arXiv:gr-qc/0501045 v1 13 Jan 2005

FLUCTUATIONS, GRAVITY, AND THE QUANTUM POTENTIAL

ROBERT CARROLL UNIVERSITY OF ILLINOIS, URBANA, IL 61801

Abstract. We show how the quantum potential arises in various ways and trace its connection to quantum fluctuations and Fisher information along with its realization in terms of Weyl curvature. It represents a genuine quantization factor for certain classical systems as well as an expression for quantum matter in gravity theories of Weyl-Dirac type. Many of the facts and examples are extracted from the literature (with references cited) and we mainly provide connections and interpretation, with a few new observations. We deliberately avoid ontological and epistemological discussion and resort to a collection of contexts where the quantum potential plays a visibly significant role. In particular we sketch some recent results of F. and A. Shojai on Dirac-Weyl action and Bohmian mechanics which connects quantum mass to the Weyl geometry. Connections à la Santamato of the quantum potential with Weyl curvature arising from a stochastic geometry, are also indicated for the Schrödinger equation (SE) and Klein-Gordon (KG) equation. Quantum fluctuations and quantum geometry are linked with the quantum potential via Fisher information. Derivations of SE and KG from Nottale’s scale relativity are sketched along with a variety of approaches to the KG equation. Finally connections of geometry and mass generation via Weyl-Dirac geometry with many cosmological implications are indicated, following M. Israelit and N. Rosen.

Contents

1. THE SCHRÖDINGER EQUATION 2 1.1. THE SCHRÖDINGER EQUATION IN WEYL SPACE 6 1.2. FISHER INFORMATION REVISITED 10 2. BOHMIAN MECHANICS AND WEYL GEOMETRY 13 2.1. DIRAC-WEYL ACTION 19 3. MORE ON KLEIN GORDON EQUATIONS 21 3.1. BERTOLDI-FARAGGI-MATONE THEORY 21 3.2. KLEIN GORDON À LA SANTAMATO 27 3.3. KLEIN GORDON VIA SCALE RELATIVITY 30 3.4. FIELD THEORETIC METHODS 33 3.5. DeDONDER-WEYL AND KG 35 4. DIRAC WEYL GEOMETRY 39 5. REMARKS ON QUANTUM GEOMETRY 42 References 1

Date: January, 2005.

email: rcarroll@math.uiuc.edu.

1

1. THE SCHRÖDINGER EQUATION The quantum potential seems to have achieved prominence via the work of L. deBroglie and D. Bohm plus many others on what is often now called Bohmian mechanics. There have been many significant contributions here and we refer to [40, 41, 42, 43, 44, 47, 50, 54] for a reasonably complete list of references. A good picture of the current theory can be obtained from the papers by an American-German-Italian (AGI) group of Allori, Barut, Berndl, Daumer, Dürr, Georgi, Goldstein, Lebowitz, Teufel, Tumulka, and Zanghi (cf. [8, 9, 19, 22, 23, 24, 25, 26, 69, 73, 74, 75, 76, 77, 78, 79, 87, 89, 87, 91, 92, 93, 94, 189, 190, 194]). We refer also to Holland [103, 104, 105, 106], Nikolić [134, 135, 136, 137, 138], Floyd [83, 84], and Bertoldi, Faraggi, and Matone [27, 81, 82] for other approaches and summaries. Other specific references will arise as we go along but we emphasize with apologies that there are many more interesting papers omitted here which hopefully are covered in [54].

First in a simple minded way one can look at a Schrödinger equation (SE)

(1.1) − ℏ^2 2m ψ^{′′} + V ψ = iℏψ_t; ψ = Re^{iS/ℏ} leading to (^′ ∼ ∂_x)

(1.2) S_t +

S^2_x 2m + V − ℏ^2R^{′′} R = 0; ∂_t(R^2) + 1 m (R^2S^′)^′ = 0

(1.3) P = R^2 ∼ |ψ|^2; Q = − ℏ^2 2m R^{′′} R ⇒ S_t +

(S^′)^2 2m + Q + V = 0; P_t + 1 m (P S^′)^′ = 0

Here Q is the quantum potential and in 3-dimensions for example one expresses this as Q = −(ℏ^2/2m)(Δ √ ρ)/ √ ρ (R = √ P , P ∼ ρ). In a hydrodynamic mode one can write (1-dimension for simplicity and with the proviso that S ≠ const.) p = S^′ = mq̇ = mv (v a velocity or collective velocity) and ρ = mP (ρ an unspecified mass density) to obtain an Euler type hydrodynamic equation (∂ ∼ ∂_x)

(1.4) ∂_t(ρv) + ∂(ρv^2) + ρ m ∂V + ρ m ∂Q = 0 REMARK 1.1. Given a wave function ψ with |ψ|^2 representing a probability density as in conventional quantum mechanics (QM) it is not unrealistic to imagine an ensemble picture emerging here (as a “cloud” of particles for example). This will be analogous to diffusion or fluid flow of course but can also be modeled on a Bohmian particle picture and this will be discussed later in more detail. We note also that Q appears in the Hamilton- Jacobi (HJ) type equation (1.3) but is not present in the SE (1.1). If one were to interpret ∂V as a hydrodynamical pressure term −(1/ρ)∂P then the SE would be unchanged and the hydrodynamical equation (with no Q term) would be meaningful in the form

(1.5) ∂_t(ρv) + ∂(ρv^2) = 1 m ∂P Thinking of Q as a quantization of (1.5) yielding (1.4) leads then to the SE (1.1). ■

REMARK 1.2. The development of the AGI school involves now

(1.6) q̇ = v = ℏ m ℑ ψ^∗ψ^′ |ψ|^2 and this is derived as the simplest Galilean and time reversal invariant form for velocity transforming correctly under velocity boosts. This is a nice argument and seems to avoid any recourse to Floydian time (cf. [50, 54]). ■

Next we consider relations of diffusion to QM following Nagasawa, Nelson, et al (cf. [131, 132, 133] - see also e.g. [67, 70, 86, 119, 120, 121]) and sketch some formulas for a simple Euclidean metric where Δ = ∑ (∂/∂x^i)^2. Then ψ(t, x) = exp[R(t, x) + iS(t, x)] satisfies a SE i∂_tψ + (1/2)Δψ + ia(t, x) · ∇ψ − V (t, x)ψ = 0 (ℏ = m = 1)) if and only if

(1.7) V = − ∂S ∂t + 1 2 ΔR + 1 2 (∇R)^2 − 1 2 (∇S)^2 − a · ∇S; 0 = ∂R ∂t + 1 2 ΔS + (∇S) · (∇R) + a · ∇R in the region D = {(s, x) : ψ(s, x) ≠ 0}. Solutions are often referred to as weak or distributional but we do not belabor this point. From [131] there results THEOREM 1.1. Let ψ(t, x) = exp[R(t, x) + iS(t, x)] be a solution of the SE above; then ϕ(t, x) = exp[R(t, x) + S(t, x)] and ϕ̂ = exp[R(t, x) − S(t, x)] are solutions of (1.8) ∂ϕ ∂t + 1 2 Δϕ + a(t, x) · ∇ϕ + c(t, x, ϕ)ϕ = 0; − ∂ϕ̂ ∂t + 1 2 Δϕ̂ − a(t, x) · ∇ϕ̂ + c(t, x, ϕ)ϕ̂ = 0 where the creation and annihilation term c(t, x, ϕ) is given via (1.9) c(t, x, ϕ) = −V (t, x) − 2 ∂S ∂t (t, x) − (∇S)^2(t, x) − 2a · ∇S(t, x) Conversely given (ϕ, ϕ̂) as above satisfying (1.8) it follows that ψ satisfies the SE with V as in (1.9) (note R = (1/2)log(ϕ̂ϕ) and S = (1/2)log(ϕ/ϕ̂) with exp(R) = (ϕ̂ϕ)^{1/2}). ■

From this one can conclude that nonrelativistic QM is diffusion theory in terms of Schrödinger processes (described by (ϕ, ϕ̂) - more details later). Further it is shown that key postulates in Nelson’s stochastic mechanics or Zambrini’s Euclidean QM (cf. [202]) can both be avoided in connecting the SE to diffusion processes (since they are automatically valid). Look now at Theorem 1.1 for one dimension and write T = ℏt with X = (ℏ/ √ m)x; then some simple calculation leads to

COROLLARY 1.1. Equation (1.8), written in the (X, T ) variables becomes

(1.10) ℏϕ_T + ℏ^2 2m ϕ_{XX} + Aϕ_X + c̃ϕ = 0; −ℏϕ̂_T + ℏ^2 2m ϕ̂_{XX} − Aϕ̂_X + c̃ϕ̂ = 0; c̃ = −Ṽ (X, T ) − 2ℏS_T − ℏ^2 m S^2_X − 2AS_X Thus the diffusion processes pick up factors of ℏ and ℏ/ √ m. ■ Next we sketch a derivation of the SE following scale relativity à la Nottale (cf. [58, 139, 140, 141, 142, 144] and [56, 64, 65, 66] for some refinements and variations); this material is expanded in [40, 54].

REMARK 1.3. One considers quantum paths à la Feynman so that lim_{t→t}′ [X(t) − X(t^′)]^2/(t−t^′) exists. This implies X(t) ∈ H^{1/2} where H^α means cϵ^α ≤ |X(t)−X(t^′ )| ≤ Cϵ^α and from [80] for example this means dim_H X[a, b] = 1/2. Now one “knows” (see e.g. [1]) that quantum and Brownian motion paths (in the plane) have H-dimension 2 and some clarification is needed here. We refer to [125] where there is a paper on Wiener Brownian motion (WBM), random walks, etc. discussing Hausdorff and other dimensions of various sets. Thus given 0 < λ < 1/2 with probability 1 a Browian sample function X satisfies |X(t + h) − X(t)| ≤ b|h|^λ for |h| ≤ h_0 where b = b(λ). This leads to the result that with probability 1 the graph of a Brownian sample function has Hausdorff and box dimension 3/2. On the other hand a Browian trail (or path) in 2 dimensions has Hausdorff and box dimension 2 (note a quantum path can have self intersections, etc.). ■

Now fractal spacetime here will mean some kind of continuous nonsmooth pathspace so that a bivelocity structure is defined. One defines first

(1.11) d_+ dt y(t) = lim_{Δt→0+} ⟨ y(t + Δt) − y(t) Δt ⟩ ; d_− dt y(t) = lim_{Δt→0+} ⟨ y(t) − y(t − Δt) Δt ⟩

Applied to the position vector x this yields forward and backward mean velocities, namely (d_+/dt)x(t) = b_+ and (d_−/dt)x(t) = b_−. Here these velocities are defined as the average at a point q and time t of the respective velocities of the outgoing and incoming fractal trajectories; in stochastic QM this corresponds to an average on the quantum state. The position vector x(t) is thus “assimilated” to a stochastic process which satisfies respectively after (dt > 0) and before (dt < 0) the instant t a relation dx(t) = b_+[x(t)]dt + dξ_+(t) = b_−[x(t)]dt + dξ_−(t) where ξ(t) is a Wiener process (cf. [133]). It is in the description of ξ that the D = 2 fractal character of trajectories is inserted; indeed that ξ is a Wiener process means that the dξ’s are assumed to be Gaussian with mean 0, mutually independent, and such that (1.12) < dξ_{+i}(t)dξ_{+j} (t) >= 2Dδ_{ij} dt; < dξ_{−i}(t)dξ_{−j}(t) >= −2Dδ_{ij} dt where < > denotes averaging (D is now the diffusion coefficient). Nelson’s postulate (cf. [133]) is that D = ℏ/2m and this has considerable justification (cf. [139]). Note also that (1.12) is indeed a consequence of fractal (Hausdorff) dimension 2 of trajectories follows from < dξ^2 > /dt^2 = dt^{−1}, i.e. precisely Feynman’s result < v^2 >^{1/2}∼ δt^{−1/2}. Note that Brownian motion (used in Nelson’s postulate) is known to be of fractal (Hausdorff) dimension 2. Note also that any value of D may lead to QM and for D → 0 the theory becomes equivalent to the Bohm theory. Now expand any function f(x, t) in a Taylor series up to order 2, take averages, and use properties of the Wiener process ξ to get

(1.13) d_+f dt = (∂_t + b_+ · ∇ + DΔ)f; d_−f dt = (∂_t + b_− · ∇ − DΔ)f

Let ρ(x, t) be the probability density of x(t); it is known that for any Markov (hence Wiener) process one has ∂_tρ + div(ρb_+) = DΔρ (forward equation) and ∂_tρ + div(ρb_−) = −DΔρ (backward equation). These are called Fokker-Planck equations and one defines two new average velocities V = (1/2)[b_+ + b_−] and U = (1/2)[b_+ − b_−]. Consequently adding and subtracting one obtains ρ_t+div(ρV ) = 0 (continuity equation) and div(ρU )−DΔρ = 0 which is equivalent to div[ρ(U −D∇log(ρ))] = 0. One can show, using (1.13) that the term in square brackets in the last equation is zero leading to U = D∇log(ρ). Now place oneself in the (U, V ) plane and write V = V − iU . Then write (d_V /dt) = (1/2)(d_+ + d_−)/dt and (d_U /dt) = (1/2)(d_+ − d_−)/dt. Combining the equations in (1.13) one defines (d_V /dt) = ∂_t + V · ∇ and

(d_U /dt) = DΔ + U · ∇; then define a complex operator (d^′/dt) = (d_V /dt) − i(d_U /dt) which becomes

(1.14) d^′ dt = ( ∂ ∂t − iDΔ ) + V · ∇ One now postulates that the passage from classical mechanics to a new nondifferentiable process considered here can be implemented by the unique prescription of replacing the standard d/dt by d^′/dt. Thus consider S = ⟨∫_{t2} t_1 L(x, V, t)dt ⟩ yielding by least action (d^′/dt)(∂L/∂V_i) = ∂L/∂x_i. Define then P_i = ∂L/∂V_i leading to P = ∇S (recall the classical action principle with dS = pdq − Hdt). Now for Newtonian mechanics write L(x, v, t) = (1/2)mv^2 − U which becomes L(x, V, t) = (1/2)mV^2 − U leading to −∇U = m(d^′/dt)V. One separates real and imaginary parts of the complex acceleration γ = (d^′V/dt to get

(1.15) d^′V = (d_V − id_U )(V − iU ) = (d_V V − d_U U ) − i(d_U V + d_V U )

The force F = −∇U is real so the imaginary part of the complex acceleration vanishes; hence

(1.16) d_U dt V + d_V dt U = ∂U ∂t + U · ∇V + V · ∇U + DΔV = 0 from which ∂U/∂t may be obtained. This is a weak point in the derivation since one has to assume e.g. that U (x, t) has certain smoothness properties. Now considerable calculation leads to the SE iℏψ_t = −(ℏ^2/2m)Δψ + Uψ and this suggests an interpretation of QM as mechanics in a nondifferentiable (fractal) space. In fact (using one space dimension for convenience) we see that if U = 0 then the free motion m(d^′/dt)V = 0 yields the SE iℏψ_t = −(ℏ^2/2m)ψ_{xx} as a geodesic equation in “fractal” space. Further from U = (ℏ/m)(∂ √ ρ/ √ ρ) and Q = −(ℏ^2/2m)(Δ √ ρ/ √ ρ) one arrives at a lovely relation, namely

PROPOSITION 1.1. The quantum potential Q can be written in the form Q = −(m/2)U^2− (ℏ/2)∂U . Hence the quantum potential arises directly from the fractal nonsmooth nature of the quantum paths. Since Q can be thought of as a quantization of a classical motion we see that the quantization corresponds exactly to the existence of nonsmooth paths. Consequently smooth paths imply no quantum mechanics.

REMARK 1.4. In [5] one writes again ψ = Rexp(iS/ℏ) with field equations in the hydrodynamical picture (1-D for convenience)

(1.17) d_t(m_0ρv) = ∂_t(m_0ρv) + ∇(m_0ρv) = −ρ∇(u + Q); ∂_tρ + ∇ · (ρv) = 0

where Q = −(ℏ^2/2m_0)(Δ √ ρ/ √ ρ). The Nottale approach is used as above with d_v ∼ d_V and d_u ∼ d_U . One assumes that the velocity field from the hydrodynamical model agrees with the real part v of the complex velocity V = v − iu so v = (1/m_0)∇s ∼ 2D∂s and u = −(1/m_0)∇σ ∼ D∂log(ρ) where D = ℏ/2m_0. In this context the quantum potential Q = −(ℏ^2/2m_0)ΔD √ ρ/ √ ρ becomes

(1.18) Q = −m_0D∇ · u − (1/2)m_0u^2 ∼ −(ℏ/2)∂u − (1/2)m_0u^2

Consequently Q arises from the fractal derivative and the nondifferentiability of spacetime again, as in Proposition 1.1. Further one can relate u (and hence Q) to an internal stress tensor whereas the v equations correspond to systems of Navier-Stokes type.

REMARK 1.5. We note that it is the presence of ± derivatives that makes possible the introduction of a complex plane to describe velocities and hence QM; one can think of this as the motivation for a complex valued wave function and the nature of the SE. ■

REMARK 1.6. In [56] one extends ideas of Nottale and Ord (cf. [148, 149, 150, 151]) in order to derive an interesting nonlinear Schrödinger equation (NLSE) using a complex diffusion coefficient and a hydrodynamic model.

1.1. THE SCHRÖDINGER EQUATION IN WEYL SPACE. We go now to Santamato [171] and derive the SE from classical mechanics in Weyl space (i.e. from Weyl geometry - cf. also [18, 42, 43, 55, 108, 172, 199]). The idea is to relate the quantum force (arising from the quantum potential) to geometrical properties of spacetime; the Klein- Gordon (KG) equation is also treated in this spirit in [55, 172]. One wants to show how geometry acts as a guidance field for matter (as in general relativity). Initial positions are assumed random (as in the Madelung approach) and thus the theory is statistical and is really describing the motion of an ensemble. Thus assume that the particle motion is given by some random process q^i(t, ω) in a manifold M (where ω is the sample space tag) whose probability density ρ(q, t) exists and is properly normalizable. Assume that the process q^i(t, ω) is the solution of differential equations (1.19) q̇^i(t, ω) = (dq^i/dt)(t, ω) = v^i(q(t, ω), t) with random initial conditions q^i(t_0, ω) = q^i_0(ω). Once the joint distribution of the random variables q^i_0(ω) is given the process q^i(t, ω) is uniquely determined by (1.19). One knows that in this situation ∂_tρ + ∂_i(ρv^i) = 0 (continuity equation) with initial Cauchy data ρ(q, t) = ρ_0(q). The natural origin of v^i arises via a least action principle based on a Lagrangian L(q, q̇, t) with (1.20) L^∗(q, q̇, t) = L(q, q̇, t) − Φ(q, q̇, t); Φ = dS dt = ∂_tS + q̇^i∂_iS

Then v^i(q, t) arises by minimizing

(1.21) I(t_0, t_1) = E[ ∫_{t1} t_0 L^∗(q(t, ω), q̇(t, ω), t)dt] where t_0, t_1 are arbitrary and E denotes the expectation (cf. [40, 41, 131, 132, 133] for stochastic ideas). The minimum is to be achieved over the class of all random motions q^i(t, ω) obeying (1.20) with arbitrarily varied velocity field v^i(q, t) but having common initial values. One proves first

(1.22) ∂_tS + H(q, ∇S, t) = 0; v^i(q, t) = ∂H ∂p_i (q, ∇S(q, t), t) Thus the value of I in (1.21) along the random curve q^i(t, q_0(ω)) is

(1.23) I(t_1, t_0, ω) = ∫_{t1} t_0 L^∗(q(, q_0(ω)), q̇(t, q_0(ω)), t)dt Let μ(q_0) denote the joint probability density of the random variables q^i_0(ω) and then the expectation value of the random integral is

(1.24) I(t_1, t_0) = E[I(t_1, t_0, ω)] = ∫ R^n ∫_{t1} t_0 μ(q_0)L^∗(q(t, q_0), q̇(t, q_0), t)d^nq_0dt Standard variational methods give then

(1.25) δI = ∫ R^n

d^nq_0μ(_0) [ ∂L^∗ ∂q̇^i (q(t_1, q_0), ∂_tq(t_1, q_0), t)δq^i(t_1, q_0)−

− ∫_{t1} t_0 dt ( ∂ ∂t ∂L^∗ ∂q̇^i (q(t, q_0), ∂_tq)t, q_0), t) − ∂L^∗ ∂q^i (q(t, q_0), ∂_tq(t, q_0), t) ) δq^i(t, q_0) ]

where one uses the fact that μ(q_0) is independent of time and δq^i(t_0, q_0) = 0 (recall common initial data is assumed). Therefore

(1.26) (A) (∂L^∗/∂q̇^i)(q(t, q_0), ∂_tq(t, q_0), t) = 0; (B) ∂ ∂t ∂L^∗ ∂q̇^i (q(t, q_0), ∂_tq(t, q_0, t) − ∂L^∗ ∂q^i (q(t, q_0), ∂_tq(t, q_0), t) = 0

are the necessary conditions for obtaining a minimum of I. Conditions (B) are the usual Euler-Lagrange (EL) equations whereas (A) is a consequence of the fact that in the most general case one must retain varied motions with δq^i(t_1, q_0) different from zero at the final time t_1. Note that since L^∗ differs from L by a total time derivative one can safely replace L^∗ by L in (B) and putting (1.20) into (A) one obtains the classical equations

(1.27) p_i = (∂L/∂q̇^i)(q(t, q_0), q̇(t, q_0), t) = ∂_iS(q(t, q_0), t)

It is known now that if det[(∂^2L/∂q̇^i∂q̇^j ] ≠ 0 then the second equation in (1.22) is a consequence of the gradient condition (1.27) and of the definition of the Hamiltonian function H(q, p, t) = p_iq̇^i − L. Moreover (B) in (1.26) and (1.27) entrain the HJ equation in (??). In order to show that the average action integral (1.24) actually gives a minimum one needs δ^2I > 0 but this is not necessary for Lagrangians whose Hamiltonian H has the form

(1.28) H_C(q, p, t) = 1 2m g^{ik}(p_i − A_i)(p_k − A_k) + V

with arbitrary fields A_i and V (particle of mass m in an EM field A) which is the form for nonrelativistic applications; given positive definite g_{ik} such Hamiltonians involve sufficiency conditions det[∂^2L/∂q̇^i∂q̇^k] = mg > 0. Finally (B) in (1.26) with L^∗ replaced by L) shows that along particle trajectories the EL equations are satisfied, i.e. the particle undergoes a classical motion with probability one. Notice here that in (1.22) no explicit mention of generalized momenta is made; one is dealing with a random motion entirely based on position. Moreover the minimum principle (1.21) defines a 1-1 correspondence between solutions S(q, t) in (1.22) and minimizing random motions q^i(t, ω). Provided v^i is given via (1.22) the particle undergoes a classical motion with probability one. Thus once the Lagrangian L or equivalently the Hamiltonian H is given, ∂_tρ + ∂_i (ρv^i) = 0 and (1.22) uniquely determine the stochastic process q^i(t, ω). Now suppose that some geometric structure is given on M so that the notion of scalar curvature R(q, t) of M is meaningful. Then we assume (ad hoc) that the actual Lagrangian is (1.29) L(q, q̇, t) = L_C (q, q̇, t) + γ(ℏ^2/m)R(q, t) where γ = (1/6)(n − 2)/(n − 1) with n = dim(M ). Since both L_C and R are independent of ℏ we have L → L_C as ℏ → 0.

Now for a differential manifold with ds^2 = g_{ik}(q)dq^idq^k it is standard that in a transplantation q^i → q^i + δq^i one has δA^i = Γ^i_{kℓ}A^ℓdq^k with Γ^i_{kℓ} general affine connection coefficients on M (Riemannian structure is not assumed). In [171] it is assumed that for ℓ = (g_{ik}A^iA^k)^{1/2} one has δℓ = ℓϕ_kdq^k where the ϕ_k are covariant components of an arbitrary vector (Weyl geometry). Then the actual affine connections Γ^i_{kℓ} can be found by comparing this with δℓ^2 = δ(g_{ik}A^iA^k) and using δA^i = Γ^i_{kℓ}A^ℓdq^k. A little linear algebra gives then

(1.30) Γ^i_{kℓ} = − { i k ℓ } + g^{im}(g_{mk}ϕ_ℓ + g_{mℓ}ϕ_k − g_{kℓ}ϕ_m)

Thus we may prescribe the metric tensor g_{ik} and ϕ_i and determine via (1.30) the connection coefficients. Note that Γ^i_{kℓ} = Γ^i_{ℓk} and for ϕ_i = 0 one has Riemannian geometry. Covariant derivatives are defined via

(1.31) A^k_{,ı} = ∂_iA^k − Γ^{kℓ}A^ℓ; A_{k,i} = ∂_iA_k + Γ^ℓ_{ki}A_ℓ

for covariant and contravariant vectors respectively (where S_{,i} = ∂_iS). Note Ricci’s lemma no longer holds (i.e. g_{ik,ℓ} ≠ 0) so covariant differentiation and operations of raising or lowering indices do not commute. The curvature tensor R^i_{kℓm} in Weyl geometry is introduced via A^i_{,k,ℓ} −A^i_{,ℓ,k} = F^i_{mkℓ}A^m from which arises the standard formula of Riemannian geometry

(1.32) R^i_{mkℓ} = −∂_ℓΓ^i_{mk} + ∂_kΓ^i_{mℓ} + Γ^i_{nℓ}Γ^n_{mk} − Γ^i_{nk}Γ^n_{mℓ}

where (1.30) is used in place of the Christoffel symbols. The tensor R^i_{mkℓ} obeys the same symmetry relations as the curvature tensor of Riemann geometry as well as the Bianchi identity. The Ricci symmetric tensor R_{ik} and the scalar curvature R are defined by the same formulas also, viz. R_{ik} = R^ℓ_{iℓk} and R = g^{ik}R_{ik}. For completeness one derives here

(1.33) R = Ṙ + (n − 1)[(n − 2)ϕ_iϕ^i − 2(1/ √ g)∂_i( √ gϕ^i)] where Ṙ is the Riemannian curvature built by the Christoffel symbols. Thus from (1.30) one obtains

(1.34) g^{kℓ}Γ^i_{kℓ} = −g^{kℓ} { i k ℓ } − (n − 2)ϕ^i; Γ^i_{kℓ} = − { i k ℓ } + nϕ_k Since the form of a scalar is independent of the coordinate system used one may compute R in a geodesic system where the Christoffel symbols and all ∂_ℓg_{ik} vanish; then (1.30) reduces to Γ^i_{kℓ} = ϕ_kκ^i_ℓ + ϕ_ℓδ^i_k − g_{kℓ}ϕ^i and hence

(1.35) R = −g^{km}∂_mΓ^i_{kℓ} + ∂_i(g^{kℓ}Γ^i_{kℓ}) + g^{ℓm}Γ^i_{nℓ}Γ^n_{mi} − g^{mℓ}Γ^i_{nℓ}Γ^n_{mℓ}

Further one has g^{ℓm}Γ^i_{nℓ}Γ^n_{mi} = −(n − 2)(ϕ_kϕ^k) at the point in consideration. Putting all this in (1.35) one arrives at

(1.36) R = Ṙ + (n − 1)(n − 2)(ϕ_kϕ^k) − 2(n − 1)∂_kϕ^k

which becomes (1.33) in covariant form. Now the geometry is to be derived from physical principles so the ϕ_i cannot be arbitrary but must be obtained by the same averaged least action principle (1.21) giving the motion of the particle. The minimum in (1.21) is to be evaluated now with respect to the class of all Weyl geometries having arbitrarily varied gauge vectors but fixed metric tensor. Note that once (1.29) is inserted in (1.20) the only term in (1.21) containing the gauge vector is the curvature term. Then observing that γ > 0 when n ≥ 3 the minimum principle (1.21) may be reduced to the simpler form E[R(q(t, ω), t)] = min where only the gauge vectors ϕ_i are varied. Using (1.33) this is easily done. First a little argument shows that ρ̂(q, t) = ρ(q, t)/ √ g transforms as a scalar in a coordinate change and this will be called the scalar probability density of the random motion of the particle (statistical determination of geometry). Starting from ∂_tρ + ∂_i(ρv^i) = 0 a manifestly covariant equation for ρ̂ is found to be ∂_tρ̂ + (1/ √ g)∂_i( √ gv^iρ̂) = 0. Now return to the minimum problem E[R(q(t, ω), t)] = min; from (1.33) and ρ̂ = ρ/ √ g one obtains (1.37) E[R(q(t, ω), t)] = E[Ṙ(q(t, ω), t)]+ +(n − 1) ∫ M [(n − 2)ϕ_iϕ^i − 2(1/ √ g)∂_i( √ gϕ^i)]ρ̂(q, t) √ gd^nq

Assuming fields go to 0 rapidly enough on ∂M and integrating by parts one gets then

(1.38) E[R] = E[Ṙ] − n − 1 n − 2 E[g^{ik}∂_i(log(ρ̂)∂_k(log(ρ̂)]+ + n − 1 n − 2 E{g^{ik}[(n − 2)ϕ_i + ∂_i(log(ρ̂)][(n − 2)ϕ_k + ∂_k(log(ρ̂)]} Since the first two terms on the right are independent of the gauge vector and g^{ik} is positive definite E[R] will be a minimum when (1.39) ϕ_i(q, t) = −[1/(n − 2)]∂_i[log(ρ̂)(q, t)]

This shows that the geometric properties of space are indeed affected by the presence of the particle and in turn the alteration of geometry acts on the particle through the quantum force f_i = γ(ℏ^2/m)∂_iR which according to (1.33) depends on the gauge vector and its derivatives. It is this peculiar feedback between the geometry of space and the motion of the particle which produces quantum effects.

In this spirit one goes now to a geometrical derivation of the SE. Thus inserting (1.39) into (1.33) one gets

(1.40) R = Ṙ + (1/2γ √ ρ̂)[1/ √ g)∂_i( √ gg^{ik}∂_k √ ρ̂)] where the value (n − 2)/6(n − 1) for γ is used. On the other hand the HJ equation (1.20) can be written as (1.41) ∂_tS + H_C(q, ∇S, t) − γ(ℏ^2/m)R = 0

where (1.29) has been used. When (1.40) is introduced into (1.41) the HJ equation and the continuity equation ∂_tρ̂ + (1/ √ g)( √ gv^iρ̂) = 0, with velocity field given by (1.22), form a set of two nonlinear PDE which are coupled by the curvature of space. Therefore self consistent random motions of the particle (i.e. random motions compatible with (1.35)) are obtained by solving (1.41) and the continuity equation simultaneously. For every pair of solutions S(q, t, ρ̂(q, t)) one gets a possible random motion for the particle whose invariant probability density is ρ̂. The present approach is so different from traditional QM that a proof of equivalence is needed and this is only done for Hamiltonians of the form (1.28) (which is not very restrictive). The HJ equation corresponding to (1.28) is

(1.42) ∂_tS + 1 2m g^{ik}(∂_iS − A_i)(∂_kS − A_k) + V − γ ℏ^2 m R = 0

with R given by (1.40). Moreover using (1.22) as well as (1.33) the continuity equation becomes (1.43) ∂_tρ̂ + (1/m √ g)∂_i[ρ̂ √ gg^{ik}(∂_kS − A_k)] = 0

Owing to (1.40), (1.42) and (1.43) form a set of two nonlinear PDE which must be solved for the unknown functions S and ρ̂. Now a straightforward calculations shows that, setting

(1.44) ψ(q, t) = √ ρ̂(q, t)exp](i/ℏ)S(q, t)], the quantity ψ obeys a linear PDE (corrected from [171])

(1.45) iℏ∂_tψ = 1 2m {[ iℏ∂_i √ g √ g + A_i ] g^{ik}(iℏ∂_k + A_k) } ψ + [ V − γ ℏ^2 m Ṙ ] ψ where only the Riemannian curvature Ṙ is present (any explicit reference to the gauge vector ϕ_i having disappeared). (1.45) is of course the SE in curvilinear coordinates whose invariance under point transformations is well known. Moreover (1.44) shows that |ψ|^2 = ρ̂(q, t) is the invariant probability density of finding the particle in the volume element d^nq at time t. Then following Nelson’s arguments that the SE together with the density formula contains QM the present theory is physically equivalent to traditional nonrelativistic QM. One sees also from (1.44) and (1.45) that the time independent SE is obtained via S = S_0(q) − Et with constant E and ρ̂(q). In this case the scalar curvature of space becomes time independent; since starting data at t_0 is meaningless one replaces the continuity equation with a condition ∫ M ρ̂(q) √ gd^nq = 1.

REMARK 1.6. We recall that in the nonrelativistic context the quantum potential has the form Q = −(ℏ^2/2m)(∂^2 √ ρ/ √ ρ) (ρ ∼ ρ̂ here) and in more dimensions this corresponds to Q = −(ℏ^2/2m)(Δ √ ρ/ √ ρ). Here we have a SE involving ψ = √ ρexp[(i/ℏ)S] with corre- sponding HJ equation (1.42) which corresponds to the flat space 1-D S_t +(s^′)^2/2m+V +Q = 0 with continuity equation ∂_tρ + ∂(ρS^′ /m) = 0 (take A_k = 0 here). The continuity equation in (1.43) corresponds to ∂_tρ + (1/m √ g)∂_i[ρ √ gg^{ik}(∂_kS)] = 0. For A_k = 0 (1.42) becomes

(1.46) ∂_tS + (1/2m)g^{ik}∂_iS∂_kS + V − γ(ℏ^2/m)R = 0

This leads to an identification Q ∼ −γ(ℏ^2/m)R where R is the Ricci scalar in the Weyl geometry (related to the Riemannian curvature built on standard Christoffel symbols via (1.33)). Here γ = (1/6)[(n − 2)(n − 2)] as above which for n = 3 becomes γ = 1/12; further the Weyl field ϕ_i = −∂_ilog(ρ). Consequently (see below).

PROPOSITION 1.2. For the SE (1.45) in Weyl space the quantum potential is Q = −(ℏ^2/12m)R where R is the Weyl-Ricci scalar curvature. For Riemannian flat space Ṙ = 0 this becomes via (1.40)

(1.47) R = 1 2γ √ ρ ∂_ig^{ik}∂_k √ ρ ∼ 1 2γ Δ √ ρ √ ρ ⇒ Q = − ℏ^2 2m Δ √ ρ √ ρ as is should and the SE (1.45) reduces to the standard SE in the form iℏ∂_tψ = −(ℏ^2/2m)Δψ+ V ψ (A_k = 0). ■

REMARK 1.7. In [172] (first paper) one begins with a generic 4-dimensional manifold with torsion free connections and a metric tensor g_{μν} (ℏ = c = 1 for convenience). Then working with an average action principle based on [95] the particle motion and (Weyl) spacetime geometry are derived in a gauge invariant manner (cf. Section 3.2). Thus an integrable Weyl geometry is produced from a stochastic background via an extremization procedure (see Section 3). An effective particle mass is taken as m^2 − (R/6) ∼ m^2(1 + Q) ≈ m^2exp(Q) corresponding to R/6 = −m^2Q = −□ √ ρ/ √ ρ (here ℏ = c = 1 and one has signature (−, +, +, +) while the term exp(Q) arises from [182]). We refer to [42, 43, 54, 55, 172] and Section 2 for details (for various other approaches see [18, 199]). ■

1.2. FISHER INFORMATION REVISITED. We recall first that the classical Fisher information associated with translations of a 1-D observable X with probability density P (x) (related to a quantum geometry probability measure ds^2 = ∑ [(dp_j)^2/p_j]) is

(1.48) F_X = ∫ dx P (x)([log(P (x)]^′)^2 > 0

(cf. [40, 43, 85, 96, 97, 98, 99, 160, 161]). One has a well known Cramer-Rao inequality V ar(X) ≥ F^{−1}_X where V ar(X) ∼ variance of X. A Fisher length for X is defined via δX = F^{−1/2}_X and this quantifies the length scale over which p(x) (or better log(p(x))) varies appreciably. Then the root mean square deviation ΔX satisfies ΔX ≥ δX. Let now P be the momentum observable conjugate to X, and P_{cl} a classical momentum observable corresponding to the state ψ given via p_{cl}(x) = (ℏ/2i)[(ψ^′/ψ) − (ψ̄^′/ψ̄)]. One has then the identity < p >_ψ=< p_{cl} >_ψ following via integration by parts. Now define the nonclassical momentum by p_{nc} = p − p_{cl} and one shows then (1.49) ΔXΔp ≥ δXΔp ≥ δXΔp_{nc} = ℏ/2 Then consider a classical ensemble of n-dimensional particles of mass m moving under a potential V. The motion can be described via the HJ and continuity equations

(1.50) ∂s ∂t + 1 2m |∇s|^2 + V = 0; ∂P ∂t + ∇ · [ P ∇s m ] = 0 for the momentum potential s and the position probability density P (note that there is no quantum potential and this will be supplied by the information term). These equations follow from the variational principle δL = 0 with Lagrangian

(1.51) L = ∫ dt d^nx P [ (∂s/∂t) + (1/2m)|∇s|^2 + V ] It is now assumed that the classical Lagrangian must be modified due to the existence of random momentum fluctuations. The nature of such fluctuations is immateria and one can assume that the momentum associated with position x is given by p = ∇s + N where the fluctuation term N vanishes on average at each point x. Thus s changes to being an average momentum potential. It follows that the average kinetic energy < |∇s|^2 > /2m appearing in the Lagrangian above should be replaced by < |∇s + N |^2 > /2m giving rise to

(1.52) L^′ = L + (2m)^{−1} ∫ dt < N · N >= L + (2m)^{−1} ∫ dt(ΔN )^2

where ΔN =< N · N >^{1/2} is a measure of the strength of the quantum fluctuations. The additional term is specified uniquely, up to a multiplicative constant, by the three assumptions

(1) Action principle: L^′ is a scalar Lagrangian with respect to the fields P and s where the principle δL^′ = 0 yields causal equations of motion. Thus

(ΔN )^2 = ∫ d^nx pf(P, ∇P, ∂P/∂t, s, ∇s, ∂s/∂t, x, t) for some scalar function f.

(2) Additivity: If the system comprises two independent noninteracting subsystems with P = P_1P_2 then the Lagrangian decomposes into additive subsystem contributions; thus f = f_1 + f_2 for P = P_1P_2.

(3) Exact uncertainty: The strength of the momentum fluctuation at any given time is determined by and scales inversely with the uncertainty in position at that time. Thus ΔN → kΔN for x → x/k. Moreover since position uncertainty is entirely characterized by the probability density P at any given time the function f cannot depend on s, nor explicitly on t, nor on ∂P/∂t.

This leads to the result that (cf. [40, 54, 96])

(1.53) (ΔN )^2 = c ∫ d^nx P |∇log(P )|^2 where c is a positive universal constant. Further for ℏ = 2 √ c and ψ = √ P exp(is/ℏ) the equations of motion for p and s arising from δL^′ = 0 are iℏ^{∂ψ}_{∂t} = −^{ℏ2}_{2m} ∇^2ψ + V ψ.

A second derivation is given in [161, 161]. Thus let P (y^i) be a probability density and P (y^i + Δy^i) be the density resulting from a small change in the y^i. Calculate the cross entropy via

(1.54) J(P (y^i + Δy^i) : P (y^i)) = ∫ P (y^i + Δy^i)log P (y^i + Δy^i) P (y^i) d^ny ≃ ≃ [ 1 2 ∫ 1 P (y^i) ∂P (y^i) ∂y^i ∂P (y^i) ∂y^k) d^ny ] Δy^iΔy^k = I_{jk}Δy^iΔy^k

The I_{jk} are the elements of the Fisher information matrix. The most general expression has the form

(1.55) I_{jk}(θ^i) = 1 2 ∫ 1 P (x^i|θ^i) ∂P (x^i|θ^i) ∂θ^j ∂P (x^i|θ^i) ∂θ^k d^nx where P (x^i|θ^i) is a probability distribution depending on parameters θ^i in addition to the x^i. For P (x^i|θ^i) = P (x^i + θ^i) one recovers (1.54). If P is defined over an n-dimensional manifold with positive inverse metric g^{ik} one obtains a natural definition of the information associated with P via

(1.56) I = g^{ik}I_{ik} = g^{ik} 2 ∫ 1 P ∂P ∂y^i ∂P ∂y^k d^ny Now in the HJ formulation of classical mechanics the equation of motion takes the form

(1.57) ∂S ∂t + 1 2 g^{μν} ∂S ∂x^μ ∂S ∂x^ν + V = 0

where g^{μν} = diag(1/m, · · · , 1/m). The velocity field u^μ is given by u^μ = g^{μν} (∂S/∂x^ν ). When the exact coordinates are unknown one can describe the system by means of a probability density P (t, x^μ) with ∫ P d^nx = 1 and (1.58) (∂P/∂t) + (∂/∂x^μ)(P g^{μν} (∂S/∂x^ν ) = 0 These equations completely describe the motion and can be derived from the Lagrangian

(1.59) L_{CL} = ∫ P {(∂S/∂t) + (1/2)g^{μν} (∂S/∂x^μ)(∂S/∂x^ν ) + V } dtd^nx using fixed endpoint variation in S and P. Quantization is obtained by adding a term proportional to the information I defined in (1.56). This leads to

(1.60) L_{QM} = L_{CL} + λI = ∫ P { ∂S ∂t + 1 2 g^{μν} [ ∂S ∂x^μ ∂S ∂x^ν + λ P^2 ∂P ∂x^μ ∂P ∂x^ν ] + V } dtd^nx Fixed endpoint variation in S leads again to (1.58) while variation in P leads to

(1.61) ∂S ∂t + 1 2 g^{μν} [ ∂S ∂x^μ ∂S ∂x^ν + λ ( 1 P^2 ∂P ∂x^μ ∂P ∂x^ν − 2 P ∂^2P ∂x^μ∂x^ν )] + V = 0

These equations are equivalent to the SE if ψ = √ P exp(iS/ℏ) with λ = (2ℏ)^2.

REMARK 1.8. Following ideas in [55, 56, 139] we note in (1.60) for ϕ_μ ∼ A_μ = ∂_μlog(P ) (cf. (1.39)) and P_μ = ∂_uS, a complex velocity can be envisioned leading to

(1.62) |P_μ + i √ λA_μ|^2 = P^2_μ + λA^2_μ ∼ g^{μν} ( ∂S ∂x^μ ∂S ∂x^ν + λ P^2 ∂P ∂x^μ ∂P ∂x^ν )

Further I in (1.56) is exactly known from ϕ_μ so one has a direct connection between Fisher information and the Weyl field ϕ_μ, along with motivation for a complex velocity. ■

REMARK 1.9. Comparing now with [43] and quantum geometry in the form ds^2 = ∑ (dp^2_j /p_j) on a space of probability distributions we can define (1.56) as a Fisher information metric in the present context. This should be positive definite in view of its relation to (ΔN )^2 in (1.53) for example. Now for ψ = Rexp(iS/ℏ) one has (ρ ∼ ρ̂ here)

(1.63) − ℏ^2 2m R^{′′} R ≡ − ℏ^2 2m ∂^2 √ ρ √ ρ = − ℏ^2 8m [ 2ρ^{′′} ρ − ( ρ^′ ρ )_2]

in 1-D while in more dimensions we have a form (ρ ∼ P )

(1.64) Q ∼ −2ℏ^2g^{μν} [ 1 P^2 ∂P ∂x^μ ∂P ∂x^ν − 2 P ∂^2P ∂x^μ∂x^ν ]

as in (1.63) (arising from the Fisher metric I of (1.56) upon variation in P in the Lagrangian). It can also be related to an osmotic velocity field u = D∇log(ρ) via Q = (1/2)u^2 + D∇ · u connected to Brownian motion where D is a diffusion coefficient (cf. [56, 67, 86, 139]). For ϕ_μ = −∂_μlog(P ) we have then u = −Dϕ with Q = D^2((1/2)(|u|^2 − ∇ · ϕ), expressing Q directly in terms of the Weyl vector. This enforces the idea that QM is built into Weyl geometry! ■

2. BOHMIAN MECHANICS AND WEYL GEOMETRY

From Chapters 1 and 2 we know something about Bohmian mechanics and the quantum potential and we go now to the papers [178, 179, 180, 181, 182, 183, 185, 186] by A. and F. Shojai to begin the present discussion (cf. also [2, 28, 29, 68, 129, 130, 163, 164, 165, 166, 167, 168, 169, 170, 173, 174, 175, 176, 177, 184, 187, 188]). for related work from the Tehran school and [43, 55, 124, 147, 171, 172, 181] for linking of dBB theory with Weyl geometry). In nonrelativistic deBroglie-Bohm theory the quantum potential is Q = −(ℏ^2/2m)(∇^2|Ψ|/|Ψ|). The particles trajectory can be derived from Newton’s law of motion in which the quantum force −∇Q is present in addition to the classical force −∇V . The enigmatic quantum behavior is attributed here to the quantum force or quantum potential (with Ψ determining a “pilot wave” which guides the particle motion). Setting Ψ = √ ρexp[iS/ℏ] one has (2.1) ∂S ∂t + |∇S|^2 2m + V + Q = 0; ∂ρ ∂t + ∇ · ( ρ ∇S m ) = 0 The first equation in (2.1) is a Hamilton-Jacobi (HJ) equation which is identical to Newton’s law and represents an energy condition E = (|p|^2/2m) + V + Q (recall from HJ theory −(∂S/∂t) = E(= H) and ∇S = p). The second equation represents a continuity equation for a hypothetical ensemble related to the particle in question. For the relativistic extension one could simply try to generalize the relativistic energy equation η_{μν} P^μP^ν = m^2c^2 to the form

(2.2) η_{μν}P^μP^ν = m^2c^2(1 + Q) = M^2c^2; Q = (ℏ^2/m^2c^2)(□|Ψ|/|Ψ|)

(2.3) M^2 = m^2 ( 1 + α □|Ψ| |Ψ| ) ; α = ℏ^2 m^2c^2 This could be derived e.g. by setting Ψ = √ ρexp(iS/ℏ) in the Klein-Gordon (KG) equation and separating the real and imaginary parts, leading to the relativistic HJ equation η_{μν}∂^μS∂^ν S = M^2c^2 (as in (2.1) - note P^μ = −∂^μS) and the continuity equation is ∂_μ(ρ∂^μ S) = 0. The problem of M^2 not being positive definite here (i.e. tachyons) is serious however and in fact (2.2) is not the correct equation (see e.g. [180, 182, 185]). One must use the covariant derivatives ∇_μ in place of ∂_μ and for spin zero in a curved background there results (2.4) ∇_μ(ρ∇^μS) = 0; g^{μν} ∇_μS∇_ν S = M^2c^2;

To see this one must require that a correct relativistic equation of motion should not only be Poincaré invariant but also it should have the correct nonrelativistic limit. Thus for a relativistic particle of mass M (which is a Lorentz invariant quantity)

(2.5) A = ∫ dλ(1/2)M(r)(dr_μ/dλ)(dr^ν/dλ) is the action functional where λ is any scalar parameter parametrizing the path r_μ(λ) (it could e.g. be the proper time τ ). Varying the path via r_μ → r^′_μ = r_μ + ϵ_μ one gets

(2.6) A → A^′ = A + δA = A + ∫ dλ [ dr_μ dλ dϵ^μ dλ + 1 2 dr_μ dλ dr^μ dλ ϵ_ν∂^ν M ]

By least action the correct path satisfies δA = 0 with fixed boundaries so the equation of motion is (2.7) (d/dλ)(Mu_μ) = (1/2)u_νu^ν ∂_μM; M(du_μ/dλ) = ((1/2)η_{μν}u_αu^α − u_μu_ν)∂^ν M where u_μ = dr_μ/dλ. Now look at the symmetries of the action functional via λ → λ + δ. The conserved current is then the Hamiltonian H = −L + u_μ(∂L/∂u_μ) = (1/2)Mu_μu^μ = E. This can be seen by setting δA = 0 where

(2.8) 0 = δA = A^′ − A = ∫ dλ [ 1 2 u_μu^μu^ν ∂_ν M + Mu_μ du^μ dλ ] δ which means that the integrand is zero, i.e. (d/dλ)[(1/2)Mu_μu^μ] = 0. Since the proper time is defined as c^2dτ^2 = dr_μdr^μ this leads to (dτ /dλ) = √ (2E/Mc^2) and the equation of motion becomes (2.9) M(dv_μ/dτ ) = (1/2)(c^2η_{μν} − v_μv_ν )∂^ν M where v_μ = dr_μ/dτ . The nonrelativistic limit can be derived by letting the particles velocity be ignorable with respect to light velocity. In this limit the proper time is identical to the time coordinate τ = t and the result is that the μ = 0 component is satisfied identically via (r ∼ ⃗r) (2.10) M d^2r dt^2 = − 1 2 c^2∇M ⇒ m ( d^2r dt^2 ) = −∇ [ mc^2 2 log ( M μ )]

where μ is an arbitrary mass scale. In order to have the correct limit the term in parenthesis on the right side should be equal to the quantum potential so (2.11) M = μexp[−(ℏ^2/m^2c^2)(∇^2|Ψ|/|Ψ|)] The relativistic quantum mass field (manifestly invariant) is M = μexp[(ℏ^2/2m)(□|Ψ|/|Ψ|)] and setting μ = m we get (2.12) M = mexp[(ℏ^2/m^2c^2)(□|Ψ|/|Ψ|)] If one starts with the standard relativistic theory and goes to the nonrelativistic limit one does not get the correct nonrelativistic equations; this is a result of an improper decomposition of the wave function into its phase and norm in the KG equation (cf. also [27] for related procedures). One notes here also that (2.12) leads to a positive definite mass squared. Also from [180] this can be extended to a many particle version and to a curved spacetime. In summary, for a particle in a curved background one has (cf. [182] which we continue to follow)

(2.13) ∇_μ(ρ∇^μS) = 0; g^{μν} ∇_μS∇_ν S = M^2c^2; M^2 = m^2e^Q; Q = ℏ^2 m^2c^2 □_g|Ψ| |Ψ| Since, following deBroglie, the quantum HJ equation (QHJE) in (2.13) can be written in the form (m^2/M^2)g^{μν} ∇_μS∇_ν S = m^2c^2 the quantum effects are identical to a change of spacetime metric

(2.14) g_{μν} → g̃_{μν} = (M^2/m^2)g_{μν}

which is a conformal transformation. The QHJE becomes then g̃^{μν} ~∇_μS ~∇_ν S = m^2c^2 where ~∇_μ represents covariant differentiation with respect to the metric g̃_{μν} and the continuity equation is then g̃_{μν} ~∇_μ(ρ ~∇_νS) = 0. The important conclusion here is that the presence of the quantum potential is equivalent to a curved spacetime with its metric given by (2.14). This is a geometrization of the quantum aspects of matter and it seems that there is a dual aspect to the role of geometry in physics. The spacetime geometry sometimes looks like “gravity” and sometimes reveals quantum behavior. The curvature due to the quantum potential may have a large influence on the classical contribution to the curvature of spacetime. The particle trajectory can now be derived from the guidance relation via differentiation of (2.13) leading to the Newton equations of motion

(2.15) M d^2x^μ dτ^2 + MΓ^μ_{νκ}u^νu^κ = (c^2g^{μν} − u^μu^ν)∇_νM

Using the conformal transformation above (2.15) reduces to the standard geodesic equation.

Now a general “canonical” relativistic system consisting of gravity and classical matter (no quantum effects) is determined by the action

(2.16) A = 1 2κ ∫ d^4x √ −gR + ∫ d^4x √ −g ℏ^2 2m ( ρ ℏ^2 D_μSD^μS − m^2 ℏ^2 ρ )

where κ = 8πG and c = 1 for convenience. It was seen above that via deBroglie the introduction of a quantum potential is equivalent to introducing a conformal factor Ω^2 = M^2/m^2 in the metric. Hence in order to introduce quantum effects of matter into the action (2.16) one uses this conformal transformation to get (1 + Q ∼ exp(Q))

(2.17) A = 1 2κ ∫ d^4x √ −ḡ(R̄Ω^2 − 6 ¯∇_μΩ ¯∇^μΩ)+

+ ∫ d^4x √ −ḡ ( ρ m Ω^2 ¯∇_μS ¯∇^μS − mρΩ^4 ) + ∫ d^4x √ −ḡλ [ Ω^2 − ( 1 + ℏ^2 m^2 ¯□√ρ √ ρ )]

where a bar over any quantity means that it corresponds to the nonquantum regime. Here only the first two terms of the expansion of M^2 = m^2exp(Q) in (2.13) have been used, namely M^2 ∼ m^2(1 + Q). No physical change is involved in considering all the terms. λ is a Lagrange multiplier introduced to identify the conformal factor with its Bohmian value. One uses here ḡ_{μν} to raise of lower indices and to evaluate the covariant derivatives; the physical metric (containing the quantum effects of matter) is g_{μν} = Ω^2ḡ_{μν} . By variation of the action with respect to ḡ_{μν} , Ω, ρ, S, and λ one arrives at the following quantum equations of motion:

(1) The equation of motion for Ω

(2.18) R̄Ω + 6 ¯□Ω + 2κ m ρΩ( ¯∇_μS ¯∇^μS − 2m^2Ω^2) + 2κλΩ = 0

(2) The continuity equation for particles ¯∇_μ(ρΩ^2 ¯∇^μS) = 0 (3) The equations of motion for particles (here a^′ ≡ ā)

(2.19) ( ¯∇_μS ¯∇^μS − m^2Ω^2)Ω^2 √ ρ + ℏ^2 2m [ □^′ ( λ √ ρ ) − λ □^′ √ ρ ρ ] = 0 (4) The modified Einstein equations for ḡ_{μν}

(2.20) Ω^2 [ R̄_{μν} − 1 2 ḡ_{μν}R̄ ] − [ḡ_{μν}□^′ − ¯∇_μ ¯∇_ν]Ω^2 − 6 ¯∇_μΩ ¯∇_νΩ + 3ḡ_{μν} ¯∇_αΩ ¯∇^αΩ+ + 2κ m ρΩ^2 ¯∇_μS ¯∇_ν S − κ m ρΩ^2ḡ_{μν} ¯∇_αS ¯∇^αS + κmρΩ^4ḡ_{μν}+ + κℏ^2 m^2 [ ¯∇_μ√ρ ¯∇_ν ( λ √ ρ ) + ¯∇_ν √ ρ ¯∇_μ ( λ √ ρ )] − κℏ^2 m^2 ḡ_{μν} ¯∇_α [ λ ¯∇α√ρ √ ρ ] = 0 (5) The constraint equation Ω^2 = 1 + (ℏ^2/m^2)[( ¯□ √ ρ)/ √ ρ] Thus the back reaction effects of the quantum factor on the background metric are contained in these highly coupled equations. A simpler form of (2.8) can be obtained by taking the trace of (2.20) and using (2.18) which produces λ = (ℏ^2/m^2) ¯∇_μ[λ( ¯∇^μ √ ρ)/ √ ρ]. A solution of this via perturbation methods using the small parameter α = ℏ^2/m^2 yields the trivial solution λ = 0 so the above equations reduce to

(2.21) ¯∇_μ(ρΩ^2 ¯∇^μS) = 0; ¯∇_μS ¯∇^μS = m^2Ω^2; G_{μν} = −κT^{(m)}_{μν} − κT^{(Ω)}_{μν}

where T^{(m)}_{μν} is the matter energy-momentum (EM) tensor and

(2.22) κT^{(Ω)}_{μν} =

[g_{μν}□ − ∇_μ∇_ν]Ω^2

Ω^2 + 6 ∇_μΩ∇_νΩ ω^2 − 2g_{μν} ∇_αΩ∇^αΩ Ω^2 with Ω^2 = 1 + α( ¯□ √ ρ/ √ ρ). Note that the second relation in (2.21) is the Bohmian equation of motion and written in terms of g_{μν} it becomes ∇_μS∇^μS = m^2c^2.

REMARK 2.1. In the preceeding one has tacitly assumed that there is an ensemble of quantum particles so what about a single particle? One translates now the quantum potential into purely geometrical terms without reference to matter parameters so that the original form of the quantum potential can only be deduced after using the field equations. Thus the theory will work for a single particle or an ensemble. One notes that the use of ψψ^∗ automatically suggests or involves an ensemble if (or its square root) it is to be interpreted as a probability density. Thus the idea that a particle has only a probability of being at or near x seems to mean that some paths take it there but others don’t and this is consistent with Feynman’s use of path integrals for example. This seems also to say that there is no such thing as a particle, only a collection of versions or cloud connected to the particle idea. Bohmian theory on the other hand for a fixed energy gives a one parameter family of trajectories associated to ψ (see here [47, 50, 54] for details). This is because the trajectory arises from a third order differential while fixing the solution ψ of the second order stationary Schrödinger equation involves only two “boundary” conditions. As was shown in [50] this automatically generates a Heisenberg inequality ΔxΔp ≥ cℏ; i.e. the uncertainty is built in when using the wave function ψ and amazingly can be expressed by the operator theoretical framework of quantum mechanics. Thus a one parameter family of paths can be associated with the use of ψψ^∗ and this generates the cloud or ensemble automatically associated with the use of ψ. In fact (cf. Remark 3.2) one might conjecture that upon using a wave function discription of quantum particle motion, one opens the door to a cloud of particles, all of whose motions are incompletely governed by the SE, since one determining condition for particle motion is ignored. Thus automatically the quantum potential will give rise to a force acting on any such particular trajectory and the “ensemble” idea naturally applies to a cloud of identical particles. ■

REMARK 2.2. Now first ignore gravity and look at the geometrical properties of the conformal factor given via

(2.23) g_{μν} = e^{4Σ}η_{μν}; e^{4Σ} =

M^2 m^2 = exp ( α □_η √ ρ √ ρ ) = exp ( α □_η √ |T| √ |T| )

where T is the trace of the EM tensor and is substituted for ρ (true for dust). The Einstein tensor for this metric is

(2.24) G_{μν} = 4g_{μν}□_ηexp(−Σ) + 2exp(−2Σ)∂_μ∂_ν exp(2Σ); Σ = α 4 □_η √ ρ √ ρ Hence as an Ansatz one can suppose that in the presence of gravitational effects the field equation would have a form

(2.25) R_{μν} − 1 2 Rg_{μν} = κT_{μν} + 4g_{μν} e^Σ□e^{−Σ} + 2e^{−2Σ}∇_μ∇_νe^{2Σ}

This is written in a manner such that in the limit T_{μν} → 0 one will obtain (2.23). Taking the trace of the last equation one gets −R = κT − 12□Σ + 24(∇Σ)^2 which has the iterative solution κT = −R + 12α□[(□ √ R)/ √ R] leading to

(2.26) Σ ∝ α[(□ √ |T|/ √ |T|)] ≃ α[(□ √ |R|)/ √ |R|)] to first order in α. One goes now to the field equations for this toy model. First from the above one sees that T can be replaced by R in the expression for the quantum potential or for the conformal factor of the metric. This is important since the explicit reference to ensemble density is removed and the theory works for a single particle or an ensemble. So from (??) for a toy quantum gravity theory one assumes the following field equations (2.27) G_{μν} − κT_{μν} − Z_{μναβ}exp ( α 2 Φ ) ∇^α∇^βexp ( − α 2 Φ ) = 0 where Z_{μναβ} = 2[g_{μν}g_{αβ} − g_{μα}g_{νβ}] and Φ = (□ √ |R|/ √ |R|). The number 2 and the minus sign of the second term are chosen so that the energy equation derived later will be correct. Note that the trace of (2.27) is (2.28) R + κT + 6exp(αΦ/2)□exp(−αΦ/2) = 0 and this represents the connection of the Ricci scalar curvature of space time and the trace of the matter EM tensor. If a perturbative solution is admitted one can expand in powers of α to find R^{(0)} = −κT and R^{(1)} = −κT − 6exp(αΦ^0/2)□exp(−αΦ^0/2) where Φ^{(0)} = □ √ |T|/ √ |T|. The energy relation can be obtained by taking the four divergence of the field equations and since the divergence of the Einstein tensor is zero one obtains

(2.29) κ∇^ν T_{μν} = αR_{μν} ∇^νΦ − α^2 4 ∇_μ(∇Φ)^2 + α^2 2 ∇_μΦ□Φ For a dust with T_{μν} = ρu_μu_ν and u_μ the velocity field, the conservation of mass law is ∇^ν(ρMu_ν ) = 0 so one gets to first order in α ∇_μM/M = −(α/2)∇_μΦ or M^2 = m^2exp(−αΦ) where m is an integration constant. This is the correct relation of mass and quantum potential. ■

In [182] there is then some discussion about making the conformal factor dynamical via a general scalar tensor action (cf. also [176]) and subsequently one makes both the conformal factor and the quantum potential into dynamical fields and creates a scalar tensor theory with two scalar fields. Thus first start with a general action

(2.30) A = ∫ d^4x √ −g [ ϕR − ω ∇_μϕ∇^μϕ ϕ − ∇_μQ∇^μQ ϕ + 2Λϕ + L_m ]

The cosmological constant generally has an interaction term with the scalar field and here one uses an ad hoc matter Lagrangian

(2.31) L_m = ρ m ϕ^a∇_μS∇^μS − mρϕ^b − Λ(1 + Q)^c + αρ(e^{ℓQ} − 1) (only the first two terms 1 + Q from exp(Q) are used for simplicity in the third term). Here a, b, c are constants to be fixed later and the last term is chosen (heuristically) in such a manner as to have an interaction between the quantum potential field and the ensemble density (via the equations of motion); further the interaction is chosen so that it vanishes in the classical limit but this is ad hoc. Variation of the above action yields (1) The scalar fields equation of motion

(2.32) R + 2ω ϕ □ϕ − ω ϕ^2

∇^μϕ∇_μϕ + 2Λ+ + 1 ϕ^2 ∇^μQ∇_μQ + a m ρϕ^{a−1}∇^μS∇_μS − mbρϕ^{b−1} = 0 (2) The quantum potential equations of motion (2.33) (□Q/ϕ) − (∇_μQ∇^μϕ/ϕ^2) − Λc(1 + Q)^{c−1} + αℓρexp(ℓQ) = 0 (3) The generalized Einstein equations

(2.34) G^{μν} − Λg^{μν} = − 1 ϕ T^{μν} − 1 ϕ [∇^μ∇^ν − g^{μν} □]ϕ + ω ϕ^2 ∇^μϕ∇^νϕ− − ω 2ϕ^2 g^{μν} ∇^αϕ∇_αϕ + 1 ϕ^2 ∇^μQ∇^νQ − 1 2ϕ^2 g^{μν} ∇^αQ∇_αQ (4) The continuity equation ∇_μ(ρϕ^a∇^μS) = 0 (5) The quantum Hamilton Jacobi equation (2.35) ∇^μS∇_μS = m^2ϕ^{b−a} − αmϕ^{−a}(e^{ℓQ} − 1) In (2.32) the scalar curvature and the term ∇^μS∇_μS can be eliminated using (2.34) and (2.35); further on using the matter Lagrangian and the definition of the EM tensor one has

(2.36) (2ω − 3)□ϕ = (a + 1)ρα(e^{ℓQ} − 1) − 2Λ(1 + Q)^c + 2Λϕ − 2 ϕ ∇_μQ∇^μQ (where b = a + 1). Solving (2.33) and (2.36) with a perturbation expansion in α one finds (2.37) Q = Q_0 + αQ_1 + · · · ; ϕ = 1 + αQ_1 + · · · ; √ ρ = √ ρ_0 + α √ ρ_1 + · · · where the conformal factor is chosen to be unity at zeroth order so that as α → 0 (2.35) goes to the classical HJ equation. Further since by (2.35) the quantum mass is m^2ϕ+· · · the first order term in ϕ is chosen to be Q_1 (cf. (2.13)). Also we will see that Q_1 ∼ □ √ ρ/ √ ρ plus corrections which is in accord with Q as a quantum potential field. In any case after some computation one obtains a = 2ωk, b = a + 1, and ℓ = (1/4)(2ωk + 1) = (1/4)(a + 1) = b/4 with Q_0 = [1/c(2c−3)]{[−(2ωk +1)/2Λ]k √ ρ_0 −(2c^2 −c+1)} while ρ_0 can be determined (cf.

[182] for details). Thus heuristically the quantum potential can be regarded as a dynamical field and perturbatively one gets the correct dependence of quantum potential upon density, modulo some corrective terms.

REMARK 2.3. The gravitational effects determine the causal structure of spacetime as long as quantum effects give its conformal structure. This does not mean that quantum effects have nothing to do with the causal structure; they can act on the causal structure through back reaction terms appearing in the metric field equations. The conformal factor of the metric is a function of the quantum potential and the mass of a relativistic particle is a field produced by quantum corrections to the classical mass. One has shown that the presence of the quantum potential is equivalent to a conformal mapping of the metric. Thus in different conformally related frames one feels different quantum masses and different curvatures. In particular there are two frames with one containing the quantum mass field and the classical metric while the other contains the classical mass and the quantum metric. In general frames both the spacetime metric and the mass field have quantum properties so one can state that different conformal frames are identical pictures of the gravitational and quantum phenomena. We feel different quantum forces in different conformal frames. The question then arises of whether the geometrization of quantum effects implies conformal invariance just as gravitational effects imply general coordinate invariance. One sees here that Weyl geometry provides additional degrees of freedom which can be identified with quantum effects and seems to create a unified geometric framework for understanding both gravitational and quantum forces. Some features here are: (i) Quantum effects appear independent of any preferred length scale. (ii) The quantum mass of a particle is a field. (iii) The gravitational constant is also a field depending on the matter distribution via the quantum potential (cf. [176, 183]). (iv) A local variation of matter field distribution changes the quantum potential acting on the geometry and alters it globally; the nonlocal character is forced by the quantum potential (cf. [177]). ■

2.1. DIRAC-WEYL ACTION. Next (still following [182]) one goes to Weyl geometry based on the Weyl-Dirac action

(2.38) A = ∫ d^4x √ −g(F_{μν} F^{μν} − β^{2 W} R + (σ + 6)β_{;μ}β^{;μ} + L_{matter} Here F_{μν} is the curl of the Weyl 4-vector ϕ_μ, σ is an arbitrary constant and β is a scalar field of weight −1. The symbol “;” represents a covariant derivative under general coordinate and conformal transformations (Weyl covariant derivative) defined as X_{;μ} =^W ∇_μX − N ϕ_μX where N is the Weyl weight of X. The equations of motion are then

(2.39) G^{μν} = − 8π β^2

(T^{μν} + M^{μν} ) + 2 β (g^{μν W} ∇^{αW} ∇_αβ −^W ∇^{μW} ∇^νβ)+ + 1 β^2 (4∇^μβ∇^ν β − g^{μν} ∇^αβ∇_αβ) + σ β^2

(β^{;μ}β^{;ν} − 1 2 g^{μν} β^{;α}β_{;α}); W ∇_μF^{μν} = 1 2 σ(β^2ϕ^μ + β∇^μβ) + 4πJ^μ;

R = −(σ + 6) W □β β + σϕ_αϕ^α − σ^W ∇^αϕ_α + ψ 2β where (2.40) M^{μν} = (1/4π)[(1/4)g^{μν}F^{αβ}F_{αβ} − F^μ_α F^{να} and (2.41) 8πT^{μν} = 1 √ −g δ √ −gL_{matter} δg_{μν} ; 16πJ^μ = δL_{matter} δϕ_μ ; ψ = δL_{matter} δβ For the equations of motion of matter and the trace of the EM tensor one uses invariance of the action under coordinate and gauge transformations, leading to

(2.42)^W ∇_νT^{μν} − T ∇^μβ β = J_αϕ^{αμ} − ( ϕ^μ + ∇^μβ β ) W ∇_αJ^α;

16πT − 16π^W ∇_μJ^μ − βψ = 0 The first relation is a geometrical identity (Bianchi identity) and the second shows the mutual dependence of the field equations. Note that in the Weyl-Dirac theory the Weyl vector does not couple to spinors so ϕ_μ cannot be interpreted as the EM potential; the Weyl vector is used as part of the spacetime geometry and the auxillary field (gauge field) β represents the quantum mass field. The gravity fields g_{μν} and ϕ_μ and the quantum mass field determine the spacetime geometry. Now one constructs a Bohmian quantum gravity which is conformally invariant in the framework of Weyl geometry. If the model has mass this must be a field (since mass has non-zero Weyl weight). The Weyl-Dirac action is a general Weyl invariant action as above and for simplicity now assume the matter Lagrangian does not depend on the Weyl vector so that J_μ = 0. The equations of motion are then

(2.43) G^{μν} = − 8π β^2

(T^{μν} + M^{μν} ) + 2 β (g^{μν W} ∇^{αW} ∇_αβ −^W ∇^{μW} ∇^νβ)+ + 1 β^2 (4∇^μβ∇^ν β − g^{μν} ∇^αβ∇_αβ) + σ β^2 ( β^{;μ}β^{;ν} − 1 2 g^{μν} β^{;α}β_{;α} ) ; W ∇_ν F^{μν} = 1 2 σ(β^2ϕ^μ + β∇^μβ); R = −(σ + 6) W □β β + σϕ_αϕ^α − σ^W ∇^αϕ_α + ψ 2β The symmetry conditions are (2.44)^W ∇_νT^{μν} − T(∇^μβ/β) = 0; 16πT − βψ = 0 (recall T = T^{μν}_{μν}). One notes that from (2.43) results^W ∇_μ(β^2ϕ^μ + β∇^μβ) = 0 so ϕ_μ is not independent of β. To see how this is related to the Bohmian quantum theory one introduces a quantum mass field and shows it is proportional to the Dirac field. Thus using (2.43) and (2.44) one has

(2.45) □β + 1 6 βR = 4π 3 T β + σβϕ_αϕ^α + 2(σ − 6)ϕ^γ ∇_γ β + σ β ∇^μβ∇_μβ This can be solved iteratively via (2.46) β^2 = (8πT/R) − {1/[(R/6) − σϕ_αϕ^α]}β□β + · · · Now assuming T^{μν} = ρu^μu^ν (dust with T = ρ) we multiply (2.44) by u_μ and sum to get (2.47)^W ∇_ν (ρu^ν ) − ρ(u_μ∇^μβ/β) = 0 Then put (2.44) into (2.47) which yields (2.48) u^{νW} ∇_νu^μ = (1/β)(g^{μν} − u^μu^ν)∇_ν β

To see this write (assuming g^{μν} ∇_νβ = ∇^μβ)

(2.49)^W ∇_ν(ρu^μu^ν) = u^{μW} ∇_ν ρu^μ + ρu^{ν W} ∇_νu^μ ⇒ ⇒ u^μ ( u_μ∇^μβ β ) + u^{νW} ∇_νu^μ − ∇^μβ β = 0 ⇒ u^{ν W} ∇_νu^μ = (1 − u^μu_μ) ∇^μβ β = (g^{μν} − u^μu_μg^{μν} ) ∇_ν β β = (g^{μν} − u^μu^ν) ∇_νβ β which is (2.47). Then from (2.46)

(2.50) β^{2(1)} = 8πT R ; β^{2(2)} = 8πT R ( 1 − 1 (R/6) − σϕ_αϕ^α □ √ T √ T ) ; · · · Comparing with (2.15) and (2.3) shows that we have the correct equations for the Bohmian theory provided one identifies

(2.51) β ∼ M; 8πT R ∼ m^2; 1 σϕ_αϕ^α − (R/6) ∼ α Thus β is the Bohmian quantum mass field and the coupling constant α (which depends on ℏ) is also a field, related to geometrical properties of spacetime. One notes that the quantum effects and the length scale of the spacetime are related. To see this suppose one is in a gauge in which the Dirac field is constant; apply a gauge transformation to change this to a general spacetime dependent function, i.e.

(2.52) β = β_0 → β(x) = β_0exp(−Ξ(x)); ϕ_μ → ϕ_μ + ∂_μΞ

Thus the gauge in which the quantum mass is constant (and the quantum force is zero) and the gauge in which the quantum mass is spacetime dependent are related to one another via a scale change. In particular ϕ_μ in the two gauges differ by −∇_μ(β/β_0) and since ϕ_μ is a part of Weyl geometry and the Dirac field represents the quantum mass one concludes that the quantum effects are geometrized (cf. also (2.43) which shows that ϕ_μ is not independent of β so the Weyl vector is determined by the quantum mass and thus the geometrical aspect of the manifold is related to quantum effects).

3. MORE ON KLEIN GORDON EQUATIONS

We give several approaches here, from various points of view.

3.1. BERTOLDI-FARAGGI-MATONE THEORY. The equivalence principle (EP) of Faraggi-Matone (cf. [27, 44, 46, 51, 82]) is based on the idea that all physical systems can be connected by a coordinate transformation to the free situation with vanishing energy (i.e. all potentials are equivalent under coordinate transformations). This automatically leads to the quantum stationary Hamilton-Jacobi equation (QSHJE) which is a third order nonlinear differential equation providing a trajectory representation of quantum mechanics (QM). The theory transcends in several respects the Bohm theory and in particular utilizes a Floydian time (cf. [83, 84]) leading to q̇ = p/m_Q ≠ p/m where m_Q = m(1 − ∂_E Q) is the “quantum mass” and Q the “quantum potential”. Thus the EP is reminscient of the Einstein equivalence of relativity theory. This latter served as a midwife to the birth of relativity but was somewhat inaccurate in its original form. It is better put as saying that all laws of physics should be invariant under general coordinate transformations (cf. [146]). This demands that not only the form but also the content of the equations be unchanged. More precisely the equations should be covariant and all absolute constants in the equations are to be left unchanged (e.g. c, ℏ, e, m and η_{μν} = Minkowski tensor).

Now for the EP, the classical picture with S^{cl}(q, Q^0, t) the Hamilton principal function (p = ∂S^{cl} /∂q) and P^0, Q^0 playing the role of initial conditions involves the classical HJ equation (CHJE) H(q, p = (∂S^{cl}/∂q), t) + (∂S^{cl} /∂t) = 0. For time independent V one writes S^{cl} = S^{cl}_0 (q, Q^0) − Et and arrives at the classical stationary HJ equation (CSHJE) (1/2m)(∂S^{cl}_0 /∂q)^2 + W = 0 where W = V (q) − E. In the Bohm theory one looked at Schrödinger equations iℏψ_t = −(ℏ^2/2m)ψ^{′′} + V ψ with ψ = ψ(q)exp(−iEt/ℏ) and ψ(q) = R(qexp(iŴ /ℏ) leading to (3.1) ( 1 2m ) (Ŵ^′)^2 + V − E − ℏ^2R^{′′} 2mR = 0; (R^2Ŵ^′)^′ = 0

where Q̂ = −ℏ^2R^{′′}/2mR was called the quantum potential; this can be written in the Schwartzian form Q̂ = (ℏ^2/4m){Ŵ ; q} (via R^2Ŵ^′ = c). Here {f; q} = (f^{′′′}/f^′)−(3/2)(f^{′′}/f^′)^2. Writing W = V (q) − E as in above we have the quantum stationary HJ equation (QSHJE)

(3.2) (1/2m)(∂Ŵ^′/∂q)^2 + W(q) + Q̂(q) = 0 ≡ W = −(ℏ^2/4m){exp(2iS_0/ℏ); q}

This was worked out in the Bohm school (without the Schwarzian connections) but ψ = Rexp(iŴ /ℏ) is not appropriate for all situations and care must be taken (Ŵ = constant must be excluded for example - cf. [82, 83, 84]). The technique of Faraggi-Matone (FM) is completely general and with only the EP as guide one exploits the relations between Schwarzians, Legendre duality, and the geometry of a second order differential operator D^2_x + V (x) (Möbius transformations play an important role here) to arrive at the QSHJE in the form

(3.3) 1 2m ( ∂S^v_0 (q^v) ∂q^v )_2 + W(q^v) + Q^v(q^v) = 0

where v : q → q^v represents an arbitrary locally invertible coordinate transformation. Note in this direction for example that the Schwarzian derivative of the the ratio of two linearly independent elements in ker(D^2_x + V (x)) is twice V (x). In particular given an arbitrary system with coordinate q and reduced action S_0(q) the system with coordinate q^0 corresponding to V − E = 0 involves W(q) = (q^0; q) where (q^0, q) is a cocycle term which has the form (q^a; q^b) = −(ℏ^2/4m){q^a; q^b}. In fact it can be said that the essence of the EP is the cocycle conditon

(3.4) (q^a; q^c) = (∂_qc q^b)^2[(q^a; q^b) − (q^c; q^b)]

In addition FM developed a theory of (x, ψ) duality (cf. [81])) which related the space coordinate and the wave function via a prepotential (free energy) in the form F = (1/2)ψψ̄ + iX/ϵ for example. A number of interesting philosophical points arise (e.g. the emergence of space from the wave function) and we connected this to various features of dispersionless KdV in [44, 51] in a sort of extended WKB spirit. One should note here that although a form ψ = Rexp(iŴ /ℏ) is not generally appropriate it is correct when one is dealing with two independent solutions of the Schrödinger equation ψ and ψ̄ which are not proportional. In this context we utilized some interplay between various geometric properties of KdV which involve the Lax operator L^2 = D^2_x + V (x) and of course this is all related to Schwartzians, Virasoro algebras, and vector fields on S^1 (see e.g. [44, 45, 51, 52, 53]). Thus the simple presence of the Schrödinger equation (SE) in QM automatically incorporates a host of geometrical properties of D_x = d/dx and the circle S^1. In fact since the FM theory exhibits the fundamental nature of the SE via its geometrical properties connected to the QSHJE one could speculate about trivializing QM (for 1-D) to a study of S^1 and ∂_x.

We import here some comments based on [27] concerning the Klein-Gordon (KG) equation and the equivalence principle (EP) (details are in [27] and cf. also [72]). One starts with the relativistic classical Hamilton-Jacobi equation (RCHJE) with a potential V (q, t) given as (3.5) 1 2m D∑ 1 (∂_kS^{cl} (q, t))^2 + W_{rel}(q, t) = 0; W_{rel} (q, t) = 1 2mc^2 [m^2c^4 − (V (q, t) + ∂_tS^{cl} (q, t))^2]

In the time-independent case one has S^{cl} (q, t) = S^{cl}_0 (q) − Et and (3.3) becomes

(3.6) 1 2m D∑ 1 (∂_kS^{cl}_0 )^2 + W_{rel} = 0; W_{rel} (q) = 1 2mc^2 [m^2c^4 − (V (q) − E)^2]

In the latter case one can go through the same steps as in the nonrelativistic case and the relativistic quantum HJ equation (RQHJE) becomes (3.7) (1/2m)(∇S_0)^2 + W_{rel} − (ℏ^2/2m)(ΔR/R) = 0; ∇ · (R^2∇S_0) = 0 these equations imply the stationary KG equation (3.8) −ℏ^2c^2Δψ + (m^2c^4 − V^2 + 2EV − E^2)ψ = 0 where ψ = Rexp(iS_0/ℏ). Now in the time dependent case the (D+1)-dimensional RCHJE is (η^{μν} = diag(−1, 1, · · · , 1) (3.9) (1/2m)η^{μν} ∂_μS^{cl}∂_ν S^{cl} + W^′_{rel} = 0; W^′_{rel} = (1/2mc^2)[m^2c^4 − V^2(q) − 2cV (q)∂_0S^{cl}(q)] with q = (ct, q_1, · · · , q_D). Thus (3.9) has the same structure as (3.6) with Euclidean metric replaced by the Minkowskian one. We know how to implement the EP by adding Q via (1/2m)(∂S)^2 + W_{rel} + Q = 0 (cf. [82] and remarks above). Note now that W^′_{rel} depends on S^{cl} requires an identification (3.10) W_{rel} = (1/2mc^2)[m^2c^4 − V^2(q) − 2cV (q)∂_0S(q)] (S replacing S^{cl} ) and implementation of the EP requires that for an arbitrary W^a state (q ∼ q^a) one must have (3.11) W^b_{rel}(q^b) = (p^b|p^a)W^a_{rel}(q^a) + (q^q ; q^b); Q^b(q^b) = (p^b|p^a)Q(q^a) − (q^a; q^b) where (3.12) (p^b|p) = [η^{μν} p^b_μp^b_ν/η^{μν} p_μp_ν ] = p^T JηJ^T p/p^T ηp; J^μ_ν = ∂q^μ/∂q^{bν} (J is a Jacobian and these formulas are the natural multidimensional generalization - see [27] for details). Furthermore there is a cocycle condition (q^a; q^c) = (p^c|p^b)[(q^a; q^b) − (q^c; q^b)].

Next one shows that W_{rel} = (ℏ^2/2m)[□(Rexp(iS/ℏ))/Rexp(iS/ℏ)] and hence the corresponding quantum potential is Q_{rel} = −(ℏ^2/2m)[□R/R]. Then the RQHJE becomes (1/2m)(∂S)^2 + W_{rel} + Q = 0 with ∂ · (R^2∂S) = 0 (here □R = ∂_μ∂^μR) and this reduces to the standard SE in the classical limit c → ∞ (note ∂ ∼ (∂_0, ∂_1, · · · , ∂_D) with q_0 = ct, etc. - cf. (3.9)). To see how the EP is simply implemented one considers the so called minimal coupling prescription for an interaction with an electromagnetic four vector A_μ. Thus set P^{cl}_μ = p^{cl}_μ + eA_μ where p^{cl}_μ is a particle momentum and P^{cl}_μ = ∂_μS^{cl} is the generalized momentum. Then the RCHJE reads as (1/2m)(∂S^{cl} − eA)^2 + (1/2)mc^2 = 0 where

A_0 = −V /ec. Then W = (1/2)mc^2 and the critical case W = 0 corresponds to the limit situation where m = 0. One adds the standard Q correction for implementation of the EP to get (1/2m)(∂S − eA)^2 + (1/2)mc^2 + Q = 0 and there are transformation properties (here (∂S − eA)^2 ∼ ∑ (∂_μS − eA_μ)^2) (3.13) W(q^b) = (p^b|p^a)W^a(q^a) + (q^a; q^b); Q^b(q^b) = (p^q |p^a)Q^a(q^a) − (q^a; q^b) (p^b|p) = (p^b − eA^b)^2 (p − eA)^2 = (p − eA)^T JηJ^T (p − eA) (p − eA)^T η(p − eA) Here J is a Jacobian J^μ_ν = ∂q^μ/∂q^{bν} and this all implies the cocycle condition again. One finds now that (recall ∂ · (R^2(∂S − eA)) = 0 - continuity equation)

(3.14) (∂S − eA)^2 = ℏ^2 ( □R R − D^2(Re^{iS/ℏ}) Re^{iS/ℏ} ) ; D_μ = ∂_μ − i ℏ eA_μ and it follows that

(3.15) W = ℏ^2 2m D^2(Re^{iS/ℏ}) Re^{iS/ℏ} ; Q = − ℏ^2 2m □R R ; D^2 = □ − 2ieA∂ ℏ − e^2A^2 ℏ^2 − ie∂A ℏ (3.16) (∂S − eA)^2 + m^2c^2 − ℏ^2 □R R = 0; ∂ · (R^2(∂S − eA)) = 0

Note also that (3.9) agrees with (1/2m)(∂S^{cl} − eA)^2 + (1/2)mc^2 = 0 after setting W_{rel} = mc^2/2 and replacing ∂_μS^{cl} by ∂_μS^{cl} − eA_μ. One can check that (3.16) implies the KG equation (iℏ∂ + eA)^2ψ + m^2c^2ψ = 0 with ψ = Rexp(iS/ℏ).

REMARK 3.1. We extract now a remark about mass generation and the EP from [19]. Thus a special property of the EP is that it cannot be implemented in classical mechanics (CM) because of the fixed point corresponding to W = 0. One is forced to introduce a uniquely determined piece to the classical HJ equation (namely a quantum potential Q). In the case of the RCHJE the fixed point W(q^0) = 0 corresponds to m = 0 and the EP then implies that all the other masses can be generated by a coordinate transformation. Consequently one concludes that masses correspond to the inhomogeneous term in the transformation properties of the W^0 state, i.e. (1/2)mc^2 = (q^0; q). Furthermore by (3.13) masses are expressed in terms of the quantum potential (1/2)mc^2 = (p|p^0)Q^0(q^0) − Q(q). In particular in [82] the role of the quantum potential was seen as a sort of intrinsic self energy which is reminiscent of the relativistic self energy and this provides a more explicit evidence of such an interpretation. ■

REMARK 3.2. In a previous paper [47] (working with stationary states and ψ satisfying the Schrödinger equation (SE) −(ℏ^2/2m)ψ^{′′} + V ψ = Eψ) we suggested that the notion of uncertainty in quantum mechanics (QM) could be phrased as incomplete information. The background theory here is taken to be the trajectory theory of Bertoldi-Faraggi-Matone- Floyd as above and the idea in [47] goes as follows. First recall that Floydian microstates satisfy a third order quantum stationary Hamilton-Jacobi equation (QSHJE)

(3.17) 1 2m (S^′_0)^2 + W(q) + Q(q) = 0; Q(q) = ℏ^2 4m {S_0; q}; W(q) = − ℏ^2 4m {exp(2iS_0/ℏ); q} ∼ V (q) − E where {f; q} = (f^{′′′}/f^′) − (3/2)(f^{′′}/f^′)^2 is the Schwarzian and S_0 is the Hamilton principle function. Also one recalls that the EP of Faraggi-Matone can only be implemented when

S_0 ≠ const; thus consider ψ = Rexp(iS_0/ℏ) with Q = −ℏ^2R^{′′}/2mR and (R^2S^′_0)^′ = 0 where S^′_0 = p and m_Qq̇ = p with m_Q = m(1 − ∂_E Q) and t ∼ ∂_E S_0. Thus microstates require three initial or boundary conditions in general to determine S_0 whereas the SE involves only two such conditions. Hence in dealing with the SE in the standard QM Hilbert space formulation one is not using complete information about the “particles” described by microstate trajectories. The price of underdetermination is then uncertainty in q, p, t for example. In the present note we will make this more precise and add further discussion. Following [50] we now make this more precise and add further discussion. For the stationary SE −(ℏ^2/2m)ψ^{′′} + V ψ = Eψ it is shown in [82] that one has a general formula

(3.18) e^{2iS0(δ)/ℏ} = e^{iα} w + iℓ̄ w − iℓ (δ ∼ (α, ℓ)) with three integration constants, α, ℓ_1, ℓ_2 where ℓ = ℓ_1 +iℓ_2 and w ∼ ψ^D /ψ ∈ R. Note ψ and ψ^D are linearly independent solutions of the SE and one can arrange that ψ^D /ψ ∈ R in describing any situation. Here p is determined by the two constants in ℓ and has a form

(3.19) p = ±ℏΩℓ_1 |ψ^D − iℓψ|^2 (where w ∼ ψ^D /ψ above and Ω = ψ^′ψ^D − ψ(ψ^D )^′). Now let p be determined exactly with p = p(q, E) via the Schrödinger equation and S^′_0. Then q̇ = (∂_E p)^{−1} is also exact so Δq = (∂_E p)^{−1}(τ )Δt for some τ with 0 ≤ τ ≤ t is exact (up to knowledge of τ ). Thus given the wave function ψ satisfying the stationary SE with two boundary conditions at q = 0 say to fix uniqueness, one can create a probability density |ψ|^2(q, E) and the function S^′_0. This determines p uniquely and hence q̇. The additional constant needed for S_0 appears in (3.18) and we can write S_0 = S_0(α, q, E) since from (3.18) one has (3.20) S_0 − (ℏ/2)α = −(iℏ/2)log(β) and β = (w + iℓ̄)/(w − iℓ) with w = ψ^D /ψ is to be considered as known via a determination of suitable ψ, ψ^D. Hence ∂_αS_0 = −ℏ/2 and consequently ΔS_0 ∼ ∂_αS_0δα = −(ℏ/2)Δα measures the indeterminacy in S_0.

Let us expand upon this as follows. Note first that the determination of constants necessary to fix S_0 from the QSHJE is not usually the same as that involved in fixing ℓ, ℓ̄ in (3.18). In paricular differentiating in q one gets

(3.21) S^′_0 = − iℏβ^′ β ; β^′ = − 2iℜℓw^′ (w − iℓ)^2 Since w^′ = −Ω/ψ^2 where Ω = ψ^′ψ^D − ψ(ψ^D )^′ we get β^′ = −2iℓ_1Ω/(ψ^D − iℓψ)^2 and consequently

(3.22) S^′_0 = − ℏℓ_1Ω |ψ^D − iℓψ|^2 which agrees with p in (3.19) (±ℏ simply indicates direction). We see that e.g. S_0(x_0) = iℏℓ_1Ω/|ψ^D(x_0) − iℓψ(x_0)|^2 = f(ℓ_1, ℓ_2, x_0) and S^{′′}_0 = g(ℓ_1, ℓ_2, x_0) determine the relation between (p(x_0), p^′(x_0)) and (ℓ_1, ℓ_2) but they are generally different numbers. In any case, taking α to be the arbitrary unknown constant in the determination of S_0, we have S_0 = S_0(q, E, α) with q = q(S_0, E, α) and t = t(S_0, E, α) = ∂_E S_0 (emergence of time from the wave function). One can then write e.g.

(3.23) Δq = (∂q/∂S_0)(Ŝ_0, E, α)ΔS_0 = (1/p)(q̂, E)ΔS_0 = −(1/p)(q̂, E)(ℏ/2)Δα

(for intermediate values (Ŝ_0, q̂)) leading to

THEOREM 3.1. With p determined uniquely by two “initial” conditions so that Δp is determined and q given via (3.18) we have from (3.23) the inequality ΔpΔq = O(ℏ) which resembles the Heisenberg uncertainty relation.

COROLLARY 3.1. Similarly Δt = (∂t/∂S_0)(Ŝ_0, E, α)ΔS_0 for some intermediate value Ŝ_0 and hence as before ΔEΔt = O(ℏ) (ΔE being precise).

Note that there is no physical argument here; one is simply looking at the number of conditions necessary to fix solutions of a differential equation. In fact (based on some corresondence with E. Floyd) it seems somewhat difficult to produce a physical argument. We refer also to Remark 3.1.2 for additional discussion. ■

REMARK 3.3. In order to get at the time dependent SE from the BFM (Bertoldi- Faraggi-Matone) theory we proceed as follows. From the previous discussion on the KG equation one sees that (dropping the A terms) in the time independent case one has S^{cl}(q, t) = S^{cl}_0 (q) − Et (3.24) (1/2m) D∑ 1 (∂_kS^{cl}_0 )^2 + W_{rel} = 0; W_{rel} (q) = (1/2mc^2)[m^2c^4 − (V (q) − E)^2]

leading to a stationary RQHJE

(3.25) (1/2m)(∇S_0)^2 + W_{rel} − (ℏ^2/2m)(ΔR/R) = 0; ∇ · (R^2∇S_0) = 0

This implies also the stationary KG equation

(3.26) −ℏ^2c^2Δψ + (m^2c^4 − V^2 + 2V E − E^2)ψ = 0

Now in the time dependent case one can write (1/2m)η^{μν} ∂_μS^{cl} ∂_ν S^{cl} + W^′_{rel} = 0 where η ∼ diag(−1, 1, · · · , 1) and (3.27) W^′_{rel}(q) = (1/2mc^2)[m^2c^4 − V^2(q) − 2cV (q)∂_0S^{cl} (q)]

with q ≡ (ct, q_1, · · · , q_D). Thus we have the same structure as (3.24) with Euclidean metric replaced by a Minkowskian one. To implement the EP we have to modify the classical equation by adding a function to be determined, namely (1/2m)(∂S)^2 + W_{rel} + Q = 0 ((∂S)^2 ∼ ∑ (∂_μS)^2 etc.). Observe that since W^′_{rel} depends on S^{cl} we have to make the identification W_{rel} = (1/2mc^2)[m^2c^4 − V^2(q) − 2cV (q)∂_0S(q)] which differs from W^′_{rel} since S now appears instead of S^{cl}. Implementation of the EP requires that for an arbitrary W^a state

(3.28) W^b_{rel}(q^b) = (p^b|p^a)W^a_{rel}(q^a) + (q^q ; q^b); Q^b(q^b) = (p^b|p^a)Q^a(q^a) − (q^a; q^b)

where now (p^b|p) = η^{μν} p^b_μp^b_ν/η^{μν} p_μp_ν = p^T JηJ^T p/p^T ηp and J^μ_ν = ∂q^μ/∂(q^b)^ν . This leads to the cocycle condition (q^a; q^c) = (p^c|p^b)[(q^q; q^b) − (q^c; q^b)] as before. Now consider the identity (3.29) α^2(∂S)^2 = □(Rexp(αS))/Rexp(αS) − (□R/R) − (α∂ · (R^2∂S)/R^2) and if R satisfies the continuity equation ∂ · (R^2∂S) = 0 one sets α = i/ℏ to obtain

(3.30) 1 2m (∂S)^2 = − ℏ^2 2m □(Re^{iS/ℏ}) Re^{iS/ℏ} + ℏ^2 2m □R R

Then it is shown that W_{rel} = (ℏ^2/2m)(□(Rexp(iS/ℏ))/Rexp(iS/ℏ) so there results Q_{rel} = −(ℏ^2/2m)(□R/R). Thus the RQHJE has the form (cf. (3.14) - (3.16))

(3.31) 1 2m (∂S)^2 + W_{rel} − ℏ^2 2m □R R = 0; ∂ · (R^2∂S) = 0

Now for the time dependent SE one takes the nonrelativistic limit of the RQHJE. For the classical limit one makes the usual substitution S = S^′ − mc^2t so as c → ∞ W_{rel} → (1/2)mc^2 + V and −(1/2m)(∂_0S)^2 → ∂_tS^′ − (1/2)mc^2 with ∂(R^2∂S) = 0 → m∂_t(R^′)^2 + ∇ · ((R^′)^2∇S^′) = 0. Therefore (removing the primes) (3.31) becomes (1/2m)(∇S)^2 + V + ∂_tS − (ℏ^2/2m)(ΔR/R) = 0 with the time dependent nonrelativistic continuity equation being m∂_tR^2 + ∇ · (R^2∇S) = 0. This leads then (for ψ ∼ Rexp(iS/ℏ)) to the SE

(3.32) iℏ∂_tψ = ( − ℏ^2 2m Δ + V ) ψ One sees from all this that the BFM theory is profoundly governed by the equivalence principle and produces a usable framework for computation. It is surprising that it has not attracted more adherents. ■

3.2. KLEIN GORDON À LA SANTAMATO. The derivation of the SE in [171] (treated in Section 1.1) was modified in [172] to a derivation of the Klein-Gordon (KG) equation via a somewhat different average action principle. Recall that the spacetime geometry in [171] was obtained from the average action principle to obtain Weyl connections with a gauge field ϕ_μ (thus the geometry had a statistical origin). The Riemann scalar curvature Ṙ was then related to the Weyl scalar curvature R via an equation

(3.33) R = Ṙ − 3[(1/2)g^{μν}ϕ_μϕ_ν + (1/ √ −g)∂_μ( √ −gg^{μν} ϕ_ν)] Explicit reference to the underlying Weyl structure disappears in the resulting SE and we refer to Remark 1.7 for a few comments (cf. also [55] for an incisive review). We recall also here from [156, 157, 158, 159] (cf. [42, 43, 54]) that in the conformal geometry the particles do not follow geodesics of the conformal metric alone; further the work in [156, 157, 158, 159] is absolutely fundamental in exhibiting a correct framework for general relativity via the conformal (Weyl) version. Summarizing from [171] and the second paper in [172] one can say that traditional QM is equivalent (in some sense) to classical statistical mechanics in Weyl spaces. The moral seems to be (loosly) that quantum mechanics in Riemannian spacetime is the same as classical statistical mechanics in a Weyl space. In particular one wants to establish that traditional QM, based on wave equations and ad hoc probability calculus is merely a convenient mathematical construction to overcome the complications arising from a nontrivial spacetime geometric structure. Here one works from first principles and includes gauge invariance (i.e. invariance with respect to an arbitrary choice of the spacetime calibration). The spacetime is supposed to be a generic 4-dimensional differential manifold with torsion free connections Γ^λ_{μν} = Γ^λ_{νμ} and a metric tensor g_{μν} with signature (+, −, −, −) (one takes ℏ = c = 1). Here the (restrictive) hypothesis of assuming a Weyl geometry from the beginning is released, both the particle motion and the spacetime geometric structure are derived from a single average action principle. A result of this approach is that the spacetime connections are forced to be integrable Weyl connections by the extremization principle.

The particle is supposed to undergo a motion in spacetime with deterministic trajectories and random initial conditions taken on an arbitrary spacelike 3-dimensional hypersurface; thus the theory describes a relativistic Gibbs ensemble of particles (cf. [95, 172] for all this in detail and see also [54]). Both the particle motion and the spacetime connections can be obtained from the average stationary action principle

(3.34) δ [ E (∫_{τ2} τ_1 L(x(τ, ẋ(τ ))dτ )] = 0 This action integral must be parameter invariant, coordinate invariant, and gauge invariant. All of these requirements are met if L is positively homogeneous of the first degree in ẋ^μ = dx^μ/dτ and transforms as a scalar of Weyl type w(L) = 0. The underlying probabiity measure must also be gauge invariant. A suitable Lagrangian is then

(3.35) L(x, dx) = (m^2 − (R/6))^{1/2}ds + A_μdx^μ

where ds = (g_{μν}ẋ^μẋ^ν)^{1/2}dτ is the arc length and R is the space time scalar curvature; m is a parameterlike scalar field of Weyl type (or weight) w(m) = −(1/2). The factor 6 is essentially arbitrary and has been chosen for future convenience. The vector field A_μ can be interpreted as a 4-potential due to an externally applied EM field and the curvature dependent factor in front of ds is an effective particle mass. This seems a bit ad hoc but some feeling for the nature of the Lagrangian can be obtained from Section 1.1 (cf. also [18]). The Lagrangian will be gauge invariant provided the A_μ have Weyl type w(A_μ) = 0. Now one can split A_μ into its gradient and divergence free parts A_μ = Ā_μ − ∂_μS, with both S and Ā_μ having Weyl type zero, and with Ā_μ interpreted as and EM 4-potential in the Lorentz gauge. Due to the nature of the action principle regarding fixed endpoints in variation one notes that the average action principle is not invariant under EM gauge transformations A_μ → A_μ + ∂_μS; but one knows that QM is also not invariant under EM gauge transformations (cf. [7]) so there is no incompatability with QM here.

Now the set of all spacetime trajectories accessible to the particle (the particle path space) may be obtained from (3.34) by performing the variation with respect to the particle trajectory with fixed metric tensor, connections, and an underlying probability measure. Thus (cf. [54, 95, 172]) the solution is given by the so-called Carathéodory complete figure associated with the Lagrangian

(3.36) L̄(x, dx) = (m^2 − (R/6))^{1/2}ds + Ā_μdx^μ (note this leads to the same equations as (3.35) since the Lagrangians differ by a total differential dS). The resulting complete figure is a geometric entity formed by a one parameter family of hypersurfaces S(x) = const. where S satisfies the HJ equation

(3.37) g^{μν} (∂_μS − Ā_μ)(∂_ν S − Ā_ν) = m^2 − R 6 and by a congruence of curves intersecting this family given by

(3.38) dx^μ ds = g^{μν} (∂_ν S − Ā_ν ) [g^{ρσ}(∂_ρS − Ā_ρ)(∂_σS − Ā_σ)]^{1/2} The congruence yields the actual particle path space and the underlying probability measure on the path space may be defined on an arbitrary 3-dimensional hypersurface intersecting all of the members of the congruence without tangencies (cf. [95]). The measure will be completely identified by its probability current density j^μ (see [54, 172]). Moreover, since the measure is independent of the arbitrary choice of the hypersurface, j^μ must be conserved, i.e. ∂_μj^μ = 0. Since the trajectories are deterministically defined by (3.38), j^μ must be parallel to the particle 4-velocity (3.38), and hence (3.39) j^μ = ρ √ −gg^{μν} (∂_ν S − Ā_ν ) with some ρ > 0. Now gauge invariance of the underlying measure as well as of the complete figure requires that j^μ transforms as a vector density of Weyl type w(j^μ) = 0 and S as a scalar of Weyl type w(S) = 0. From (3.39) one sees then that ρ transforms as a scalar of Weyl type w(ρ) = −1 and ρ is called the scalar probability density of the particle random motion.

The actual spacetime affine connections are obtained from (3.34) by performing the variation with respect to the fields Γ^λ_{μν} for a fixed metric tensor, particle trajectory, and probability measure. It is expedient to tranform the average action principle to the form of a 4-volume integral

(3.40) δ [∫ Ω d^4x[(m^2 − (R/6))(g_{μν} j^μj^ν ]^{1/2} + A_μj^μ ] = 0 where Ω is the spacetime region occupied by the congruence (3.38) and j^μ is given by (3.39) (cf. [54, 172] for proofs). Since the connection fields Γ^λ_{μν} are contained only in the curvature term R the variational problem (3.40) can be further reduced to

(3.41) δ [∫ Ω ρR √ −gd^4x ] = 0 (here the HJ equation (3.37) has been used). This states that the average spacetime curvature must be stationary under a variation of the fields Γ^λ_{μν} (principle of stationary average curvature). The extremal connections Γ^λ_{μν} arising from (3.41) are derived in [172] using standard field theory techniques and the result is

(3.42) Γ^λ_{μν} = { λ μ ν } + 1 2 (ϕ_μδ^λ_ν + ϕ_ν δ^λ_μ − g_{μν} g^{λρ}ϕ_ρ); ϕ_μ = ∂_μlog(ρ)

This shows that the resulting connections are integrable Weyl connections with a gauge field ϕ_μ (cf. [171] and Sections 1.1-1.2). The HJ equation (3.37) and the continuity equation ∂_μj^μ = 0 can be consolidated in a single complex equation for S, namely

(3.43) e^{iS} g^{μν} (iD_μ − Ā_μ)(iD_ν − Ā_ν )e^{−iS} − (m^2 − (R/6)) = 0; D_μρ = 0

Here D_μ is (doubly covariant - i.e. gauge and coordinate invariant) Weyl derivative given by (cf. [18])

(3.44) D_μT^α_β = ∂_μT^α_β + Γ^α_{μϵ}T^ϵ_β − Γ^ϵ_{μβ} T^α_ϵ + w(T )ϕ_μT^α_β

It is to be noted that the probability density (but not the rest mass) remains constant relative to D_μ. When written out (3.43) for a set of two coupled partial differential equations for ρ and S. To any solution corresponds a particular random motion of the particle.

Next one notes that (3.43) can be cast in the familiar KG form, i.e.

(3.45) [(i/ √ −g)∂_μ √ −g − Ā_μ]g^{μν} (i∂_ν − Ā_ν )ψ − (m^2 − (Ṙ/6))ψ = 0

where ψ = √ ρexp(−iS) and Ṙ is the Riemannian scalar curvature built out of g_{μν} only. We have the (by now) familiar formula

(3.46) R = Ṙ − 3[(1/2)g^{μν}ϕ_μϕ_ν + (1/ √ −g)∂_μ( √ −gg^{μν} ϕ_ν)] According to point of view (A) above in the KG equation (3.45) any explicit reference to the underlying spacetime Weyl structure has disappeared; thus the Weyl structure is hidden in the KG theory. However we note that no physical meaning is attributed to ψ or to the KG equation. Rather the dynamical and statistical behavior of the particle, regarded as a classical particle, is determined by (3.43), which, although completely equivalent to the KG equation, is expressed in terms of quantities having a more direct physical interpretation.

REMARK 3.4. The formula (3.46) goes back to Weyl [198] and the connection of matter to geometry arises from (3.42). The time variable is treated in a special manner here related to a Gibbs ensemble and ρ > 0 is built into the theory. ■

3.3. KLEIN GORDON VIA SCALE RELATIVITY. In [40, 54] and Section 1.1 we sketched a few developments in the theory of scale relativity. This is by no means the whole story and we want to give a taste of some further main ideas while deriving the KG equation in this context (cf. [3, 58, 64, 65, 66, 139, 140, 141, 142, 143, 144, 145]). A main idea here is that the Schrödinger, Klein-Gordon, and Dirac equations are all geodesic equations in the fractal framework. They have the form D^2/ds^2 = 0 where D/ds represents the appropriate covariant derivative. The complex nature of the SE and KG equaton arises from a discrete time symmetry breaking based on nondifferentiability. For the Dirac equation further discrete symmetry breakings are needed on the spacetime variables in a biquaternionic context (cf. here [58]). First we go back to [139, 140, 144] and sketch some of the fundamentals of scale relativity. This is a very rich and beautiful theory extending in both spirit and generality the relativity theory of Einstein (cf. also [57] for variations involving Clifford theory). The basic idea here is that (following Einstein) the laws of nature apply whatever the state of the system and hence the relevant variables can only be defined relative to other states. Standard scale laws of power-law type correspond to Galilean scale laws and from them one actually recovers quantum mechanics (QM) in a nondifferentiable space. The quantum behavior is a manifestation of the fractal geometry of spacetime. In particular the quantum potential is a manifestation of fractality in the same way as the Newton potential is a manifestation of spacetime curvature. In this spirit one can also conjecture (cf. [144]) that this quantum potential may explain various dynamical effects presently attributed to dark matter (cf. also [6]). Now for the KG equation via scale relativity the derivation in the first paper of [58] seems the most concise and we follow that at first (cf. also [140]). All of the elements of the approach for the SE remain valid in the motion relativistic case with the time replaced by the proper time s, as the curvilinear parameter along the geodesics. Consider a small increment dX^μ of a nondifferentiable four coordinate along one of the geodesics of the fractal spacetime. One can decompose this in terms of a large scale part LS < dX^μ >= dx^μ = v_μds and a fluctuation dξ^μ such that LS < dξ^μ >= 0. One is led to write the displacement along a geodesic of fractal dimension D = 2 via

(3.47) dX^μ_± = d_±x^μ + dξ^μ_± = v^μ_±ds + u^μ_± √ 2Dds^{1/2} Here u^μ_± is a dimensionless fluctuation andd the length scale 2D is introduced for dimensional purposes. The large scale forward and backward derivatives d/ds_+ and d/ds_− are defined via (3.48) d ds_± f(s) = lim_{s→0±} LS ⟨ f(s + δs) − f(s) δs ⟩

Applied to x^μ one obtains the forward and backward large scale four velocities of the form

(3.49) (d/dx_+)x^μ(s) = v^μ_+; (d/ds_−)x^μ = v^μ_−

Combining yields

(3.50) d^′ ds = 1 2 ( d ds_+ + d ds_− ) − i 2 ( d ds_+ − d ds_− ) ;

V^μ = d^′ ds x^μ = V^μ − iU^μ = v^μ_+ + v^μ_− 2 − i v^μ_+ − v^μ_− 2 For the fluctuations one has (3.51) LS < dξ^μ_±dξ^ν_± >= ∓2Dη^{μν} ds One chooses here (+, −, −, −) for the Minkowski signature for η^{μν} and there is a mild problem because the diffusion (Wiener) process makes sense only for positive definite metrics. Various solutions have been given and they are all basically equivalent, amounting to the transformatin a Laplacian into a D’Alembertian. Thus the two forward and backward differentials of f(x, s) should be written as (3.52) (df/ds_±) = (∂_s + v^μ_±∂_μ ∓ D∂^μ∂_μ)f One considers now only stationary functions f, not depending explicitly on the proper time s, so that the complex covariant derivative operator reduces to (3.53) (d^′/ds) = (V^μ + iD∂^μ)∂_μ

Now assume that the large scale part of any mechanical system can be characterized by a complex action S leading one to write

(3.54) δS = −mcδ ∫_b a ds = 0; ds = LS < √ dX^ν dX_ν > This leads to δS = −mc ∫_b a V_ν d(δx^ν) with δx^ν = LS < dX^ν >. Integrating by parts yields

(3.55) δS = −[mcδx^ν]^b_a + mc ∫_b a δx^ν (dV_μ/ds)ds To get the equations of motion one has to determine δS = 0 between the same two points, i.e. at the limits (δx^ν)_a = (δx^ν)_b = 0. From (3.55) one obtains then a differential geodesic equation dV/ds = 0. One can also write the elementary variation of the action as a functional of the coordinates. So consider the point a as fixed so (δx^ν)_a = 0 and consider b as variable. The only admissable solutions are those satisfying the equations of motion so the integral in (3.55) vanishes and writing (δx^ν )_b as δx^ν gives δS = −mcV_ν δx^ν (the minus sign comes from the choice of signature). The complex momentum is now (3.56) P_ν = mcV_ν = −∂_ν S and the complex action completely characterizes the dynamical state of the particle. Hence introduce a wave function ψ = exp(iS/S_0) and via (3.56) one gets (3.57) V_ν = (iS_0/mc)∂_ν log(ψ) Now for the scale relativistic prescription replace the derivative in d/ds by its covariant expression d^′/ds. Using (3.57) one transforms dV/ds = 0 into

(3.58) −

S^2_0 m^2c^2 ∂^μlog(ψ)∂_μ ∂_ν log(ψ) − S_0D mc ∂^μ∂_μ∂_ν log(ψ) = 0 The choice S_0 = ℏ = 2mcD allows a simplification of (3.58) when one uses the identity

(3.59) 1 2 ( ∂_μ∂^μψ ψ ) = ( ∂_μlog(ψ) + 1 2 ∂_μ ) ∂^μ∂^ν log(ψ) Dividing by D^2 one obtains the equation of motion for the free particle ∂^ν [∂^μ∂_μψ/ψ] = 0. Therefore the KG equation (no electromagnetic field) is (3.60) ∂^μ∂_μψ + (m^2c^2/ℏ^2)ψ = 0 and this becomes an integral of motion of the free particle provided the integration constant is chosen in terms of a squared mass term m^2c^2/ℏ^2. Thus the quantum behavior described by this equation and the probabilistic interpretation given to ψ is reduced here to the description of a free fall in a fractal spacetime, in analogy with Einstein’s general relativity. Moreover these equations are covariant since the relativistic quantum equation written in terms of d^′/ds has the same form as the equation of a relativistic macroscopic and free particle using d/ds. One notes that the metric form of relativity, namely V^μV_μ = 1 is not conserved in QM and it is shown in [155] that the free particle KG equation expressed in terms of V leads to a new equality (3.61) V^μV_μ + 2iD∂^μV_μ = 1 In the scale relativistic framework this expression defines the metric that is induced by the internal scale structures of the fractal spacetime. In the absence of an electromagnetic field V^μ and S are related by (3.56) which can be writen as V_μ = −(1/mc)∂_μS so (3.61) becomes

(3.62) ∂^μS∂_μS − 2imcD∂^μ∂_μS = m^2c^2 which is the new form taken by the Hamilton-Jacobi equation.

REMARK 3.5. We go back to [140, 155] now and repeat some of their steps in a perhaps more primitive but revealing form. Thus one omits the LS notation and uses λ ∼ 2D; equations (3.47) - (3.53) and (3.50) are the same and one writes now d/ds for d^′/ds. Then d/ds = V^μ∂_μ + (iλ/2)∂^μ∂_μ plays the role of a scale covariant derivative and one simply takes the equation of motion of a free relativistic quantum particle to be given as (d/ds)V^ν = 0, which can be interpreted as the equations of free motion in a fractal spacetime or as geodesic equations. In fact now (d/ds)V^ν = 0 leads directly to the KG equation upon writing ψ = exp(iS/mcλ) and P^μ = −∂^μS = mcV^μ so that iS = mcλlog(ψ) and V^μ = iλ∂^μ log(ψ). Then (3.63) ( V^μ∂_μ + iλ 2 ∂^μ∂_μ ) ∂^ν log(ψ) = 0 = iλ ( ∂^μψ ψ ∂_μ + 1 2 ∂^μ∂_μ ) ∂^ν log(ψ)

Now some identities are given in [155] for aid in calculation here, namely

(3.64) ∂^μψ ψ ∂_μ ∂^ν ψ ψ = ∂^μψ ψ ∂^ν ( ∂_μψ ψ ) = = 1 2 ∂^ν ( ∂^μψ ψ ∂_μψ ψ ) ; ∂_μ ( ∂^μψ ψ ) + ∂^μψ ψ ∂_μψ ψ = ∂^μ∂_μψ ψ The first term in the last equation of (3.63) is then (1/2)[(∂^μψ/ψ)(∂_μψ/ψ)] and the second is (3.65) (1/2)∂^μ∂_μ∂^ν log(ψ) = (1/2)∂^μ∂^ν ∂_μlog(ψ) =

= (1/2)∂^ν ∂^μ∂_μlog(ψ) = (1/2)∂^ν ( ∂^μ∂_μψ ψ − ∂^μψ∂_μψ ψ^2 )

Combining we get (1/2)∂^ν (∂^μ∂_μψ/ψ) = 0 which integrates then to a KG equation (3.66) −(ℏ^2/m^2c^2)∂^μ∂_μψ = ψ for suitable choice of integration constant (note ℏ/mc is the Compton wave length).

Now in this context or above we refer back to Section 3.1 for example and write Q = −(1/2m)(□R/R) (ℏ = c = 1 for convenience here). Then recall ψ = exp(iS/mλ) and

P_μ = mV_μ = −∂_μS with iS = mλlog(ψ). Also V_μ = −(1/m)∂_μS = iλ∂_μlog(ψ) with ψ = Rexp(iS/mλ) so log(ψ) = iS/mλ = log(R) + iS/mλ, leading to (3.67) V_μ = iλ[∂_μlog(R) + (i/mλ)∂_μS] = − 1 m ∂_μS + iλ∂_μlog(R) = V_μ + iU_μ Then □ = ∂^μ∂_μ and U_μ = λ∂_μlog(R) leads to (3.68) ∂^μU_μ = λ∂^μ∂_μlog(R) = λ□log(R) Further ∂^μ∂_ν log(R) = (∂^μ∂_ν R/R) − (R_νR_μ/R^2) so (3.69) □log(R) = ∂^μ∂_μlog(R) = (□R/R) − ( ∑ R^2_μ/R^2) = = (□R/R) − ∑ (∂_μR/R)^2 = (□R/R) − |U |^2 for |U |^2 = ∑ U^2_μ . Hence via λ = 1/2m for example one has

(3.70) Q = −(1/2m)(□R/R) = − 1 2m [ |U |^2 + 1 λ □log(R) ] = = − 1 2m [ |U |^2 + 1 λ ∂^μU_μ ] = − 1 2m |U |^2 − 1 2 div(⃗U ) (cf. Proposition 1.1). ■

3.4. FIELD THEORETIC METHODS. In trying to imagine particle trajectories of a fractal nature or in a fractal medium we are tempted to abandon (or rather relax) the particle idea and switch to quantum fields (QF). Let the fields sense the bumps and fractality; if one can think of fields as operator valued distributions for example then fractal supports for example are quite reasonable. There are other reasons of course since the notion of particle in quantum field theory (QFT) has a rather fuzzy nature anyway. Then of course there are problems with QFT itself (cf. [197]) as well as arguments that there is no first quantization (except perhaps in the Bohm theory - cf. [134]). Some aspects of particles arising from QF and QFT methods, especially in a Bohmian spirit are reviewed in [41, 54] and here we only briefly indicate one approach due to Nikolić for bosonic fields (cf. [134, 135, 136, 137, 138] (cf. also [37, 103, 104, 105, 106, 107] for other field aspects of KG). We refer also to [100, 197] for interesting philosophical discussion about particles and localized objects in a QFT. Many details are omitted and standard QFT techniques are assumed to be known (see e.g. [101]) and we will concentrate here on derivations of KG type equations. First note that the papers [136] are impressive in producing a local operator describing the particle density current for scalar and spinor fields in an arbitrary gravitational and electromagnetic background. This enables one to describe particles in a local, general covariant, and gauge invariant manner and this is reviewed in [54]. We follow here [135] concerning Bohmian particle trajectories in relativistic bosonic and fermionic QFT. First we recall that there is no objection to a Bohmian type theory for QFT and no contradiction to Bell’s theorems etc. (see e.g. [30, 75]). Without discussing philosophical aspects of such a theory we simply construct one following Nikolic. Thus consider first particle trajectories in relativistic QM and posit a real scalar field ϕ(x) satisfying the Klein-Gordon equation in a Minkowski metric η_{μν} = diag(1, −1, −1, −1) written as (∂^2_0 − ∇^2 + m^2)ϕ = 0. Let ψ = ϕ^+ with ψ^∗ = ϕ^− correspond to positive and negative frequency parts of ϕ = ϕ^+ + ϕ^−. The particle current is j_μ = iψ^∗ ←→ ∂_μψ and N = ∫ d^3xj_0 is the positive definite number of particles (not the charge). This is most easily seen from the plane wave expansion ϕ^+(x) = ∫ d^3ka(κ)exp(−ikx)/ √ (2π)^32k_0 since then N = ∫ d^3ka^†(κ)a(κ) (see above and [?, 136] where it is shown that the particle current and the decomposition ϕ = ϕ^+ + ϕ^− make sense even when a background gravitational field or some other potential is present). One can write also j_0 = i(ϕ^−π^+ −ϕ^+π^−) where π = π^++π^− is the canonical momentum (cf. [103]). Alternatively ϕ may be interpreted not as a field containg an arbitrary number of particles but rather as a one particle wave function. Here we note that contrary to a field a wave function is not an observable and so doing we normalize ϕ here so that N = 1. The current j_μ is conserved via ∂_μj^μ = 0 which implies that N = ∫ d^3xj_0 is also conserved, i.e. dN/dt = 0. In the causal interpretation one postulates that the particle has the trajectory determined by dx^μ/dτ = j^μ/2mψ^∗ψ. The affine parameter τ can be eliminated by writing the trajectory equation as dx/dt = j(t, x)/j_0(t, x) where t = x^0, x = (x^1, x^2, x^3) and j = (j^1, j^2, j^3). By writing ψ = Rexp(iS) where R, S) are real one arrives at a Hamilton-Jacobi (HJ) form dx^μ/dτ = −(1/m)∂^{mu}S and the KG equation is equivalent to

(3.71) ∂^μ(R^2∂_μS) = 0; (∂^μS)(∂_μS) 2m − m 2 + Q = 0

Here Q = −(1/2m)(∂^μ∂_μR/R is the quantum potential (c = ℏ = 1). From the HJ form and (3.71) plus the identity d/dτ = (dx^μ/dt)∂_μ one arrives at the equations of motion m(d^2x^μ/dτ^2) = ∂^μQ. A typical trajectory arising from dx/dt = j/j_0 could be imagined as an S shaped curve in the t − x plane (with t horizontal) and cut with a vertical line through the middle of the S. The velocity may be superluminal and may move backwards in time (at points where j_0 < 0). There is no paradox with backwards in time motion since it is physically indistinguishable from a motion forwards with negative energy. One introduces a physical number of particles via N_{phys} = ∫ d^3x|j_0|. Contrary to N = ∫ d^3xj_0 the physical number of particles is not conserved. A pair of particles one with positive and the other with negative energy may be created or annihilated; this resembles the behavior of virtual particles in convential QFT.

Now go to relativistic QFT where in the Heisenberg picture the Hermitian field operator ϕ̂(x) satisfies

(3.72) (∂^2_0 − ∇^2 + m^2)ϕ̂ = J(ϕ̂)

where J is a nonlinear function describing the interaction. In the Schrödinger picture the time evolution is determined via the Schrödinger equation (SE) H[ϕ, −iδ/δϕ]Ψ[ϕ, t] = i∂_tΨ[ϕ, t] where Ψ is a functional with respect to ϕ(x) and a function of t. A normalized solution of this can be expanded as Ψ[ϕ, t] = ∑_∞ −∞ Ψ̃_n[ϕ, t] where the Ψ̃_n are unnormalized n-particle wave functionals and the analysis proceeds from there (cf. [135]). In the deBroglie-Bohm (dBB) interpretation the field ϕ(x) has a causal evolution determined by

(3.73) (∂^2_0 − ∇^2 + m^2)ϕ(x) = J(ϕ(x)) − ( δQ[ϕ, t] δϕ(x) ) ϕ(x)=ϕ(x) ;

Q = − 1 2|Ψ| ∫ d^3x δ^2|Ψ| δϕ^2(x) where Q is the quantum potential again. However the n particles attributed to the wave function ψ_n also have causal trajectories determined by a generalization of dx/dt = j/j_0 as

(3.74) dx_{n,j} dt = ( ψ^∗_n(x^{(n)}) ←→ ∇_j ψ_n(x^{(n)}) ψ^∗_n(x^{(n)}) ←→ ∂_{tj} ψ_n(x^{(n)}) ) t_1=···=t_n=t

where the n-particle wave function is

(3.75) ψ_n(x^{(n)}, t) =< 0|ϕ̂(t, x_1) · · · ϕ̂(t, x_n)|Ψ >

These n-particles have well defined trajectories even when the probability (in the conventional interpretation of QFT) of the experimental detection is equal to zero. In the dBB interpretation of QFT we can introduce a new causally evolving parameter e_n[ϕ, t] defined as (3.76) e_n[ϕ, t] = |Ψ̃_n[ϕ, t]|^2/ ∞∑ n^′ |Ψ̃_n′ [ϕ, t]|^2 The evolution of this parameter is determined by the evolution of ϕ given via (3.73) and by the solution Ψ = ∑~ Ψ of the SE. This parameter might be interpreted as a probability that there are n particles in the system at time t if the field is equal (but not measured!) to be ϕ(x) at that time. However in the dBB theory one does not want a stochastic interpretation. Hence assume that e_n is an actual property of the particles guided by the wave function ψ_n and call it the effectivity of these n particles. This is a nonlocal hidden variable attributed to the particles and it is introduced to provide a deterministic description of the creation and destruction of particles (see [41, 54, 135] for more on this).

REMARK 3.6. In [134] an analogous fermionic theory is developed but it is even more technical and we refer to [54] for a sketch. ■

REMARK 3.7. In [138] one addresses the question of statistical transparency. Thus the probabilitistic interpretation of the nonrelativistic SE does not work for the relativistic KG equation (∂^μ∂_μ + m^2)ψ = 0 (where x = (x, t) and ℏ = c = 1) since |ψ|^2 does not correspond to a probability density. There is a conserved current j^μ = iψ^∗ ←→ ∂^μψ (where a ←→ ∂^μb = a∂^μb − b∂^μa) but the time component j^0 is not positive definite. In [134, 135] the equations that determine the Bohmain trajectories of relativistic quantum particles described by many particle wave functions were written in a form requiring a preferred time coordinate. However a preferred Lorentz frame is not necessary (cf. [25]) and this is developed in [138] following [25, 135]. First note that as in [25, 135] it appears that particles may be superluminal and the principle of Lorentz covariance does not forbid superluminal velocities and conversly superluminal velocities do not lead to causal paradoxes (cf. [25, 138]). As noted in [25] the Lorentz-covariant Bohmian interprtation of the many particle KG equation is not statistically transparent. This means that the statistical distribution of particle positions cannot be calculated in a simple way from the wave function alone without the knowledge of particle trajectories. One knows that classcal QM is statistically transparent of course and this perhaps helps to explain why Bohmian mechanics has not attracted more attention. However statistical transparency (ST) may not be a fundamental property of nature as suggested by looking at standard theories (cf. [138]) The upshot is that since statistical probabilities can be calculated via Bohmian trajectories that theory is more powerful than other interpretations of general QM and we refer to [138] for discussion on this, on the KG equation, and on Lorentz covariance. ■

3.5. DeDONDER-WEYL AND KG. We go here to a paper [137] which gives a manifestly covariant canonical method of field quantization based on the classical DeDonder- Weyl formulation of field theory. The Bohmian formulation is not postulated for intepretational purposes here but derived from purely technical requirements, namely covariance and consistency with standard QM. It arises automatically as a part of the formalism without which the theory cannot be formulated consistently. This together with the results of [134, 138] suggest that it is Bohmian mechanics that might be the missing bridge between QM and relativity; further it should play an important role in cosmology (cf. [54, 110, 119, 112, 113, 114, 115, 116, 117, 162, 191, 192, 193]). The classical covariant canonical DeDonder-Weyl formalism is given first following the excellent development in [122] and for simplicity one real scalar field in Minkowski spacetime is used. Thus (classical formulation) let ϕ(x) be a real scalar field described by

(3.77) A = ∫ d^4xL; L = 1 2 (∂^μϕ)(∂_μϕ) − V (ϕ) As usual one has

(3.78) π^μ = ∂L ∂(∂_μϕ) = ∂^μϕ; ∂_μϕ = ∂H ∂π^μ ; ∂_μπ^μ = − ∂H ∂ϕ where the scalar DeDonder-Weyl (DDW) Hamilonian (not related to the energy density) is given by the Legendre transform H(π^μ, ϕ) = π^μ∂_μϕ − L = (1/2)π^μπ_μ + V . The equations (3.78) are equivalent to the standard Euler-Lagrange (EL) equations and by introducing the local vector S^μ(ϕ(x), x) the dynamics can also be described by the covariant DDW HJ equation and equations of motion

(3.79) H ( ∂S^α ∂ϕ , ϕ ) + ∂_μS^μ = 0; ∂^μϕ = π^μ = ∂S^μ ∂ϕ Note here ∂_μ is the partial derivative acting only on the second argument of S^μ(ϕ(x), x); the corresonding total derivative is d_μ = ∂_μ + (∂_μϕ)(∂/∂ϕ). Further the first equation in (3.79) is a single equation for four quantities S^μ so there is a lot of freedom in finding solutions. Nevertheless the theory is equivalent to other formulations of classical field theory. Now following [118] one considers the relation between the covariant HJ equation and the conventional HJ equation; the latter can be derived from the former as follows. Using (3.78), (3.79) takes the form (1/2)∂_ϕS_μ∂_ϕS^μ + V + ∂_μS^μ = 0. Then using the equation of motion in (3.79) write the first term as

(3.80) 1 2 ∂S_μ ∂ϕ ∂S^μ ∂ϕ = 1 2 ∂S^0 ∂ϕ ∂S^0 ∂ϕ + 1 2 (∂_iϕ)(∂^iϕ) Similarly using (3.79) the last term is ∂_μS^μ = ∂_0S^0 + d_iS^i − (∂_iϕ)(∂^iϕ). Now introduce the quantity S = ∫ d^3xS^0 so that [∂S^0(ϕ(x), x)/∂ϕ(x)] = [δS([ϕ(x, t)], t)/δϕ(x, t)] where δ/δϕ(x, t) ≡ [δ/δϕ(x)]_{ϕ(x)=ϕ(x,t)} is the space functional derivative. Putting this together gives then

(3.81) ∫ d^3x [ 1 2 ( δS δϕ(x, t) )_2 + 1 2 (∇ϕ)^2 + V (ϕ) ] + ∂_tS = 0

which corresponds to the standard noncovariant HJ equation. The time evolution of ϕ(x, t) is given by ∂_tϕ(x, t) = δS/δϕ(x, t) which arises from the time component of (3.79). Note that in deriving (3.81) it was necessary to use the space part of the equations of motion (3.79) (this does not play an important role in classical physics but is important here).

Now for the Bohmian formulation look at the SE ĤΨ = iℏ∂_tΨ where we write

(3.82) Ĥ = ∫ d^3x [ − ℏ^2 2 ( δ δϕ(x) )_2 + 1 2 (∇ϕ)^2 + V (ϕ) ] ;

Ψ([ϕ(x)], t) = R([ϕ(x)], t)exp[iS([ϕ(x)], t)/ℏ] Then the complex SE equation is equivalent to two real equations

(3.83) ∫ d^3x [ 1 2 ( δS δϕ(x) )_2 + 1 2 (∇ϕ)^2 + V (ϕ) + Q ] + ∂_tS = 0; ∫ d^3x [ δR δϕ(x) δS δϕ(x) + J ] + ∂_tR = 0; Q = − ℏ^2 2R δ^2R δϕ^2(x)

; J = R 2 δ^2S δϕ^2(x) The second equation is also equivalent to

(3.84) ∂_tR^2 + ∫ d^3x δ δϕ(x) ( R^2 δS δϕ(x) ) = 0 and this exhibits the unitarity of the theory because it provides that the norm ∫ [dϕ(x)]^2Ψ^∗Ψ = ∫ [dϕ(x)]R^2 does not depend on time. The quantity R^2([ϕ(x)], t) represents the probability density for fields to have the configuration ϕ(x) at time t. One can take (3.83) as the starting point for quantization of fields (note exp(iS/ℏ) should be single valued). Equations (3.83) and (3.84) suggest a Bohmian interpretation with deterministic time evolution given via ∂_tϕ. Remarkably the statistical predictions of this deterministic interpretation are equivalent to those of the conventional interpretation. All quantum uncertainties are a consequence of the ignorance of the actual initial field configuration ϕ(x, t_0). The main reason for the consistency of this interpretation is the fact that (3.84) with ∂_tϕ as above represents the continuity equation which provides that the statistical distribution ρ([ϕ(x)], t) of field configurations ϕ(x) is given by the quantum distribution ρ = R^2 at any time t, provided that ρ is given by R^2 at some initial time. The initial distribution is arbitrary in principle but a quantum H theorem explains why the quantum distribution is the most probable (cf. [195]). Comparing (3.83) with (3.81) we see that the quantum field satisfies an equation similar to the classical one, with the addition of a term resulting from the nonlocal quantum potential Q. The quantum equation of motion then turns out to be

(3.85) ∂^μ∂_μϕ + ∂V (ϕ) ∂ϕ + δQ δϕ(x; t) = 0 where Q = ∫ d^3xQ. A priori perhaps the main unattractive feature of the Bohmian formulation appears to be the lack of covariance, i.e. a preferred Lorentz frame is needed and this can be remedied with the DDW presentation to follow.

Thus one wants a quantum substitute for the classical covariant DDW HJ equation (1/2)∂_ϕS_μ∂_ϕS^μ + V + ∂_μS^μ = 0. Define then the derivative

(3.86) dA([ϕ], x) dϕ(x) = ∫ d^4x^′ δA([ϕ], x^′) δϕ(x) where δ/δϕ(x) is the spacetime functional derivative (not the space functional derivative used before in (3.81)). In particular if A([ϕ], x) is a local functional, i.e. if A([ϕ], x) = A(ϕ(x), x) then

(3.87) dA(ϕ(x), x) dϕ(x) = ∫ d^4x^′ δA(ϕ(x^′), x^′) δϕ(x) = ∂A(ϕ(x), x) ∂ϕ(x) Thus d/dϕ is a generalization of ∂/∂ϕ such that its action on nonlocal functionals is also well defined. An example of interest is a functional nonlocal in space but local in time so that

(3.88) δA([ϕ], x^′) δϕ(x) = δA([ϕ], x^′) δϕ(x, x^0) δ((x^′)^0 − x^0) ⇒ ⇒ dA([ϕ], x) dϕ(x) = δ δϕ(x, x^0) ∫ d^3x^′A([ϕ], x^′, x^0)

Now the first equation in (3.79) and the equations of motion become

(3.89) 1 2 dS_μ dϕ dS^μ dϕ + V + ∂_μS^μ = 0; ∂^μϕ = dS^μ dϕ which is appropriate for the quantum modification. Next one proposes a method of quantization that combines the classical covariant canonical DDW formalism with the standard specetime asymmetric canonical quantization of fields. The starting point is the relation between the noncovariant classical HJ equation (3.81) and its quantum analogue (3.83). Suppressing the time dependence of the field in (3.81) we see that they differ only in the existence of the Q term in the quantum case. This suggests the following quantum analogue of the classical covariant equation (3.89)

(3.90) 1 2 dS_μ dϕ dS^μ dϕ + V + Q + ∂_μS^μ = 0

Here S^μ = S^μ([ϕ], x) is a functional of ϕ(x) so S^μ at x may depend on the field ϕ(x^′) at all points x^′. One can also allow for time nonlocalities (cf. [138]). Thus (3.91) is manifestly covariant provided that Q given by (3.83) can be written in a covariant form. The quantum equation (3.90) must be consistent with the conventional quantum equation (3.83); indeed by using a similar procedure to that used in showing that (3.79) implies (3.81) one can show that (3.90) implies (3.83) provided that some additional conditions are fulfilled. First S^0 must be local in time so that (3.88) can be used. Second S^i must be completely local so that dS^i/dϕ = ∂S^i/∂ϕ, which implies

(3.91) d_iS^i = ∂_iS^i + (∂_iϕ) dS^i dϕ However just as in the classical case in this procedure it is necessary to use the space part of the equations of motion (3.79). Therefore these classical equations of motion must be valid even in the quantum case. Since we want a covariant theory in which space and time play equal roles the validity of the space part of the (3.79) implies that its time part should also be valid. Consequently in the covariant quantum theory based on the DDW formalism one must require the validity of the second equation in (3.89). This requirement is nothing but a covariant version of the Bohmian equation of motion written for an arbitrarily nonlocal S^μ (this clarifies and generalizes results in [118]). The next step is to find a covariant substitute for the second equation in (3.83). One introduces a vector R^μ([ϕ], x) which will generate a preferred foliation of spacetime such that the vector R^μ is normal to the leaves of the foliation. Then define

(3.92) R([ϕ], Σ) = ∫ Σ dΣ_μR^μ; S([ϕ], x) = ∫ Σ dΣ_μS^μ where Σ is a leaf (a 3-dimensional hypersurface) generated by R^μ. Hence the covariant version of Ψ = Rexp(iS) is Ψ([ϕ], Σ) = R([ϕ], Σ)exp(iS([ϕ], Σ)/ℏ). For R^μ one postulates the equation

(3.93) dR^μ dϕ dS^μ dϕ + J + ∂_μR^μ = 0

In this way a preferred foliation emerges dynamically as a foliation generated by the solution R^μ of the equaitons (3.93) and (3.90). Note that R^μ does not play any role in classical physics so the existence of a preferred foliation is a purely quantum effect. Now the relation between (3.93) and (3.83) is obtained by assuming that nature has chosen a solution of the form R^μ = (R^0, 0, 0, 0) where R^0 is local in time. Then integrating (3.93) over d^3x and assuming again that S^0 is local in time one obtains (3.83). Thus (3.93) is a covariant substitute for the second equation in (3.83). It remains to write covariant versions for Q and J and these are

(3.94) Q = − ℏ^2 2R δ^2R δ_Σϕ^2(x)

; J = R 2 δ^2S δ_Σϕ^2(x) where δ/δ_Σϕ(x) is a version of the space functional derivative in which Σ is generated by R^μ. Thus (3.93) and (3.90) with (3.94) represent a covariant substitute for the functional SE equivalent to (3.84). The covariant Bohmian equations (3.89) imply a covariant version of (3.85), namely

(3.95) ∂^μ∂_μϕ + ∂V ∂ϕ + dQ dϕ = 0 Since the last term can also be written as δ( ∫ d^4xQ)/δϕ(x) the equation of motion (3.95) can be obtained by varying the quantum action

(3.96) A_Q = ∫ d^4xL_Q = ∫ d^4x(L − Q)

Thus in summary the covariant canonical quantization of fields is given by equations (3.89), (3.90), (3.93), and (3.94). The conventional functional SE corresponds to a special class of solutions for which R^i = 0, S^i are local, while R^0 and S^0 are local in time. In [137] a multifield generalization is also spelled out, a toy model is considered, and applications to quantum gravity are treated. The main result is that a manifestly covariant method of field quantization based on the DDW formalism is developed which treats space and time on an equal footing. Unlike the conventional canonical quantization it is not formulated in terms of a single complex SE but in terms of two coupled real equations. The need for a Bohmian formulation emerges from the requirement that the covariant method should be consistent with the conventional noncovariant method. This suggests that Bohmian mechanics (BM) might be a part of the formalism without which the covariant quantum theory cannot be formulated consistently.

4. DIRAC WEYL GEOMETRY

A sketch of Dirac Weyl geometry following [71] was given in [42] in connection with deBroglie-Bohm theory in the spirit of the Tehran school (cf. [28, 29, 129, 130, 163, 164, 165, 166, 167, 168, 169, 170, 173, 174, 175, 176, 177, 178, 179, 180, 181, 182, 183, 184, 185, 186, 187, 188]). We go now to [110, 111, 112, 113, 114, 115, 116, 117, 162] for a very brief discussion of versions of the Dirac Weyl theory involved in discussing magnetic monopoles, dark matter, quintessence, matter creation, etc. (see [54] for more in this direction). Thus go to [111] where in particular an integrable Weyl-Dirac theory is developed (the book [110] is a lovely exposition but the work in [111] is somwhat newer). Note, as remarked in [126] (where twistors are used), the integrable Weyl-Dirac geometry is desirable in order that the natural frequency of an atom at a point should not depend on the whole world line of the atom. The first paper in [111] is designed to investigate the integrable Weyl-Dirac (Int-W-D) geometry and its ability to create massive matter. For example in this theory a spherically symmetric static geometric formation can be spatially confined and an exterior observer will recognize it as a massive entity. This may be either a fundamental particle or a cosmic black hole both confined by a Schwarzschild surface. Here we only summarize some basic features in order to establish notation, etc. and sketch the preliminary theory (referring to [54] and the work of Israelit and Rosen for many examples). Thus in the Weyl geometry one has a metric g_{μν} = g_{νμ} and a length connection vector w_μ along with an idea of Weyl gauge transformation (WGT)

(4.1) g_{μν} → g̃_{μν} = e^{2λ}g_{μν} ; g^{μν} → g̃^{μν} = e^{−2λ}g^{μν}

where λ(x^μ) is an arbitrary differerentiable function. One is interested in covariant quantities satisfying ψ → ψ̃ = exp(nλ)ψ where the Weyl power n is described via π(ψ) = n, π(g_{μν} ) = 2, and π(g^{μν} ) = −2. If n = 0 the quantity ψ is said to be gauge invariant (in-invariant). Under parallel displacement one has length changes and for a vector

(4.2) (i) dB^μ = −B^σ Γ^μ_{σν} dx^ν; (ii) B = (B^μB^ν g_{μν})^{1/2}; (iii) dB = Bw_ν dx^ν

(note π(B) = 1). In order to have agreement between (i) and (iii) one requires

(4.3) Γ^λ_{μν} = { λ μ ν } + g_{μν} w^λ − δ^λ_ν w_μ − δ^λ_μ w_ν

where { λ μ ν } is the Christoffel symbol based on g_{μν}. In order for (iii) to hold in any

gauge one must have the WGT w_μ → w̃_μ = w_μ + ∂_μλ and if the vector B^μ is transported by parallel displacement around an infinitesimal closed parallelogram one finds

(4.4) ΔB^λ = B^σ K^λ_{σμν} dx^μδx^ν; ΔB = BW_{μν} dx^μδx^ν ; K^λ_{σμν} = −Γ^λ_{σμ,ν} + Γ^λ_{σν,μ} − Γ^α_{σμ}Γ^λ_{αν} + Γ^α_{σν} Γ^λ_{αμ} is the curvature tensor formed from (4.3) and W_{μν} = w_{μ,ν} − w_{ν,μ}. Equations for the WGT w_{mu} → w̃_μ and the definition of W_{μν} led Weyl to identify w_μ with the potential vector and W_{μν} with the EM field strength; he used a variational principle δI = 0 with I = ∫ L √ −gd^4x with L built up from K^λ_{σμν} and W_{μν} . In order to have an action invariant under both coordinate transformations and WGT he was forced to use R^2 (R the Riemannian curvature scalar) and this led to the gravitational field.

Dirac revised this with a scalar field β(x^ν ) which under WGT changes via β → β̃ = e^{−λ}β (i.e. π(β) = −1). His in-invariant action integral is then (f_{,μ} ≡ ∂_μf)

(4.5) I = ∫ [W^{λσ}W_{λσ} − β^2R + β^2(k − 6)w^σw_σ + 2(k − 6)βw^σ β_{,σ}+

+kβ_{,σ} β_{,σ} + 2Λβ^4 + L_M ] √ −gd^4x Here k is a parameter, Λ is the cosmological constant, L_M is the Lagrangian density of matter, and an underlined index is to be raised with g^{μν} . Now according to (4.4) this is a nonintegrable geometry but there may be situations when geometric vector fields are ruled out by physical constraints (e.g. the FRW universe). In this case one can preserve the WD character of the spacetime by assuming that w_ν is the gradient of a scalar function w so that w_ν = w_{,ν} = ∂_ν w. One has then W_{μν} = 0 and from (4.4) results ΔB = 0 yielding an integrable spacetime (Int-W-D spacetime). To develop this begin with (4.5) but with w_ν given by w_ν = ∂_ν w so the first term in (4.5) vanishes. The parameter k is not fixed and the dynamical variables are g_{μν}, w, and β. Further it is assumed that L_M depends on (g_{μν} , w, β). For convenience write (4.6) b_μ = (log(β))_{,μ} = β_{,μ}/β and use a modified Weyl connection vector W_μ = w_μ +b_μ which is a gauge invariant gradient vector. Write also k − 6 = 16πκ and varying w in (4.5) one gets a field equation (4.7) 2(κβ^2W^ν )_{;ν} = S where the semicolon denotes covariant differentiation with the Christoffel symbols and S is the Weylian scalar charge given by 16πS = δL_M /δw. Varying g_{μν} one gets also

(4.8) G^ν_μ = −8π T^ν_μ β^2 + 16πκ ( W^ν W_μ − 1 2 δ^ν_μW^σ W_σ ) + +2(δ^ν_μb^σ_{;σ} − b^ν_{;μ}) + 2b^νb_μ + δ^ν_μb^σ − δ^ν_μβ^2Λ where G^ν_μ represents the Einstein tensor and the EM density tensor of ordinary matter is (4.9) 8π √ −gT^{μν} = δ( √ −gL_M )/δg_{μν} Finally the variation with respect to β gives an equation for the β field (4.10) R + k(b^σ_{;σ} + b^σ b_σ) = 16πκ(w^σw_σ − w^σ_{;σ}) + 4β^2Λ + 8πβ^{−1}B Note in (4.10) R is the Riemannian curvature scalar and the Dirac charge B is a conjugate of the Dirac gauge function β, namely 16πB = δL_M /δβ.

By a simple procedure (cf. [71]) one can derive conservation laws; consider e.g. I_M = ∫ L_M √ −gd^4x. This is an in-invariant so its variation due to coordinate transformation or WGT vanishes. Making use of 16πS = δL_M /δw, (4.9), and 16πB = δL_M /δβ one can write

(4.11) δI_M = 8π ∫ (T^{μν} δg_{μν} + 2Sδw + 2Bδβ) √ −gd^4x Via x^μ → x̃^μ = x^μ + η^μ for an arbitrary infinitesimal vector η^μ one can write (4.12) δg_{μν} = g_{λν} η^λ_{;μ} + g_{μλ}η^λ_{;ν} ; δw = w_{,ν} η^ν; δβ = β_{,ν} η^ν Taking into account x^μ → x̃^μ we have δI_M = 0 and making use of (4.12) one gets from (4.11) the energy momentum relations (4.13) T^λ_{μ;λ} − Sw_μ − βBb_μ = 0 Further considering a WGT with infinitesimal λ(x^μ) one has from (4.11) the equation S + T − βB = 0 with T = T^σ_σ . One can contract (4.8) and make use of (4.7) and S + T = βB giving again (4.10), so that (4.10) is a corollary rather than an independent equation and one is free to choose the gauge function β in accordance with the gauge covariant nature of the theory. Going back to the energy-momentum relations one inserts S + T = βB into (4.13) to get T^λ_{μ;λ} − T b_μ = SW_μ. Now go back to the field equation (4.8) and introduce the EM density tensor of the W_μ field (4.14) 8πΘ^{μν} = 16πκβ^2[(1/2)g^{μν}W^λW_λ − W^μW^ν ] Making use of (4.7) one can prove Θ^λ_{μ;ν} − Θb_μ = −SW_μ and using T^λ_{μ;λ} − T B_μ = SW_μ one has an equation for the joint energy momentum density (4.15) (T^λ_μ + Θ^λ_μ)_{;λ} − (T + Θ)b_μ = 0

One can derive now the equation of motion of a test particle (following [162]). Consider matter consisting of identical particles with rest mass m and Weyl scalar charge q_s, being in the stage of a pressureless gas so that the EM density tensor can be written T^{μν} = ρU^μU^ν where U^μ is the 4-velocity and the scalar mass density ρ is given by ρ = mρ_n with ρ_n the particle density. Taking into account the conservation of particle number one obtains from T^λ_{μ;λ} − T b_μ = SW_μ the equation of motion

(4.16) dU^μ ds + { μ λ σ } U^λU^σ = ( b_λ + q_s m W_λ ) (g^{μλ} − U^μU^λ)

In the Einstein gauge (β = 1) we are then left with

(4.17) dU^μ ds + { μ λ σ } U^λU^σ = q_s m w_λ(g^{μλ} − U^μU^λ)

This gives a sketch of a powerful framework capable of treating many problems involving “mattter” and geometry. Connections to Section 2 are obvious and we have supplied earlier additional relations to fluctuations via Fisher information and quantum geometry (cf. also [40, 41, 42, 43, 54]). Many cosmological questions of great interest including dark matter, quintessence, etc. are also treated in [110, 111, 112, 113, 114, 115, 116, 117] and one can speculate about the original universe from many points of view. The inroads into cosmology here seem to be an inevitable consequence of the presence of Weyl-Dirac theory in dealing with quantum fluctuations via the quantum potential.

5. REMARKS ON QUANTUM GEOMETRY

We gave a “hands on” sketch of quantum geometry in [43] and refer to [10, 11, 12, 16, 17, 35, 36, 59, 60, 61, 62, 63, 88, 96, 97, 102, 109, 123, 127, 128, 153, 154, 191, 192, 193, 201] for background and extensive theory. Here we follow [43, 59, 60, 61, 62, 63] and briefly extract from [43]. Roughly the idea is that for H the Hilbert space of a quantum system there is a natural quantum geometry on the projective space P (H) with inner product < ϕ|ψ >= (1/2ℏ)g(ϕ, ψ) + (i/2ℏ)ω(ϕ, ψ) where g(ϕ, ψ) = 2ℏℜ(ϕ|ψ) is the natural Fubini- Study (FS) metric and g(ϕ, ψ) = ω(ϕ, Jψ) (J^2 = −1). On the other hand the FS metric is proportional to the Fisher information metric of the form Cos^{−1}| < ϕ|ψ > |. Moreover (in 1-D for simplicity) F ∝ ∫ ρQdx is a functional form of Fisher information where Q is the quantum potential and ρ = |ψ|^2. Finally one recalls that in a Riemannian flat spacetime (with quantum matter and Weyl geometry) the Weyl-Ricci scalar curvature is proportional to Q. Thus assume H is separable with a complete orthonormal system {u_n} and for any ψ ∈ H denote by [ψ] the ray generated by ψ while η_n = (u_n|ψ). Define for k ∈ N (5.1)

U_k = {[ψ] ∈ P (H); η_k ≠ 0}; ϕ_k : U_k → ℓ^2(C) : ϕ_k([ψ]) = ( η_1 η_k , · · · , η_{k−1} η_k , η_{k+1} η_k , · · · )

where ℓ^2(C) denotes square summable functions. Evidently P (H) = ∪_kU_k and ϕ_k ∘ ϕ^{−1}_j is biholomorphic. It is easily shown that the structure is independent of the choice of complete orthonormal system. The coordinaes for [ψ] relative to the chart (U_k, ϕ_k) are {z^k_n} given via z^k_n = (η_n/η_k) for n < k and z^k_n = (η_{n+1}/η_k) for n ≥ k. To convert this to a real manifold one can use z^k_n = (1/ √ 2)(x^k_n + iy^k_n) with

(5.2) ∂ ∂z^k_n = 1 √ 2 ( ∂ ∂x^k_n + i ∂ ∂y^k_n ) ; ∂ ∂z̄^k_n = 1 √ 2 ( ∂ ∂x^k_n − i ∂ ∂y^k_n ) etc. Instead of nondegeneracy as a criterion for a symplectic form inducing a bundle isomorphism between T M and T^∗M one assumes here that a symplectic form on M is a closed 2-form which induces at each point p ∈ M a toplinear isomorphism between the tangent and cotangent spaces at p. For P (H) one can do more than simply exhibit such a natural symplectic form; in fact one shows that P (H) is a Kähler manifold (meaning that the fundamental 2-form is closed). Thus one can choose a Hermitian metric G = ∑ g^k_{mn}dz^k_m ⊗ dz̄^k_n with (5.3) g^k_{mn} = (1 + ∑ i z^k_i z̄^k_i )^{−1}δ_{mn} − (1 + ∑ 1 z^k_i z̄^k_i )^{−2}z̄^k_mz^k_n

relative to the chart U_k, ϕ_k). The fundamental 2-form of the metric G is ω = i ∑ m,n g^k_{mn}dz^k_m∧ dz̄^k_n and to show that this is closed note that ω = i∂ ¯∂f where locally f = log(1 + ∑ z^k_i z̄^k_i ) (the local Kähler function). Note here that ∂ + ¯∂ = d and d^2 = 0 implies ∂^2 = ¯∂^2 = 0 so dω = 0 and thus P (H) is a K manifold (cf. [128] for K geometry).

Now P (H) is the set of one dimensional subspaces or rays of H; for every x ∈ H/{0}, [x] is the ray through x. If H is the Hilbert space of a Schrödinger quantum system then H represents the pure states of the system and P (H) can be regarded as the state manifold (when provided with the differentiable structure below). One defines the K structure as follows. On P (H) one has an atlas {(V_h, b_h, C_h)} where h ∈ H with ‖h‖ = 1. Here (V_h, b_h, C_h) is the chart with domain V_h and local model the complex Hilbert space C_h where

(5.4) V_h = {[x] ∈ P (H); (h|x) ≠ 0}; C_h = [h]^⊥; b_h : V_h → C_h; [x] → b_h([x]) = x (h|x) − h This produces a analytic manifold structure on P (H). As a real manifold one uses an atlas {(V_h, R ∘ b_h, RC_h)} where e.g. RC_h is the realification of C_h (the real Hilbert space with R instead of C as scalar field) and R : C_h → RC_h; v → Rv is the canonical bijection (note Rv ≠ ℜv). Now consider the form of the K metric relative to a chart (V_h, R ∘ b_h, RC_h) where the metric g is a smooth section of L_2(T P (H), R) with local expression g^h : RC_h → L_2(RC_h, R); Rz → g^h_{Rz} where (5.5) g^h_{Rz}(Rv, Rw) = 2νℜ ( (v|w) 1 + ‖z‖^2 − (v|z)(z|w) (1 + ‖z‖^2)^2 )

The fundamental form ω is a section of L_2(T P (H), R), i.e. ω^h : RC_h → L_2(RC_h, R); Rz → ω^h_{Rz}, given via (5.6) ω^h_{Rz}(Rv, Rw) = 2νℑ ( (v|w) 1 + ‖z‖^2 − (v|z)(z|w) (1 + ‖z‖^2)^2 )

Then using e.g. (5.5) for the FS metric in P (H) consider a Schrödinger Hilbert space with dynamics determined via R × P (H) → P (H) : (t, [x]) → [exp(−(i/ℏ)tH)x] where H is a (typically unbounded) self adjoint operator in H. One thinks then of Kähler isomorphisms of P (H) (i.e. smooth diffeomorphisms Φ : P (H) → P (H) with the properties Φ^∗J = J and Φ^∗g = g). If U is any unitary operator on H the map [x] → [U x] is a K isomorphism of P (H). Conversely (cf. [42]) any K isomorphism of P (H) is induced by a unitary operator U (unique up to phase factor). Further for every self adjoint operator A in H (possibly unbounded) the family of maps (Φ_t)_{t∈R} given via Φ_t : [x] → [exp(−itA)x] is a continuous one parameter group of K isomorphisms of P (H) and vice versa (every K isomorphism of P (H) is induced by a self adjoint operator where boundedness of A corresponds to smoothness of the Φ_t). Thus in the present framework the dynamics of QM is described by a continuous one parameter group of K isomorphisms, which automatically are symplectic isomorphisms

(for the structure defined by the fundamental form) and one has a Hamiltonian system. Next ideally one can suppose that every self adjoint operator represents an observable and these will be shown to be in 1 − 1 correspondence with the real K functions.

One defines a (Riemann) metric (statistical distance) on the space of probability distributions P of the form

(5.7) ds^2_{P D} = ∑ (dp^2_j /p_j) = ∑ p_j (dlog(p_j ))^2

Here one thinks of the central limit theorem and a distance between probability distributions distinguished via a Gaussian exp[−(N/2)(p̃_j − p_j )^2/p_j] for two nearby distributions (involving N samples with probabilities p_j , p̃_j). This can be generalized to quantum mechanical pure states via (note ψ ∼ √ pexp(iϕ) in a generic manner)

(5.8) |ψ >= ∑ √ p_j e^{iϕj} |j >; |ψ̃ >= |ψ > +|dψ >= ∑ √ p_j + dp_je^{i(ϕj +dϕj )}|j > Normalization requires ℜ(< ψ|dψ >) = −1/2 < dψ|dψ > and measurements described by the one dimensional projectors |j >< j| can distinguish |ψ > and |ψ̃ > according to the metric (5.7). The maximum (for optimal disatinguishability) is given by the Hilbert space angle cos^{−1}(| < ψ̃|ψ > |) and the corresponding line element (P S ∼ pure state)

(5.9) 1 4 ds^2_{P S} = [cos^{−1}(| < ψ̃|ψ > |)]^2 ∼ 1 − | < ψ̃|ψ > |^2 =< dψ_⊥|dψ_⊥ >∼ ∼ 1 4 ∑ dp^2_j p_j + [∑ p_j dϕ^2_j − ( ∑ p_jdϕ_j)^2 ] (called the Fubini-Study (FS) metric) is the natural metric on the manifold of Hilbert space rays. Here (5.10) |dψ_⊥ >= |dψ > −|ψ >< ψ|dψ > is the projection of |dψ > orthogonal to |ψ >. Note that if cos^{−1}(| < ψ̃|ψ > | = θ then cos(θ) = | < ψ̃|ψ > | and cos^2(θ) = | < ψ̃|ψ > |^2 = 1 − Sin^2(θ) ∼ 1 − θ^2 for small θ. Hence θ^2 ∼ 1 − cos^2(θ) = 1 − | < ψ̃|ψ > |^2. The term in square brackets (the variance of phase changes) is nonnegative and an appropriate choice of basis makes it zero. In [35] one then goes on to discuss distance formulas in terms of density operators and Fisher information but we omit this here. Generally as in [201] one observes that the angle in Hilbert space is the only Riemannian metric on the set of rays which is invariant uder unitary transformations. In any event ds^2 = ∑ (dp^2_i /p_i), ∑ p_i = 1 is referred to as the Fisher metric (cf. [128]). Note in terms of dp_i = p̃_i − p_i one can write d √ p = (1/2)dp/ √ p with (d √ p)^2 = (1/4)(dp^2/p) and think of ∑ (d √ p_i) as a metric. Alternatively from cos^{−1}(| < ψ̃|ψ > | one obtains ds_{12} = cos^{−1}( ∑ √ p_{1i} √ p_{2i}) as a distance in P. Note from (5.10) that ds^2_{12} = 4cos^{−1}| < ψ_1|ψ_2 > | ∼ 4(1 − |(ψ_1|ψ_2)|^2 ≡ 4(< dψ|dψ > − < dψ|ψ >< ψ|dψ >) begins to look like a FS metric before passing to projective coordinates. In this direction we observe from [128] that the FS metric can be expressed also via

(5.11) ∂ ¯∂log(|z|^2) = ϕ = 1 |z|^2 ∑ dz_i ∧ dz̄_i − 1 |z|^4 (∑ z̄_idz_i ) ∧ (∑ z_idz̄_i )

so for v ∼ ∑ v_i∂_i + v̄_i ¯∂_i and w ∼ ∑ w_i∂_i + w̄_i ¯∂_i and |z|^2 = 1 one has ϕ(v, w) = (v|w) − (v|z)(z|w). Now recall the material on fisher information in Section 1.2 and the results on the SE in Weyl space in Section 1.1 to confirm the connection of quantum geometry as above to

Fisher information, Weyl curvature, and the quantum potential. Several features arise which deserve emphasis (cf. also [55])

• Philosophically the wave function seems to be inevitably associated to a cloud or ensemble (cf. Remarks 2.1 and 3.2). This provides meaning for psi = Rexp(iS/ℏ) with R = √ ρ and ρ = ψ^∗ψ representing a probability density. Connections to hydrodynamics, diffusion, and kinetic theory are then natural and meaningful.

• From the ensemble point of view or by statistical derivations as in Section 1.1 one sees that spacetime geometry should also be conceived of in statistical terms at the quantum level. This is also connected with the relativistic theory and the quantum potential (in various forms) is exhibited as a fundamental ingredient of both QM and spacetime geometry.

• Bohmian type mechanics plays a fundamental role in providing unification of all these ideas. Similarly fractal considerations as in Nottale’s scale relativity lead to important formulas consistent with the pictures obtained via Bohmian mechanics and the quantum potential.

• Quantum geometry in a projective Hilbert space is connected to all these matters as indicated in this section.

References

[1] L. Abbot and M. Wise, Amer. Jour. Phys., 49 (1981), 37-39 [2] M. Abolhasani and M. Golshani, gr-qc 9709005; quant-ph 9808015 [3] F. Ben Adda and J. Cresson, Quantum derivatives and the Schrödinger equation, Chaos, Solitons, and Fractals, 19 (2004), 1323-1334 [4] R. Adler, M. Bazin, and M. Schiffer, Introduction to general relativity, McGraw-Hill, 1965 [5] M. Agop, P. Ioannou, C. Buzea, and P. Nica, Chaos, Solitons, and Fractals, 16 (2003), 321-338 [6] M. Agop, P. Ioannou, and C. Buzea, Chaos, Solitons, and Fractals, 13 (2002), 1137 [7] Y. Aharonov and D. Bohm, Phys. Rev. 115 (1959), 485 [8] V. Allori, D. Dürr, S. Goldstein, and N. Zanghi, quant-ph 0112005 [9] V. Allori and N. Zanghi, quant-ph 0112008 and 0112009 [10] J. Anandan, quant-ph 0012011; gr-qc 9505011, 9506011, 9712015; Found. Phys., 21 (1991), 1265-1284;

Phys. Lett. A, 147 (1990), 3-8; 19 (1994), 284-292; Ann. Inst. H. Poincaré, 49 (1988), 271-286 [11] J. Anandan and Y. Aharonov, Phys. Rev. Lett., 65 (1990), 1697-1700; Phys. Rev. D, 38 (1988), 1863- 1870 [12] L. Anderson and J. Wheeler, hep-th 0406159 [13] O. Arias, T. Gonzalez, Y. Leyva, and I. Quiros, gr-qc 0307016 [14] O. Arias and I. Quiros, gr-qc 0212006 [15] O. Arias, T. Gonzalez, and I. Quiros, gr-qc 0210097 [16] A. Ashtekar and T. Schilling, gr-qc 9706069 [17] A. Ashtekar, gr-qc 0112038 and 9901023 [18] J. Audretsch, Phys. Rev. D, 27 (1083), 2872-2884; Comm. Math. Phys., 95 (1984), 41-51 [19] A. Barut and N. Zanghi, Phys. Rev. Lett., 52 (1984), 2009-2012 [20] J. Bell, Speakable and unspeakable in quantum mechanics, Cambridge Univ. Press, 1987 [21] J. Bell, Phys. Repts., 137 (1986), 49-54; Physics (1964), 195-200; Rev. Mod. Phys., 38 (1966), 447-452 [22] K. Berndl, quant-ph 9509009 [23] K. Berndl, M. Daumer, and D. Dürr, quant-ph 9504010 [24] K. Berndl, D. Dürr, S. Goldstein, G. Peruzzi, and N. Zanghi, Comm. Math. Phys., 173 91995), 647-673 (quant-ph 9503013) [25] K. Berndl, D. Dürr, S. Goldstein, and N. Zanghi, Phys. Rev. A, 53 (1996), 2062 (quant-ph 9510027) [26] K. Berndl, M. Daumer, D. Dürr, S. Goldstein, and N. Zanghi, Nuovo Cimento, 110B (1995), 737-750 [27] G. Bertoldi, A. Faraggi, and M. Matone, hep-th 9909201 [28] Y. Bisabr and H. Salehi, gr-qc 0109087 [29] Y. Bisabr, gr-qc 0302102; hep-th 0306092 [30] D. Bohm, B. Hiley, and P. Kaloyerou, Phys. Rept. 144 (1987), 323-375 [31] D. Bohm and B. Hiley, The undivided universe, Routledge, Chapman and Hall, 1993 [32] D. Bohm and B. Hiley, Phys. Repts., 144 (1987), 323-348 [33] D. Bohm, Phys. Rev. 95 (1952), 166-179, 180-193 [34] L. deBroglie, Electrons et photons, Solvay Conf., Paris, pp. 105-141 [35] S. Braunstein and C. Caves, Phys. Rev. Lett., 72 (1994), 3439-3443 [36] D. Brody and L. Hughston, quant-ph 9701051, 9706030, 9706037,9906085, and 9906086; gr-qc 9708032 [37] H. Brown and P. Holland, quant-ph 0302062 [38] R. Cardenas, T. Gonzalez, O. Martin, and I. Quiros, astro-ph 0210108 [39] R. Cardenas, T. Gonzalez, Y. Leiva, O. Martin, and I. Quiros, astro-ph 0206315 [40] R. Carroll, quant-ph 0401082, Inter. Jour. Evol. Eqs., to appear [41] R. Carroll, quant-ph 0403156, Applicable Anal., to appear [42] R. Carroll, gr-qc 0406004 [43] R. Carroll, quant-ph 0406203, Foundations of Physics, to appear [44] R. Carroll, Quantum theory, deformation, and integrability, North-Holland, 2000 [45] R. Carroll, Calculus revisited, Kluwer, 2002 [46] R. Carroll, Proc. Conf. Symmetry, Kiev, 2003, Part I, pp. 356-367 [47] R. Carroll, Canadian Jour. Phys., 77 (1999), 319-325 [48] R. Carroll, Direct and inverse problems of mathematical physics, Kluwer, 2000, pp. 39-52 [49] R. Carroll, Generalized analytic functions, Kluwer, 1998, pp. 299-311 [50] R. Carroll, quant-ph 0309023 and 0309159 [51] R. Carroll, Nucl. Phys. B, 502 (1997), 561-593; Springer Lect. Notes Physics, 502, 1998, pp. 33-56 [52] R. Carroll and Y. Kodama, Jour. Phys. A, 28 (1995), 6373-6387

[53] R. Carroll and B. Konopelchenko, Inter. Jour. Mod. Phys. A, 11 (1996), 1183-1216 [54] R. Carroll, Quantum mechanics, general relativity, and information, book in preparation [55] C. Castro, Found. Phys., 22 (1992), 569-615; Found. Phys. Lett., 4 (1991), 81 [56] C. Castro, J. Mahecha, and B. Rodriguez, quant-ph 0202026 [57] C. Castro, Chaos, Solitons, and Fractals, 11 (2000), 1663-1670; 12 (2001), 101-104, 1585-1606 [58] M. Célérier and L. Nottale, hep-th 0112213 and 0210027 [59] R. Cirelli, M. Gatti, and A. Mania, quant-ph 0202076 [60] R. Cirelli, A. Mania, and L. Pizzocchero, Jour. Math. Phys., 31 (1990), 2891-2897 and 2898-2903 [61] R. Cirelli, P. Lanzavecchia, and A. Mania, Jour. Phys. A, 16 (1983), 3829-3835 [62] R. Cirelli and L. Pizzocchero, Nonlinearity, 3 (1990), 1057-1080 [63] R. Cirelli and P. Lanzavecchia, Nuovo Cimento B, 79 (1984), 271-283 [64] J. Cresson, math.GM 0211071 [65] J. Cresson, Scale calculus and the Schrödinger equation; Scale geometry, I, preprints 2003 [66] J. Cresson, Nondifferentiable variational principles, preprint 2003 [67] R. Czopnik and P. Garbaczewski, quant-ph 0203018; cond-mat 0202463 [68] F. Darabi and P. Wesson, gr-qc 0003045 [69] M. Daumer, S. Goldstein, and N. Zanghi, Jour. Stat. Phys., 88 (1997), 967-977 (quant-ph 9601013) [70] M. Davidson, quant-ph 0110050, 0112157, and 0106124 [71] P. Dirac, Proc. Royal Soc. London A, 209 (1951), 291-296, 212 (1952), 330-339, 333 (1973), 403-418 [72] T. Djama, quant-ph 0111121, 0201003, 0311057, and 0311059 [73] D. Dürr, S. Goldstein, and N. Zanghi, quant-ph 9511016 and 0308039 [74] D. Dürr, S. Goldstein, and N. Zanghi, quant-ph 0308038 [75] D. Dürr, S. Goldstein, R. Tumulka, and N. Zanghi, quant-ph 0208072; 0303156; 0303056; 0311127 [76] D. Dürr, S. Goldstein, and S. Zanghi, Jour. Stat. Phys., 67 (1992), 843-907 [77] D. Dürr, S. Goldstein, K. Münch-Berndl, and N. Zanghi, Phys. Rev. A, 60 (1999), 2729 (quant-ph 9801070) [78] D. Dürr, S. Goldstein, and N. Zanghi, quant-ph 9512031 [79] D. Dürr, S. Goldstein, R. Tumulka, and N. Zanghi, quant-ph 0407116 [80] K. Falconer, Fractal geometry, Wiley, 1990; The geometry of fractal sets, 1988; Techniques in fractal geometry, Wiley, 1997 [81] A. Faraggi and M. Matone, Phys. Rev. Lett., 78 (1997), 163-166 [82] A. Faraggi and M. Matone, Inter. Jour. Mod. Phys. A, 15 (2000), 1869-2017 [83] E. Floyd, Inter. Jour. Mod. Phys. A, 14 (1999), 1111-1124; 15 (2000), 1363-1378; Found. Phys. Lett., 13 (2000), 235-251; quant-ph 0009070, 0302128 and 0307090 [84] E. Floyd, Phys. Rev. D, 29 (1984) 1842-1844; 26 (1982), 1339-1347; 34 (1986), 3246-3249; 25 (1982), 1547-1551; Jour. Math. Phys., 20 (1979), 83-85; 17 (1976), 880-884; Phys. Lett. A, 214 (1996), 259-265; Inter. Jour. Theor. Phys., 27 (1998), 273-281 [85] B. Frieden, Physics from Fisher information, Cambridge Univ. Press, 1998 [86] P. Garbaczewski, cond-mat 0211362 and 0301044; quant-ph 0408192 [87] H. Georgii and R. Tumulka, math.PR 0312294 [88] G. Gibbons, Jour. Geom. and Phys., 8 (1992), 147-162 [89] S. Goldstein, J. Taylor, R. Tumulka, and N. Zanghi, quant-ph 0405039 and 0407134 [90] S. Goldstein, Bohmian mechanics, Stanford Encycl. Philos., http://plato.stanford.edu/archives/win2002/ [91] S. Goldstein and R. Tumulka, quant-ph 0105040 [92] S. Goldstein and R. Tumulka, quant-ph 9902018 [93] S. Goldstein, quant-ph 9512027 and 9901005 [94] S. Goldstein and J. Lebowitz, quant-ph 9512028 [95] R. Hakim, Jour. Math. Phys., 8 (1967), 1315-1344 [96] M. Hall, quant-ph 9806013, 9903045, 9912055, 0103072, 0107149, 0302007 [97] M. Hall and M. Reginatto, quant-ph 0102069 and 0201084 [98] M. Hall, K. Kumar, and M. Reginatto, hep-th 0206235; quant-ph 0103041 [99] M. Hall, K. Kumar, and M. Reginatto, he-th 0307259 [100] H. Halvorson and R. Clifton, quant-ph 0103041 [101] B. Hatfield, Quantum field theory of point particles and strings, Addison-Wesley, 1992 [102] A. Heslot, Phys. Rev. D, 31 (1985), 1341-1348 [103] P. Holland, The quantum theory of motion, Cambridge Univ. Press, 1997

[104] P. Holland, Foundations of Physics, 38 (1998), 881-911; Nuovo Cimento B, 116 (2001), 1043 and 1143;

Phys. Lett. A, 128 (1988), 9; quant-ph 0305175 [105] P. Holland, quant-ph 0405145 [106] P. Holland, Phys. Repts., 224 (1993), 95; quant-ph 0302076 [107] G. Horton, C. Dewdney, and H. Nesteruk, quant-ph 0103114; Jour. Phys. A, 33 (2000), 7337-7352 [108] M. Inaba, Inter. Jour. Mod. Phys. A, 16 (2001), 2965-2973 [109] J. Isidro, hep-th 0110151 [110] M. Israelit, The Weyl-Dirac theory and our universe, Nova Science Pub., 1999 [111] M. Israelit, Found. Phys., 29 (1999), 1303-1322; 32 (2002), 295-321 and 945-961 [112] M. Israelit, gr-qc 9608035, 9608047, and 9611060 [113] M. Israelit and N. Rosen, Found. Phys., 22 (1992), 555; 24 (1994), 901 [114] M. Israelit and N. Rosen, Astrophys. Jour., 342 (1989), 627; Astrophys. Space Sci., 204 (1993), 317 [115] M. Israelit and N. Rosen, Found. Phys., 25 (1995), 763; 26 (1996), 585 [116] M. Israelit, Found. Phys., 19 (1989), 33-55 [117] M. Israelit and N. Rosen, Found. Phys., 13 (1983), 1023-1045 [118] I. Kanatchikov, Phys. Lett. A, 25 (2001), 25-36 (hep-th 0012084); quant-ph 9712058; gr-qc 9810076 and 9912094; hep-th 9810165 and 0301001 [119] G. Kaniadakis and A. Scarfone, Rep. Math. Phys., 51 (2003), 225 (cond-mat 0303334); Jour. Phys.

A, 35 (2002), 1943 (quant-ph 0202032) [120] G. Kaniadakis, Physica A, 307 (2002), 172 (quant-ph 0112049) [121] G. Kaniadakis, Phys. Lett. A, 310 (2003), 377 (quant-ph 0303159); Found. Phys. Lett., 16 (2003),99 (quant-ph 0209033) [122] H. Kastrup, Phys. Repts., 101 (1983), 1 [123] T. Kibble, Comm. Math. Phys., 65 (1979), 189-201 [124] F. London, Zeit. f. Phys., 42 (1927), 375 [125] B. Mandelbrot, Gaussian self affinities and fractals, Springer, 2002 [126] S. Merkulov, Class. Quant. Grav., 1 (1984), 349-354 [127] D. Minic and C. Tze, Phys. Rev. D, 68 (2003), 061501(R); hep-th 0305193, 0309239, and 0401028 [128] A. Moroianu, Lectures on Kähler geometry, math.DG 0402223 [129] H. Motavali, H. Salehi, and M. Golshani, hep-th 0011062 [130] H. Motavali and M. Golshani, hep-th 0011064 [131] M. Nagasawa, Schrödinger equations and diffusion theory, Birkäuser, 1993 [132] M. Nagasawa, Stochastic processes in quantum physics, Birkhäuser, 2000 [133] E. Nelson, Quantum fluctuations, Princeton Univ. Press, 1985; Dynamical theory of Brownian motion, Princeton Univ. Press, 1967 [134] H. Nikolic, quant-ph 0302152 and 0307179 [135] H. Nikolić, Found. Phys. Lett., 17 (2004), 363-380 (quant-ph 0208185) [136] H. Nikolić, Int. Jour. Mod. Phys. D12 (2003), 407-444 (hep-th 0202204); Phys. Lett. B, 527 (2002), 119-124 (gr-qc 0111024) and 529 (2002), 265 [137] H. Nikolić, hep-th 0407228 [138] H. Nikolić, quant-ph 0406173; gr-qc 04031121 [139] L. Nottale, Fractal space-time and microphysics: Toward a theory of scale relativity, World Scientific, 1993 [140] L. Nottale, Chaos, Solitons, and Fractals, 7 (1996), 877-938; 12 (2000), 1577-1583 [141] L. Nottale, M. Célérier, and T. Lehner, hep-th 0307093 [142] L. Nottale, Chaos, solitons, and Fractals, 10 (1999), 459-468 [143] L. Nottale, La relativité dans tous ses états, Hachette, 2000 [144] L. Nottale, Chaos, Solitons, and Fractals, 16 (2003), 539-564 [145] L. Nottale and J. Schneider, Jour. Math. Phys., 25 (1984), 1296-1300 [146] H. Ohanian and R. Ruffing, Gravity and spacetime, Norton, 1994 [147] L. O’Raifeartaigh, The dawning of gauge theory, Princeton Univ. Press, 1997 [148] G. Ord, Chaos, Solitons, and Fractals, 8 (1997), 727-741; 9 (1998), 1011-1029; Jour. Phys. A, 16 (1983), 1869-1884 [149] G. Ord, Chaos, Solitons, and Fractals, 11 (2000), 383-391; 17 (2003), 609-620 [150] G. Ord and J. Gualtieri, Chaos, Solitons, and Fractals, 14 (2002), 929-935 [151] G. Ord and R. Mann, quant-ph 0206095; 0208004 [152] G. Ord and A. Deakin, Phys. Rev. A, 54 (1996), 3772-3778

[153] D. Petz, Jour. Math. Phys., 35 (1994), 780-795; quant-ph 0106125 [154] D. Petz and C. Sudar, Jour. Math. Phys., 37 (1996), 2662-2673; quant-ph 0102132 [155] J. Pissondes, Chaos, Solitons, and Fractals, 9 (1998), 1115-1142; Jour. Phys. A, 32 (1999), 2871 [156] I. Quiros, gr-qc 0004014, 0011056, and 9904004; hep-th 0009169 and 0010146 [157] I. Quiros, R. Bonal, an R. Cardenas, gr-qc 9908075 [158] I. Quiros, R. Cardenas, and R. Bonal, gr-qc 0002071 [159] I. Quiros, R. Bonal, and R. Cardenas, gr-qc 9905071 [160] M. Reginatto, quant-ph 9909065 [161] M. Reginatto, Phys. Rev. A, 58 (1998), 1775 [162] N. Rosen, Found. Phys., 12 (1982), 213-248; 13 (1983), 363-372 [163] H. Salehi, H. Motavali, and M. Golshani, hep-th 0011063 [164] H. Salehi, hep-th 9909157, 9912115, and 0302178 [165] H. Salehi, H. Sepangi, and F. Darabi, gr-qc 0002058 [166] H. Salehi and S. Mirabotalebi, gr-qc 0402074 [167] H. Salehi and H. Sepangi, hep-th 9810207 [168] H. Salehi, H. Motavali, and M. Golshani, hep-th 0011063 [169] H. Salehi, H. Sepangi, and F. Darabi, gr-qc 0002058 [170] H. Salehi and Y. Bisabr, hep-th 0301208 and 0001095 [171] E. Santamato, Phys. Rev. D, 29 (1984), 216-222 [172] E. Santamoto, Phys. Rev. D 32 (1985), 2615-2621; Jour. Math. Phys., 25 (1984), 2477-2480 [173] A. Shojai and M. Golshani, quant-ph 9612022 and 9612019 [174] F. Shojai and M. Golshani, Inter. Jour. Mod. Phys. A, 13 (1998), 2135-2144 (gr-qc 9903047) [175] F. Shojai and M. Golshani, Int. Jour. Mod. Phys. A, 13 (1998), 677-693 [176] F. Shojai, A. Shojai, and M. Golshani, Mod. Phys. Lett. A, 13 (1998), 2725-2729 and 2915-2922 [177] A. Shojai, F. Shojai, and M. Golshani, Mod. Phys. Lett. A, 13 (1998), 2965-2969 (gr-qc 9903048) [178] A. Shojai, Inter. Jour. Mod. Phys. A, 15 (2000), 1757-1771 (gr-qc 0010013) [179] F. Shojai and A. Shojai, gr-qc 0105102 and 0109052 [180] F. Shojai and A. Shojai, Physica Scripta, 64 (2001), 413 (quant-ph 0109025) [181] F. Shojai and A. Shojai, Gravitation and Cosmology, 9 (2003), 163 (gr-qc 0306099) [182] F. Shojai and A. Shojai, gr-qc 0404102 [183] F. Shojai and A. Shojai, Inter. Jour. Mod. Phys. A, 15 (2000), 1859-1868 (gr-qc 0010012) [184] A. Shojai and M. Golshani, quant-ph 9812019, 9612023, 9612020, and 9612021 [185] F. and A. Shojai, Class. Quant. Grav., 21 (2004), 1-9 (gr-qc 0311076), gr-qc 0409020 and 0409035 [186] A. and F. Shojai, quant-ph 0109025; gr-qc 0306100 [187] F. Shojai, gr-qc 9907093 [188] A. and F. Shojai, astro-ph 0211272 [189] S. Teufel, K. Berndl, and D. Dürr, quant-ph 9609005 [190] S. Teufel and R. Tumulka, math-ph 0406030 [191] S. Tiwari, quant-ph 0109048 [192] S. Tiwari, quant-ph 0109048; Phys. Rev. A, 56 (1997), 157-161 [193] S. Tiwari, Superluminal phenomena in modern perspective, Rinton Press, 2003 [194] R. Tumulka, math.PR 0312326; quant-ph 0408113 and 0210207 [195] A. Valentini, quant-ph 0104067, 0106098, 0309107, 0112151, and 0403034; Phys. Lett. A, 156 (1991), 5 [196] R. Wald, General relativity, Univ. Chicago Press, 1984 [197] D. Wallace, quant-ph 0112148 and 0112149 [198] H. Weyl, Space, time, and matter, Dover, 1952 [199] J. Wheeler, Phys. Rev. D, 41 (1990), 431 [200] J. Wheeler, hep-th 9706214, 0002068, and 0305017; gr-qc 9411030 [201] W. Wootters, Phys. Rev. D, 23 (1981), 357-362 [202] J. Zambrini, Phys. Rev. A, 38 (1987), 3631-3649; 33 (1986), 1532-1548; Jour. Math. Phys., 27 (1986), 2307-2330