arXiv:gr-qc/0502032 v2 14 Sep 2005

THE DYNAMICS OF PHOTON IN THE SHUWER‡: A CLASS OF SOLUTIONS

MUSTAFA SALTI and OKTAY AYDOGDU

Department of Physics, Graduate School of Natural and Applied Science, Middle East Technical University, 06531, Ankara-Turkey E-mail(s):^1musts6@yahoo.com,^2oktay231@yahoo.com

ALI HAVARE

Department of Physics, Faculty of Art and Science, Mersin University, 33343/Ciftlikkoy, Mersin-Turkey E-mail: alihavare@mersin.edu.tr

MURAT KORUNUR

Department of Physics, Graduate School of Natural and Applied Science, Çukurova University, 01330/Balcali, Adana-Turkey E-mail: muratkorunur@yahoo.com

Abstract. Saltı and Havare showed that the massless Duffin-Kemmer-Petiau equation and the free-space Maxwell equations are equivalent in the Shuwer. In this study, we consider nine different well-known space-time models and discuss the results obtained in this paper. To find out the exact solution, we solve the second order differential equation which was given in the previous paper. We compute the oscillatory behavior in the region and frequency spectrum of the photon for a given geometry. The counterpart of the Maxwell equations in the general relativistic quantum mechanics, we obtained as the zero-mass limit of the Duffin-Kemmer-Petiau equation with appropriate identification of the components of the Duffin-Kemmer-Petiau spinor with electromagnetic field strength.

Keywords: Dynamics; Photon; Maxwell; curved space-time. PAC Numbers: 03.65.Pm; 04.20.-q; 04.20.Jb.

1. Introduction

The Duffin-Kemmer-Petiau(DKP) equation is a convenient relativistic wave equation to describe spin-0 and spin-1 bosons with the advantage over standard relativistic equations, like Klein-Gordon and Proca ones, of being of first order derivatives. As

‡ In this paper, we refer to spatially homogenous universe models with expansion and rotation collectively as the Shuwer.

a matter of fact, this equation was developed specifically to fulfill this characteristic, and provide an equation for bosons similar to Dirac spin-1/2 equation.

A detailed analysis of DKP equation can be found in the original works[1], while a similar analysis, complemented by the definitions of the projector for the scalar and vector sectors of the theory and their properties, can be found in the paper by Umeza[2]. For a historical development of this theory, among others, until the 70’s is suggested[3], while the application of DKP field to scalar QED can be found in[4]. More recently there have been some new interest in DKP theory, specifically it has been applied to QCD(large and short distances) by Gribov[5], to covariant Hamiltonian dynamics[6]; has been studied in curved space-time[7, 8], in Casual Approach[9] and with fivedimensional Galilean covariance[10]. There also have been given detailed proofs of the equivalance between DKP and Klein-Gordon fields in various situations[11] and some points regarding DKP interaction with electromagnetic field have been clarified[12].

The counterpart of the Maxwell equations in general relativistic quantum mechanics can be obtained as the zero-mass limit of the DKP equation with appropriate identification of the components of the DKP spinor with electromagnetic field strengths. In 1997 Ünal[13] showed that the wave equation of massless spin-1 particle in flat spacetime is equivalent to free space Maxwell equations. After that Ünal and Sucu solved the general relativistic massless DKP equation(mDKP equation) in Robertson-Walker space-time written in spherical coordinates[14]. Using the same technique, the mDKP equation had been solved for various space-times and showed the mDKP equation is equivalent to free space Maxwell equations[15, 16, 17, 18, 19, 20]. In this technique, the Kemmer matrices are written as a direct product of Pauli spin matrices with unit matrix resulting (4 × 4) matrices. This representation leads to a spinor which is related to complex combination of the electric and magnetic fields. Among of the advantages to use the mDKP equation is that its simple (4 × 4) matrix form simplify the solution procedure for comparing with the Maxwell equations. As well the Quantum mechanical solution is important in a discussion of the wave-particle duality of electromagnetic fields, since the particle nature of the electromagnetic field can be analyzed only by a quantum mechanical equation. Furthermore, the mDKP equation removes the unavoidable usage of (3 + 1) space-time splitting formalism for the Maxwell equations mentioned by Saibatalov[22].

This paper is organized as follow: in the next section, we summarize the previous work by Saltı and Havare. In section III, using these results, we find exact solutions of the mDKP equation, obtain oscillation region and frequency spectrum of the photon, and quantum mechanical wave function in terms of the Maxwell field strength tensor components for some well-known metrics in a short way. Finally, the last section is devoted for final remarks. Throughout this paper, all indices take the values from 0 to 3 otherwise instead.

2. The mDKP Equation and the Maxwell Equations in the Shuwer In the previous study[19], the authors considered the following general line-element. ds^2 = −g_{00}(x^0, x^1)(dx^0)^2 + g_{ii}(x^0, x^1)(dx^i)^2 − 2g_{02}(x^0, x^1)dx^0dx^2 (1) where i = 1, 2, 3. The line-element (1) can be reduced to known space-time models under some conditions. There are some special metrics included by the line-element (1) in the previous work. Considering common properties of those space-time models, the authors transformed this metric into the form:

ds^2 = −R^2_{00}(x^1)(dx^0)^2 + T^2(x^0)R^2_{ii}(x^1)(dx^i)^2 − 2T (x^0)R_{02}(x^1)dx^0dx^2 (2) To reduce this line-element a bit simple form, they made the following coordinate transformation dx̃^m = R_{mm}dx^m (3) where (m = 0, 1, 3) and they defined x̃^m = (η, ξ, u), G =^{R02}_{R00} , hence the line element (1) was obtained as:

ds^2 = −dη^2 + T^2(η)[dξ^2 + R^2_2(ξ)(dx^2)^2 + du^2] − 2T (η)G(ξ)dηdx^2 (4) This metric describes spatially homogenous universes with expansion and rotation, but zero shear. Taking this line-element into the mDKP equation, they got the second order form of differential equation which is given below { ∂^2_ξ + M^′ M ∂_ξ + k_3G^′ M − ( k_2 + k_0G M )^2 + k^2_0 − k^2_3 } φ_1(ξ) = 0. (5) and found its general solution as Ψ_1 = T^{−2}(R_{00} ∫ T^{−1}dx^0)e^{i(k2x2+k3 R33x3−ik0 R00} ∫_1 T dx^0)φ 1( ∫ R_{11}dx^1) (6) where M^2 = G^2 + R^2_2. The other component of the mDKP spinor were determined by the following relations: φ_0 = i (k_3 − k_0)

(∂_ξ + k_2 + k_0G M )φ_1 (7)

φ_2 = φ_1 (8)

φ_3 = i (k_3 + k_0) ( k_2 + k_0G M − ∂_ξ)φ_1 (9)

Later; using the same metric, they transformed the free-space Maxwell equations into the second order differential equation and obtained exactly the same equation as (5), and the connection between the spinor components of the mDKP equation and field strength tensor components of the Maxwell equations were obtained as φ_0 = iT M(F^{02} + i ~F^{20}) − T (F^{01} + i ~F^{10}) − GT^2(F^{21} + i ~F^{12}) (10) φ_1 = φ_2 = T (F^{03} + i ~F^{30}) + GT^2(F^{23} + i ~F^{32}) (11) φ_3 = iT M(F^{02} + i ~F^{20}) + T (F^{01} + i ~F^{10}) + GT^2(F^{21} + i ~F^{12}) (12)

Table 1. (List of (3+1)-dimensional line-elements which will be considered for the exacts solutions of the massless DKP equation, frequency spectrum and the oscillating region of the photon.

Space-time (3+1)-dimensional line-element(ds^2) Hoensalaers-Vishveshwara −dt^2 + dr^2 + dz^2 −^1_2 (c − 1)(c − 3)dϕ^2 − 2(c − 1)dϕdt Reboucas −dt^2 + dr^2 + dz^2 − (3cosh^22r + 1)dϕ^2 + 4cosh2rdϕdt Krechet-Gödel R^2(t)[dx^2 −^1_2 e^{2√2ω0x}dy^2 + du^2] + 2R(t)e^{√2ω0 x}dtdy − dt^2 Expanding Gödel-type −dt^2 + (ct)^2[dx^2 + λe^{2mx}dy^2 + dz^2] − 2cte^{mx}dtdy Soleng dr^2 − dt^2 − 2adtdϕ + (B^2(r + r_0)^2 − a^2)dϕ^2 + dz^2 A box in curved space-time −e^{ax+b}dt^2 + dx^2 + dy^2 + dz^2 A flat-plate in curved space-time −(a + bx)^2dt^2 + dx^2 + c(dy^2 + dz^2) Rindler flat −x^2dt^2 + dx^2 + dy^2 + dz^2 Cylindrical Minkowski −dt^2 + dr^2 + r^2dϕ^2 + dz^2

3. Exact Solution of the mDKP Equation In this part of the paper, we solve the equation (5) exactly for some well-known cosmological models given in table-1, and compare our result with the previous works. 3.1. Solutions in (3+1)-dimensional non-diagonal metrics 3.1.1. The Hoensalaers-Vishveshwara Space-time This space-time is described by the line-element[16] given below. ds^2 = −dt^2 + dr^2 + dz^2 − 1 2 (c − 1)(c − 3)dϕ^2 − 2(c − 1)dϕdt (13) where c = coshr. For this space-time model, by using equation (5) we find the following second order differential equation ∂^2_r + cothr∂_r + k^2_0 − k^2_3 + √ 2k_3 − 2 ( k_2 + k_0coshr − k_0 sinhr )_2 φ_1(r) = 0(14) If the following definitions are used y = 1 + coshr 2 , φ_1(y) = y^p(1 − y)^qf_1(y) (15) where p = √ 2(^{k2}_2 − k_0) and q =^{√2}_2 k_2, so the equation (14) is reduced to the Gauss Hypergeometric differential equation[23]:

y(1 − y)∂^2_y f_1(y) + [c − (a + b + 1)y]∂_yf_1(y) − abf_1(y) = 0 (16) where a = √ 2(k_2 − k_0) + 1 2 + √ k^2_0 + 2k_0k_2 − √ 2k_3 + 1 4 (17)

b = √ 2(k_2 − k_0) + 1 2 − √ k^2_0 + 2k_0k_2 − √ 2k_3 + 1 4 (18)

c = 1 + √ 2(k_2 − 2k_0) (19)

Equation (16) has two linearly independent solutions, f_1 = MF (a, b; a+b−c+1; 1−y)+N(1−y)^{c−a−b}F (c−a, c−b; c−a−b+1; 1−y)(20) where M and N are the normalization constants. The exact solution of the first component of the spinor can be written in terms of the Gauss Hypergeometric functions: Ψ_1 = e^{−k0 t+k2 ϕ+k3 z} y^p(1 − y)^q[MF (a, b; a + b − c + 1; 1 − y) +N(1 − y)^{c−a−b}F (c − a, c − b; c − a − b + 1; 1 − y)] (21) If we use the conditions a = −n_1 and c − a = −n_2 (where n_1 and n_2 are positive integers or zero) then we find the frequency spectrum as

k_{01,2} = 3k_2 + √ 2 2 N_1 ± √ (N^2_1 + 1) 4 + 2 √ 2k_2N_1 + 7k^2 + k^2_3 − √ 2k_3 (22)

k_{01,2} = k_2 + √ 2 2 N_2 ± √ (N^2_2 + 1) 4 + √ 2k_2N_2 + 8k^2 + k^2_3 − √ 2k_3 (23)

where N_i = 2n_i + 1, (i = 1, 2). Finally, the components of the spinor of the mDKP equation in terms of the electric and magnetic fields are found as φ_0 = i √ (c − 1)^2 + 1(F^{02} + i ~F^{20}) − F^{01} − i ~F^{10} − (c − 1)(F^{21} + i ~F^{12}) (24)

φ_1 = φ_2 = F^{03} + i ~F^{30} + (c − 1)(F^{23} + i ~F^{32}) (25)

φ_3 = i √ (c − 1)^2 + 1(F^{02} + ~F^{20}) + F^{01} + i ~F^{10} + (c − 1)(F^{21} + i ~F^{12}) (26)

3.1.2. The Reboucas Space-time This space-time model is defined by the lineelement[16]:

ds^2 = −dt^2 + dr^2 + dz^2 − (3cosh^22r + 1)dϕ^2 + 4cosh2rdϕdt (27) Considering this metric and using equation (5), we find the following second order differential equation

∂^2_r + coth2r∂_r + k^2_0 − k^2_3 + 4k_3 − ( k_2 + 2k_0cosh2r sinh2r )_2 φ_1(r) = 0 (28)

If the following definitions are used y = 1 + cosh2r 2 , φ_1(y) = y^m(1 − y)^sf_1(y) (29) where 4m = k_2 − 4k_0 and 4s = −k_2 − 2k_0, from this point of view equation (28) is reduced to the Gauss Hypergeometric differential equation[23]: y(1 − y)∂^2_y f_1(y) + [d − (h + l + 1)y]∂_yf_1(y) − hlf_1(y) = 0 (30) where 2h = 1 − 2k_0 + √ 3k^2_0 − 4k_3 + k^2_3 + 1 (31) 2l = 1 − 2k_0 − √ 3k^2_0 − 4k_3 + k^2_3 + 1 (32)

d = 1 + k_2 2 − 2k_0 (33) The exact solution of the first component of the spinor can be written in terms of the Gauss Hypergeometric functions as:

Ψ_1 = e^{−k0 t+k2 ϕ+k3 z} y^m(1 − y)^s[AF (h, l; h + l − d + 1; 1 − y) +B(1 − y)^{d−h−l}F (d − h, d − l; d − h − l + 1; 1 − y)] (34) here A and B are the normalization constants. If we use the conditions a = −n_1 and c − a = −n_2 (where n_1 and n_2 are positive integers or zero), we find the frequency spectrum as k_{01,2} = −2N_1 ± √ 3(N^2_1 − 1) + k^2_3 − 4k_3 + 4 (35)

k_{01,2} = ± √ N^2_2 − 1 − 2k_2N_2 − k^2_3 + 4k_3 3 (36) where N_i = 2n_i + 1, (i = 1, 2). Finally, the components of the spinor of the mDKP equation in terms of the electric and magnetic fields are computed as φ_0 = i √ cosh^22r − 1(F^{02} + i ~F^{20}) − F^{01} − i ~F^{10} + 2cosh2r(F^{21} + i ~F^{12})(37) φ_1 = φ_2 = F^{03} + i ~F^{30} − 2cosh2r(F^{23} + i ~F^{32}) (38) φ_3 = i √ cosh^22r − 1(F^{02} + ~F^{20}) + F^{01} + i ~F^{10} − 2cosh2r(F^{21} + i ~F^{12}) (39)

3.1.3. The Krechet-Gödel Space-time The line-element which describes this model[24] is given by ds^2 = R^2(t)[dx^2 − 1 2 e^{2√2ω0x}dy^2 + du^2] + 2R(t)e^{√2ω0x}dtdy − dt^2. (40) Considering this metric with the equation (28), the second order differential equation is found as { ∂^2_x + √ 2ω_0∂_x − 2 √ 2ω_0k_3 − 2(k_0 − k_2e^{−√2ω0x})^2 + k^2_0 − k^2_3 } φ_1(x) = 0.(41) This equation can be transformed into well-known Whittaker[23] differential equation by using coordinate transformation v =^{2k2}_{ω0} e^{−√2ω0x} 4v^2∂^2_v φ_1(v) + [−v^2 + 4αv − (4μ^2 − 1)]φ_1(v) = 0 (42) where α = − k_0 ω_0 , μ = √ 1 4 − 1 2ω^2_0

(k^2_0 − k^2_3 − 2ω_0k_3 − 2k^2_0 ) (43)

Equation (42) has two independent solutions: one is close to zero, and the other one is regularly close to infinities. Hence, the solution is the linear combination of these two solutions, φ_1 = N_1W_{α,μ}(v) + N_2M_{α,μ}(v). (44) The exact solution of the second (or equivalently the third) component of the spinor can be written in terms of confluent hypergeometric functions as follows

Ψ_1 = R^{−2}exp[i(k_2y + k_3z − k_0 ∫ R^{−1}(t)dt) + 2k_2 ω_0 e^{−√2ω0 x}] × ( 2k_2 ω_0 e^{−√2ω0 x} ) 1_{2 +μ} [AU( 1 2 + μ − α, 2μ + 1;

2k_2 ω_0 e^{−√2ω0 x}) +BM( 1 2 + μ − α, 2μ + 1;

2k_2 ω_0 e^{−√2ω0x})] (45)

This solution must be bounded for all values of v =^{2k2}_{ω0} e^{−√2ω0x}. Hence, a regular solution can be find imposing the condition 1 2 + μ − α = −n (46)

where n is a positive integer or zero. Using this expression and values of μ and α, we obtain the discrete frequency spectrum for the massless spin-1 particles as

k_0 = 2ω_0N + √ 2ω^2_0 ( N^2 + 1 4 ) + k_3(k_3 + 2ω_0) (47)

where N = n +^1_2 . For the Krechet-Gödel space-time k_0 ≥ √ 2ω_0, so it is interesting to note that no electromagnetic waves with frequency smaller than √ 2ω_0 can propagate in the Krechet-Gödel universe. In the Study of Saibatalov[22], the similar relation for equation (47) has been found, hence the same arguments in this study can be held for the frequency obtained here. The important thing must be mentioned is that the relation contains helicity-angular-velocity coupling term 2k_3ω_0 in the propagation of massless spin-1 particles in this rotating and expanding universe model.

Finally, the connection between the spinor components of the mDKP equation and field strength tensor components of the Maxwell equations are found as φ_0 = i √ 2Re^{−√2ω0 x}(F^{02} +i ~F^{20})−R(F^{01} +i ~F^{10})+e^{√2ω0 x}R^2(F^{21} +i ~F^{12})(48)

φ_1 = φ_2 = R(F^{03} + i ~F^{30}) − R^2e^{√2ω0x}(F^{23} + i ~F^{32}) (49)

φ_3 = i √ 2Re^{−√2ω0 x}(F^{02} +i ~F^{20})+R(F^{01} +i ~F^{10})+R^2e^{√2ω0x}(F^{21} +i ~F^{12})(50)

3.1.4. The expanding Gödel-type Space-time The line element of this model is given by ds^2 = −dt^2 + (ct)^2[dx^2 + λe^{2mx}dy^2 + dz^2] − 2cte^{mx}dtdy (51) where c, m and λ are constants. This model can be obtained from the Krechet-Gödel space-time under some special conditions. Hence exact solutions of the massless DKP equation for this model can be found easily from the results for the Krechet-Gödel model. If we choose the following relations R(t) = ct, m = √ 2ω_0, λ = − 1 2 (52)

we can transform the Krechet-Gödel metric into the expanding Gödel-type model. Hence we find

Ψ_1 = t^{−2+ tk0c} exp[i(k_2y + k_3z − k_0 c lnt) + k_2 m √ λ + 1 e^{−mx}] × ( 2k_2 m √ λ + 1 e^{−mx} ) 1_{2 +μ}

[N_1U( 1 2 + μ − α, 2μ + 1; 2k_2e^{−mx} m √ λ + 1 ) +N_2M( 1 2 + μ − α, 2μ + 1; 2k_2e^{−mx} m √ λ + 1

)] (53)

where α = − k_0 m √ λ + 1 , μ = m^2 4 − λk^2_0 √ λ + 1 − mk_3 √ λ + 1

− k^2_3 (54)

and if we use the condition^1_2 + μ − α = −n (where n is positive integer or zero), we find the frequency spectrum as

k_{01,2} = − mN √ λ + 1 + √ m^2( 1 4 + N^2 λ + 1

) + k^2_3 − mk_3 √ λ + 1

(55)

where N = n +^1_2 . The component of the spinor of the mDKP equation in terms of the electric and magnetic fields are found as φ_0 = ict √ λ + 1e^{mx}(F^{02} +i ~F^{20})−ct(F^{01}+i ~F^{10})+e^{mx}(ct)^2(F^{21} +i ~F^{12})(56)

φ_1 = φ_2 = ct(F^{03} + i ~F^{30}) + e^{mx}(ct)^2(F^{23} + i ~F^{32}) (57) φ_3 = ict √ λ + 1e^{mx}(F^{02} +i ~F^{20})+ct(F^{01} +i ~F^{10})+e^{mx}(ct)^2(F^{21} +i ~F^{12})(58)

3.1.5. The Soleng Space-time This model is defined by the line-element[21] ds^2 = dr^2 − dt^2 − 2adtdϕ + (B^2(r + r_0)^2 − a^2)dϕ^2 + dz^2 (59) where a, B, r_0 are constants. Using this line-element, the second order form of the mDKP equation is found as

∂^2_r + 1 (r + r_0) ∂_r − ( k_2 + ak_0 B(r + r_0)

)_2

+ k^2_0 − k^2_3 φ_1(r) = 0 (60) where a, r_0 and B are the constants. For this second order differential equation, if we use (r +r_0)α^12 = ν coordinate transformation(where α = k^2_0 −k^2_3 ) and define (_{k2 +ak0} B )_2

= β^2, the mDKP equation takes into the following form: { ∂^2_ν + 1 ν ∂_r + 1 − β^2 ν^2 } φ_1(r) = 0 (61) this is the well-known the Bessel equation, and from this point of view the exact solution is becomes Ψ_1 = exp[i(k_2ϕ + k_3z − k_0t)] {Aj_β (ν) + BN_β(ν)} (62) Finally, the components of the spinor of the mDKP equation in the Soleng space-time are found as φ_0 = iB(r + r_0)(F^{02} + i ~F^{20}) − F^{01} − i ~F^{10} − a(F^{21} + i ~F^{12}) (63) φ_1 = φ_2 = F^{03} + i ~F^{30} + a(F^{23} + i ~F^{32}) (64) φ_3 = iB(r + r_0)(F^{02} + i ~F^{20}) + F^{01} + i ~F^{10} + a(F^{21} + i ~F^{12}) (65)

3.2. Solutions in (3+1)-dimensional diagonal metrics 3.2.1. A Box in Curved Space-time A box in curved space-time is defined by the lineelement given below.

ds^2 = −e^{ax+b}dt^2 + dx^2 + dy^2 + dz^2 (66) where a and b are constants. For this line-element, the second order form of the massless DKP equation is obtained as [∂^2_x − (k^2 + k^2_3 − k^2_0 )]φ_1(x) = 0 (67) Hence, exact solution is found as Ψ_1 = exp[i(k_2y + k_3z − k_0 ∫ e^{ax+b}dt) + √ k^2 + k^2_3 − k^2_0 x] (68) For a box in curved space-time, the connection between the spinor components of the mDKP equation and field strength tensor components of the Maxwell equations are obtained as φ_0 = iF^{02} − ~F^{20} − F^{01} − i ~F^{10} (69) φ_1 = φ_2 = F^{03} + i ~F^{30} (70) φ_3 = iF^{02} − ~F^{20} + F^{01} + i ~F^{10} (71)

3.2.2. A Flat-Plate in Curved Space-time The line-element which defines a flat-plate in curved space-time[25] is written in the form ds^2 = −(a + bx)^2dt^2 + dx^2 + c(dy^2 + dz^2) (72) here a > 0, b and c > 0 are constants. If we consider this model for mDKP equation we obtain the following second order differential equation (∂^2_x − 1 c k^2 − k^2_3 + k^2_0)φ_1(x) = 0 (73) So, exact solution of the equation written above is found as

Ψ_1 = exp[i(k_2y + k_3z − k_0 ∫ (a + bx)dt) + x √ k^2 c + k^2_3 − k^2_0 ] (74) and the connection between the spinor components of the mDKP equation and field strength tensor components of the Maxwell equations are φ_0 = i √ c(F^{02} + i ~F^{20}) − F^{01} − i ~F^{10}) (75) φ_1 = φ_2 = F^{03} + i ~F^{30} (76) φ_3 = i √ c(F^{02} + i ~F^{20}) + F^{01} + i ~F^{10} (77)

3.2.3. The Rindler-Flat Space-time The Rindler flat space-time[26] is defined by the line-element ds^2 = −x^2dt^2 + dx^2 + dy^2 + dz^2 (78) Using equation (5), the second order form of the mDKP equation in this model is found [∂^2_x − (k^2 + k^2_3 − k^2_0 )]φ_1(x) = 0 (79) Hence, exact solution is found as Ψ_1 = exp[i(k_2y + k_3z − k_0xt) + √ k^2 + k^2_3 − k^2_0 x] (80) For the Rindler flat space-time, the connection between the spinor components of the mDKP equation and field strength tensor components of the Maxwell equations are obtained as φ_0 = iF^{02} − ~F^{20} − F^{01} − i ~F^{10} (81) φ_1 = φ_2 = F^{03} + i ~F^{30} (82) φ_3 = iF^{02} − ~F^{20} + F^{01} + i ~F^{10} (83)

3.2.4. The Cylindrical Minkowski Space-time The cylindrical Minkowski spacetime[25] is described by ds^2 = −dt^2 + dr^2 + r^2dϕ^2 + dz^2 (84) In this space-time model, the second order form of the mDKP equation takes the following form: { ∂^2_r + 1 r ∂_r − k^2 r^2

+ k^2_0 − k^2_3 } φ_1(r) = 0 (85)

if we use the coordinate transformation ν = α^{12} r with α = k^2_0 − k^2_3 , we obtain the following well-known Bessel equation: { ∂^2_ν + 1 ν ∂_r + 1 − k^2 ν^2 } φ_1(r) = 0 (86)

however, the solution is given as follow:

Ψ_1 = exp[i(k_2ϕ + k_3z − k_0t)] {Aj_{∓k2} (ν) + BN_{∓k2} (ν)} (87) Finally, the corresponding components of the spinor of the mDKP equation in the Cylindrically Symmetric Minkowski space-time are:

φ_0 = ir(F^{02} + i ~F^{20}) − F^{01} − i ~F^{10} (88) φ_1 = φ_2 = F^{03} + i ~F^{30} (89) φ_3 = ir(F^{02} + i ~F^{20}) + F^{01} + i ~F^{10} (90)

4. The Oscillating Region of the Photon

A general method to find the frequency spectrum is to impose the condition on functions which are the solutions of differential equation. The functions obtained must be bounded for all values of as usually done in quantum mechanics, this procedure gives the quantization of frequency. If the function G vanishes the line element (1) reduces an expanding model and one might expect to obtain gravitational red-shift in frequency. But G is not zero this model represents both expansion and rotation.

If we introduce a new function of the form

φ_1(ξ) = M^{12} (ξ)χ_1(ξ) (91) using this definition in equation (14), we get the following form { ∂^2_ξ + M^{′′} 2M + ( M^′ 2M )^2 + k_3G^′ M − ( k_2 + k_0G M )^2 + k^2_0 − k^2_3 } χ_1(ξ) = 0. (92)

We know that the harmonic oscillator is defined by the equation given below.

χ̈(t) + w^2(t)χ(t) = 0 (93) Hence, we obtain

ω^2(ξ) = M^{′′} 2M + ( M^′ 2M )^2 + k_3G^′ M − ( k_2 + k_0G M )^2 + k^2_0 − k^2_3 . (94)

The Dynamics of Photon... 12

Table 2. (The oscillating regions of the photon in some well-known (3+1)-dimensional space-time models.

Space-times Oscillating regions

Hoensalaers-Vishveshwara −^C_{2A} − √ (^C_{2A} )^2 +^B_A − 1 ≤ coshr ≤ −^C_{2A} + √ (^C_{2A} )^2 +^B_A − 1

Reboucas^F_{2D} − √ (^F_{2D} )^2 +^E_D − 1 ≤ cosh2r ≤^F_{2D} + √ (^F_{2D} )^2 +^E_D − 1

Krechet-Gödel k_0 − √_{k20 −k23} 2 − ω_0k_3 < k_2e^{−√2ω0x} < k_0 + √_{k20 −k23} 2 − ω_0k_3

Expanding Gödel k_0 −

√_{k20}

λ+1 + k^2_3 −^{mk3√}_{λ+1} <^{k2e−mx}_m^√_{λ+1} < k_0 +

√_{k20}

λ+1 + k^2_3 −^{mk3√}_{λ+1}

Soleng − √ (^{k2+2ak0}

B(r+r_0 ) )

2 + k^2_3 − k^2_0 <^1_{2(r+r0 )} < √ (^{k2+2ak0}

B(r+r_0 ) )

2 + k^2_3 − k^2_0

A Box, Rindler Flat − √ k^2 + k^2_3 ≤ k_0 ≤ √ k^2 + k^2_3

Flate-Plate −

√_1 c k^2 + k^2_3 ≤ k_0 ≤

√_1

c k^2 + k^2_3

Cylindrical Minkowski − √ k^2_3 − k^2_0 <^1_{2r} < √ k^2_3 − k^2_0

where A = √ 2k_3 − k^2_3 − k^2_0 − 1 4 , B = 4k_0k_2 − 2k^2 − 4k^2_0 + 1 4 , C = 4k^2_0 − 4k_0k_2(95)

D = 4k_3 − k^2_3 − 3k^2_0 − 1, E = k^2 + 4k^2_0 − 1, F = 4k_0k_2 (96)

5. Final Remarks

We investigated the mDKP equation(or equivalently the Maxwell equations) in the backgrounds of nine different space-time models. Using the results which were obtained in the previous paper by Saltı and Havare, we find exact solutions, frequency spectrums, the connection between the spinor components of the mDKP equation and field strength tensor components of the Maxwell equations and oscillating regions of the massless spin- 1 particles for a given geometry in a short way. This paper is an application of the previous paper and showed that its results are so useful for the next papers.

Acknowledgment

The authors(MS and OA) would like to thank Turkish Scientific Research Council (Tübitak)-Feza Gürsey Institute, Istanbul, for the hospitality their received in summer terms.

The Dynamics of Photon... 13

References

[1] G. Petiau, University of Paris thesis (1936). Published in Acad. Roy. de Belg., Classe Sci. Mem in 8^o 16, No. 2 (1936); R.J. Duffin, Phys. Rev. 54, 1114 (1938); N. Kemmer, Proc. Roy. Soc. A 173, 91 (1939) [2] H. Umezawa, Quantum Field Theory, (North-Holland, 1956) [3] R.A. Krajcik and M.M. Nieto, Am. J. Phys. 45, 818 (1977) [4] A.I. Akhiezer and V.B. Berestetskii, Quantum Electrodynamics (Interscience, 1965) [5] V. Gribov, Eur. Phys. J. C10, 71 (1999) [6] I.V. Kanatchikov, Rep. Math. Phys. 46, 107 (2000) [7] J.T. Lunardi, B.M. Pimentel and R.G. Teixeria, Geometrical Aspect of Quantum Fields: Proc.

(2000) Londrina Workshop (Londrina, Brazil) ed A.A. Bytsenko, A.E. Golcaves and B.M. Pimentel (Singapore: World Scientific) p.111 (2001).

[8] V.M. Red’kov, Preprint: quant-ph/9812007.

[9] J.T. Lunardi, L.A. Manzoni, B.M. Pimentel and J.S. Valverde, Preprint: hep-th/0008098 (2000) [10] M. de Montigny, F.C. Khanna, A.E. Santana, E.S. Santos, J.D.M.Vienna, J.Phys. A 33, L273 (2000) [11] V. Ya Fainberg and B.M. Pimentel, Theor. Math. Phys. 124, 1234 (2000); Phys. Lett. A 271, 16 (2000); Braz. J. Phys. 30, 275 (2000) [12] M. Nowakawski, Phys. Lett. 244, 329 (1998) [13] N. Ünal, Found. Phys. 27, 795 (1997) [14] N. Ünal and Y. Sucu, Int. J. Mod. Phys. A17, 1137-1147 (2002) [15] A. Havare and T. Yetkin, Class. Quantum Grav. 19, 2783-2791 (2002) [16] A. Havare and T. Yetkin, Chinese J. of Phys. Vol.41 No.5, 475 (2003) [17] A. Havare, T. Yetkin and K. Sogut, Chinese J. of Phys. Vol.41 No.5, 465 (2003) [18] A. Havare, O. Aydoğdu and T. Yetkin, Int. J. Mod. Phys. D 5, 935-944 (2004). [19] M. Saltı and A. Havare, Mod. Phys. Lett. A, Vol.20 No.6, 451-465 (2005) [20] A. Havare, M. Korunur, O. Aydoğdu, M. Saltı and T. Yetkin, Int. J. Mod. Phys. D, Vol. 14, No.

6, 957-971 (2005) [21] L.C. Garcia de Andrade, Gen. Rel. Gravit. 35, 1279-1283 (2003) [22] R.X. Saibabalov, Gen. Rel. and Grav. 27 , 697 (1995) [23] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions (Dover, New York) (1974) [24] O. Gron and H.H. Soleng, Acta Physica Polonica No:7 Vol.B20, 557-560 (1989) [25] R.M. Avakyan, E.V. Chubaryan and A.H. Yeranyan, arXiv: gr-qc/0102030 (2001) [26] L. Herrera and N.O. Santos, Class.Quant.Grav. 18, 3847-3856 (2001) [27] G. Gamow, Nature (London) 158, 549 (1946) [28] K. Gödel, Rev. Mod. Phys. 21, 447 (1949)