arXiv:gr-qc/0502027 v5 25 Jul 2005

A nonperturbative scalar field governed expansion of the universe from a noncompact Kaluza-Klein theory

1Alfredo Raya Montaño^∗ ,^2José Edgar Madriz Aguilar^†and^3Mauricio Bellini^‡ 1 Facultad de Ciencias, Universidad de Colima, Bernal Díaz del Castillo # 340, Col Villa San Sebastián, Colima, Colima 28045, México.

2 Instituto de Física y Matemáticas, AP: 2-82, (58040) Universidad Michoacana de San Nicolás de Hidalgo, Morelia, Michoacán, México.

3 Consejo Nacional de Investigaciones Científicas y Técnicas (CONICET) and Departamento de Física, Facultad de Ciencias Exactas y Naturales, Universidad Nacional de Mar del Plata, Funes 3350, (7600) Mar del Plata, Argentina.

Abstract

Using a nonperturbative Kaluza-Klein (KK) quantum scalar field formalism recently introduced where the fifth dimension is noncompact, we study the dynamics for this field in different epochs of the evolution of the universe.

Pacs numbers: 04.20.Jb, 11.10.kk, 98.80.Cq

I. INTRODUCTION AND BASIC FORMALISM

Multi-dimensional theories of gravity and, in particular, the recent Braneworld (BW) cosmological scenario, in which the universe of our perception is a submanifold embedded in a high dimensional manifold, have generated very much interest in mathematical and physical aspects [1–3] of embedding theories based on four dimensional general relativity (4DGR). According to 4DGR the model that describe the large scale structure of the universe is a 4D manifold equipped with a pseudo-Riemannian metric structure. The possibility that there may exist more than 4D was taken into account not long after the final formulation of GR by Kaluza and Klein (KK) [4]. In this original theory the extra dimension was considered as topologically compact and the 4D spacetime was assumed not to depend on the fifth dimension. In such theory the universe was considered as a hyper-cylinder, locally homeomorphic to ℜ^4xS^1. In the modern version of the KK theory these assumptions are

∗E-mail address: raya@nucleares.unam.mx Present address: Instituto de Ciencias Nucleares, UNAM, México.

†E-mail address: edgar@itzel.ifm.umich.mx

‡E-mail address: mbellini@mdp.edu.ar removed and the result is the unification of gravitation and electromagnetism with sources (mass and charge) [5–7]. Other recent cosmological scenario claims that the universe of our perception is a brane of 4D embedded in a nD bulk of at least 5D [8]. The main ansatz for this brane is that matter is confined on the brane and only gravity and electromagnetic fields can propagate on the bulk. Mathematically, these theories are modeled on a basic theorem of Riemannian geometry, due to Campbell, who stated it for the first time [9], and Magaard [10], who presented a strict proof. This is a local embedding theorem, where every smooth analytic nD manifold can be locally and isometrically embedded into some other (n + 1)D one, which is Ricci-flat (R_{AB} = 0). In a sense, this is equivalent to the local embedding of Einstein 4D relativity, into some 5D relativity in vacuum where no matter exists. The idea of this approach is to explain matter in 4D as a manifestation of pure geometry in higher dimensional ones. In a cosmological framework, scalar fields has been recognized to be responsible for the expansion of the universe [11], and has been proposed to explain inflation [12] as well as the presently accelerated expansion [13]. In particular, the main aim of this paper consists to study power-law expansion of the universe from a 5D apparent vacuum defined by a 5D flat metric and a purely kinetic Lagrangian for a scalar field minimally coupled to gravity. To make it, we consider the 5D metric introduced in [17,18]

dS^2 = ϵ ( ψ^2dN^2 − ψ^2e^{2N} dr^2 − dψ^2 ) , (1)

where dr^2 = dx^2 + dy^2 + dz^2. The coordinates (N,r) are dimensionless, the fifth coordinate ψ has spatial unities and ϵ is a dimensionless parameter that can take the values ϵ = ±1 for an accelerated (q < 0) or decelerated (q > 0) universe. Here, q = −b̈b/ḃ^2, where the overdot denotes the derivative with respect to the time and b is the scale factor of the universe [18]. The change of signature of ϵ means that dS^2 changes sign, which affects causality. This possibility was first considered by Davidson and Owen [14], who studied elementary particles as higher dimensional tachyons. In the model here studied, causality is affected during the inflationary epoch, but not when the expansion of the universe is decelerated. The possibility that causality to be violated during inflation has been studied by many authors [15]. In the model here studied we have in mind an early accelerated universe (inflationary expansion), which to late times is decelerated. During inflation dS^2 < 0 so that causality if affected, but after it (i.e., when the universe is decelerated), causality is restored: dS^2 > 0. The metric (1) describes a flat 5D manifold (R^A_{BCD} = 0) in apparent vacuum (G_{AB} = 0). We consider a diagonal metric because we are dealing only with gravitational effects, which are the important ones in the global evolution for the universe. To describe neutral matter in a 5D geometrical vacuum (1) we can consider the Lagrangian

(5)L(φ, φ_{,A}) = − | | | | | (5)g (5)g_0 | | | | | (5)L(φ, φ_{,A}), (2) where |^{(5)}g| = ψ^8e^{6N} is the absolute value of the determinant for the 5D metric tensor with components g_{AB} (A, B take the values 0, 1, 2, 3, 4) and |^{(5)}g_0| = ψ^8_0e^{6N0} is a constant of dimensionalization determined by |^{(5)}g| evaluated at ψ = ψ_0 and N = N_0. In this work we shall consider N_0 = 0, so that^{(5)}g_0 = ψ^8_0. Here, the index “0” denotes the values at the end of inflation (i.e., when b̈ = 0). Furthermore, we shall consider an action

I = − ∫ d^4xdψ | | | | | (5)g (5)g_0 | | | | | [_{(5)} R 16πG +^{(5)} L(φ, φ_{,A}) ] , (3)

for a scalar field φ, which is minimally coupled to gravity. Here,^{(5)}R es the 5D Ricci scalar, which of course, is zero for the 5D flat metric (1) and G is the gravitational constant. Since the 5D metric (1) describes a manifold in apparent vacuum, the Lagrangian density L in (2) must be only kinetic in origin (5)L(φ, φ_{,A}) = 1 2 g^{AB} φ_{,A}φ_{,B}. (4) Taking into account the metric (1) and the Lagrangian (2), we obtain the equation of motion for φ ( 2ψ ∂ψ ∂N + 3ψ^2 ) ∂φ ∂N + ψ^2

∂^2φ ∂N^2 − ψ^2e^{−2N} ∇^2_rφ − 4ψ^3 ∂φ ∂ψ − 3ψ^4 ∂N ∂ψ ∂φ ∂ψ − ψ^4 ∂^2φ ∂ψ^2 = 0, (5)

where^{∂N}_{∂ψ} and^{∂ψ}_{∂N} are zero because the coordinates (N, ⃗r, ψ) are independent.

A. 5D normalization

In what follows we shall consider an extended formalism of the recently introduced by M. Bellini [16], studying the general case of a variable Hubble parameter. The eq. (5) can be written as ⋆⋆φ +3^⋆φ −e^{−2N} ∇^2_r φ − [ 4ψ ∂φ ∂ψ + ψ^2

∂^2φ ∂ψ^2 ] = 0, (6)

where the overstar denotes the derivative with respect to N and φ ≡ φ(N, ⃗r, ψ). The commutator between φ and Π^N =^{∂L}_{∂φ,N} = g^{N N} φ_{,N} is given by [ φ(N, ⃗r, ψ), Π^N (N, ⃗r^′, ψ^′) ] = ig^{N N} | | | | (5)g_0 (5)g | | | | δ^{(3)}(⃗r − ⃗r^′)δ(ψ − ψ^′), (7) where g^{N N} = ψ^{−2}.

To simplify the structure of (6) we can make the transformation φ = χe^{−3N/2} (_{ψ0} ψ )_2 and we obtain the 5D generalized Klein-Gordon like equation for the redefined field χ(N, ⃗r, ψ) ⋆⋆ χ − [ e^{−2N} ∇^2_r + ( ψ^2

∂^2 ∂ψ^2 + 1 4 )] χ = 0. (8)

The field χ can be written en terms of a Fourier expansion χ(N, ⃗r, ψ) = 1 (2π)^{3/2} ∫ d^3k_r ∫ dk_ψ [ a_{kr kψ} e^{i( ⃗kr ·⃗r+ ⃗kψ · ⃗ψ)}ξ_{kr kψ} (N, ψ) + a^†_{kr kψ} e^{−i( ⃗kr ·⃗r+ ⃗kψ · ⃗ψ)}ξ^∗_{kr kψ} (N, ψ) ] , (9) where the asterisk denotes the complex conjugate and (a_{kr kψ} , a^†_{kr kψ} ) are the annihilation and creation operators which satisfy [ a_{kr kψ} , a^†_{kr kψ} ] = δ^{(3)} ( ⃗k_r − ⃗k′_r ) δ ( ⃗k_ψ − ⃗k′_ψ ) , (10) [ a^†_{kr kψ} , a^†_k′_{r k}′_ψ ] = [ a_{kr kψ} , a_k′_{r k}′_ψ ] = 0, (11)

and the following commutation relation between χ and^⋆χ is fulfilled [ χ (N, ⃗r, ψ) ,^⋆χ ( N, ⃗r^′, ψ^′ )] = iδ^{(3)} ( ⃗r − ⃗r^′ ) δ ( ⃗ψ − ⃗ψ′ ) . (12)

To hold the commutation relation (12), it is required that ξ_{kr kψ} (_⋆ ξ_{kr kψ} )_∗ − ( ξ_{kr kψ} )_{∗ ⋆} ξ_{kr kψ} = i. (13) Hence, the equation for the modes ξ_{kr kψ} (N, ψ) is given by ⋆⋆ ξ_{kr kψ} +k^2_r e^{−2N} ξ_{kr kψ} + ψ^2 ( k^2_ψ − 2ik_ψ ∂ ∂ψ − ∂^2 ∂ψ^2 − 1 4ψ^2 ) ξ_{kr kψ} = 0. (14)

To solve this equation we propose the ansatz ξ_{kr kψ} (N, ψ) = ξ^{(1)}_{kr} (N)ξ^{(2)}_{kψ} (ψ), (15) such that (14) can be written as two differential equations ⋆⋆ ξ (1) k_r + [ k^2_r e^{−2N} − α ] ξ^{(1)}_{kr} = 0, (16) d^2ξ^{(2)}_{kψ} dψ^2 + 2ik_ψ dξ^{(2)}_{kψ} dψ − ( k^2_ψ − (1/4 − α) ψ^2 ) ξ^{(2)}_{kψ} = 0, (17)

where α is a dimensionless constant. Solving (16) and (17) we obtain ξ^{(1)}_{kr} [x(N)] = A_1H^{(1)}_ν [x(N)] + A_2H^{(2)}_ν [x(N)], (18) ξ^{(2)}_{kψ} = e^{−i ⃗kψ · ⃗ψ} [ B_1ψ(^{12 +√α}) + B_2ψ(^{12 −√α}) ] , (19)

where H^{(1,2)}_ν [x(N)] = J_ν [x(N)]±iY_ν [x(N)] are the Hankel functions, J_ν [x(N)] and Y_ν [x(N)] are the first and second kind Bessel functions with ν = √ α and x(N) = k_re^{−N} . Furthermore, the arbitrary constants A_1, A_2, B_1 and B_2 are constrained by the normalization condition (13), in the following manner: [(A_1 − A_2)(A_1 + A_2)] [ B_1ψ^{12 +ν} + B_2ψ^{12 −ν}

]_2 = π 4 . (20) Choosing the generalized Bunch-Davies vacuum, given in this case for A_1 = 0, B_1 = 0 in (20), we obtain A_2 =^{i√π}_{2B2} , and hence the solution of (14) with the normalized condition (20), is given by (making α = 1/4) ξ_{kr kψ} (N, ψ) = i √ π 2 e^{−i⃗kψ · ⃗ψ} H^{(2)}_{1/2}[k_re^{−N} ], (21) or ξ_{kr kψ} (N, ψ) = e^{−i⃗kψ · ⃗ψ} ξ̃_{kr} (N), (22) being ξ̃_{kr} (N) =^{i√π}_2 H^{(2)}_{1/2} [ k_re^{−N} ] . Hence, the field χ in eq. (9) now hods χ(N, ⃗r, ψ) = χ(N, ⃗r) = 1 (2π)^{3/2} ∫ d^3k_r ∫ dk_ψ [ a_{kr kψ} e^{i ⃗kr .⃗r}ξ̃_{kr} (N) + c.c. ] , (23) so that the field φ is given by φ(N, ⃗r, ψ) = e^{−3N/2} ( ψ_0 ψ )_2 χ(N, ⃗r), (24) with χ(N, ⃗r) given by eq. (23). A very important fact here is that φ(N, ⃗r, ψ) propagates only on the 3D spatially isotropic space r(x, y, z), but not on the additional space-like coordinate ψ. This should be the explanation about why matter only propagates on the 4D submanifold described by coordinates (N, ⃗r).

In the next subsection we shall study the implications of this 5D dynamics as seen by 4D observers in a power-law expanding universe.

B. Effective 4D Power law expansion We start by considering the metric (1) with the coordinate and frames transformations t = ∫ ψ(N)dN, R = rψ, L = ψ(N)e^− ∫_{dN/u(N )} , (25)

U^N = u(N) ψ √ u^2(N) − 1

→ Û^t = 2u(t) √ u^2(t) − 1

, (26)

U^r = 0 → Û^R = − 2Rh √ u^2(t) − 1

, (27)

U^ψ = − 1 √ u^2(N) − 1

→ Û^L = 0, (28)

such that, for ψ(t) = 1/h and u(t) =^1_{1+q(t)} (being h(t) the effective Hubble parameter), we obtain an effective 4D Friedmann-Robertson-Walker one dS^2 → ds^2 = ϵ ( dt^2 − e^2 ∫_{h(t)dt} dR^2 ) , (29) where the following geodesic dynamics is fulfilled in both reference systems^1:

1For a more complete description see [19].

dU^C dS = −Γ^C_{AB} U^AU^B, g_{AB} U^AU^B = 1, (30) dÛ^C dS = −Γ̂^C_{AB}Û^AÛ^B, ĝ_{AB}Û^AÛ^B = 1. (31)

The metric (29) has an effective 4D nonzero scalar curvature^{(4)}R = 6(ḣ + 2h^2) and a metric tensor with components g_{μν} (μ, ν take the values 0, 1, 2, 3). The absolute value of the determinant for this tensor is |^{(4)}g| = (b/b_0)^6. The Lagrangian density in this new frame was obtained in a previous work [19]

(4)L [ φ( ⃗R, t), φ_{,μ}( ⃗R, t) ] = 1 2 g^{μν} φ_{,μ}φ_{,ν} − V (φ), (32) where V (φ) = −^1_2 g^{ψψ}φ_{,ψ}φ_{,ψ} | | |_{ψ=h−1} = −^1_2 (_{∂φ} ∂ψ )_2| | |_{ψ=h−1} = 2h^2(t)φ^2(t, ⃗R, L) is the effective 4D

induced potential for the scalar field φ(t, ⃗R, L). On the other hand, the 4D expectation values for energy density ρ and the pressure p are given by [17]

8πG ⟨ρ⟩ = 3h^2, (33) 8πG ⟨p⟩ = −(3h^2 + 2ḣ). (34)

where G = M^{−2}_p is the gravitational constant and M_p = 1.2 × 10^{19} GeV is the Planckian mass. Furthermore, the universe describes an equation of state: ⟨p⟩ = − ( 1 −^2_{3u(t)} ) ⟨ρ⟩, and from the hyperbolic condition g_{AB} U^AU^B = 1 we obtain the differential equation for b(t) that describes the 4D evolution of the universe, 3u(t)^2 = 4r^2(b/b_0)^2 − 1: 1 + 3 ( 1 −^{b̈b}_{ḃ2}

)_2 = 4r^2 ( b b_0

)_2 .

This equation is very difficult to solve.

Hereafter, for simplicity, we shall consider the case where u(t) is approximately a constant: u(t) ≃ p, where p describes the power of the expansion for the scale factor b ∼ t^p. During inflation the universe is accelerated (q < 0) and u(t) ≫ 1, thus ϵ = 1. However, in epochs of decelerated expansion 0 < u(t) < 1 and ϵ = −1 in the metric (1). The expectation value for the energy density is ⟨ρ⟩ = ⟨ φ̇^2 2 + b^2_0 2b^2 ( ⃗∇φ )_2

+ V (φ) ⟩ , (35)

where the brackets denote the 4D expectation vacuum.

Taking into account the equations (9) and (21), the effective 4D equation of motion for φ is φ̈ + 3hφ̇ − e^{−2} ∫_{h(t) dt} ∇^2_Rφ − [ 4 ψ ψ^2_0 ∂φ ∂ψ + ψ^2 ψ^2_0

∂^2φ ∂ψ^2 ]| | | |_{ψ=h−1} φ = 0, (36)

and the effective 4D value for V^′(φ) is

V^′(φ) |_{4D}= − [ḣ h ∂ ∂t − 2h^2 ] φ. (37)

Now we can make the following transformation φ(t, ⃗R) = χ(t, ⃗R)e^{− 12} ∫ (_{3h− ḣ} h ) dt = χ(t, ⃗R)e^{− 32} ∫_{h dt} ( h h_0 )_{1/2} , (38)

in order for eq. (36) to become a 4D Klein-Gordon equation for χ: χ̈ − e^{−2} ∫_t t0 h(t^′) dt^′ ∇^2_R + h^2 4 + 3 4 (ḣ h )_2 − 1 2 (ḧ h ) χ = 0. (39)

Here, t_0 is the time at end of inflation. On the other hand we have χ(t, ⃗R, L) ≡ χ(t, ⃗R) = 1 (2π)^{3/2} ∫ d^3k_R ∫ dk_ψ [ a_{kR} e^{i ⃗kR · ⃗R}ξ̃_{kR} (t) + c.c. ] δ ( ⃗k_ψ − ⃗k_L ) , (40)

where L = ψ_0 = cte. Hence the equation of motion for the time dependent modes ξ̃_{kR} (t) will be

¨ξ̃_{kR} + k^2_Re^{−2} ∫_{h dt} − h^2 4 − 3 4 (ḣ h )_2 + 1 2 (ḧ h ) ξ̃_{kR} = 0. (41)

This means that the model excludes non-expanding cosmological models. Besides, all terms inside the brackets have a geometrical origin because they are induced by the fifth coordinate.

II. SOME EXAMPLES

To ilustrate the formalism we shall study some examples of power-law expanding universes which are relevant for cosmology.

A. Power-law inflation

We consider a power law inflationary expansion for the universe h(t) = p t , p > 1. (42)

The equation (41) for the k_R-modes in power-law inflation is

¨ξ̃_{kR} + [ α^2_0t^{2(1−p)} − β^2 t^2 ] ξ̃_{kR} = 0, (43)

where α_0 = k_Rt^p_0, β^2 =^{p2−1}_4 . The general solution of (43) is ξ̃_{kR} [x(t)] = √ t t_0 ( C_1H^{(1)}_ν [x(t)] + C_2H^{(2)}_ν [x(t)] ) , (44)

where ν =^p_{2(p−1)} and x(t) =^{α0t1−p}_{p−1} . Hence, when the normalizaton condition for ξ̃_{kR} (t) and the Bunch-Davies vacuum are both considered, i.e., C_1 = 0, C_2 = i √_π 4(p−1) , we obtain

ξ̃_{kR} (t) = i √ π 4(p − 1) √ t t_0

H^{(2)}_ν [ α_0t^{1−p} p − 1 ] , (45)

where the condition ν = 1/2 is fulfilled only for p → ∞ in inflationary models. Note that this result is very similar to the one obtained in the power law standard inflationary approach.

Once the time dependent 4D-modes ξ̃_{kR} (t) are known, we can calculate the effective 4D super Hubble squared fluctuations ⟨φ^2⟩. For this purpose, we must remember the small argument limit for the second kind Hankel function: H^{(2)}_ν [x] ≃^{( x2 )ν}_{Γ(1+ν)} −^i_π Γ(ν) (_x 2 )_{−ν} . Note that in this case ν < 0 because p > 1, so we can use H^{(2)}_ν [x] ≃^{( x2 )ν}_{Γ(1+ν)} and hence ⟨ φ^2( ⃗R, t) ⟩ can be calculated on the infrared (IR) sector from the expression ⟨ φ^2(t, ⃗R) ⟩ IR = 2^{pp−1} (p − 1)^{1p−1} 8πΓ^2 [_{p−2} 2(p−1) ] t p(2p−3) (p−1) 0 t^{2−5p2} ∫_{θkH} 0 dk_R k_R k 2p−3 (p−1) R , (46)

where θ = k^{(IR)}_{max} /k_p ≪ 1 is a dimensionless constant (which should be of the order: 10^{−4} − 10^{−3}), k^{(IR)}_{max} = k_H (t_∗) = e ∫_{hdt} h | | |_{t=t∗} = p (_{t∗} t_0 )_p t^{−1}_∗ at the moment t_∗ when the horizon enters and k_p is the Planckian wavenumber (i.e., the scale we choose as a cut-off of all the spectrum). In other words, k_H (t_∗) is the wavenumber related to the Hubble radius in an expanding universe when the horizon enters.

B. Radiation dominated universe

The radiation dominated universe is described by a power p = 1/2, which is related with a Hubble parameter h(t) =^1_{2t} , such that the equation (41) becomes

¨ξ̃_{kR} + ( α^2_1t + β^2_1

t^2 ) ξ̃_{kR} = 0, (47)

where α_1 = k_Rt^{1/2}_0 and β^2_1 =^3_{16} . The general solution for this equation is

ξ̃_{kR} (t) = G_1 √ t t_0

H^{(1)}_{ν1} [2α_1t^{1/2}] + G_2 √ t t_0

H^{(2)}_{ν1} [2α_1t^{1/2}], (48)

where (G_1, G_2) are constants and ν_1 = √ 1 − 4β^2_1 . Hence, when the normalization condition for ξ_{kR} (t) and the Bunch-Davies vacuum are considered, we obtain G_1 = 0 and G_2 = √_π 2 . Thus, the solution for the equation (47) is ξ̃_{kR} (t) = √ π 2 √ t t_0

H^{(2)}_{ν1} [2α_1t^{1/2}], (49)

where in our case (i.e., for p = 1/2): ν_1 = 1/2. So, on super Hubble scales we obtain ⟨ φ^2 ⟩ IR = Γ^2[1/2]

4π^3 ( t_0 t^2 ) ∫_{θkH} 0 dk_R k_R k^2_R, (50)

which, after integration yields ⟨ φ^2 ⟩ IR = θ^2Γ^2[1/2] 32π^3 t^{−2}t^{−1}_0 . (51)

Note the difference between the solutions of eqs. (47) and (43). The solutions of (43) are unstable outside the Hubble horizon and stable inside it. However, the solutions of (47) are stable on all the spectrum. Thus, inflationary dynamics is necesary to explain why the universe is larger than the Hubble horizon.

III. FINAL COMMENTS

In this work we have extended a previously introduced nonperturbative scalar field formalism for a noncompact KK theory to a power-law expanding universe. In particular, we have examined some relevant cases in cosmology; inflationary dynamics (p > 1) and radiation dominated (with p = 1/2) universes, respectively). We have found that the ⟨φ^2⟩_{IR} spectrum is scale invariant only during inflation for p = 3/2. This formalism has the advantage, with respect to the semiclassical approach studied in other work [19], in that it provides an exact treatment for the dynamics of the inflaton field (the scalar field) with back-reaction effects included. Furthermore, it provides a consistent treatment for the effective 4D dynamics of the universe in models governed by a single scalar field. Note that the dynamics is induced geometrically through the potential in the frame Û^t =^{2u√}_{u2−1} , Û^R = −^{2Rh√}_{u2 −1} , Û^L = 0, where the fifth coordinate L = ψ_0 remains constant. This constant is given by the Hubble horizon at the end of inflation. The potential is quadratic in φ but its squared mass depends on the rate of expansion of the universe (the Hubble parameter). In epochs where the expansion is accelerated the signature of the squared mass is positive, but when the expansion is decelerated it shifts to a negative signature.

Finally, the theory can explain why inflationary dynamics is necesary to explain the existence of an universe larger than the Hubble horizon, because the modes related to cosmological scales of the redefined quantum field χ grows superluminally for a scale factor b ∼ t^p, with p > 1. However, for a radiation dominated universe the modes are stable on all the spectrum.

Acknowledgements

ARM acknowledges the Alvarez-Buylla grant of the University of Colima (México) under project 292/04. EMA acknowledges CONACyT and IFM of UMSNH (México) for financial support. MB acknowledges CONICET, AGENCIA and UNMdP (Argentina) for financial support.

REFERENCES

[1] N. Akdani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B429, 263 (1998); I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B436, 257 (1998).

[2] D. Youm, Phys. Rev. D62, 084002 (2000); R. Maartens, Phys. Rev. D62, 084023 (2000);

A. Chamblin, Class. Quantum Grav. 18, L-17 (2001); P. S. Wesson, B. Mashhoon, H. Liu, W. N. Sajko, Phys. Lett. B456, 34 (2001); J. Ponce de Leon, Phys. Lett. B523, 311 (2001).

[3] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999).

[4] T. Kaluza, Sitz. Preuss. Akad. Wiss. Phys. Math.K1, 966 (1921); O. Klein, Zeits. Phys.

37, 895 (1926).

[5] J. M. Overduin and P. S. Wesson, Phys. Rep. 283, 303 (1997). [6] P. S. Wesson, Space, Time, Matter (World Scientific, Singapore, 1999). [7] S. S. Seahra and P. S. Wesson, Class. Quant. Grav. 19, 1139 (2002). [8] L. Randall, R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999). [9] J. E. Campbell, A course of differential geometry, Oxford, Clarendon Press. [10] L. Magaard, Zur einbettung riemannscher raume in Einstein-raume und konforeuclidische raume, PhD thesis, (Kiel); E. Anderson, F. Dahia, J. Lidsey and C. Romero, J. Math. Phys. 44, 5108 (2002); J. Lidsey, C. Romero, R. Tavakol and S. Rippl, Class. Quant. Grav. 14, 865 (1997); C. Romero, R. Tavakol and R. Zalaletdinov, Gen. Rel. Grav. 28, 265 (1996).

[11] J. Dreitlein, Phys. Rev. Lett. 33, 1243 (1974). [12] A. Guth, Phys. Rev. D23, 347 (1981).

[13] C. Wetterich, Nucl. Phys. B302, 668 (1988); P. J. E. Peebles and B. Ratra, Ap. J. Lett.

325, L17 (1988); R. R. Caldwell, R. Dave and P. J. Steinhardt, Phys. Rev. Lett. 80, 1582 (1998); C. Armendariz-Picon, V. Mukhanov and P. J. Steinhardt, Phys. Rev. Lett. 85, 4438 (2000).

[14] A. Davidson, D. A. Owen, Phys. Lett. B177, 77 (1986).

[15] see for example M. Sami, P. Chingangbam, T. Qureshi, Phys. Rev. D66, 043530 (2002). [16] M. Bellini, Phys. Lett. B609, 187 (2005).

[17] D. S. Ledesma and M. Bellini, Phys. Lett. B581, 1 (2004). [18] J. E. Madriz Aguilar and M. Bellini, Eur. Phys. J. C38, 367 (2004). [19] E. Madriz Aguilar and M. Bellini, Phys. Lett. B596, 116 (2004).