has m = ±^1_2 . With sY_{j,m} = (−1)^{m+s}_{−s}Y_{j,−m}, (A.2) one finds that there are only two independent spin weighted spherical harmonics if s = ±^1_2 , j =^1_2 and m = ±^1_2 . These are 1 2 Y 1_2 1_2 = 1 √ 2π cos θ 2 e^{i ϕ2} , (A.3)

−^1_2 Y^1_2^1_2 = − 1 √ 2π sin θ 2 e^{i ϕ2} . (A.4)

The other two spin weighted spherical harmonics

−^1_2 Y^1_2 −^1_2 = − 1 √ 2π cos θ 2 e^{−i ϕ2} , (A.5) 1 2 Y 1_{2 −} 1_2 = − 1 √ 2π sin θ 2 e^{−i ϕ2} , (A.6)

are obtained by using (A.2). One can easily check that these functions obey the orthogonality condition (3.102).

B Linking GHP and Cartan formalism

Using basis 1-forms l, n, m, m̄ the metric can be rewritten to

ds^2 = 2 l ⊗ n − 2 m ⊗ m̄ , (B.1)

where the notation is the same as for the null tetrad (3.81). Note that the choice of the basis 1-forms is not unique and can be changed in many more

C INNER PRODUCTS 49

or less practical ways. The spin coefficients can be read of from dl = m ∧ l ( β^′ − β̄ + τ̄ ) + m̄ ∧ l (¯ β^′ − β + τ ) + l ∧ n (γ^′ + γ̄^′) + m ∧ m̄ (ρ − ρ̄) + m ∧ n κ̄ + m̄ ∧ n κ, (B.2) dm = m ∧ l (γ̄ − γ + ρ̄^′) + m̄ ∧ l σ̄^′ + m ∧ n (γ^′ − γ̄^′ + ρ) + m̄ ∧ n σ + l ∧ n (τ̄^′ − τ ) + m ∧ m̄ ( β + β̄^′ ) . (B.3)

C Inner products

The notation is shortened by writing ± for ±1/2. Furthermore the expansion coefficients A, B, P, Q are left out in the integrands because one can read them of by looking at the spin weighted spherical harmonics.

Terms of type (P̄ Q)(P Q̄) and (ĀB)(AB̄) for s = ±1/2 respectively read ∫ (_±Ȳ_{+± ±}Y_{+±})(_±Y_{+± ±}Ȳ_{+±})dΩ^2 = 1 3π , (C.1) ∫ (_±Ȳ_{+± ±}Y_{+±})(_±Y_{+∓ ±}Ȳ_{+∓})dΩ^2 = 1 6π , (C.2) ∫ (_±Ȳ_{+± ±}Y_{+∓})(_±Y_{+± ±}Ȳ_{+∓})dΩ^2 = 1 6π . (C.3)

Terms of type (P̄ Q)(AB̄) are ∫ (_+Ȳ_{+± +}Y_{+±})(_−Y_{+∓ −}Ȳ_{+∓})dΩ^2 = 1 3π , (C.4) ∫ (_+Ȳ_{+± +}Y_{+±})(_−Y_{+± −}Ȳ_{+±})dΩ^2 = 1 6π , (C.5) ∫ (_+Ȳ_{+± +}Y_{+∓})(_−Y_{+± −}Ȳ_{+∓})dΩ^2 = − 1 6π . (C.6)

Terms of type (ĀB)(P Q̄) immediately follow from complex conjugation. Thus on gets ∫ P̄ QP Q̄Φ^2dΩ^2ω_{g(2)} = 1 3π ∫ ( (P̄_{+±}Q_{+±}P_{+±}Q̄_{+±}) + 1 2 (P̄_{+±}Q_{+±}P_{+∓}Q̄_{+∓} + P̄_{+±}Q_{+∓}P_{+±}Q̄_{+∓}) ) Φ^2ω_g , (C.7) ∫ ĀBAB̄Φ^2dΩ^2ω_{g(2)} = 1 3π ∫ ( (Ā_{+±}B_{+±}A_{+±}B̄_{+±}) + 1 2 (Ā_{+±}B_{+±}A_{+∓}B̄_{+∓} + Ā_{+±}B_{+∓}A_{+±}B̄_{+∓}) ) Φ^2ω_g . (C.8)

REFERENCES 50

For the mixed ones one finds ∫ P̄ QAB̄Φ^2dΩ^2ω_{g(2)} = 1 3π ∫ ( (P̄_{+±}Q_{+±}A_{+∓}B̄_{+∓}) + 1 2 (P̄_{+±}Q_{+±}A_{+±}B̄_{+±} − P̄_{+±}Q_{+∓}A_{+±}B̄_{+∓}) ) Φ^2ω_g , (C.9)

together with its complex conjugate.

The terms of the inner products can be written in terms of two-spinors Ψ̄^I_{jm}P_+Ψ^I_{jm} = B̄_{jm}A_{jm} , Ψ̄^I_{jm}P_−Ψ^I_{jm} = Ā_{jm}B_{jm} (C.10) Ψ̄^{II}_{jm}P_+Ψ^{II}_{jm} = −P̄_{jm}Q_{jm} , Ψ̄^{II}_{jm}P_−Ψ^{II}_{jm} = −Q̄_{jm}P_{jm} . (C.11)

Hence we find ∫ (ĀBAB̄ + P̄ QP Q̄)Φ^2dΩ^2ω_g = 1 3π ∑ m=±^1_2 ∫ ( (Ψ̄^{I,II}_{12 ±m}P_+Ψ^{I,II}_{12 ±m})(Ψ̄^{I,II}_{12 ±m}P_−Ψ^{I,II}_{12 ±m})

+ 1 2 (Ψ̄^{I,II}_{12 ∓m}P_+Ψ^{I,II}_{12 ∓m})(Ψ̄^{I,II}_{12 ±m}P_−Ψ^{I,II}_{12 ±m}) + 1 2 (Ψ̄^{I,II}_{12 ∓m}P_+Ψ^{I,II}_{12 ±m})(Ψ̄^{I,II}_{12 ±m}P_−Ψ^{I,II}_{12 ∓m}) ) Φ^2ω_g , (C.12)

where the first and second term of the left-hand side is obtained if Ψ^I or Ψ^{II} is considered respectively.

For the mixed terms we find ∫ (P̄ QAB̄ + Q̄P BĀ)Φ^2dΩ^2ω_g = − 1 3π ∑ m=±^1_2 ∫ ( (Ψ̄^I1_{2 ∓m}P_±Ψ^I1_{2 ∓m})(Ψ̄^{II}1_{2 ±m}P_±Ψ^{II}1_{2 ±m})

+ 1 2 (Ψ̄^I1_{2 ±m}P_±Ψ^I1_{2 ±m})(Ψ̄^{II}1_{2 ±m}P_±Ψ^{II}1_{2 ±m}) − 1 2 (Ψ̄^I1_{2 ±m}P_±Ψ^I1_{2 ∓m})(Ψ̄^{II}1_{2 ±m}P_±Ψ^{II}1_{2 ∓m}) ) Φ^2ω_g , (C.13)

where the upper sign of the projector corresponds to the first term of the left-hand side and the lower to the second.

References

[1] V. P. Frolov and I. D. Novikov, Black hole physics: Basic concepts and new developments. Dordrecht, Netherlands: Kluwer Academic, 1998.

REFERENCES 51

[2] C. J. Efthimiou and D. A. Spector, “A collection of exercises in two-dimensional physics. I,” hep-th/0003190.

[3] K. Krasnov and S. N. Solodukhin, “Effective stringy description of Schwarzschild black holes,” hep-th/0403046.

[4] G. ’t Hooft, “The black hole interpretation of string theory,” Nucl.

Phys. B335 (1990) 138–154.

[5] M. Bojowald and R. Swiderski, “Spherically symmetric quantum horizons,” gr-qc/0410147.

[6] V. Husain and O. Winkler, “Quantum black holes,” gr-qc/0412039.

[7] A. Ashtekar et al., “Isolated horizons and their applications,” Phys.

Rev. Lett. 85 (2000) 3564–3567, gr-qc/0006006.

[8] P. Fischer, D. Grumiller, W. Kummer, and D. V. Vassilevich, “S-matrix for s-wave gravitational scattering,” Phys. Lett. B521 (2001) 357–363, gr-qc/0105034. Erratum ibid. B532 (2002) 373.

[9] D. Grumiller, “Virtual black holes and the S-matrix,”

hep-th/0409231.

[10] G. ’t Hooft, “The scattering matrix approach for the quantum black hole: An overview,” Int. J. Mod. Phys. A11 (1996) 4623–4688, gr-qc/9607022.

[11] M. W. Choptuik, “Universality and scaling in gravitational collapse of a massless scalar field,” Phys. Rev. Lett. 70 (1993) 9–12.

[12] C. Gundlach, “Critical phenomena in gravitational collapse,” Phys.

Rept. 376 (2003) 339–405, gr-qc/0210101.

[13] S. Weinberg, “A model of leptons,” Phys. Rev. Lett. 19 (1967) 1264–1266.

[14] H. Davoudiasl, R. Kitano, T. Li, and H. Murayama, “The new minimal standard model,” hep-ph/0405097.

[15] M. E. Fels and C. G. Torre, “The principle of symmetric criticality in general relativity,” Class. Quant. Grav. 19 (2002) 641–676, gr-qc/0108033.

[16] R. Palais, “The principle of symmetric criticality,” Commun. Math.

Phys. 69 (1979) 19–30.

REFERENCES 52

[17] S. Deser and B. Tekin, “Shortcuts to high symmetry solutions in gravitational theories,” Class. Quant. Grav. 20 (2003) 4877–4884, gr-qc/0306114.

[18] T. A. Ivey and J. M. Landsberg, Cartan for beginners: Differential Geometry via Moving frames and Exterior Differential Systems. AMS, Providence, 2003.

[19] P. Baekler, “The unique spherically symmetric solution of U_4-theory of gravity in the teleparallelism limit,” Phys. Lett. B94 (1980) 44–49.

[20] D. Grumiller, W. Kummer, and D. V. Vassilevich, “Dilaton gravity in two dimensions,” Phys. Rept. 369 (2002) 327–429, hep-th/0204253.

[21] F. W. Hehl, “Spin and torsion in general relativity:I. Foundations,” Gen. Rel. Grav. 4 (1973) 333–349; “Spin and torsion in general relativity:II. Geometry and field equations,” Gen. Rel. Grav. 4 (1974) 491–516; F. W. Hehl, P. Von Der Heyde, G. D. Kerlick, and J. M. Nester, “General relativity with spin and torsion: Foundations and prospects,” Rev. Mod. Phys. 48 (1976) 393–416.

[22] M. Alimohammadi and A. Shariati, “Neutrino oscillation in a space-time with torsion,” Mod. Phys. Lett. A14 (1999) 267–274, gr-qc/9808066; R. T. Hammond, “Torsion gravity,” Rept. Prog. Phys. 65 (2002) 599–649; F. W. Hehl, J. D. McCrea, E. W. Mielke, and Y. Neeman, “Metric affine gauge theory of gravity: Field equations, Noether identities, world spinors, and breaking of dilation invariance,” Phys. Rept. 258 (1995) 1–171, arXiv:gr-qc/9402012; K. Hayashi and R. Sasaki, “Spinor electrodynamics in the Riemann-Cartan space and dynamical theory of axial - vector torsion propagating in vacuum,” Nuovo Cim. B45 (1978) 205–228.

[23] B. K. Berger, D. M. Chitre, V. E. Moncrief, and Y. Nutku, “Hamiltonian formulation of spherically symmetric gravitational fields,” Phys. Rev. D5 (1972) 2467–2470; W. G. Unruh, “Notes on black hole evaporation,” Phys. Rev. D14 (1976) 870; R. Benguria, P. Cordero, and C. Teitelboim, “Aspects of the Hamiltonian dynamics of interacting gravitational gauge and Higgs fields with applications to spherical symmetry,” Nucl. Phys. B122 (1977) 61; P. Thomi, B. Isaak, and P. Hájíček, “Spherically symmetric systems of fields and black holes. 1. Definition and properties of apparent horizon,” Phys. Rev. D30 (1984) 1168; P. Hájíček, “Spherically symmetric systems of fields and black holes. 2. Apparent horizon in

REFERENCES 53

canonical formalism,” Phys. Rev. D30 (1984) 1178; S. Mignemi and D. L. Wiltshire, “Spherically symmetric solutions in dimensionally reduced space-times,” Class. Quant. Grav. 6 (1989) 987; T. Thiemann and H. A. Kastrup, “Canonical quantization of spherically symmetric gravity in Ashtekar’s selfdual representation,” Nucl. Phys. B399 (1993) 211–258, arXiv:gr-qc/9310012; H. A. Kastrup and T. Thiemann, “Spherically symmetric gravity as a completely integrable system,” Nucl. Phys. B425 (1994) 665–686, arXiv:gr-qc/9401032; K. V. Kuchař, “Geometrodynamics of Schwarzschild black holes,” Phys. Rev. D50 (1994) 3961–3981, arXiv:gr-qc/9403003; S. R. Lau, “On the canonical reduction of spherically symmetric gravity,” Class. Quant. Grav. 13 (1996) 1541–1570, arXiv:gr-qc/9508028; D. Grumiller and W. Kummer, “Absolute conservation law for black holes,” Phys. Rev. D61 (2000) 064006, gr-qc/9902074.

[24] H.-J. Schmidt, “The classical solutions of two-dimensional gravity,” Gen. Rel. Grav. 31 (1999) 1187–1210, gr-qc/9905051.

[25] Y. N. Obukhov and F. W. Hehl, “Black holes in two dimensions,” hep-th/9807101.

[26] P. Schaller and T. Strobl, “Poisson structure induced (topological) field theories,” Mod. Phys. Lett. A9 (1994) 3129–3136, hep-th/9405110.

[27] T. Klösch and T. Strobl, “Classical and quantum gravity in (1+1)-dimensions. Part I: A unifying approach,” Class. Quant. Grav. 13 (1996) 965–984, arXiv:gr-qc/9508020; “Classical and quantum gravity in 1+1 dimensions. Part II: The universal coverings,” Class. Quant. Grav. 13 (1996) 2395–2422, arXiv:gr-qc/9511081; “Classical and quantum gravity in 1+1 dimensions. Part III: Solutions of arbitrary topology and kinks in 1+1 gravity,” Class. Quant. Grav. 14 (1997) 1689–1723, hep-th/9607226; “A global view of kinks in 1+1 gravity,” Phys. Rev. D57 (1998) 1034–1044, arXiv:gr-qc/9707053.

[28] W. Israel, “New interpretation of the extended Schwarzschild manifold,” Phys.Rev. 143 (1966) 1016.

[29] O. B. Zaslavsky, “Semi-infinite throats at finite temperature and static solutions in exactly solvable models of 2d dilaton gravity,” Phys. Lett. B459 (1999) 105–111, hep-th/9904184.

[30] K. A. Bronnikov and V. N. Melnikov, “Conformal frames and d-dimensional gravity,” in The gravitational constant: Generalized

REFERENCES 54

gravitational theories and experiments., V. de Sabbata, G. T. Gillies, and V. N. Melnikov, eds., NATO Advanced Study Institute, 18th course of the international school of gravitation and cosmology, May 2003. Kluwer, 2004. gr-qc/0310112.

[31] D. Grumiller and D. Mayerhofer, “On static solutions in 2d dilaton gravity with scalar matter,” Class. Quant. Grav. 21 (2004) 5893–5914, gr-qc/0404013.

[32] B. F. Schutz, “Perfect Fluids in General Relativity: Velocity Potentials and a Variational Principle,” Phys. Rev. D2 (1970) 2762–2773.

[33] S. Rahman and M. Visser, “Spacetime geometry of static fluid spheres,” Class. Quant. Grav. 19 (2002) 935–952, gr-qc/0103065.

[34] R. B. Mann, “Conservation laws and 2-d black holes in dilaton gravity,” Phys. Rev. D47 (1993) 4438–4442, hep-th/9206044.

[35] H. Buchdahl Phys.Rev. 111 (1959) 1417.

[36] L. A. Gergely, “Spherically symmetric static solution for colliding null dust,” Phys. Rev. D58 (1998) 084030, gr-qc/9809024.

[37] D. Grumiller, “Three functions in dilaton gravity: The good, the bad and the muggy,” in Proceedings of International Workshop on Mathematical Theories and their Applications, S. Moskaliuk, ed., pp. 59–96, TIMPANI. Cernivtsi, Ukraine, 2004. hep-th/0305073.

[38] A. D. Rendall and B. G. Schmidt, “Existence and properties of spherically symmetric static fluid bodies with a given equation of state,” Class. Quant. Grav. 8 (1991) 985–1000.

[39] T. W. Baumgarte and A. D. Rendall, “Regularity of spherically symmetric static solutions of the Einstein equations,” Class. Quant. Grav. 10 (1993) 327–332.

[40] M. Mars, M. M. Martin-Prats, and J. M. M. Senovilla, “The 2m <= r property of spherically symmetric static spacetimes,” Phys. Lett. A218 (1996) 147–150, gr-qc/0202003.

[41] R. C. Tolman, “Static solutions of Einstein’s field equations for spheres of fluid,” Phys. Rev. 55 (1939) 364–373.

[42] J. R. Oppenheimer and G. M. Volkoff, “On massive neutron cores,” Phys. Rev. 55 (1939) 374–381.

REFERENCES 55

[43] R. Geroch, A. Held, and R. Penrose, “A space–time calculus based on pairs of null directions,” J. Math. Phys. 14 (1973) 874–881.

[44] R. Penrose and W. Rindler, Spinors and Space-Time I. Cambridge University Press, 1984.

[45] S. S. Gubser, “Absorption of photons and fermions by black holes in four dimensions,” Phys. Rev. D56 (1997) 7854–7868, hep-th/9706100.

[46] M. Godina, P. Matteucci, L. Fatibene, and M. Francaviglia, “Two-spinor formulation of first order gravity coupled to Dirac fields,” Gen. Rel. Grav. 32 (2000) 145–160, gr-qc/9903023.

[47] P. A. M. Dirac, “The quantum theory of the electron,” Proc. Roy.

Soc. A 117 (1928) 610–624; “The quantum theory of the electron, Part II,” Proc. Roy. Soc. A 118 (1928) 351–361; R. Penrose, “The mathematics of the electron’s spin,” Eur. J. Phys. 18 (1997) 164–168.

[48] J. N. Goldberg, A. J. MacFarlane, E. T. Newman, F. Rohrlich, and E. C. G. Sudarshan, “Spin s spherical harmonics and edth,” J. Math. Phys. 8 (1967) 2155.

[49] E. Witten, “Some exact multipseudoparticle solutions of classical Yang- Mills theory,” Phys. Rev. Lett. 38 (1977) 121.

[50] P. Forgács and N. S. Manton, “Space-time symmetries in gauge theories,” Commun. Math. Phys. 72 (1980) 15.

[51] M. S. Volkov and D. V. Gal’tsov, “Gravitating non-Abelian solitons and black holes with Yang-Mills fields,” Phys. Rept. 319 (1999) 1–83, hep-th/9810070.

[52] E. Corrigan, D. I. Olive, D. B. Fairlie, and J. Nuyts, “Magnetic monopoles in SU(3) gauge theories,” Nucl. Phys. B106 (1976) 475.

[53] D. V. Gal’tsov and M. S. Volkov, “Charged nonabelian SU(3) Einstein Yang-Mills black holes,” Phys. Lett. B274 (1992) 173–178.

[54] F. R. Klinkhamer and Y.-J. Lee, “Spectral flow of chiral fermions in nondissipative gauge field backgrounds,” Phys. Rev. D64 (2001) 065024, hep-th/0104096; “New analytic results for electroweak baryon number violation,” hep-th/0110237; L. G. Yaffe, “Static solutions of SU(2) Higgs theory,” Phys. Rev. D40 (1989) 3463.

REFERENCES 56

[55] B. Ratra and L. G. Yaffe, “Spherically symmetric classical solutions in SU(2) gauge theory with a Higgs field,” Phys. Lett. B205 (1988) 57. [56] G. Rudolph, T. Tok, and I. Volobuev, “Exact solutions in Einstein-Yang-Mills-Dirac systems,” J. Math. Phys. 40 (1999) 5890–5904, gr-qc/9707060.

[57] B. R. Greene, S. D. Mathur, and C. M. O’Neill, “Eluding the no hair conjecture: Black holes in spontaneously broken gauge theories,” Phys. Rev. D47 (1993) 2242–2259, hep-th/9211007.

[58] R. P. Mondaini and N. O. Santos, “Conformally flat Einstein Yang-Mills Higgs solutions with spherical symmetry,” Phys. Rev. D28 (1983) 1872–1875.

[59] S. W. Hawking, “Interacting quantum fields around a black hole,” Commun. Math. Phys. 80 (1981) 421.

[60] D. N. Page, “Thermal stress tensors in static einstein spaces,” Phys.

Rev. D25 (1982) 1499.

[61] A. Zecca, “The Dirac equation in the Newman-Penrose formalism with torsion,” Nuovo Cim. 117B (2002) 197–201; “Dirac equation in space-time with torsion,” Int. J. Theor. Phys. 41 (2002) 421–428.

[62] J. B. Griffiths, “Neutrino fields in Einstein-Cartan theory,” Gen.

Rel. Grav. 13 (1981) 227–237.

[63] W. E. Thirring, “A soluble relativistic field theory,” Annals Phys. 3 (1958) 91–112.

[64] J. B. Griffiths and S. Jogia, “A Newman-Penrose-Type Formalism for Space-Times with Torsion,” Gen. Rel. Grav. 12 (1980) 597–617.

[65] J. Weyssenhoff and A. Raabe, “Relativistic dynamics of spin-fluids and spin-particles,” Acta Phys. Pol. IX (1947) 7–18.

[66] J. B. Griffiths and S. Jogia, “A Spin-Coefficient Approch to Weyssenhoff Fluids in Einstein-Cartan Theory,” Gen. Rel. Grav. 14 (1982) 137–149.

[67] C. G. Böhmer, “The Einstein static universe with torsion and the sign problem of the cosmological constant,” Class. Quant. Grav. 21 (2004) 1119–1124, gr-qc/0310058.

[68] R. Hojman, C. Mukku, and W. A. Sayed, “Parity violation in metric torsion theories of gravitation,” Phys. Rev. D22 (1980) 1915–1921.

REFERENCES 57

[69] S. Weinberg, Gravitation and cosmology. John Wiley & Sons, 1972.

[70] V. Frolov, P. Sutton, and A. Zelnikov, “The dimensional-reduction anomaly,” Phys. Rev. D61 (2000) 024021, hep-th/9909086; S. Nojiri and S. D. Odintsov, “Anomaly induced effective actions in even dimensions and reliability of s-wave approximation,” Phys. Lett. B463 (1999) 57–62, hep-th/9904146; P. Sutton, “The dimensional-reduction anomaly in spherically symmetric spacetimes,” Phys. Rev. D62 (2000) 044033, hep-th/0003290; R. Balbinot, A. Fabbri, V. Frolov, P. Nicolini, P. Sutton, and A. Zelnikov, “Vacuum polarization in the Schwarzschild spacetime and dimensional reduction,” Phys. Rev. D63 (2001) 084029, hep-th/0012048; G. Cognola and S. Zerbini, “On the dimensional reduction procedure,” Nucl. Phys. B602 (2001) 383–398, hep-th/0008061.

[71] R. Bartnik and J. Mckinnon, “Particle - like solutions of the Einstein Yang-Mills equations,” Phys. Rev. Lett. 61 (1988) 141–144.

[72] T. Torii, K.-i. Maeda, and T. Tachizawa, “Cosmic colored black holes,” Phys. Rev. D52 (1995) 4272–4276, gr-qc/9506018; M. S. Volkov, N. Straumann, G. V. Lavrelashvili, M. Heusler, and O. Brodbeck, “Cosmological analogues of the Bartnik–McKinnon solutions,” Phys. Rev. D54 (1996) 7243–7251, hep-th/9605089.

[73] J. Tolksdorf, “The Einstein-Hilbert-Yang-Mills-Higgs action and the Dirac-Yukawa operator,” J. Math. Phys. 39 (1998) 2213–2241, hep-th/9612149.

[74] M. Walker, “Block diagrams and the extension of timelike two-surfaces,” J. Math. Phys. 11 (1970) 2280.

[75] N. D. Birrell and P. C. W. Davies, “Quantum fields in curved space,” Cambridge, Uk: Univ. Pr. (1982) 340p.

[76] W. Kummer, H. Liebl, and D. V. Vassilevich, “Integrating geometry in general 2d dilaton gravity with matter,” Nucl. Phys. B544 (1999) 403–431, hep-th/9809168; D. Grumiller, W. Kummer, and D. V. Vassilevich, “The virtual black hole in 2d quantum gravity,” Nucl. Phys. B580 (2000) 438–456, gr-qc/0001038; D. Grumiller, Quantum dilaton gravity in two dimensions with matter. PhD thesis, Technische Universität Wien, 2001. gr-qc/0105078; “The virtual black hole in 2D quantum gravity and its relevance for the S-matrix,” Int. J. Mod. Phys. A 17 (2001) 989–992, hep-th/0111138; “Virtual black hole phenomenology from 2d

REFERENCES 58

dilaton theories,” Class. Quant. Grav. 19 (2002) 997–1009, gr-qc/0111097; D. Grumiller, W. Kummer, and D. V. Vassilevich, “Virtual black holes in generalized dilaton theories (and their special role in string gravity),” European Phys. J. C30 (2003) 135–143, hep-th/0208052; “Positive specific heat of the quantum corrected dilaton black hole,” JHEP 07 (2003) 009, hep-th/0305036; D. Grumiller and W. Kummer, “How to approach quantum gravity: Background independence in 1+1 dimensions,” in What comes beyond the Standard Model? Symmetries beyond the standard model, N. M. Borstnik, H. B. Nielsen, C. D. Froggatt, and D. Lukman, eds., vol. 4 of Bled Workshops in Physics, pp. 184–196, EURESCO. Portoroz, Slovenia, July, 2003. gr-qc/0310068. based upon two talks; D. Grumiller, “Deformations of the Schwarzschild black hole,” gr-qc/0311011. Invited talk at MG X; L. Bergamin, D. Grumiller, W. Kummer and D. V. Vassilevich, “Classical and quantum integrability of 2D dilaton gravities in Euclidean space,” hep-th/0412007.

[77] L. Bergamin, D. Grumiller, and W. Kummer, “Quantization of 2d dilaton supergravity with matter,” JHEP 05 (2004) 060, hep-th/0404004.

[78] M. Henneaux and C. Teitelboim, Quantization of Gauge Systems.

Princeton University Press, 41 William Street, Princeton, New Jersey 08540, USA, 1992.

[79] D. J. Toms, “The functional measure for quantum field theory in curved space-time,” Phys. Rev. D35 (1987) 3796; K. Fujikawa, U. Lindstrom, N. K. Nielsen, M. Rocek, and P. van Nieuwenhuizen, “The regularized BRST coordinate invariant measure,” Phys. Rev. D37 (1988) 391.