arXiv:gr-qc/0501017 v1 7 Jan 2005

TORSION GRAVITY: A REAPPRAISAL

H. I. Arcos^∗ and J. G. Pereira Instituto de Física Teórica, Universidade Estadual Paulista Rua Pamplona 145, 01405-900 São Paulo, Brazil

The role played by torsion in gravitation is critically reviewed. After a description of the problems and controversies involving the physics of torsion, a comprehensive presentation of the teleparallel equivalent of general relativity is made. According to this theory, curvature and torsion are alternative ways of describing the gravitational field, and consequently related to the same degrees of freedom of gravity. However, more general gravity theories, like for example Einstein–Cartan and gauge theories for the Poincaré and the affine groups, consider curvature and torsion as representing independent degrees of freedom. By using an active version of the strong equivalence principle, a possible solution to this conceptual question is reviewed. This solution favors ultimately the teleparallel point of view, and consequently the completeness of general relativity. A discussion of the consequences for gravitation is presented.

I. INTRODUCTION

A. General Concepts: Riemann versus Weitzenböck

Gravitation presents a quite peculiar property: particles with different masses and different compositions feel it in such a way that all of them acquire the same acceleration and, given the same initial conditions, follow the same path. Such universality of response—usually referred to as universality of free fall—is the most fundamental characteristic of the gravitational interaction.^1 It is a unique property, peculiar to gravitation: no other basic interaction of Nature has it. Effects equally felt by all bodies were known since long. They are the so called inertial effects, which show up in non-inertial frames. Examples on Earth are the centrifugal and the Coriolis forces.

Universality of inertial effects was one of the hints used by Einstein towards general relativity, his theory for gravitation. Another ingredient was the notion of field. The concept allows the best approach to interactions coherent with special relativity. All known forces are mediated by fields on spacetime. If gravitation is to be represented by a field, it should, by the considerations above, be a universal field, equally felt by every particle. A natural solution is to assume that gravitation changes the spacetime itself. And, of all the fields present in a spacetime, the metric appears as the most fundamental. The simplest way to change spacetime, then, would be to change its metric. Furthermore, the metric does change when looked at from a non-inertial frame, where the (also universal) inertial effects are present. According to this approach, therefore, the gravitational field should be represented by the spacetime metric. In the absence of gravitation, the spacetime metric should reduce to the flat Minkowski metric.

A crucial point of this description of the gravitational interaction, which is a description fundamentally based on the universality of free fall, is that it makes no use of the concept of force. In fact, according to it, instead of acting through a force, the presence of gravitation is represented by a deformation of the spacetime structure. More precisely, the presence of a gravitational field is supposed to produce a curvature in spacetime, the gravitational interaction being achieved by letting (spinless) particles to follow the geodesics of the underlying spacetime. Notice that no other kind of spacetime deformation is supposed to exist. Torsion, for example, which would be another natural spacetime deformation, is assumed to vanish from the very beginning. This is the approach of general relativity, in which geometry replaces the concept of gravitational force, and the trajectories are determined, not by force equations, but by geodesics.^2 The spacetime underlying this theory is a pseudo Riemannian space. It is important to remark that only an interaction presenting the property of universality can be described by a geometrization of spacetime. It is also important to mention that, in the eventual absence of universality, the general relativity description of gravitation would break down.

On the other hand, like the other fundamental interactions of nature, gravitation can also be described in terms of a gauge theory. In fact, the teleparallel equivalent of general relativity, or teleparallel gravity for short,^3 can be interpreted as a gauge theory for the translation group. In this theory, instead of torsion, curvature is assumed to vanish. The corresponding underlying spacetime is, in this case, a Weitzenböck spacetime. In spite of this fundamental difference, the two theories are found to yield equivalent descriptions of the gravitational interaction.^4 This means that curvature and torsion are able to provide, each one, equivalent descriptions of the gravitational interaction.

∗ Permanent address: Universidad Tecnológica de Pereira, A.A. 97, La Julita, Pereira, Colombia

Conceptual differences, however, show up. According to general relativity, curvature is used to geometrize spacetime. Teleparallelism, on the other hand, attributes gravitation to torsion, but in this case torsion accounts for gravitation not by geometrizing the interaction, but by acting as a force. As a consequence, there are no geodesics in the teleparallel equivalent of general relativity, but only force equations quite analogous to the Lorentz force equation of electrodynamics.^5 We may then say that the gravitational interaction can be described in terms of curvature, as is usually done in general relativity, or alternatively in terms of torsion, in which case we have the so called teleparallel gravity. Whether gravitation requires a curved or a torsioned spacetime—or equivalently, a Riemann^6 or a Weitzenböck spacetime structure—turns out to be, at least classically, a matter of convention.

B. Teleparallel Gravity and the Weak Equivalence Principle

Rephrasing the above arguments, we can say that universality of free fall is the reason for gravitation to present, in addition to the fundamental teleparallel gauge approach, the equivalent geometric description of general relativity. In fact, in order to attribute gravitation to curvature, it is essential that gravitation be universal, or equivalently, that the weak equivalence principle, which establishes the equality of inertial and gravitational masses, be true. Only under these circumstances is it possible to assure that all spinless particles of nature, independently of their internal constitution, feel gravitation the same and, for a given set of initial conditions, follow the same trajectory—a geodesic of the underlying Riemannian spacetime.

Now, as is widely known, the electromagnetic interaction is not universal: there exists no electromagnetic equivalence principle. Nevertheless, Maxwell’s theory, a gauge theory for the Abelian group U (1), describes quite consistently the electromagnetic interaction. Relying then on the fact that Maxwell’s theory and teleparallel gravity are both Abelian gauge theories, in which the equations of motion of test particles are not geodesics but force equations, the question then arises whether the gauge approach of teleparallel gravity would also be able to describe the gravitational interaction in the eventual lack of universality—that is, of the weak equivalence principle. The answer to this question is positive: teleparallel gravity does not require the validity of the equivalence principle to describe the gravitational interaction.^7 In other words, whereas the geometrical description of general relativity breaks down, the gauge description of teleparallel gravity remains as a consistent theory in the absence of universality. In spite of the equivalence with general relativity, therefore, teleparallel gravity seems to belong to a more general class of theory. This is a very important issue because, even though the equivalence principle has presently passed all experimental tests,^1 there are many controversies related with its validity,^8 mainly at the quantum level.^9

C. Teleparallel Coupling of the Fundamental Fields

The gravitational coupling of the fundamental fields in teleparallel gravity is a very controversial subject.^{10−15} The basic difficulty lies in the definition of the spin connection, and consequently in the correct form of the gravitational coupling prescription. Since no experimental data are available to help decide, from the different possibilities, which is the correct one, the only one can do is to use consistency arguments grounded in physical principles. One such possibility is to rely on the alluded equivalence between general relativity and teleparallel gravity. According to this formulation, each one of the fundamental fields of nature—scalar, spinor, and electromagnetic—are required to couple to torsion in a such a way to preserve the equivalence between teleparallel gravity and general relativity. When this approach is applied to these fields, as we are going to see, a teleparallel spin connection can naturally be defined,^{16} which yields quite consistent results.

D. The Physics of Torsion Beyond Teleparallel Gravity

As already discussed, in general relativity torsion is assumed to vanish from the very beginning, whereas in teleparallel gravity curvature is assumed to vanish. In spite of this fundamental difference, the two theories are found to yield equivalent descriptions of the gravitational interaction. An immediate implication of this equivalence is that curvature and torsion turns out to be simply alternative ways of describing the gravitational field, and consequently related to the same degrees of freedom of gravity. This property is corroborated by the fact that the symmetric matter energy-momentum tensor appears as source in both theories: as the source of curvature in general relativity, and as the source of torsion in teleparallel gravity.

On the other hand, theoretical speculations have since the early days of general relativity discussed the necessity of including torsion, in addition to curvature, in the description of the gravitational interaction.^{17} For example, more general gravity theories, like Einstein-Cartan^{18} and gauge theories for the Poincaré^{19} and the affine groups,^{20} consider curvature and torsion as representing independent degrees of freedom. In these theories, differently from teleparallel gravity, torsion should become relevant only when spins are important. This could be the case either at the microscopic level or near a neutron star. According to these models, therefore, since torsion represents additional degrees of freedom in relation to curvature, new physical phenomena would be expected from its presence.

Now, the above described difference rises a conceptual question in relation to the actual role played by torsion in the description of the gravitational interaction. In fact, the two physical interpretations described above are clearly conflictive: if one is correct, the other is necessarily wrong. This is a typical problem to be solved by experiment. However, due to the weakness of the gravitational interaction, there are no available data on the gravitational coupling of the fundamental particles. In addition, no one has ever reported new gravitational phenomena near a neutron star, for example, where the effects of torsion would be relevant according to those more general gravity theories. Therefore, also in this general case, the only one can do in the search of a gravitational coupling prescription is to use consistency arguments grounded in known physical principles. A possible way to proceed is to remember that the general covariance principle—seen as an active version of the strong equivalence principle—naturally defines a gravitational coupling prescription. We can then use it to obtain the form of such prescription in the presence of curvature and torsion. It should be remarked that this procedure is general, and has already been consistently applied to obtain the coupling prescription in the specific case of teleparallel gravity.^{21}

E. Purposes and Strategy

The basic purpose of this paper is to critically review the role played by torsion in the description of the gravitational interaction. We will proceed according to the following scheme. In Section II, we introduce the basic definitions and set the notations we are going to use. In Section III, we present a comprehensive review of the basic properties of teleparallel gravity. In particular, the role played by torsion in this theory will be extensively discussed and clarified. In Section IV, by requiring compatibility with the strong equivalence principle, a gravitational coupling prescription in the presence of curvature and torsion is obtained. This prescription, as we are going to see, is found to be always equivalent with that of general relativity, a result that reinforces the completeness of this theory, as well as the teleparallel point of view, according to which torsion does not represent additional degrees of freedom for gravity, but simply an alternative way of representing the gravitational field.^{22} An application to the case of a spinning particle will be presented.^{23} Finally, a discussion of the main points of the review will be made, and the consequences for gravitation will be analyzed.

II. NOTATIONS AND DEFINITIONS

The geometrical setting of any gauge theory for gravitation is the tangent bundle, a natural construction always present in spacetime. In fact, at each point of spacetime—the base space of the bundle—there is always a tangent space attached to it—the fiber of the bundle—on which the gauge group acts. We use the Greek alphabet (μ, ν, ρ, . . . = 0, 1, 2, 3) to denote the holonomic indices related to spacetime, and the Latin alphabet (a, b, c, . . . = 0, 1, 2, 3) to denote the anholonomic indices related to the tangent space, assumed to be a Minkowski spacetime with the metric η_{ab} = diag(+1, −1, −1, −1). The spacetime coordinates, therefore, will be denoted by x^μ, whereas the tangent space coordinates will be denoted by x^a. Since these coordinates are functions of each other, the holonomic derivatives in these two spaces can be identified by

∂_μ = (∂_μx^a) ∂_a and ∂_a = (∂_ax^μ) ∂_μ, (1)

where ∂_μx^a is a trivial—that is, holonomic—tetrad, with ∂_ax^μ its inverse.

From the geometrical point of view, a connection specifies how a vector field is transported along a curve. In a local coordinate chart with basis vectors {e_μ} = {∂_μ}, the connection coefficients Γ^λ_{νμ} are defined by

∇_{eν} e_μ = e_λ Γ^λ_{νμ}. (2)

Once the action of ∇ on the basis vectors is defined, one can compute its action on any vector field V^ρ:

∇_μV^ρ = ∂_μV^ρ + Γ^ρ_{νμ} V^ν . (3)

Now, given a nontrivial tetrad h^a_μ, the spacetime and the tangent–space metrics are related by

g_{μν} = η_{ab} h^a_μ h^b_ν . (4)

Of course, as far as e_μ is a trivial tetrad, the metric g_{μν} = η_{ab} e^a_μ e^b_ν will be simply the Minkowski metric written in a different coordinate system. A connection Γ^ρ_{λμ} is said to be metric compatible if ∇_λg_{μν} ≡ ∂_λg_{μν} − Γ^ρ_{λμ}g_{ρν} − Γ^ρ_{λν}g_{ρμ} = 0. (5) On the other hand, a spin connection A_μ is a connection assuming values in the Lie algebra of the Lorentz group, A_μ =^1_2 A^{ab}_μ S_{ab}, (6) with S_{ab} a representation of the Lorentz generators. Using the tetrad, a general connection Γ^ρ_{νμ} can be related with the corresponding spin connection A^a_{bμ} through Γ^ρ_{νμ} = h_a^ρ∂_μh^a_ν + h_a^ρA^a_{bμ}h^b_ν. (7) The inverse relation is, consequently, A^a_{bμ} = h^a_ν∂_μh_b^ν + h^a_νΓ^ν_{ρμ}h_b^ρ. (8) Equations (7) and (8) are simply different ways of expressing the property that the total—that is, acting on both indices—derivative of the tetrad vanishes identically:

∂_μh^a_ν − Γ^ρ_{νμ}h^a_ρ + A^a_{bμ}h^b_ν = 0. (9) In the present work, we will separate the notions of space and connections. From a formal point of view, curvature and torsion are in fact properties of a connection.^{24} Strictly speaking, there is no such a thing as curvature or torsion of spacetime, but only curvature or torsion of connections. This becomes evident if we remember that many different connections are allowed to exist in the same spacetime.^{25} Of course, when restricted to the specific case of general relativity, universality of gravitation allows the Levi–Civita connection to be interpreted as part of the spacetime definition as all particles and fields feel this connection the same. However, when considering several connections with different curvature and torsion, it seems far wiser and convenient to take spacetime simply as a manifold, and connections (with their curvatures and torsions) as additional structures.

The curvature and the torsion tensors of the connection A^a_{bμ} are defined respectively by R^a_{bνμ} = ∂_νA^a_{bμ} − ∂_μA^a_{bν} + A^a_{eν}A^e_{bμ} − A^a_{eμ}A^e_{bν} (10) and T^a_{νμ} = ∂_ν h^a_μ − ∂_μh^a_ν + A^a_{eν}h^e_μ − A^a_{eμ}h^e_ν . (11) Using the relation (8), they can be expressed in a purely spacetime form, given by R^ρ_{λνμ} ≡ h_a^ρ h^b_λ R^a_{bνμ} = ∂_ν Γ^ρ_{λμ} − ∂_μΓ^ρ_{λν} + Γ^ρ_{ην} Γ^η_{λμ} − Γ^ρ_{ημ}Γ^η_{λν} (12) and T^ρ_{νμ} ≡ h_a^ρ T^a_{νμ} = Γ^ρ_{μν} − Γ^ρ_{νμ}. (13) The connection coefficients can be conveniently decomposed according to Γ^ρ_{μν} =^∘Γ^ρ_{μν} + K^ρ_{μν} , (14) where ∘ Γ^σμν =^1_2 g^{σρ} (∂μgρν + ∂ν gρμ − ∂ρgμν) (15) is the Levi–Civita connection of general relativity, and K^ρ_{μν} =^1_2 (T_ν^ρ_μ + T_μ^ρ_ν + T^ρ_{μν} ) (16) is the contortion tensor. Using the relation (7), the decomposition (14) can be rewritten in terms of the spin connections as A^c_{aν} =^∘A^c_{aν} + K^c_{aν} , (17) where^∘A^c_{aν} is the Ricci coefficient of rotation, the spin connection of general relativity.

Teleparallel gravity, on the other hand, is characterized by the vanishing of the so called Weitzenböck spin connection:^•A^a_{bμ} = 0. In this case, the relation (17) assumes the form ∘ A^caν = 0 −^•K^caν. (18) Furthermore, from Eq. (7) we see that the corresponding Weitzenböck connection has the form • Γ^ρνμ = ha^ρ∂μh^aν . (19) In the remaining of the paper, all magnitudes related with general relativity will be denoted with an over “∘”, whereas magnitudes related with teleparallel gravity will be denoted with an over “•”.

Under a local Lorentz transformation Λ^a_b ≡ Λ^a_b(x), the tetrad changes according to h^{′a}_μ = Λ^a_b h^b_μ, whereas the spin connection undergoes the transformation A^{′a}_{bμ} = Λ^a_c A^c_{dμ} Λ_b^d + Λ^a_c ∂_μΛ_b^c. (20) In the same way, it is easy to verify that T^a_{νμ} and R^a_{bνμ} transform covariantly under local Lorentz transformations: T^{′a}_{νμ} = Λ^a_b T^b_{νμ} and R^{′a}_{bνμ} = Λ^a_c Λ_b^d R^c_{dνμ}. (21) This means that Γ^ρ_{νμ}, T^λ_{μν} and R^ρ_{λνμ} are all invariant under a local Lorentz transformation.

A nontrivial tetrad field defines naturally a non-coordinate basis for vector fields and their duals, h_a = h_a^μ∂_μ and h^a = h^a_μdx^μ. (22) This basis is clearly non-holonomic, [h_c, h_d] = f^a_{cd} h_a, (23) with f^a_{cd} = h_c^μ h_d^ν(∂_ν h^a_μ − ∂_μh^a_ν ) (24) the coefficient of anholonomy. In this non-coordinate basis, and using the fact that the last index of the spin connection is a tensor index, A^a_{bc} = A^a_{bμ} h_c^μ, (25) the curvature and torsion components are given respectively by^{26} R^a_{bcd} = h_cA^a_{bd} − h_dA^a_{bc} + A^a_{ec} A^a_{bd} − A^a_{ed} A^e_{bc} + f^e_{cd} A^a_{be} (26) and T^a_{bc} = A^a_{cb} − A^a_{bc} − f^a_{bc}. (27)

III. TELEPARALLEL DESCRIPTIONS OF GRAVITATION

A. Fundamentals of Teleparallel Gravity The notion of absolute parallelism (or teleparallelism) was introduced by Einstein in the late twenties, in his unsuccessful attempt to unify gravitation and electromagnetism.^{27} About three decades later, after the pioneering works by Utiyama^{28} and Kibble,^{19} respectively on gauge theories for the Lorentz and the Poincaré groups, there was a gravitationally-related revival of those ideas,^{29−31} which since then have received considerable attention, mainly in the context of gauge theories for gravitation,^{32−34} of which teleparallel gravity,^{35−40} a gauge theory for the translation group, is a particular case.

As a gauge theory for the translation group, the fundamental field of teleparallel gravity is the gauge potential B_μ, a field assuming values in the Lie algebra of the translation group, B_μ = B^a_μ P_a, (28) where P_a = ∂/∂x^a are the translation generators, which satisfy [P_a, P_b] = 0. (29) A gauge transformation is defined as a local (point dependent) translation of the tangent-space coordinates, x^{a′} = x^a + α^a, (30) with α^a ≡ α^a(x^μ) the corresponding infinitesimal parameters. In terms of P_a, it can be written in the form δx^a = α^bP_b x^a. (31) Let us consider now a general source field Ψ ≡ Ψ(x^μ). Its infinitesimal gauge transformation does not depend on the spin character, and is given by δΨ = α^aP_aΨ, (32) with δΨ standing for the functional change at the same x^μ, which is the relevant transformation for gauge theories. It is important to remark that the translation generators are able to act on the argument of any source field because of the identifications (1). Using the general definition of covariant derivative^{25} h_μ = ∂_μ + B^a_μ δ δα^a , (33) the translational covariant derivative of Ψ is found to be h_μΨ = ∂_μΨ + B^a_μ P_aΨ. (34) Equivalently, we can write^5 h_μΨ = h^a_μ ∂_aΨ, (35) where h^a_μ = ∂_μx^a + B^a_μ ≡ h_μx^a (36) is a nontrivial—that is, anholonomic—tetrad field. As the generators P_a = ∂_a are derivatives which act on the fields through their arguments, every source field in nature will respond to their action, and consequently will couple to the translational gauge potentials. In other words, every source field in nature will feel gravitation the same. This is the origin of the concept of universality according to teleparallel gravity.

As usual in gauge theories, the field strength, denoted^•T^a_{μν} , is obtained from the commutation relation of covariant derivatives:

[h_μ, h_ν]Ψ =^•T^a_{μν} P_aΨ. (37) We see from this expression that^•T^a_{μν} is also a field assuming values in the Lie algebra of the translation group. As an easy calculation shows, • T^aμν = ∂μB^aν − ∂ν B^aμ ≡ ∂μh^aν − ∂ν h^aμ. (38) Now, from the covariance of h_μΨ, we obtain the transformation of the gauge potentials: B^{a′}_μ = B^a_μ − ∂_μα^a. (39) By using the transformations (30) and (39), the tetrad is found to be gauge invariant: h^{a′}_μ = h^a_μ. (40) Consequently, as expected for an Abelian gauge theory,^•T^a_{μν} is also invariant under a gauge transformation. We remark finally that, whereas the tangent space indices are raised and lowered with the metric η_{ab}, the spacetime indices are raised and lowered with the Riemannian metric g_{μν} , as given by Eq. (4). It should be stressed that, although representing the spacetime metric, g_{μν} plays no dynamic role in the teleparallel description of gravitation.

A nontrivial tetrad field induces on spacetime a teleparallel structure which is directly related to the presence of the gravitational field. In fact, given a nontrivial tetrad, it is possible to define the so called Weitzenböck connection • Γ^ρμν = ha^ρ∂ν h^aμ, (41) which is a connection presenting torsion, but no curvature. As a natural consequence of this definition, the Weitzenböck covariant derivative of the tetrad field vanishes identically: • ∇ν h^aμ ≡ ∂ν h^aμ −^•Γ^ρμν h^aρ = 0. (42) This is the absolute parallelism condition. The torsion of the Weitzenböck connection is • T^ρμν =^•Γ^ρνμ −^•Γ^ρμν , (43) from which we see that the gravitational field strength is nothing but torsion written in the tetrad basis: • T^aμν = h^aρ^•T^ρμν . (44)

In terms of^•T^ρ_{μν} , the commutation relation (37) assumes the form

[h_μ, h_ν] =^•T^ρ_{μν} h_ρ, (45) from where we see that torsion plays also the role of the nonholonomy of the translational gauge covariant derivative.

A nontrivial tetrad field can also be used to define a torsionless linear connection^∘Γ^ρ_{μν} , the Levi–Civita connection of the metric (4), given by Eq. (15). The Weitzenböck and the Levi–Civita connections are related by • Γ^ρμν =^∘Γ^ρμν +^•K^ρμν , (46) where • K^ρμν =^1_2 (_• T μ^ρν +^•T ν^ρμ −^•T^ρμν ) (47)

is the contortion of the Weitzenböck torsion.

As already remarked, the curvature of the Weitzenböck connection vanishes identically: • R^ρθμν = ∂μ^•Γ^ρθν − ∂ν^•Γ^ρθμ +^•Γ^ρσμ^•Γ^σ θν −^•Γ^ρσν^•Γ^σ θμ ≡ 0. (48)

Substituting^•Γ^ρ_{μν} as given by Eq. (46), we get • R^ρθμν =^∘R^ρθμν +^•Q^ρθμν ≡ 0, (49) where^∘R^θ_{ρμν} is the curvature of the Levi–Civita connection, and • Q^ρ_{θμν} =^•D_μ^•K^ρ_{θν} −^•D_ν^•K^ρ_{θμ} +^•K^σ_{θν}^•K^ρ_{σμ} −^•K^σ_{θμ}^•K^ρ_{σν} (50)

is a tensor written in terms of the Weitzenböck connection only. Here,^•D_μ is the teleparallel covariant derivative, with a connection term for each index of^•K^ρ_{θν}. Acting on a spacetime vector V^μ, for example, its explicit form is • DρV^μ ≡ ∂ρV^μ + (_• Γ^μλρ −^•K^μλρ ) V^λ. (51)

Owing to the relation (46), we see that it is nothing but the Levi–Civita covariant derivative of general relativity rephrased in terms of the Weitzenböck connection.

Equation (49) has an interesting interpretation: the contribution^∘R^ρ_{θμν} coming from the Levi–Civita connection compensates exactly the contribution Q^ρ_{θμν} coming from the Weitzenböck connection, yielding an identically zero curvature tensor^•R^ρ_{θμν} . This is a constraint satisfied by the Levi–Civita and Weitzenböck connections, and is the fulcrum of the equivalence between the Riemannian and the teleparallel descriptions of gravitation.

B. Spin Connection and Coupling Prescription

1. General Relativity Spin Connection

The interaction of a general matter field with gravitation can be obtained through the application of the so called minimal coupling prescription, according to which all ordinary derivatives must be replaced by covariant derivatives. Because they are used in the construction of these covariant derivatives, gauge connections (or potentials, in physical terminology) are the most important personages in the description of an interaction. The relevant spin connection of general relativity is the so called Ricci coefficient of rotation^∘A_μ, a torsionless connection assuming values in the Lie algebra of the Lorentz group: ∘ Aμ=^1_2^∘A^{ab}μ Sab, (52)

where S_{ab} is an element of the Lorentz Lie algebra written in some appropriate representation. The minimal coupling prescription in general relativity, therefore, amounts to replace

∂_a →^∘D_a = h_a^{μ ∘}D_μ, (53)

where ∘ Dμ = ∂μ − i 2 ∘ A^{ab}μ Sab (54) is the Fock-Ivanenko covariant derivative.^{41} It is important to remark that the spin connection^∘A^{ab}_μ is not an independent field. In fact, in terms of the Levi-Civita connection, it is written as^{42} ∘ A^abμ = h^aρ^∘Γ^ρμν hb^μ + h^aρ ∂ν hb^ρ ≡ h^aρ^∘∇ν hb^ρ, (55) from where we see that it is totally determined by the tetrad—or equivalently, by the metric. This means that, in general relativity, the local Lorentz symmetry is not dynamical (gauged), but essentially a kinematic symmetry.

Now, as is well known, a tetrad field can be used to transform Lorentz into spacetime tensors, and vice-versa. For example, a Lorentz vector field V^a is related to the corresponding spacetime vector V^μ through

V^a = h^a_μV^μ. (56)

As a consequence, the covariant derivative (54) of a general Lorentz tensor field reduces to the usual Levi-Civita covariant derivative of the corresponding spacetime tensor. For example, take the vector field V^a for which the appropriate Lorentz generator is^{43}

(S_{ab})^c_d = i (δ^c_a η_{bd} − δ^c_b η_{ad}) . (57)

It is then an easy task to verify that ∘ DμV^a = h^aρ^∘∇μV^ρ . (58)

However, in the case of half-integer spin fields, the situation is completely different. In fact, as is well known, there exists no spacetime representation for spinor fields.^{44} This means that no Levi-Civita covariant derivative can be defined for these fields. Thus, the only possible form for the covariant derivative of a Dirac spinor ψ, for example, is that given in terms of the spin connection, ∘ Dμψ = ∂μψ − i 2 ∘ A^{ab}μ Sab ψ, (59) where S_{ab} = i 4 [γ_a, γ_b] (60)

is the Lorentz spin-1/2 generator, with γ_a the Dirac matrices. We may say, therefore, that the Fock-Ivanenko derivative ∘ Dμ is more fundamental than the Levi-Civita covariant derivative^∘∇μ in the sense that it is able to describe, through the minimal coupling prescription, the gravitational interaction of both tensor and spinor fields.

2. Teleparallel Spin Connection

In order to obtain the teleparallel version of the minimal coupling prescription, it is necessary to find first the correct teleparallel spin connection. Inspired by the definition (55), which gives the general relativity spin connection, it is usual to start by making the following attempt, • A^abμ = h^aρ^•Γ^ρνμ hb^μ + h^aρ ∂μhb^ρ ≡ h^aρ^•∇μhb^ρ. (61) However, as a consequence of the absolute parallelism condition (42), we see that^•A^a_{bμ} = 0. This does not mean that in teleparallel gravity the dynamical spin connection, that is, the spin connection defining the minimal coupling prescription, vanishes. In fact, notice that, due to the affine character of connection space, there exists infinitely more possibilities.

Let us then adopt a different procedure to look for the teleparallel spin connection. Our basic guideline will be to find a coupling prescription which results equivalent to the coupling prescription of general relativity. This can be achieved by taking Eq. (46) and rewriting it in the tetrad basis. By using the transformation properties (55) and (61), we get ∘ A^abμ = −^•K^abμ + 0, (62)

where • K^abμ = h^aρ^•K^ρνμhb^ν, (63) and where we have already used that^•A^a_{bμ} = 0. Notice that the zero connection appearing in Eq. (62) is crucial in the sense that it is the responsible for making the right hand-side a true connection. Therefore, based on these considerations, we can say that the teleparallel spin connection is given by minus the contortion tensor plus a zeroconnection:^{16} • Ω^abμ = −^•K^abμ + 0. (64)

Like any connection assuming values in the Lie algebra of the Lorentz group, • Ωμ =^1_2^•Ω^abμ Sa^b, (65) • Ω^abμ is anti-symmetric in the first two indices. Furthermore, under an infinitesimal local Lorentz transformation with parameters ϵ^a_b ≡ ϵ^a_b(x^μ), it changes according to

δ^•Ω^a_{bμ} = −^•D_μϵ^a_b, (66)

where • Dμϵ^ab = ∂μϵ^ab +^•Ω^acμ ϵ^cb −^•Ω^cbμ ϵ^ac (67) is the covariant derivative with^•Ω^a_{bμ} as the connection. Equation (66) is the standard gauge potential transformation

of non-Abelian gauge theories. We see in this way that, in fact,^•Ω^a_{bμ} plays the role of the spin connection in teleparallel gravity. Accordingly, the teleparallel Fock-Ivanenko derivative operator is to be written in the form • Dμ = ∂μ − i 2 • Ω^abμ Sa^b. (68)

Notice that (67) is a particular case of this covariant derivative, obtained by taking S_a^b as the spin-2 representation of the Lorentz generators.^{43} The minimal coupling prescription of teleparallel gravity, therefore, can be written in the form

∂_a →^•D_a = h_a^{μ •}D_μ, (69)

with^•D_μ the teleparallel Fock-Ivanenko derivative (68).

The covariant derivative (68) presents all necessary properties to be considered as yielding the fundamental coupling prescription in teleparallel gravity. For example, it transforms covariantly under local Lorentz transformations: • D^′_μ = U^•DμU^{−1}. (70)

Another important property is that the teleparallel coupling prescription defined by the covariant derivative (68) turns out to be completely equivalent with the usual minimal coupling prescription of general relativity. Actually, it is just what is needed so that it turns out to be the minimal coupling prescription of general relativity rephrased in terms of magnitudes of the teleparallel structure. Analogously to general relativity, the teleparallel Fock-Ivanenko covariant derivative (68) is the only one available for spinor fields in teleparallel gravity. For tensor fields, on the other hand, there is also a spacetime covariant derivative which acts in the corresponding spacetime tensors. As an example, let us consider again a Lorentz vector field V^a. By using the vector generator (57), it is an easy task to show that • DμV^a = h^aρ^•DμV^ρ, (71)

where^•D_μ is the teleparallel covariant derivative (51).

3. Further Remarks

Due to the fact that the Weitzenböck spin connection^•A vanishes when written in the tetrad basis, it is usually asserted that, for spinor fields, when written in the form • Dμ = ∂μ − i 2 • A^abμ Sa^b, (72) the teleparallel Fock-Ivanenko derivative coincides with the ordinary derivative:^{35} • Dμ = ∂μ (73) However, there are several problems associated to this coupling prescription. First, it is not compatible with the coupling prescription of general relativity, which is somehow at variance with the equivalence between the corresponding gravitational Lagrangians. Second, it results different to apply this coupling prescription in the Lagrangian or in the field equation, which is a rather strange result. Summing up, we could say that there is no compelling arguments supporting the choice of^•A^a_{bμ} as the spin connection of teleparallel gravity.

On the other hand, several arguments favor the conclusion that the spin connection of teleparallel gravity is in fact given by • Ω^abμ = −^•K^abμ + 0, (74)

which leads to the coupling prescription (68), or equivalently, to • Dμ = ∂μ + i 2 • K^abμ Sa^b, (75) where we have dropped the zero connection for simplicity of notation. First, it is covariant under local Lorentz transformations. Second, in contrast to the coupling prescription (72), it results completely equivalent to apply the minimal coupling prescription in the Lagrangian or in the field equation. And third, it is self-consistent, and agrees with general relativity. For example, it is well know that, in the context of general relativity, the total covariant derivative of the tetrad field vanishes,

∂_ν h_b^ρ +^∘Γ^ρ_{μν} h_b^μ −^∘A^a_{bν} h_a^ρ = 0, (76)

which is actually the same as (55). The teleparallel version of this expression can be obtained by substituting^∘Γ^ρ_{μν}

and^∘A^a_{bν} by their teleparallel counterparts. Using Eqs. (46) and (62), one gets

∂_νh_b^ρ + (_• Γ^ρμν −^•K^ρμν ) h_b^μ +^•K^a_{bν} h_a^ρ = 0. (77)

However, the contortion terms cancel out, yielding the absolute parallelism condition

∂_ν h_b^ρ +^•Γ^ρ_{μν} h_b^μ = 0, (78)

which is the fundamental equation of teleparallel gravity. This shows the consistency of identifying the teleparallel spin connection as minus the contortion tensor plus the zero connection. Finally, as the coupling prescription (75) is covariant under local Lorentz transformation and is equivalent with the minimal coupling prescription of general relativity, teleparallel gravity with this coupling prescription turns out to be completely equivalent to general relativity, even in the presence of spinor fields.

C. Application to the Fundamental Fields

1. Scalar Field

According to the Einstein–Cartan models, only a spin distribution could produce or feel torsion.^{45} A scalar field, for example, should be able to feel curvature only.^{10} However, since from the teleparallel point of view the interaction of gravitation with any field can be described alternatively in terms of curvature or torsion, and since a scalar field is known to couple to curvature, it might also couple to torsion.^{46} To see that, let us consider the Lagrangian of a scalar field ϕ, which in a Minkowski spacetime is given by

L_ϕ =^1_2 [ η^{ab} ∂_aϕ ∂_bϕ − μ^2ϕ^2 ] , (79)

where μ = mc/ℏ. The corresponding field equation is the Klein–Gordon equation

∂_a∂^aϕ + μ^2ϕ = 0. (80)

The coupling with gravitation is obtained by applying the teleparallel coupling prescription

∂_a →^•D_a ≡ h_a^{μ •}D_μ = h_a^μ ( ∂_μ + i 2 • K^{ab}μ Sab ) (81)

to the free Lagrangian (79). The result is

L_ϕ = h 2 [ η^{ab •}D_aϕ^•D_bϕ − μ^2ϕ^2 ] , (82)

or equivalently,

L_ϕ = h 2 [ g^{μν •}D_μϕ^•D_νϕ − μ^2ϕ^2 ] , (83)

where h = det(h^a_μ). In the specific case of a scalar field, S_{ab}ϕ = 0, and consequently • Dμϕ = ∂μϕ. (84) Using the identity

∂_μh = h h_a^ρ ∂_μh^a_ρ ≡ h^•Γ^ρ_{ρμ}, (85)

it is easy to show that the corresponding field equation is • ϕ + μ^2ϕ = 0, (86)

where • ϕ = h^{−1} ∂_ρ (h ∂^ρϕ) ≡ ∂_μ∂^μϕ +^•Γ^μ_{μρ} ∂^ρϕ (87)

is the teleparallel version of the Laplace–Beltrami operator. Because^•Γ^ρ_{ρμ} is not symmetric in the last two indices, the above expression is not the Weitzenböck covariant divergence of ∂^μϕ. From Eq. (43), however, we can write • Γ^μμρ =^•Γ^μρμ +^•T^μρμ, (88) and the expression for^• ϕ may be rewritten in the form • ϕ = (_• ∇ρ +^•T^μρμ ) ∂^ρϕ, (89)

from where we see that the scalar field is able to couple to torsion through the derivative ∂^ρϕ. Making use of the identity • T^ρμρ = −^•K^ρμρ, (90) the teleparallel version of the Klein–Gordon equation turns out to be^{46} • Dμ∂^μϕ + μ^2ϕ = 0, (91)

with^•D_μ the teleparallel covariant derivative (51).

2. Dirac Spinor Field

In teleparallel gravity, the coupling of spinor fields with gravitation is a highly controversial subject.^{10−15} The reason for this is that in teleparallel gravity the dynamical spin connection—that is, the connection that describes the interaction of a spinor field with gravitation—is assumed to vanish.^{35} However, as we are going to see, if instead of zero the connection (62) is considered as the teleparallel spin connection, teleparallel gravity becomes consistent and fully equivalent with general relativity, even in the presence of spinor fields.

In Minkowski spacetime, the spinor field Lagrangian is

L_ψ = icℏ 2 (¯ ψ γ^a∂_aψ − ∂_aψ̄γ^a ψ ) − mc^2 ψ̄ψ. (92) The corresponding field equation is the free Dirac equation iℏγ^a ∂_aψ − mc ψ = 0. (93) The gravitationally coupled Dirac Lagrangian is obtained by applying the teleparallel coupling prescription (81), with S_{ab} the spinor representation (60). The result is

L_ψ = h [ icℏ 2 ( ψ̄γ^{μ •}D_μψ −^•D^∗_μψ̄ γ^μψ ) − m c^2 ψ̄ψ ] , (94)

where γ^μ ≡ γ^μ(x) = γ^a h_a^μ. Using the identity^•D_μ(hγ^μ) = 0, the teleparallel version of the coupled Dirac equation is found to be iℏγ^{μ •}D_μψ − mc ψ = 0. (95) Comparing the Fock–Ivanenko derivatives (54) and (75), we see that, whereas in general relativity the Dirac spinor

couples to the Ricci coefficient of rotation^∘A_μ, in teleparallel gravity it couples to the contortion tensor^•K_μ.

3. Electromagnetic Field

In the usual framework of torsion gravity, it is a commonplace to assert that the electromagnetic field cannot be coupled to torsion in order to preserve the local gauge invariance of Maxwell’s theory. Equivalently, one can say that, in the presence of torsion, the requirement of gauge invariance precludes the existence of a gravitational minimal coupling prescription for the electromagnetic field.^{10} To circumvent this problem, it is usually postulated that the electromagnetic field can neither produce nor feel torsion.^{47} In other words, torsion is assumed to be irrelevant to the Maxwell’s equations.^{48} This “solution” to the problem of the interaction of torsion with the electromagnetic field is far from reasonable. A far more consistent solution is achieved by observing that, if the electromagnetic field couples to curvature, the equivalence between general relativity and teleparallel gravity implies necessarily that it must also couple to torsion. In addition, it should be remarked that the above postulate is not valid at a microscopic level since, from a quantum point of view, one may always expect an interaction between photons and torsion.^{49} The reason for this is that a photon, perturbatively speaking, can virtually disintegrate into an electron–positron pair, and as these particles are massive fermions which couple to torsion, the photon must necessarily feel the presence of torsion. Consequently, even not interacting directly with torsion, the photon field does feel torsion through the virtual pair produced by the vacuum polarization. Moreover, as all macroscopic phenomena must necessarily have an interpretation based on an average of microscopic phenomena, and taking into account the strictly attractive character of gravitation which eliminates the possibility of a vanishing average, the above hypothesis seems to lead to a contradiction as no interaction is postulated to exist at the macroscopic level. As we are going to see, in spite of the controversies,^{50} provided the teleparallel spin connection be properly chosen, the electromagnetic field can consistently couple to torsion in teleparallel gravity.

In Minkowski spacetime, the electromagnetic field is described by the Lagrangian density L_{em} = − 1 4 F_{ab}F^{ab}, (96) where F_{ab} = ∂_aA_b − ∂_bA_a (97) is the electromagnetic field-strength. The corresponding field equation is ∂_aF^{ab} = 0, (98) which along with the Bianchi identity ∂_aF_{bc} + ∂_cF_{ab} + ∂_bF_{ca} = 0, (99) constitutes Maxwell’s equations. In the Lorentz gauge ∂_aA^a = 0, the field equation (98) acquires the form ∂_c∂^cA^a = 0. (100) Let us obtain now, by applying the coupling prescription (81), Maxwell’s equation in teleparallel gravity.^{51} In the specific case of the electromagnetic vector field, the Lorentz generators S_{ab} are written in the vector representation (57), and the Fock–Ivanenko derivative assumes the form • DμA^c = ∂μA^c −^•K^cdμ A^d. (101) To obtain the corresponding covariant derivative of the spacetime vector field A^ν , we substitute A^d = h^d_νA^ν in the right-hand side. The result is • DμA^c = h^cρ^•DμA^ρ, (102) with • DμA^ρ = ∂μA^ρ + (_• Γ^ρνμ −^•K^ρνμ ) A^ν (103) the teleparallel covariant derivative. This means that, for the specific case of a vector field, the teleparallel version of the minimal coupling prescription (81) can alternatively be stated as ∂_aA_b → h_a^μh_b^{ρ •}D_μA_ρ. (104) As a consequence, the gravitationally coupled Maxwell Lagrangian in teleparallel gravity can be written as L_{em} = − h 4 F_{μν} F^{μν}, (105) where F_{μν} =^•D_μA_ν −^•D_ν A_μ. (106) Using the explicit form of^•D_μ, and the definitions of torsion and contortion tensors, it is easy to verify that F_{μν} = ∂_μA_ν − ∂_νA_μ. (107)

We notice in passing that this tensor is invariant under the U (1) electromagnetic gauge transformations. The corresponding field equation is • DμF^{μν} = 0, (108)

which yields the first pair of Maxwell’s equation in teleparallel gravity. Assuming the teleparallel Lorentz gauge • DμA^μ = 0, and using the commutation relation [_• Dμ,^•Dν ] A^μ = −^•Q_{μν} A^μ, (109)

where^•Q_{μν} =^•Q^ρ_{μρν} , with^•Q^ρ_{μσν} given by Eq. (50), we obtain • Dμ^•D^μAν +^•Q^μν Aμ = 0. (110)

This is the teleparallel version of the first pair of Maxwell’s equation. On the other hand, by using the same coupling prescription in the Bianchi identity (99), the teleparallel version of the second pair of Maxwell’s equation is found to be ∂_μF_{νσ} + ∂_σF_{μν} + ∂_ν F_{σμ} = 0. (111)

Summing up: in the context of the teleparallel equivalent of general relativity, the electromagnetic field is able to couple to torsion, and that this coupling does not violate the U (1) gauge invariance of Maxwell’s theory. Furthermore, using the relation (46), it is easy to verify that the teleparallel version of Maxwell’s equations, which are equations written in terms of the Weitzenböck connection only, are completely equivalent with the usual Maxwell’s equations in a Riemannian background, which are equations written in terms of the Levi–Civita connection only. We can then say that teleparallel gravity is able to provide a consistent description of the interaction of torsion with the electromagnetic field.^{51}

D. Lagrangian and Field Equations

The Lagrangian of the teleparallel equivalent of general relativity is • L = h 2k^2 [ 1 4 • T^ρμν^•T ρ^{μν} + 1 2 • T^ρμν^•T^{νμ}ρ −^•T ρμ^{ρ •}T^{νμ}ν ] , (112)

where k^2 = 8πG/c^4 and h = det(h^a_μ). The first term corresponds to the usual Lagrangian of gauge theories. In the gravitational case, however, owing to the presence of a tetrad field, algebra and spacetime indices can now be changed into each other, and in consequence new contractions turn out to be possible. It is exactly this possibility that gives rise to the other two terms of the above Lagrangian. If we define the tensor • S^{ρμν} = −^•S^{ρνμ} = [_• K^{μνρ} − g^{ρν •}T^{σμ}σ + g^{ρμ •}T^{σν} σ ] , (113)

usually called superpotential,^{52} the teleparallel Lagrangian (112) can be rewritten in the form^{53} • L = h 4k^2 • T ρμν^•S^{ρμν} . (114) Using the identity

T^μ_{μρ} = K^μ_{ρμ}, (115)

which follows from the contortion definition, it can still be written • L = h 2k^2 (_• K^{μνρ •}Kρνμ −^•K^{μρ}μ^•K^ν ρν ) . (116)

On the other hand, from Eq. (49) it is possible to show that

−^∘R =^•Q ≡ (_• K^{μνρ •}K ρνμ −^•K^{μρ}μ^•K^νρν ) + ∂_μ(2 h^•T^{νμ}_ν ). (117)

Therefore, we see that • L =^∘L − ∂μ ( 2 h k^{−2 •}T^{νμ}_ν ) , (118)

where ∘ L = − √ −g 2k^2 ∘ R, (119)

represents the Einstein-Hilbert Lagrangian of general relativity, and where we have used the identification h = √ −g, with g = det(g_{μν} ). Up to a divergence, therefore, the teleparallel Lagrangian is equivalent to the Einstein–Hilbert Lagrangian of general relativity. It is interesting to observe that the first–order Møller’s Lagrangian of general relativity,^{29} ∘ LM = h 2k^2 (_∘ ∇μh^{aν ∘}∇ν ha^μ −^∘∇μha^{μ ∘}∇ν h^{aν} ) , (120)

which differs from the Einstein-Hilbert Lagrangian by a total divergence, when rewritten in terms of the Weitzeböck connection coincides exactly—that is, without any boundary term—with the teleparallel Lagrangian (114). Teleparallel gravity, therefore, can be considered as fully equivalent with the Møller’s first–order formulation of general relativity.

Let us consider now the Lagrangian

L =^•L + L_m (121)

where L_m is the Lagrangian of a general matter field Ψ. By performing variations in relation to the gauge field B^a_ρ, we obtain the teleparallel version of the gravitational field equation

∂_σ(h^•S_a^{ρσ}) − k^2 (h^•ȷ_a^ρ) = k^2 (hΘ_a^ρ), (122)

where^•S_a^{ρσ} = h_a^{λ •}S_λ^{ρσ} , and hΘ_a^ρ ≡ − δL_m δB^a_ρ ≡ − δL_m δh^a_ρ = − ( ∂L_m ∂h^a_ρ − ∂_λ ∂L_m ∂_λ∂h^a_ρ ) (123)

is the matter energy-momentum tensor. Analogously to the Yang-Mills theories,

h^•ȷ_a^ρ ≡ − ∂^•L ∂B^a_ρ ≡ − ∂^•L ∂h^a_ρ = h k^2 h_a^{λ •}S_c^{νρ •}T^c_{νλ} − h_a^{ρ •}L (124) stands for the gauge current, which in this case represents the energy and momentum of the gravitational field.^{54} In a purely spacetime form, it becomes • ȷ_μ^ρ ≡ h^a_μ^•ȷ_a^ρ = 1 k^2 (_• Sσ^{νρ •}T^σνμ − 1 4 δ_μ^{ρ •}S_σ^{νλ •}T^σ_{νλ} ) , (125)

which has the same structure of the symmetrized^{55} energy–momentum tensor of the electromagnetic field.^{56} Now, by using Eq. (46), the left-hand side of the field equation (122), after a lengthy but straightforward calculation, can be shown to satisfy

∂_σ(h^•S_a^{ρσ} ) − k^2 (h^•ȷ_a^ρ) = h (_∘ Ra^ρ − 1 2 h_a^{ρ ∘}R ) . (126)

As expected, due to the equivalence between the corresponding Lagrangians, the teleparallel field equation (122) is equivalent to Einstein’s equation ∘ Ra^ρ − 1 2 h_a^{ρ ∘}R = k^2 Θ_a^ρ. (127)

E. Gravitational Energy-Momentum Current

The definition of an energy-momentum density for the gravitational field is one of the oldest and most controversial problems of gravitation. As a true field, it would be natural to expect that gravity should have its own local energy-momentum density. However, it is usually asserted that such a density cannot be locally defined because of the equivalence principle.^2 As a consequence, any attempt to identify an energy-momentum density for the gravitational field leads to complexes that are not true tensors. The first of such attempt was made by Einstein who proposed an expression for the energy-momentum density of the gravitational field which was nothing but the canonical expression obtained from Noether’s theorem.^{57} Indeed, this quantity is a pseudotensor, an object that depends on the coordinate system. Several other attempts have been made, leading to different expressions for the energy-momentum pseudotensor for the gravitational field.^{58}

Despite the existence of some controversial points related to the formulation of the equivalence principle,^8 it seems true that, in the context of general relativity, no tensorial expression for the gravitational energy-momentum density can exist. In spite of some skepticism,^2 there has been a continuous interest in this problem.^{59} In particular, a quasilocal approach^{60} has been proposed which is highly clarifying.^{61} According to this approach, for each gravitational energy-momentum pseudotensor, there is an associated superpotential which is a Hamiltonian boundary term. The energy-momentum defined by such a pseudotensor does not really depend on the local value of the reference frame, but only on the value of the reference frame on the boundary of a region—then its quasilocal character. As the relevant boundary conditions are physically acceptable, this approach validates the pseudotensor approach to the gravitational energy-momentum problem.

However, in the gauge context of teleparallel gravity, the existence of a tensorial expression for the gravitational energy-momentum density seems to be possible. Accordingly, the absence of such expression should be attributed to the general relativity description of gravitation, which seems not to be the appropriate framework to deal with this problem.^{62} In fact, as can be easily checked, the current^•ȷ_a^ρ transforms covariantly under a general spacetime coordinate transformation, is invariant under local (gauge) translation of the tangent-space coordinates, and transforms covariantly under a tangent–space Lorentz transformation. This means that^•ȷ_a^ρ is a true spacetime and gauge tensor. Since our interest is the gravitational energy-momentum current, let us consider the sourceless case, in which the gravitational field equation becomes

∂_σ(h^•S_a^{ρσ} ) − k^2 (h^•ȷ_a^ρ) = 0. (128)

Due to the anti-symmetry of^•S_a^{ρσ} in the last two indices, (h^•ȷ_a^ρ) is conserved as a consequence of the field equation:

∂_ρ(h^•ȷ_a^ρ) = 0. (129)

Making use of the identity

∂_ρh ≡ h^•Γ^ν_{νρ} = h (_• Γ^ν ρν −^•K^ν ρν ) , (130)

this conservation law can be rewritten in the manifestly covariant form • Dρ^•ȷa^ρ ≡ ∂ρ^•ȷa^ρ + (_• Γ^ρλρ −^•K^ρλρ )_• ȷ_a^λ = 0, (131)

with^•D_ρ the teleparallel covariant derivative (51).

Let us find out now the relation between the current^•ȷ_a^ρ and the usual gravitational energy-momentum pseudotensor. By using Eq. (41) to express ∂_ρh_a^λ, the field equation (128) can be rewritten in a purely spacetime form,

∂_σ(h^•S_λ^{ρσ}) − k^2 (h^•t_λ^ρ) = 0, (132)

where

h^•t_λ^ρ = k^{−2} h^•Γ^μ_{νλ}^•S_μ^{ρν} − δ_λ^{ρ •}L (133)

stands for the canonical energy-momentum pseudotensor of the gravitational field.^{63} It is important to notice that^•t_λ^ρ is not simply the gauge current^•ȷ_a^ρ with the algebraic index “a” changed to the spacetime index “λ”. It incorporates also an extra term coming from the derivative term of Eq. (122): • tλ^ρ = h^aλ^•ȷa^ρ + k^{−2 •}Γ^μλν^•Sμ^{ρν} . (134)

We see thus clearly the origin of the connection-term which transforms the gauge current^•ȷ_a^ρ into the energymomentum pseudotensor^•t_λ^ρ. Through the same mechanism, it is possible to appropriately exchange further terms between the derivative and the current terms of the field equation (132), giving rise to different definitions for the energy-momentum pseudotensor, each one connected to a different superpotential (h^•S_λ^{ρσ} ). It is important to remark finally that, like the gauge current (h^•ȷ_a^ρ), the pseudotensor (h^•t_λ^ρ) is conserved as a consequence of the field equation:

∂_ρ(h^•t_λ^ρ) = 0. (135)

However, in contrast to what occurs with^•ȷ_a^ρ, due to the pseudotensor character of^•t_λ^ρ, this conservation law cannot be rewritten in terms of the teleparallel covariant derivative.

Because of its simplicity and transparency, the teleparallel approach to gravitation seems to be much more appropriate than general relativity to deal with the energy problem of the gravitational field. In fact, Møller already noticed a long time ago that a satisfactory solution for the problem of the energy distribution in a gravitational field could be obtained in the framework of a tetrad theory. In our notation, his expression for the gravitational energy-momentum density is^{29} ht_λ^ρ = ∂^∘L_M ∂∂_ρh^a_μ ∂_λh^a_μ − δ_λ^{ρ ∘}L_M, (136)

which is nothing but the usual Noether’s canonical energy-momentum density in the tetrad formulation of general relativity. Since Møller’s Lagrangian, given by Eq. (120), is exactly (without any surface term) equivalent with the teleparallel Lagrangian (114), the Møller’s expression (136) will correspond exactly with the teleparallel energymomentum density (133).

F. Noether’s Theorem: Matter Conservation Law

Let us consider the action integral of a general matter field,

S_m = 1 c ∫ L_m d^4x. (137)

We assume a first-order formalism, according to which the Lagrangian depends only on the fields and on their first derivatives. Under a general transformation of the spacetime coordinates,

x^{′ρ} = x^ρ + ξ^ρ, (138)

the tetrad transforms according to

δh_a^μ = h_a^ρ ∂_ρξ^μ − ξ^ρ ∂_ρh_a^μ. (139)

The corresponding transformation of the action integral is written as δS_m = 1 c ∫ Θ_μ^a δh_a^μ h d^4x, (140)

where hΘ_μ^a = δL_m/δh_a^μ is the matter energy-momentum tensor. Substituting δh_a^μ as given by Eq. (139), we obtain δS_m = 1 c ∫ Θ_μ^a [h_a^ρ ∂_ρξ^μ − ξ^ρ ∂_ρh_a^μ] h d^4x. (141)

Now, from the absolute parallelism condition (78), we have that

∂_ρh_a^μ = 0 −^•Γ^μ_{λρ} h_a^λ. (142)

Substituting into (141), after some manipulations, we get δS_m = 1 c ∫ [ Θ_c^ρ (∂_ρξ^c + 0) + Θ_μ^{ρ •}T^μ_{λρ}ξ^λ ] h d^4x. (143)

Contrary to some claims,^{64} provided the action S_m is local Lorentz invariant, the energy–momentum tensor Θ_μ^ρ is necessarily symmetric.^{65} Consequently, the above variation assumes the form δS_m = 1 c ∫ Θ_c^ρ [ ∂_ρξ^c + 0 −^•K^c_{bρ}ξ^b ] h d^4x. (144) Integrating the first term by parts, neglecting the surface term, and considering the arbitrariness of ξ^c, it follows from the invariance of the action integral that ∂_μ(hΘ_a^μ) − (0 −^•K^b_{aμ}) h Θ_b^μ = 0. (145) Making use of the identity (130), the above conservation law becomes ∂_μΘ_a^μ + (^•Γ^μ_{ρμ} −^•K^μ_{ρμ}) Θ_a^ρ − (0 −^•K^b_{aμ}) Θ_b^μ = 0. (146) In a purely spacetime form, it becomes ∂_μΘ_λ^μ + (^•Γ^μ_{ρμ} −^•K^μ_{ρμ}) Θ_λ^ρ − (^•Γ^ρ_{λμ} −^•K^ρ_{λμ}) Θ_ρ^μ ≡^•D_μΘ_λ^μ = 0. (147) This is the conservation law of matter energy-momentum tensor. In teleparallel gravity, therefore, it is not the Weitzenböck covariant derivative^•∇_μ, but the teleparallel covariant derivative^•D_μ that yields the correct conservation law for the energy-momentum tensors of matter fields. Of course, because of the relation (46), it can be written in the form ∘ ∇μΘλ^μ ≡ ∂μΘλ^μ +^∘Γ^μρμΘλ^ρ −^∘Γ^ρλμΘρ^μ = 0, (148) which is the corresponding conservation law of general relativity. It is important to remark that these “covariant conservation laws” are not, strictly speaking, real conservation laws in the sense that they do not yield a conserved “charge”. They are actually identities, called Noether identities, which govern the exchange of energy and momentum between the matter and the gravitational fields.^{66}

G. Bianchi Identities Analogously to the Maxwell theory, the first Bianchi identity of the gauge theory for the translation group is^{67} ∂_ρ^•T^a_{μν} + ∂_ν^•T^a_{ρμ} + ∂_μ^•T^a_{νρ} = 0. (149) Through a tedious, but straightforward calculation, it can be rewritten in a purely spacetime form: • Q^ρ_{θμν} +^•Q^ρ_{νθμ} +^•Q^ρ_{μνθ} = 0. (150) Then, by making use of relation (49), it is easy to verify that it coincides with the first Bianchi identity of general relativity: ∘ R^ρθμν +^∘R^ρνθμ +^∘R^ρμνθ = 0. (151) On the other hand, similarly to general relativity, teleparallel gravity presents also a second Bianchi identity, which is given by • Dσ^•Qρθμν +^•Dν^•Qρθσμ +^•Dμ^•Qρθνσ = 0. (152) This identity is easily seen to be equivalent to the second Bianchi identity of general relativity ∘ ∇σ^∘Rρθμν +^∘∇ν^∘Rρθσμ +^∘∇μ^∘Rρθνσ = 0, (153) whose contracted form is ∘ ∇ρ [_∘ Rλ^ρ −^1_2 δλ^{ρ ∘}R ] = 0. (154)

Through a similar procedure, the contracted form of the teleparallel Bianchi identity (152) is found to be^{68} • Dρ [ ∂_σ(h^•S_λ^{ρσ} ) − k^2 (h^•t_λ^ρ) ] = 0. (155) If we remember that, in the presence of a general source field, the teleparallel field equation is given by ∂_σ(h^•S_λ^{ρσ} ) − k^2 (h^•t_λ^ρ) = k^2 (hΘ_λ^ρ), (156) with Θ_λ^ρ the matter energy-momentum tensor, and taking into account that • Dρh = 0, (157) the Bianchi identity (155) is seen to be consistent with the conservation law • DρΘλ^ρ = 0, (158) as obtained from Noether’s theorem [see Eq. (147)].

H. Role of Torsion in Teleparallel Gravity

1. Force Equation Versus Geodesics To begin with, let us consider, in the context of teleparallel gravity, the motion of a spinless particle of mass m in a gravitational field B^a_μ. Analogously to the electromagnetic case,^{56} the action integral is written in the form S = ∫_b a [−m c dσ − m c B^a_μ u_a dx^μ] , (159) where dσ = (η_{ab}dx^adx^b)^{1/2} is the Minkowski tangent-space invariant interval, u^a = h^a_μ u^μ, (160) is the anholonomic particle four-velocity, with u^μ = dx^μ ds (161) the holonomic four-velocity, which is written in terms of the spacetime invariant interval ds = (g_{μν} dx^μdx^ν)^{1/2}. It should be noticed that, in terms of the tangent-space line element dσ, the four-velocity u^a is holonomic:^7 u^a = dx^a dσ . (162) The first term of the action (159) represents the action of a free particle, and the second the coupling of the particle’s mass with the gravitational field. Notice that the separation of the action in these two terms is possible only in a gauge theory, like teleparallel gravity, being not possible in general relativity. It is, however, equivalent with the usual action of general relativity. In fact, if we introduce the identities h_a^μu^au_μ = 1 (163) and ∂x^μ ∂x^a u^a u_μ = ds dσ , (164) the action (159) can easily be seen to reduce to its general relativity version S = − ∫_b a m c ds.

In this case, the interaction of the particle with the gravitational field is described by the metric tensor g_{μν} , which is present in ds.

Variation of the action (159) yields the equation of motion h^a_μ du_a ds =^•T^a_{μρ} u_a u^ρ. (165)

This is the force equation governing the motion of the particle, in which the teleparallel field strength^•T^a_{μρ}—that is, torsion—plays the role of gravitational force. To write it in a purely spacetime form, we use the relation h^a_μ du_a ds = ω_μ ≡ du_μ ds −^•Γ^θ_{μν} u_θ u^ν, (166)

where ω_μ is the spacetime particle four–acceleration. We then get u^{ν •}∇_νu_μ ≡ du_μ ds −^•Γ^θ_{μν} u_θ u^ν =^•T^θ_{μν} u_θ u^ν . (167)

The left–hand side of this equation is the Weitzenböck covariant derivative of u_μ along the world-line of the particle. The presence of the torsion tensor on its right–hand side, as already stressed, shows that in teleparallel gravity torsion plays the role of gravitational force. By using the identity • T^θμν uθ u^ν = −^•K^θμν uθ u^ν , (168) this equation can be rewritten in the form u^{ν •}D_ν u_μ ≡ du_μ ds − (_• Γ^θμν −^•K^θμν ) u_θ u^ν = 0. (169)

The left–hand side of this equation is the teleparallel covariant derivative of u_μ along the world-line of the particle. Using the relation (46), it is found to be u^{ν ∘}∇_ν u_μ ≡ du_μ ds −^∘Γ^θ_{μν} u_θ u^ν = 0. (170)

This is precisely the geodesic equation of general relativity, which means that the trajectories followed by spinless particles are geodesics of the underlying Riemann spacetime. In a locally inertial coordinate system, the first derivative of the metric tensor vanishes, the Levi–Civita connection vanishes as well, and the geodesic equation (170) becomes the equation of motion of a free particle. This is the usual version of the (strong) equivalence principle as formulated in general relativity.^{65}

It is important to notice that, by using the torsion definition (43), the force equation (167) can be written in the form du_μ ds −^•Γ^θ_{μν} u_θ u^ν = 0. (171)

As^•Γ_{θνμ} is not symmetric in the last two indices, this is not a geodesic equation. This means that the trajectories followed by spinless particles are not geodesics of the induced Weitzenböck spacetime. In a locally inertial coordinate system, the first derivative of the metric tensor vanishes, and the Weitzenböck connection^•Γ_{θνμ} becomes skew– symmetric in the first two indices. In this coordinate system, therefore, owing to the symmetry of u^θ u^ν, the force equation (171) becomes the equation of motion of a free particle. This is the teleparallel version of the (strong) equivalence principle.^5

2. Teleparallel Equivalent of the Kerr–Newman Solution

In spite of the equivalence of teleparallel gravity with general relativity, there are conceptual differences between these two theories. For example, whereas in general relativity gravitation is described in terms of the curvature tensor, in teleparallel gravity it is described in terms of torsion. In addition to the conceptual differences, there are also some formal differences. For example, the possibility of decomposing torsion into three irreducible parts under the group of global Lorentz transformations allows a better understanding of the physical meaning of torsion. To exemplify this fact, we are going to study in this section the teleparallel version of the Kerr-Newman solution. This solution has a great generality as it reduces to the Kerr and to Schwarzschild solutions for some specific values of its parameters.

We begin by computing the the Kerr-Newman tetrad in the Boyer-Lindquist coordinates, in which the Kerr-Newman metric is written as^2

ds^2 = g_{00}dt^2 + g_{11}dr^2 + g_{22}dθ^2 + g_{33}dϕ^2 + 2g_{03}dϕ dt, (172)

where

g_{00} = 1 − Rr ρ^2

, g_{11} = − ρ^2 Δ , g_{22} = −ρ^2, (173)

g_{33} = − ( r^2 + a^2 + Rra^2 ρ^2 sin^2 θ ) sin^2 θ, (174)

g_{03} = g_{30} = Rra ρ^2 sin^2 θ. (175)

In these expressions, Δ = r^2 − Rr + a^2, R = 2m − q^2/r, ρ^2 = r^2 + a^2 cos^2 θ, with a the angular momentum of a gravitational unit mass source, m the mass of the solution, and q the electric charge. For q = 0 the Kerr–Newman metric reduces to the Kerr metric, and for a = q = 0 it reduces to the standard form of the Schwarzschild solution.

Using the relation (4), it is possible to find the Kerr–Newman tetrad components. They are

h^a_μ ≡ γ_{00} 0 0 η 0 γ_{11} sθ cϕ γ_{22} cθ cϕ −β sϕ 0 γ_{11} sθ sϕ γ_{22} cθ sϕ β cϕ 0 γ_{11} cθ −γ_{22} sθ 0

, (176)

with the inverse tetrad given by

h_a^μ ≡ γ^{−1}_{00} 0 0 0 −β g^{03} sϕ γ^{−1}_{11} sθ cϕ γ^{−1}_{22} cθ cϕ −β^{−1} sϕ β g^{03} cϕ γ^{−1}_{11} sθ sϕ γ^{−1}_{22} cθ sϕ β^{−1} cϕ 0 γ^{−1}_{11} cθ −γ^{−1}_{22} sθ 0

, (177)

where β^2 = η^2 − g_{33}, η = g_{03}/γ_{00}, and the notations γ_{00} = √ g_{00}, γ_{ii} = √ −g_{ii}, sθ = sin θ and cθ = cos θ have been introduced. Using Eqs. (41) and (43), through a lengthy, but straightforward calculation, we obtain the non-zero components of the torsion tensor, • T^001 = −[ln √ g_{00}]_{,r} • T^013 = η,r/γ00 − kg^{03}(k,r − γ11 sθ) • T^023 = η,θ/γ00 − kg^{03}(k,θ − γ22 cθ) • T^112 = −[ln √ −g_{11}]_{,θ} • T^212 = [ln √ −g_{22}]_{,r} − γ_{11}/γ_{22} • T^313 = (k,r − γ11 sθ)/k • T^323 = (k,θ − γ22 cθ)/k, where we have denoted ordinary derivatives by a “comma”.

Now, as already mentioned, the torsion tensor can be decomposed in the form T_{λμν} = 2 3 (t_{λμν} − t_{λνμ}) + 1 3 (g_{λμ}V_ν − g_{λν}V_μ) + ϵ_{λμνρ} A^ρ, (178) where t_{λμν} is the purely tensor part, and V_μ and A^ρ represent respectively the vector and axial parts of torsion. They are defined by t_{λμν} = 1 2 (T_{λμν} + T_{μλν}) + 1 6 (g_{νλ}V_μ + g_{νμ}V_λ) − 1 3 g_{λμ} V_ν , (179)

V_μ = T^ν_{νμ}, (180)

A^μ = 1 6 ϵ^{μνρσ}T_{νρσ}. (181) For the specific case of the Kerr–Newman solution, the non-zero components of the vector torsion are • V 1 = −[ln √ g_{00}]_{,r} − [ln √ −g_{22}]_{,r} + γ_{11}/γ_{22} − [ln β]_{,r} + γ_{11} sθ/β, • V 2 = −[ln √ −g_{11}]_{,θ} − [ln β]_{,θ} + γ_{22} cθ/β,

whereas the non-zero components of the axial torsion are • A^{(1)} × (6h) = −2(g00T^023 + g03T^323) • A^{(2)} × (6h) = 2[g00T^013 + g03(T^313 + T^001)].

To show the simplicity and transparency of teleparallel gravity, let us obtain the equation of motion of the particle’s spin vector. By expanding the metric components up to first order in the angular momentum a, and by taking the weak-field limit, characterized by keeping terms up to first order in α_m = 2m/r and α_q = q^2/r^2, the axial-vector tensor reduces to • A^{(1)} × (6h) = −2(g03),θ (182) • A^{(2)} × (6h) = 2[γ00 (η),r − η (γ00),r ], (183)

where h = r^2 sin θ. Substituting the metric components, and keeping the weak-field approximation, the space components^•A =^•A^{(1)}γ_{11} e_r +^•A^{(2)}γ_{22} e_θ of the axial–vector torsion becomes • A ≡^•Am +^•Aq = α_m a 3r^2

[2 cos θ e_r + sin θ e_θ] − α_q a 3r^2

[2 cos θ e_r + 2 sin θ e_θ], (184)

where^•A_m and^•A_q represent respectively the mass and charge parts of the axial-vector tensor.

Let us consider now a Dirac particle in the presence of the axial–vector torsion^•A. It has been shown by many authors^{35,69,70} that the particle spin s satisfies the equation of motion ds dt = −b × s, (185)

where b = 3A/2. Using Eq. (184), we get b = J r^3

[2 cos θ e_r + sin θ e_θ] − (q^2/m)J r^4

[2 cos θ e_r + 2 sin θ e_θ], (186)

with J = ma the angular momentum. In the particular case of the Kerr solution, q = 0, and one can write b = G r^3

[−J + 3(J · e_r) e_r ] , (187)

where J = Je_z. This means that

b = ω_{LT} , (188)

where ω_{LT} is the Lense–Thirring precession angular velocity, which in general relativity, as is well known, is produced by the gravitomagnetic component of the gravitational field.^{71} We see in this way that, in teleparallel gravity, the axial–vector torsion A represents the gravitomagnetic component of the gravitational field.^{72} When q ≠ 0, the electric charge contributes with an additional term to the Lense–Thirring precession angular velocity.

3. Dealing Without the Equivalence Principle

As is well known, the electromagnetic interaction is not universal: there is no an electromagnetic equivalence principle. In spite of this, Maxwell’s theory, a gauge theory for the unitary group U (1), is able to consistently describe the electromagnetic interaction. Given the analogy between electromagnetism and teleparallel gravity, the question then arises whether the gauge approach of teleparallel gravity would also be able to describe the gravitational interaction in the lack of universality, that is, in the absence of the weak equivalence principle.

Let us then consider again the problem of the motion of a spinless particle in a gravitational field represented by the translational gauge potential B^a_μ, supposing however that the gravitational mass m_g and the inertial mass m_i do not coincide. In this case, the action integral is written in the form S = ∫_b a (−m_i c dσ − m_g c B^a_μ u_a dx^μ) . (189)

Variation of the action (189) yields the equation of motion ( ∂_μx^a + m_g m_i B^a_μ ) du_a ds = m_g m_i • T^aμρ ua u^ρ. (190) This is the force equation governing the motion of the particle, in which the teleparallel field strength^•T^a_{μρ} plays the role of gravitational force. Similarly to the electromagnetic Lorentz force, which depends on the relation q/m_i, with q the electric charge of the particle, the gravitational force depends explicitly on the relation m_g/m_i of the particle.

The crucial point is to observe that, although the equation of motion depends explicitly on the relation m_i/m_g of

the particle, neither B^a_μ nor^•T^a_{ρμ} depends on this relation. This means essentially that the teleparallel field equation (122) can be consistently solved for the gravitational potential B^a_μ, which can then be used to write down the equation of motion (190), independently of the validity or not of the weak equivalence principle. This means essentially that, even in the absence of the weak equivalence principle, teleparallel gravity is able to describe the motion of a particle with m_g ≠ m_i.^7

Let us now see what happens in the context of general relativity. By using the identity (168), the force equation (190) can be rewritten in the form du_μ ds −^∘Γ^λ_{μρ} u_λ u^ρ = ( m_g − m_i m_g ) ∂_μx^a du_a ds , (191)

where use has been made also of the relation (46). Notice that the violation of the weak equivalence principle produces a deviation from the geodesic motion, which is proportional to the difference between the gravitational and inertial masses. Notice furthermore that, due to the assumed non-universality of free fall, there is no a local coordinate system in which the gravitational effects are absent. Of course, when m_g = m_i, the equation of motion (191) reduces to the geodesic equation of general relativity. However, in the absence of the weak equivalence principle, it is not a geodesic equation, which means that it does not comply with the geometric description of general relativity, according to which all trajectories must be given by geodesic equations.

In order to reduce the force equation (190) to a geodesic equation, it is necessary to define a new tetrad field, which is given by

h̄^a_μ = ∂_μx^a + m^g m_i B^a_μ. (192)

However, in this case the solution of the gravitational field equations, which in general relativity is a tetrad or a metric tensor, would depend on the relation m_g /m_i of the test particle, and this renders the theory inconsistent. We can then conclude that, in the absence of the weak equivalence principle, the geometric description of gravitation provided by general relativity breaks down. Since the gauge potential B^a_μ can always be obtained independently of any property of the test particle, teleparallel gravity remains as a consistent theory in the lack of universality. Accordingly, B^a_μ can be considered as the most fundamental field representing gravitation.^7

I. Phase Factor Approach to Teleparallel Gravity

As we have just discussed, the fundamental field of teleparallel gravity is the gauge potential B^a_μ. In this formulation, gravitation becomes quite analogous to electromagnetism. Based on this analogy, and relying on the phase-factor approach to Maxwell’s theory, a teleparallel nonintegrable phase-factor approach to gravitation can be developed,^{73} which represents the quantum mechanical version of the classical gravitational Lorentz force.

As is well known, in addition to the usual differential formalism, electromagnetism presents also a global formulation in terms of a nonintegrable phase factor.^{74} According to this approach, electromagnetism can be considered as the gauge invariant action of a nonintegrable (path-dependent) phase factor. For a particle with electric charge q traveling from an initial point P to a final point Q, the phase factor is given by

Φ_e(P|Q) = exp [ iq ℏc ∫_Q P A_μ dx^μ ] , (193)

where A_μ is the electromagnetic gauge potential. In the classical (non-quantum) limit, the nonintegrable phase factor approach yields the same results as those obtained from the Lorentz force equation du^a ds = q mc^2 • T^ab u^b. (194)

In this sense, the phase-factor approach can be considered as the quantum generalization of the classical Lorentz force equation. It is actually more general, as it can be used both on simply-connected and on multiply-connected domains. Its use is mandatory, for example, to describe the Bohm-Aharonov effect, a quantum phenomenon taking place in a multiply-connected space.

Now, in analogy with electromagnetism, B^a_μ can be used to construct a global formulation for gravitation. To start with, let us notice that the electromagnetic phase factor Φ_e(P|Q) is of the form

Φ_e(P|Q) = exp [ i ℏ S_e ] , (195)

where S_e is the action integral describing the interaction of the charged particle with the electromagnetic field. Now, in teleparallel gravity, the action integral describing the interaction of a particle of mass m with gravitation, according to Eq. (159), is given by

S_g =

∫_Q P m c B^a_μ u_a dx^μ. (196)

Therefore, the corresponding gravitational nonintegrable phase factor turns out to be^{73}

Φ_g(P|Q) = exp [ imc ℏ ∫_Q P B^a_μ u_a dx^μ ] . (197)

Similarly to the electromagnetic phase factor, it represents the quantum mechanical law that replaces the classical gravitational Lorentz force equation (165). In fact, in the classical limit it yields the same results as the gravitational Lorentz force.

The above global formulation for gravitation has already been applied to study the so called Colella-Overhauser- Werner (COW) experiment,^{75} yielding the correct quantum phase-shift induced on the neutrons by their interaction with Earth’s gravitational field. It has also been applied to study the quantum phase-shift produced by the coupling of the particle’s kinetic energy with the gravitomagnetic component of the gravitational field, which corresponds to the gravitational analog of the Aharonov-Bohm effect.^{76}

IV. TORSION PHYSICS: INFINITELY MANY EQUIVALENT THEORIES

A. Physical Motivation

As stated in the Introduction, the classical equivalence between teleparallel gravity and general relativity implies that curvature and torsion might be simply alternative ways of describing the gravitational field, and consequently related to the same degrees of freedom of gravity. Whether this interpretation for torsion is universal or not is an open question. In other words, whether torsion has the same physical role in more general gravitation theories, in which curvature and torsion are simultaneously present, is a question yet to be solved. This is the problem we tackle next, where we review some attempts^{22,23} to get a consistent answer to this puzzle.

Our approach will consist in studying the gravitational coupling prescription in the presence of curvature and torsion, independently of the theory governing the dynamics of the gravitational field. One has only to consider a gravitational field presenting curvature and torsion, and use it to obtain, from an independent variational principle, the particle or field equations in the presence of gravity. This, however, is not an easy task. The basic difficulty is that, differently from all other interactions of nature, where covariance does determine the gauge connection, in the presence of curvature and torsion, covariance alone is not able to determine the form of the gravitational coupling prescription. The reason for this indefiniteness is that the space of Lorentz connections is an affine space,^{24} and consequently one can always add a tensor to a given connection without destroying the covariance of the theory. As a result of this indefiniteness, there will exist infinitely many possibilities for the gravitational coupling prescription. Notice that in the specific cases of general relativity and teleparallel gravity, characterized respectively by a vanishing torsion and a vanishing curvature, the above indefiniteness is absent since in these cases the connections are uniquely determined—and the corresponding coupling prescriptions completely specified—by the requirement of covariance. Notice furthermore that in the case of internal (Yang-Mills) gauge theories, where the concept of torsion is absent,^{77} the above indefiniteness is not present either.

In order to consider the above problem, a strategy based on the equivalence principle will be used. Notice that, due to the intrinsic relation of gravitation with spacetime, there is a deep relationship between covariance (either under general coordinate or local Lorentz transformations) and the equivalence principle. In fact, an alternative version of this principle is the so called principle of general covariance.^{65} It states that a special relativity equation will hold in the presence of gravitation if it is generally covariant, that is, it preserves its form under a general transformation of the spacetime coordinates. Now, in order to make an equation generally covariant, a connection is always necessary, which is in principle concerned only with the inertial properties of the coordinate system under consideration. Then, using the equivalence between inertial and gravitational effects, instead of representing inertial properties, this connection can equivalently be assumed to represent a true gravitational field. In this way, equations valid in the presence of gravitation are obtained from the corresponding special relativity equations. Of course, in a locally inertial coordinate system, they must go back to the corresponding equations of special relativity. The principle of general covariance, therefore, can be considered as an active version of the equivalence principle in the sense that, by making a special relativity equation covariant, and by using the strong equivalence principle, it is possible to obtain its form in the presence of gravitation. It should be emphasized that the general covariance alone is empty of any physical content as any equation can be made covariant. Only when use is made of the strong equivalence principle, and the inertial compensating term is assumed as representing a true gravitational field, principle of general covariance can be seen as a version of the equivalence principle.^{78}

The above description of the general covariance principle refers to its usual holonomic version. An alternative, more general version of the principle can be obtained in the context of nonholonomic frames. The basic difference between these two versions is that, instead of requiring that an equation be covariant under a general transformation of the spacetime coordinates, in the nonholonomic-frame version the equation is required to transform covariantly under a local Lorentz rotation of the frame. Of course, in spite of the different nature of the involved transformations, the physical content of both approaches are the same.^{79} The frame version, however, is more general in the sense that, contrary to the coordinate version, it holds for integer as well as for half-integer spin fields.

The crucial point now is to observe that, when the purely inertial connection is replaced by a connection representing a true gravitational field, the principle of general covariance naturally defines a covariant derivative, and consequently also a gravitational coupling prescription. For the cases of general relativity and teleparallel gravity, the nonholonomicframe version of this principle has already been seen to yield the usual coupling prescriptions of these theories.^{21} Our purpose here will then be to determine, in the general case characterized by the simultaneous presence of curvature and torsion, the form of the gravitational coupling prescription implied by the general covariance principle.

B. Nonholonomic General Covariance Principle

Let us consider the Minkowski spacetime of special relativity, endowed with the Lorentzian metric η. In this spacetime one can take the frame δ_a = δ_a^μ∂_μ as being a trivial (holonomous) tetrad, with components δ_a^μ. Consider now a local, that is, point-dependent Lorentz transformation Λ_a^b = Λ_a^b(x). It yields the new frame

h_a = h_a^μ∂_μ, (198)

with components h_a^μ ≡ h_a^μ(x) given by

h_a^μ = Λ_a^b δ_b^μ. (199)

Notice that, on account of the locality of the Lorentz transformation, the new frame h_a is nonholonomous, with f^a_{bc} as coefficient of nonholonomy [see Eq. (23)]. So, if one makes use of the orthogonality property of the tetrads, we see from Eq. (199) that the Lorentz group element can be written in the form Λ_b^d = h_b^ρδ_ρ^d. From this expression, it follows that

(h_aΛ_b^d)Λ^c_d = 1 2 (f_b^c_a + f_a^c_b − f^c_{ba}) . (200)

On the other hand, the action describing a free particle in Minkowski spacetime is [see Eq. (159)] S = −mc ∫ dσ. (201) Seen from the holonomous frame δ_a, the corresponding equation of motion is dv^a ds = 0, (202)

where v^a = δ^a_μu^μ, with u^μ = (dx^μ/ds) the holonomous particle four-velocity. Seen from the nonholonomous frame h_a, a straightforward calculation shows that the equation of motion (202) is du^c ds + 1 2 (f_b^c_a + f_a^c_b − f^c_{ba}) u^au^b = 0, (203)

where u^c = Λ^c_d v^d = h^c_μu^μ, and use has been made of Eq. (200). It is important to emphasize that, in the flat spacetime of special relativity one is free to choose any tetrad {e_a} as a moving frame. The fact that, for each x ∈ M , the frame h_a can be arbitrarily rotated introduces the compensating term^1_2 (f_b^c_a + f_a^c_b − f^c_{ba}) in the free-particle equation of motion. This term, therefore, is concerned only with the inertial properties of the frame.

1. Equivalence Between Inertial and Gravitational Effects

According to the general covariance principle, the equation of motion valid in the presence of gravitation can be obtained from the corresponding special relativistic equation by replacing the inertial compensating term by a connection A^c_{ab} representing a true gravitational field. Considering a general Lorentz-valued connection presenting both curvature and torsion, one can write^{26}

A^c_{ba} − A^c_{ab} = T^c_{ab} + f^c_{ab}, (204)

with T^c_{ba} the torsion of the connection A^c_{ab}. Use of this equation for three different combination of indices gives A^c_{ab} = 1 2 (f_b^c_a + f_a^c_b − f^c_{ba}) + 1 2 (T_b^c_a + T_a^c_b − T^c_{ba}) . (205)

Accordingly, the compensating term of Eq. (203) can be written in the form 1 2 (f_b^c_a + f_a^c_b − f^c_{ba}) = A^c_{ab} − K^c_{ab}. (206)

This equation is actually an expression of the equivalence principle. In fact, whereas its left-hand side involves only inertial properties of the frames, its right-hand side contains purely gravitational quantities. Using this expression in Eq. (203), one gets du^c ds + A^c_{ab} u^a u^b = K^c_{ab} u^a u^b. (207)

This is the particle equation of motion in the presence of curvature and torsion that follows from the principle of general covariance. It entails a very peculiar interpretation for contortion, which appears playing the role of a gravitational force.^5 Because of the identity (17), it is easy to see that the equation of motion (207) is equivalent with the geodesic equation of general relativity: du^c ds +^∘A^c_{ab} u^a u^b = 0. (208)

C. Gravitational Coupling Prescription The equation of motion (207) can be written in the form u^μD_μu^c = 0, (209) with D_μ a generalized Fock–Ivanenko derivative, which when acting on a general vector field X^c reads D_μX^c = ∂_μX^c + (A^c_{aμ} − K^c_{aμ}) X^a. (210) We notice in passing that this covariant derivative satisfies the relation D_μX^c = h^c_ρ D_μX^ρ, (211) where D_μX^ρ = ∂_μX^ρ + (Γ^ρ_{λμ} − K^ρ_{λμ}) X^λ (212) is the corresponding spacetime derivative.

Now, using the vector representation (57) of the Lorentz generators, the generalized Fock–Ivanenko derivative (210) can be written in the form D_μX^c = ∂_μX^c − i 2 (A^{ab}_μ − K^{ab}_μ) (S_{ab})^c_d X^d. (213) Furthermore, although obtained in the case of a Lorentz vector field (four-velocity), the compensating term (200) can be easily verified to be the same for any field. In fact, denoting by U ≡ U (Λ) the element of the Lorentz group in an arbitrary representation, it can be shown that (h_aU )U^{−1} = − i 4 (f_{bca} + f_{acb} − f_{cba}) J^{bc}, (214) with J^{bc} denoting the corresponding Lorentz generator. In this case, the covariant derivative (213) will have the form D_μ = ∂_μ − i 2 ( A^{ab}_μ − K^{ab}_μ ) J_{ab}. (215) This means that, in the presence of curvature and torsion, the coupling prescription of fields carrying an arbitrary representation of the Lorentz group will be ∂_a ≡ δ^μ_a∂_μ → D_a ≡ e^μ_aD_μ. (216) Of course, due to the relation (17), it is clearly equivalent with the coupling prescription of general relativity.

D. The Connection Space

1. Defining Translations The mathematical validity of the coupling prescription (215) is rooted on the fact that a general connection space is an infinite, homotopically trivial affine space.^{80} In the specific case of Lorentz connections, a point in this space will be a connection A = A^{bc}_μ J_{bc} dx^μ (217) presenting simultaneously curvature and torsion. In the language of differential forms, they are defined respectively by R = dA + AA ≡ D_AA (218) and T = dh + Ah ≡ D_Ah, (219) where D_A denotes the covariant differential in the connection A. Now, given two connections A and Ā, the difference k = Ā − A (220) is also a 1-form assuming values in the Lorentz Lie algebra, but transforming covariantly: k = U kU^{−1}. (221) Its covariant derivative is consequently given by D_Ak = dk + {A, k}. (222) It is then easy to verify that, given two connections such that Ā = A + k, their curvature and torsion will be related by R̄ = R + D_Ak + k k (223) and T̄ = T + k h. (224) The effect of adding a covector k to a given connection A, therefore, is to change its curvature and torsion 2-forms.

We rewrite now Eq. (220) in components:

A^a_{bc} = Ā^a_{bc} − k^a_{bc}. (225) Since k^a_{bc} is a Lorentz-valued covector, it is necessarily anti-symmetric in the first two indices. Separating k^a_{bc} in the symmetric and anti-symmetric parts in the last two indices, one gets k^a_{bc} =^1_2 (k^a_{bc} + k^a_{cb}) +^1_2 (k^a_{bc} − k^a_{cb}). (226) Defining k^a_{bc} − k^a_{cb} ≡ t^a_{cb} = −t^a_{bc}, (227) and using this equation for three combination of indices, it is easy to verify that k^a_{bc} =^1_2 (t_a^c_b + t_b^c_a − t^a_{bc}). (228) This means essentially that the difference between any two Lorentz-valued connections has the form of a contortion tensor.

2. Equivalence under Translations in the Connection Space As already discussed, due to the affine character of the connection space, one can always add a tensor to a given connection without spoiling the covariance of the derivative (215). Since adding a tensor to a connection corresponds just to redefining the origin of the connection space, this means that covariance does not determine a preferred origin for this space. Let us then analyze the physical meaning of translations in the connection space. To begin with, we take again the connection appearing in the covariant derivative (215): Ω^a_{bc} ≡ A^a_{bc} − K^a_{bc}. (229) A translation in the connection space with parameter k^a_{bc} corresponds to Ω̄^a_{bc} = Ω^a_{bc} + k^a_{bc} ≡ A^a_{bc} − K^a_{bc} + k^a_{bc}. (230) Now, since k^a_{bc} has always the form of a contortion tensor, as given by Eq. (228), the above connection is equivalent to Ω̄^a_{bc} = A^a_{bc} − K̄^a_{bc}, (231) with K̄^a_{bc} = K^a_{bc} − k^a_{bc} another contortion tensor.

Let us then consider a few particular cases. First, we choose t^a_{bc} as the torsion of the connection A^a_{bc}, that is, t^a_{bc} = T^a_{bc}. In this case, k^a_{bc} = K^a_{bc}, and the last two terms of Eq. (230) cancel each other, yielding K̄^a_{bc} = 0. This means that the torsion of A^a_{bc} vanishes, and we are left with the torsionless spin connection of general relativity:

Ω̄^a_{bc} =^∘A^a_{bc}. (232)

On the other hand, if we choose t^a_{bc} such that

t^a_{bc} = T^a_{bc} − f^a_{bc}, (233)

the connection A^a_{bc} vanishes, which characterizes teleparallel gravity. In this case, the resulting connection has the form^{16}

Ā^a_{bc} = −^•K^a_{bc}, (234)

where^•K^a_{bc} is the contortion tensor written in terms of the Weitzenböck torsion^•T^a_{bc} = −f^a_{bc}. There are actually infinitely many choices for t^a_{bc}, each one defining a different translation in the connection space, and consequently yielding a connection A^a_{bc} with different curvature and torsion. All cases, however, are ultimately equivalent with general relativity as for all cases the dynamical spin connection is

Ω̄^a_{bc} = A^a_{bc} − K̄^a_{bc} ≡^∘A^a_{bc}. (235)

It is important to emphasize that, despite yielding physically equivalent coupling prescriptions, the physical equations are not covariant under a translation in the connection space. For example, under a particular translation, the geodesic equation of general relativity is lead to the force equation of teleparallel gravity, which are completely different equations. These two equations, however, as well as any other obtained through a general translation in the connection space, are equivalent in the sense that they describe the same physical trajectory.

E. The Spinning Particle

As an application of the gravitational minimal coupling prescription entailed by the covariant derivative (215), let us study the motion of a classical particle of mass m and spin s in a gravitational field presenting curvature and torsion.^{23} According to the gauge approach, the action integral describing such a particle minimally coupled to gravitation is S = ∫_b a [ −m c dσ − 1 c^2

B^a_μ P_a dx^μ + 1 2 Ω^{ab}_μ S_{ab} dx^μ ] , (236)

where P_a = mcu_a is the Noether charge associated with the invariance of S under translations,^5 and S_{ab} is the Noether charge associated with the invariance of S under Lorentz transformations.^{81} In other words, P_a is the momentum, and S_{ab} is the spin angular momentum density, which satisfies the Poisson relation {S_{ab}, S_{cd}} = η_{ac} S_{bd} + η_{bd} S_{ac} − η_{ad} S_{bc} − η_{bc} S_{ad}. (237) Notice that, according to this prescription, the particle’s momentum couples minimally to the translational gauge potential B^a_μ, whereas the spin of the particle couples minimally to the dynamical spin connection Ω^{ab}_μ, which is nothing but the Ricci coefficient of rotation: Ω^{ab}_μ = (A^{ab}_μ − K^{ab}_μ) ≡^∘A^{ab}_μ. The Routhian arising from the action (236) is

R_0 = −m c √ u^2 dσ ds − 1 c^2

B^a_μ P_a u^μ + 1 2 Ω^{ab}_μ S_{ab} u^μ, (238)

where the weak constraint √ u^2 ≡ √ u_au^a = √ u_μu^μ = 1 has been introduced in the first term. The equation of motion for the particle trajectory is obtained from δ δx^μ ∫ R_0 ds = 0, (239) whereas the equation of motion for the spin tensor follows from dS_{ab} ds = {R_0, S_{ab}}. (240)

Now, the four-velocity and the spin angular momentum density must satisfy the constraints

S_{ab}S^{ab} = 2s^2 (241) S_{ab}u^a = 0. (242)

However, since the equations of motions obtained from the Routhian R_0 do not satisfy the above constraints, it is necessary to include them into the Routhian. The simplest way to achieve this amounts to the following.^{82} First, a new expression for the spin is introduced: S̃_{ab} = S_{ab} − S^{ac}u^cu^b u^2 − S_{cb}u^cu_a u^2

. (243)

This new tensor satisfies the Poisson relation (237) with the metric η_{ab} − u_au_b/u^2. A new Routhian that incorporates the above constraints is obtained by replacing all S_{ab} in R_0 by S̃_{ab}, and by adding to it the term du^a ds S_{ab}u^b u^2 . The new Routhian is then R = −m c √ u^2 dσ ds − 1 c^2

B^a_μ P_a u^μ + 1 2 Ω^{ab}_μ S_{ab} u^μ − Du^a Ds S_{ab}u^b u^2

, (244)

where Du^a Ds = u^μ D_μu^a,

with D_μ the covariant derivative (215).

Using the Routhian (244), the equation of motion for the spin is found to be DS_{ab} Ds = (u_a S_{bc} − u_b S_{ac}) Du^c Ds , (245)

which coincides with the corresponding result of general relativity. Making use of the Lagrangian formalism, the next step is to obtain the equation of motion defining the trajectory of the particle. Through a tedious but straightforward calculation, it is found to be D Ds (m c u_c) + D Ds ( Du^a Ds S_{ac} u^2 ) = 1 2 (R^{ab}_{μν} − Q^{ab}_{μν} ) S_{ab} u^ν h_c^μ, (246) where Q^a_{bμν} = D_μK^a_{bν} − D_ν K^a_{bμ} + K^a_{dμ} K^d_{bν} − K^a_{dν} K^d_{bμ}. (247) Using the constraints (241-242), it is easy to verify that Du^a Ds S_{ac} u^2 = u^a DS_{ca} Ds . As a consequence, Eq. (246) acquires the form D Ds ( mcu_c + u^a DS_{ca} Ds ) = 1 2 (R^{ab}_{μν} − Q^{ab}_{μν} ) S_{ab} u^ν h_c^μ. (248) Defining the generalized four-momentum

P_c = h_c^μ P_μ ≡ m c u_c + u^a DS_{ca} Ds , (249) we get DP_μ Ds = 1 2 (R^{ab}_{μν} − Q^{ab}_{μν} ) S_{ab} u^ν. (250) This is the equation governing the motion of the particle in the presence of both curvature and torsion. It is written in terms of a general spin connection, as well as in terms of its curvature and torsion. It can be rewritten in terms of the Ricci coefficient of rotation only, in which case it reduces to the ordinary Papapetrou equation^{83} ∘ DPμ Ds = 1 2 ∘ R^{ab}μν Sab u^ν. (251) It can also be rewritten in terms of the teleparallel spin connection (62), in which case it reduces to the teleparallel equivalent of the Papapetrou equation, • DPμ Ds = − 1 2 • Q^{ab}_{μν} S_{ab} u^ν , (252)

with^•Q^{ab}_{cd} given by Eq. (50). Notice that the particle’s spin, similarly to the electromagnetic field [see the teleparallel Maxwell equation (110)], couples to a curvature-like tensor, which is a tensor written in terms of torsion only. It is important to recall that, although physically equivalent, there are conceptual differences in the way the above equations of motion describe the gravitational interaction.

V. OUTLOOK AND PERSPECTIVES

This review is made up of two main parts. In the first, represented by Section III, a comprehensive description of the teleparallel equivalent of general relativity was presented. In spite of the mentioned equivalence, there are conceptual differences between general relativity and teleparallel gravity, the most significant being the different character of the fundamental field of the theories: whereas in general relativity it is a tetrad field h^a_μ (or equivalently, a metric tensor g_{μν} ), in teleparallel gravity it is a translational gauge potential B^a_μ, the nontrivial part of the tetrad field:

h^a_μ = ∂_μx^a + B^a_μ. (253)

This apparently small difference has deep consequences. In fact, any gravitational theory whose fundamental field is a tetrad (or a metric), is necessarily a geometrical theory. On the other hand, a theory whose fundamental field is a gauge potential, like for example teleparallel gravity, is non–geometrical in essence. It is actually a gauge theory, and as such it is able to describe the gravitational interaction in the absence of the weak equivalence principle.

To understand this point, let us consider a particle whose gravitational mass m_g does not coincide with its inertial mass m_i. In this case, a geometrical theory for gravitation would require the introduction of a new tetrad field, given by^7

h̄^a_μ = ∂_μx^a + m^g m_i B^a_μ. (254)

Since the relation m_g /m_i of the test particle appears “inside” the tetrad definition, any theory in which h̄^a_μ is the fundamental field will be inconsistent in the sense that particles with different relations m_g /m_i will require different solutions of the field equations to keep a geometric description of gravitation, in which the trajectories are necessarily given by geodesics. On the other hand, we see from the tetrad (254) that the relation m_g /m_i appears “outside” the gauge potential B^a_μ. This means essentially that, in this case, the gravitational field equations can be consistently solved for B^a_μ independently of any test–particle property. This is the fundamental reason for teleparallel gravity to remain as a viable theory for gravitation, even in the absence of the weak equivalence principle. This result may have important consequences for a fundamental problem of quantum gravity, namely, the conceptual difficulty of reconciling the local character of the equivalence principle with the non–local character of the uncertainty principle.^{84} Since teleparallel gravity can be formulated independently of the equivalence principle, the quantization of the gravitational field may possibly appear more consistent if considered in the teleparallel picture.

A further consequence that emerges from the conceptual differences between general relativity and teleparallel gravity is that, whereas in the former curvature is used to geometrize the gravitational interaction—spinless particles follow geodesics—in the latter torsion describes the gravitational interaction by acting as a force—trajectories are not given by geodesics, but by force equations. According to the teleparallel approach, therefore, the role played by torsion is quite well defined: it appears as an alternative to curvature in the description of the gravitational field, and is consequently related with the same degrees of freedom of gravity. Now, this interpretation is completely different from that appearing in more general theories, like Einstein–Cartan and gauge theories for the Poincaré and the affine groups. In these theories, curvature and torsion are considered as independent fields, related with different degrees of freedom of gravity, and consequently with different physical phenomena. This is a conflicting situation as these two interpretations cannot be both correct: if one is correct, the other is necessarily wrong.

We come then to the second part of the review, presented in Section IV. In this part, as an attempt to solve the above described paradox, we have critically reviewed the physics of torsion in gravitation. More specifically, we have used the general covariance principle—seen as an alternative version of the strong equivalence principle—to study the gravitational coupling prescription in the presence of curvature and torsion. We recall that, according to this principle, in order to make an equation generally covariant, a connection is always necessary, which is in principle concerned only with the inertial properties of the frame under consideration. Then, by using the equivalence between inertial and gravitational effects, instead of representing inertial properties, this connection can equivalently be assumed to represent a true gravitational field. In this way, equations valid in the presence of gravitation can be obtained from the corresponding special relativity equations. Now, as we have seen, the inertial compensating connection^1_2 (f_b^c_a + f_a^c_b − f^c_{ba}), also known as object of anholonomy, is related to a general Lorentz spin connection A^c_{ab} through 1 2 (f_b^c_a + f_a^c_b − f^c_{ba}) = A^c_{ab} − K^c_{ab}. (255)

This equation is nothing but an expression of the equivalence principle: whereas its left-hand side involves only inertial properties of a given frame, its right-hand side contains purely gravitational quantities. Therefore, to replace inertial effects by a true gravitational field means to replace the left-hand side by the right-hand side of Eq. (255). This means essentially that the dynamical spin connection, that is, the spin connection defining the covariant derivative, and consequently the gravitational coupling prescription, is given by the right-hand side of Eq. (255). Even in the presence of curvature and torsion, therefore, torsion appears as playing the role of gravitational force. This result gives support to the point of view of teleparallel gravity, according to which torsion does not represent additional degrees of freedom of gravity, but simply an alternative way of representing the gravitational field. Furthermore, since A^c_{ab} − K^c_{ab} =^∘A^c_{ab}, the ensuing coupling prescription will always be equivalent with the coupling prescription of general relativity, a result that reinforces the completeness of this theory.

It should be remarked that the object of anholonomy is sometimes replaced by the spin connection A^c_{ab} only. The resulting coupling prescription is the one usually assumed to hold in Einstein–Cartan and other gauge theories for gravitation. Although it can be made to satisfy the usual (passive) strong equivalence principle, this coupling prescription clearly violates its active version. Furthermore, it presents some drawbacks, of which the most important is, perhaps, the fact that, when used to describe the gravitational coupling of the electromagnetic field, it violates the U (1) gauge invariance of Maxwell’s theory. On the other hand, the coupling prescription implied by the general covariance principle presents several formal advantages: it preserves the role played by torsion in teleparallel gravity, it is consistent with both the active and passive versions of the strong equivalence principle, it can be applied in the Lagrangian or in the field equations with the same result, and when used to describe the interaction of the electromagnetic field with gravitation, it does not violate the U (1) gauge invariance of Maxwell’s theory.

Summing up, we can say that the main output of the developments presented in this review is a new interpretation for torsion in connection with the gravitational interaction. According to this view, curvature and torsion are simply alternative ways of describing the gravitational field. As a consequence, any gravitational phenomenon that can be interpreted in terms of curvature, can also be interpreted in terms of torsion. Of course, we are aware that the physical soundness of our arguments does not necessarily mean that they are correct, and that a definitive answer can only be provided by experiments. However, considering that, at least up to now, there are no compelling experimental evidences for new physics associated with torsion, we could say that the teleparallel point of view is favored by the available experimental data. For example, no new gravitational physics has ever been reported near a neutron star. On the other hand, it is true that, due to the weakness of the gravitational interaction, no experimental data exist on the coupling of the spin of the fundamental particles to gravitation. Anyway, precision experiments,^{85} in laboratory or as astrophysical and cosmological tests, are expected to be available in the foreseeable future, when then a final answer will hopefully be achieved.

Acknowledgments

The authors would like to thank R. Aldrovandi, V. C. de Andrade, M. Calçada, L. C. T. Guillen, R. A. Mosna, T. Vargas, K. H. Vu, and C. M. Zhang for their participation in the development of the ideas presented in this paper.

They would like to thank also A. L. Barbosa and Yu. N. Obukhov for useful discussions. This work was supported by FAPESP-Brazil, CNPq-Brazil, CAPES-Brazil, and COLCIENCIAS-Colombia.

1 The present experimental status of gravitation can be found in C. M. Will, Living Rev. Rel. 4, 4 (2001) [gr-qc/0103036]. 2 C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation (Freeman, New York, 1973).

3 The name teleparallel gravity is normally used to designate the three-parameter teleparallel gravity. Here, however, we use it as a synonymous of the teleparallel equivalent of general relativity, a theory obtained for a specific choice of these parameters.

4 See, for example, M. Schweizer and N. Straumann, Phys. Lett. A71, 493 (1979); M. Schweizer, N. Straumann and A. Wipf, Gen. Rel. Grav 12, 951 (1980); J. Nitsch and F. W. Hehl, Phys. Lett. B90, 98 (1980).

5 V. C. de Andrade and J. G. Pereira, Phys. Rev. D56, 4689 (1997).

6 Actually, a pseudo-Riemannian structure, with signature +2. Despite not strictly correct, we will keep the word “Riemannian” to designate this kind of spacetime structure.

7 R. Aldrovandi, J. G. Pereira and K. H. Vu, Gen. Rel. Grav. 36, 101 (2004).

8 For a critical discussion of the equivalence principle, see the preface of J. L. Synge, Relativity: The General Theory (North- Holland, Amsterdam, 1960); see also T. Damour, Questioning the Equivalence Principle, contribution to the ONERA workshop on Missions spatiales en physique fondamentale (Chatillon, 18-19/1/2001), to appear in a special issue of the Comptes Rendus de l’Academie des Sciences (Paris), ed. C. Bordé and P. Touboul [gr-qc/0109063].

9 M. P. Haugan and C. Lämerzahl, Lect. Notes Phys. 562, 195 (2001); C. Lämmerzahl, Gen. Rel. Grav. 28, 1043 (1996); C.

Lämmerzahl, Acta Phys. Pol. 29, 1057 (1998); C. Lämmerzahl, Class. Quantum Grav. 15, 13 (1998). 10 F. H. Hehl, P. von der Heyde, G. D. Kerlick and J. M. Nester, Rev. Mod. Phys. 48, 393 (1976). 11 F. W. Hehl, J. Lemke and E. W. Mielke, Two Lectures on Fermions and Gravity, in Geometry and Theoretical Physics, ed.

by J. Debrus and A. C. Hirshfeld (Springer, Heidelberg, 1991). 12 Yu. N. Obukhov and J. G. Pereira, Phys. Rev. D67, 044016 (2003). 13 J. W. Maluf, Phys. Rev. D67, 108501 (2003). 14 E. W. Mielke, Phys. Rev. D69, 128501 (2004).

15 Yu. N. Obukhov and J. G. Pereira, Phys. Rev. D69, 128502 (2004). 16 V. C. de Andrade, L. C. T. Guillen and J. G. Pereira, Phys. Rev. D64, 027502 (2001). 17 R. T. Hammond, Rep. Prog. Phys. 65, 599 (2002).

18 See, for example, V. de Sabbata and M. Gasperini, Introduction to Gravitation (World Scientific, Singapore, 1985). 19 T. W. B. Kibble, J. Math. Phys. 2, 212 (1961).

20 F. W. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne’emann, Phys. Rep. 258, 1 (1995). 21 R. A. Mosna and J. G. Pereira, Gen. Rel. Grav. 36, 2525 (2004) [gr-qc/0312093]. 22 H. I. Arcos and J. G. Pereira, Class. Quant. Grav. 21, 5193 (2004) [gr-qc/0408096]. 23 V. C. de Andrade, H. I. Arcos and J. G. Pereira, Int. J. Mod. Phys. D13, 807 (2004). 24 S. Kobayashi and K. Nomizu, Foundations of Differential Geometry (Interscience, New York, 1963). 25 R. Aldrovandi and J. G. Pereira, An Introduction to Geometrical Physics (World Scientific, Singapore, 1995). 26 R. Aldrovandi, P. B. Barros and J. G. Pereira, Gen. Rel. Grav. 35, 991 (2003).

27 For a hystorical account, see T. Sauer, Field equations in teleparallel spacetime: Einstein’s ‘Fernparallelismus’ approach towards unified field theory [physics/0405142]; see also L. O’Raifeartaigh and Straumann, Rev. Mod. Phys. 72, 1 (2000) and L. O’Raifeartaigh, The Dawning of Gauge Theory (Princeton University Press, Princeton, 1998).

28 R. Utiyama, Phys. Rev. 101, 1597 (1956).

29 C. Møller, K. Dan. Vidensk. Selsk. Mat. Fys. Skr. 1 (No.10), 1 (1961). 30 C. Pellegrini and J. Plebanski, K. Dan. Vidensk. Selsk. Mat. Fys. Skr. 2 (No.2), 1 (1962). 31 K. Hayashi and T. Nakano, Prog. Theor. Phys. 38, 491 (1967).

32 F. W. Hehl, in Cosmology and Gravitation, ed. by P. G. Bergmann and V. de Sabbata (Plenum, New York, 1980). 33 F. Gronwald and F. W. Hehl, On the Gauge Aspects of Gravity, in Proceedings of the 14th School of Cosmology and Gravitation, Erice, Italy, ed. by P. G. Bergmann, V. de Sabbata and H.-J Treder (World Scientific, Singapore, 1996) 34 M. Blagojević, Gravitation and Gauge Symmetries (IOP Publishing, Bristol, 2002). 35 K. Hayashi and T. Shirafuji, Phys. Rev. D19, 3524 (1979). 36 W. Kopczyński, J. Phys. A15, 493 (1982).

37 R. de Azeredo Campos and C. G. Oliveira, Nuovo Cimento B74, 83 (1983). 38 F. Müller-Hoissen and J. Nitsch, Gen. Rel. Grav. 17, 747 (1985). 39 E. W. Mielke, Ann. Phys. (NY) 219, 78 (1992). 40 R. S. Tung and J. M. Nester, Phys. Rev. D60, 021501 (1999).

41 V. A. Fock and D. Ivanenko, Z. Phys. 54, 798 (1929); V. A. Fock, Z. Phys. 57, 261 (1929). 42 P. A. M. Dirac, in Planck Festscrift, ed. by W. Frank (Deutscher Verlag der Wissenschaften, Berlin, 1958). 43 See, for example, P. Ramond, Field Theory: A Modern Primer, 2nd edition (Addison-Wesley, Redwood, 1989). 44 M. J. G. Veltman, Quantum Theory of Gravitation, in Methods in Field Theory, Les Houches 1975, ed. by R. Balian and J.

Zinn-Justin (North-Holland, Amsterdam, 1976).

45 See, for example, R. T. Hammond, Gen. Rel. Grav. 28, 749 (1996).

46 V. C. de Andrade and J. G. Pereira, Gen. Rel. Grav. 30 263 (1998). 47 See, for example, I. L. Shapiro, Phys. Rep. 357, 113 (2002). 48 I. M. Benn, T. Dereli and R. W. Tucker, Phys. Lett. B96, 100 (1980).

49 See, for example, V. de Sabbata and C. Sivaram, Spin and Torsion in Gravitation (World Scientific, Singapore, 1994). 50 F. W. Hehl and Yu. N. Obukhov, in Testing Relativistic Gravity in Space: Gyroscopes, Clocks, Interferometers ..., Lect.

Notes Phys. 562, 479 (2001).

51 V. C. de Andrade and J. G. Pereira, Int. J. Mod. Phys. D8, 141 (1999). 52 C. Møller, The Theory of Relativity, 2nd edition (Clarendon Press, Oxford, 1966). 53 J. W. Maluf, J. Math. Phys. 35, 335 (1994).

54 V. C. de Andrade, L. C. T. Guillen and J. G. Pereira, Phys. Rev. Lett. 84, 4533 (2000). 55 F. J. Belinfante, Physica 6, 687 (1939).

56 L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields (Pergamon, Oxford, 1975). 57 See, for example, A. Trautman, in Gravitation: an Introduction to Current Research, ed. by L. Witten (Wiley, New York, 1962).

58 A. Papapetrou, Proc. Roy. Irish Acad. A52, 11 (1948); P. G. Bergmann and R. Thompson, Phys. Rev. 89, 400 (1953); C.

Møller, Ann. Phys. (NY) 4, 347 (1958).

59 M. Dubois-Violette and J. Madore, Comm. Math. Phys. 108, 213 (1987); L. B. Szabados, Class. Quantum Grav. 9, 2521 (1992); J. M. Aguirregabiria, A. Chamorro and K. S. Virbhadra, Gen. Rel. Grav. 28, 1393 (1996); T. Shirafuji and G. L. Nashed, Prog. Theor. Phys. 98, 1355 (1997); S. Deser, J. S. Franklin and D. Seminara, Class. Quantum Grav. 16, 2815 (1999); S. V. Babak and L. P. Grishchuck, Phys. Rev. D61, 024038 (2000); Y. Itin Class. Quantum Grav. 19, 173 (2002); Y. Itin, Gen. Rel. Grav. 34, 1819 (2002); J. W. Maluf, Gen. Rel. Grav. 30, 413 (1998); J. W. Maluf, J. F. da Rocha-Neto, T. M. L. Toríbio and K.H. Castello-Branco, Phys. Rev. D65, 124001 (2002).

60 J. D. Brown and J. W. York, Phys. Rev. D47, 1407 (1993). 61 C. C. Chang and J. M. Nester, Phys. Rev. Lett. 83, 1897 (1999). 62 J. W. Maluf, J. Math. Phys. 36, 4242 (1995).

63 T. Shirafuji, G. L. Nashed and Y. Kobayashi, Prog. Theor. Phys. 96, 933 (1996). 64 K. Hayashi, Lett. Nuovo Cimento 5, 529 (1972).

65 See, for example, S. Weinberg, Gravitation and Cosmology (Wiley, New York, 1972). 66 N. P. Konopleva and V. N. Popov, Gauge Fields (Harwood, New York, 1980). 67 See, for example, R. Weitzenböck, Invariantentheorie (Noordhoff, Gronningen, 1923), page 356. 68 V. C. de Andrade, L. C. T. Guillen and J. G. Pereira, Teleparallel Gravity: An Overview, in Proceedings of the Ninth Marcel Grossmann Meeting, ed. by V. G. Gurzadyan, R. T. Jantzen and R. Ruffini (World Scientific, Singapore, 2002) [gr-qc/0011087].

69 J. Nitsch and F. W. Hehl, Phys. Lett. B90 98 (1980). 70 J. Audretsch, Phys. Rev. D24 1470 (1981).

71 I. Ciufolini and J. A. Wheeler, Gravitation and Inertia (Princeton University Press, Princeton, 1995) 72 J. G. Pereira, T. Vargas and C. M. Zhang, Class. Quantum Grav. 18 833 (2001). 73 R. Aldrovandi, J. G. Pereira and K. H. Vu, Class. Quantum Grav. 21, 51 (2004). 74 T. T. Wu and C. N. Yang, Phys. Rev. D12, 3845 (1975).

75 R. Colella, A. W. Overhauser and S. A. Werner, Phys. Rev. Lett. 34, 1472 (1974).

76 A. K. Lawrence, D. Leiter and G. Samozi, Nuovo Cimento 17B, 113 (1973); L. H. Ford and A. Vilenkin, J. Phys. A14, 2353 (1981); V. B. Bezerra, Class. Quantum Grav. 8, 1939 (1991).

77 We remark that absence of torsion, which happens in internal gauge theories, is different from the presence of a vanishing torsion, which happens in general relativity.

78 D. W. Sciama, Rev. Mod. Phys. 36 463 (1964).

79 M. Calçada and J. G. Pereira, Int. J. Theor. Phys. 41 729 (2002). 80 I. M. Singer, Comm. Math. Phys. 60, 7 (1978).

81 S. K. Wong, Nuovo Cimento A65, 689 (1970); W. Drechsler, Phys. Lett. B90, 258 (1980). 82 K. Yee and M. Bander, Phys. Rev. D48, 2797 (1993). 83 A. Papapetrou, Proc. R. Soc. (London) A209, 248 (1951).

84 R. Y. Chiao, in Wheeler’s 90th Birthday Symposium Proceedings (Cambridge University Press, Cambridge, 2003) [gr-qc/0303100].

85 A discussion, with a list of references on possible experiments to probe torsion, can be found in Ref. [15].