arXiv:gr-qc/0502042v4 12 Aug 2007

Relative Energy-Momentum of the Bianchi-I Type

Universes in Teleparallel Gravity

Mustafa Saltı^∗ Department of Physics, Faculty of Art and Science, Middle East Technical University, 06531, Ankara-Turkey.

Ali Havare^† Physics Department, Art and Science Faculty, Mersin University, 33343/Ciftlikkoy, Mersin-Turkey.

In the present work, considering the teleparallel gravity versions of the Einstein and Landau- Lifshitz energy-momentum prescriptions, energy and momentum distributions (due to matter and fields including gravitation) of the universe based on the Bianchi-I type metrics are found to be zero and these results are the same as those obtained by Banerjee-Sen, Xulu and Aydogdu-Salt. Another point is that our study agree with the previous works of Cooperstock-Israelit, Rosen, Johri et al. Furthermore, the result that the total energy of the universe based Bianchi-I type spacetime is supports the viewpoints of Albrow and Tryon and valid not only in the teleparallel equivalent of general relativity, but also in any teleparallel model.

PACS numbers: 04.20.-q; 04.20.Jb; 04.50.+h.

Keywords: Relative energy and momentum; prescription; teleparallel gravity.

I. INTRODUCTION

From the advent of the general theory of relativity, various methods have been proposed to deduce the conservation laws that characterize the gravitational systems. Nevertheless, recently this problem has also been argued in an alternative gravitation theory, namely teleparallel gravity.

Energy and momentum distributions of the universe play an important role as they provide the first integrals of equations of motions, helping one to solve otherwise intractable problems [1]. Furthermore, the energy content in a sphere of radius R in a given spacetime gives a test of the effective gravitational mass that a test particle situated at the same distance from the gravitating object experiences.

In literature, many researchers have devoted considerable attentions to the problem of finding the energy as well as the momentum and angular momentum associated with the universe based on various models. The first of such attempts was made by Einstein who proposed an expression for the energy-momentum distribution of the gravitational field. There have been many attempts to resolve the energy-momentum problem [2, 3, 4, 5, 6, 7, 8, 9, 10]. There exists an opinion that the energy and momentum definitions are not useful to get finite and meaningful results in a given geometry. Virbhadra and his collaborators reopened the problem of the energy and momentum by using the energy-momentum complexes. Einsteins energy-momentum complex, used for calculating the energy in general relativistic system, was followed by many expressions: e.g. Tolman, Papapetrou, Bergmann-

∗Electronic address: musts6@yahoo.com †Electronic address: alihavare@mersin.edu.tr

Thomson, Mller, Landau-Liftshitz, Weinberg, Qadir- Sharif and the teleparallel gravity analogs of the Einstein, Landau-Lifshitz, Bergmann-Thomson and Mller formulations. These complexes give meaningful results when we transform the line-element into quasi-Cartesian coordinates. The energy-momentum complex of Mller gives the possibility to perform the calculations in any coordinate system [11]. Next, Virbhadra and his collaborators have considered many spacetime models and have found that several energy-momentum complexes give the same and acceptable results for a given spacetime [12, 13, 14, 15, 16]. Virbhadra [17], using the energy and momentum prescripptions of Einstein, Landau- Lifshitz, Papapetrou and Weinbergs for a general nonstatic spherically symmetric metric of the Kerr-Schild class, showed that all of these energy-momentum formulations give the same energy distribution as in Penrose energy-momentum formulation.

The layout of the paper is as follows. In Sec. II, we introduce the Bianchi-I type space-times. Then, in Sec. III, we give the energy-momentum definitions of the Einstein and Landau-Lifshitz in the tele-parallel theory of gravity. Sec. IV gives us the Bianchi-I type solutions. Finally, Sec. V is devoted to concluding remarks. Throughout this paper we choose units such that G = 1, c = 1 and follow the convention that indices take values from 0 to 3 otherwise stated.

II. TELEPARALLEL ENERGY-MOMENTUM IN THE BIANCHI-I TYPE METRIC

The Friedmann-Robertson-Walker spacetime has attracted considerable attention in the relativistic cosmology literature. Maybe one of the most important properties of this model is, as predicted by inflation [18, 19, 20], the flatness, which agrees with the observed cosmic microwave background radiation.

In the early universe the sorts of the matter fields are uncertain. The existence of anisotropy at early times is a very natural phenomenon to investigate, as an attempt to clarify among other things, the local anisotropies that we observe today in galaxies, clusters and super-clusters. So, at the early time, it appears appropriate to suppose a geometry that is more general than just the isotropic and homogenous Friedmann-Robertson-Walker geometry. Even though the universe, on a large scale, appears homogenous and isotropic at the present time, there are no observational data that guarantee this is an epoch prior to the recombination. The anisotropies defined above have many possible sources; they could be associated with cosmological magnetic or electric fields, longwave length gravitational waves, Yang-Mills fields [21].

The line element of the Bianchi-I type universe [22] is given as,

ds^2 = dt^2 − e^{2l}dx^2 − e^{2m}dy^2 − e^{2n}dz^2 (1)

where l, m and n are functions of t alone. The expansion factors e^{2l}, e^{2m} and e^{2n} could be determined via Einstein’s field equations. The non-vanishing component of the Einstein tensor G_{μν} (≡ 8πT_{μν} , where T_{μν} is the energy-momentum tensor) are

G_{00} = l̇ṁ + ṁṅ + ṅl̇ (2)

G_{11} = −e^{2l}(ṁ^2 + ṅ^2 + ṁṅ + m̈ + n̈) (3)

G_{22} = −e^{2m}(ṅ^2 + l̇^2 + ṅl̇ + n̈ + l̈) (4)

G_{33} = −e^{2n}(l̇^2 + ṁ^2 + l̇ṁ + l̈ + m̈) (5)

An anisotropic Bianchi-I type universe can be considered to be filled with an ideal(non-viscous) fluid which has an equation of state p = ρ(stiff matter-the velocity of sound coincides with the speed of light), where ρ is the energy density and p is the isotropic pressure.

For the line element (1), g_{μν} and g^{μν} are defined by

g_{μν} = δ^0_μδ^0_ν − e^{2l}δ^1_μδ^1_ν − e^{2m}δ^2_μδ^2_ν − e^{2n}δ^3_μδ^3_ν (6)

g^{μν} = δ^μ_0 δ^ν_0 − e^{−2l}δ^μ_1 δ^ν_1 − e^{−2m}δ^μ_2 δ^ν_2 − e^{−2n}δ^μ_3 δ^ν_3 (7)

The non-trivial tetrad field induces a tele-parallel structure on space-time which is directly related to the presence of the gravitational field, and the Riemannian metric arises as

g_{μν} = η_{ab}h^a_μh^b_ν (8)

Using this relation, we obtain the tetrad components:

h^a_μ = δ^a_0 δ^0_μ + e^lδ^a_1 δ^1_μ + e^mδ^a_2 δ^2_μ + e^nδ^a_3 δ^3_μ (9) and its inverse is

h^μ_a = δ^0_aδ^μ_0 + e^{−l}δ^1_aδ^μ_1 + e^{−m}δ^2_aδ^μ_2 + e^{−n}δ^3_aδ^μ_3 (10)

The line-element given by (1) reduces to the flat Friedmann-Robertson-Walker line element in a special case. Defining e^l = T (t) with l = m = n, and transforming the line element (1) to t, x, y, z coordinates:

ds^2 = dt^2 − T^2(t)[dr^2 + r^2(dθ^2 + sin^2 θdϕ^2)] (11)

according to:

x = r sin θ cos ϕ, y = r sin θ sin ϕ, z = r cos θ (12) Albrow [23] and Tryon [24] suggested that in our universe, all conserved quantities have to vanish. Tryons big bang model predicted a homogenous, isotropic and closed universe including of matter and anti-matter equally. They argued that any closed universe has zero energy. The subject of the energy-momentum distribution of the closed universes was opened by an interesting work of Cooperstock and Israelit [25]. They found the zero value energy for a closed homogenous isotropic universe described by a Friedmann-Robertson-Walker metric in the context of general relativity. This interesting result effected some general relativists, Rosen [26], Johri et al. [27], Banerjee-Sen [28] and Vargas. Johri et al., using the Landau-Liftshitz energy-momentum prescription, found that the total energy of a spatially closed Friedmann- Robertson-Walker universe is zero at all times. Banerjee and Sen who investigated the problem of total energy for the Bianchi-I type spacetimes, using the Einstein formulation, obtained that the total energy is zero everywhere at all times. This result agrees with the studies of Johri et al., since the line-element of the Bianchi-I type spacetime can be reduced to the spatially flat Friedmann- Robertson-Walker line-element in a special case. Vargas [10], using the definitions of Einstein and Landau- Lifshitz in teleparallel gravity, calculated that the total energy associated with the Friedmann-Robertson-Walker spacetime vanishes everywhere. After Vargass work, we [29], considering the Bergmann-Thomson complex both in Einsteins theory of general relativity and the teleparallel gravity for the viscous Kasner-type metric, found that total energy and momentum are zero. These studies extend the works of Rosen and Johri.

Now, let consider energy associated with the Bianchi-I type spacetime in teleparallel gravity. Teleparallel theories of gravity, whose basic entities are tetrad fields ha (a and are SO(3,1) and space-time indices, respectively) have been considered long time ago by Moller [30] in connection with attempts to define the energy of the gravitational field. Teleparallel theories of gravity are defined on Weitzenbock space-time [31], which is endowed with the affine connection Γ^λ_{μν} = h^{aλ}∂_μh_{aν} and where the curvature tensor, constructed out of this connection, vanishes identically. This connection defines a space-time with an absolute parallelism or teleparallelism of vector fields

[32]. In this geometrical framework the gravitational effects are due to the space-time torsion corresponding to the above mentioned connection.

The Einstein and Landau-Lifshitz energy-momentum complexes in teleparallel gravity [10] are, respectively:

hΥ^μ_ν = 1 4π ∂_λ(U^{μλ}_ν ) (13)

hΥ^{μν} = 1 4π ∂_λ(hg^{μβ} U^{νλ}_β ) (14)

where h = det(h^a_μ) and U^{νλ}_β is the Freud’s superpotential, which is given by:

U^{νλ}_β = hS^{νλ}_β . (15)

Here S^{μνλ} is the tensor S^{μνλ} = m_1T^{μνλ}+ m_2 2 (T^{νμλ}−T^{λμν} )+ m_3 2 (g^{μλ}T^{βν}_β −g^{νμ}T^{βλ}_β ) (16) with m_1, m_2 and m_3 the three dimensionless coupling constants of tele-parallel gravity [33]. For the teleparallel equivalent of general relativity the specific choice of these three constants are:

m_1 = 1 4 , m_2 = 1 2 , m_3 = −1 (17)

To calculate this tensor, firstly we must calculate Weitzenböck connection:

Γ^α_{μν} = h^α_a ∂_ν h^a_μ (18)

and torsion of the Weitzenböck connection:

T^μ_{νλ} = Γ^μ_{λν} − Γ^μ_{νλ} (19)

The energy and momentum in tele-parallel gravity versions of the Einstein and Landau-Lifshitz complexes:

P_μ = ∫ ∫ ∫ hΥ^0_μdxdydz (20) P_μ is called the momentum four-vector, P_i give momentum components P_1, P_2, P_3 and P_0 gives the energy.

Using equations (9) and (10), we find the following non-vanishing components of the Weitzenbock connection:

Γ^1_{10} = l̇, Γ^2_{20} = ṁ, Γ^3_{30} = ṅ (21)

where a dot indicates derivative with respect to t. The corresponding non-vanishing torsion components are found

T^1_{01} = −T^1_{10} = l̇ (22)

T^2_{02} = −T^2_{20} = ṁ (23)

T^3_{03} = −T^3_{30} = ṅ. (24)

Taking these results into equation (18), the non-zero components of the tensor S^{νλ}_μ are found as:

S^{10}_1 = −S^{01}_1 = (m_1+ m_2 2 )l̇− m_3 2 (l̇e^{−2l}+ṁe^{−2m}+ṅe^{−2n}) (25)

S^{20}_2 = −S^{02}_2 = (m_1+ m_2 2 )ṁ− m_3 2 (l̇e^{−2l}+ṁe^{−2m}+ṅe^{−2n}) (26)

S^{30}_3 = −S^{03}_3 = (m_1+ m_2 2 )ṅ− m_3 2 (l̇e^{−2l}+ṁe^{−2m}+ṅe^{−2n}) (27) Next, using equation (17), the non-vanishing components of Freuds super-potential are calculated as:

U^{10}_1 = −U^{01}_1 = e^{l+m+n}[(m_1 + m_2 2 )l̇ − m_3 2 (l̇e^{−2l} + ṁe^{−2m} + ṅe^{−2n})]

U^{20}_2 = −U^{02}_2 = e^{l+m+n}[(m_1 + m_2 2 )ṁ − m_3 2 (l̇e^{−2l} + ṁe^{−2m} + ṅe^{−2n})]

U^{30}_3 = −U^{03}_3 = e^{l+m+n}[(m_1 + m_2 2 )ṅ − m_3 2 (l̇e^{−2l} + ṁe^{−2m} + ṅe^{−2n})] (28)

Using both of the Einstein and Landau-Lisfhitz energymomentum complexes, we get the results which are given below.

P_0 = P_i = 0 (29)

III. DISCUSSIONS

In the context of the teleparallel theory of gravity, we have calculated energy and momentum distributions (due to matter plus fields including gravity) of the universe based on the Bianchi-I type spacetimes. In order to make these calculations, we have considered the teleparallel analogs of Einstein and Landau-Lifshitz energymomentum definitions.

The first result is that energy-momentum vanish whatever be the pseudo-tensor used to describe the gravitational energy-momentum in the Bianchi-type metrics. It is also independent of the three teleparallel dimensionless coupling constants, which means that it is valid not only in the teleparallel equivalent of general relativity, but also in any tele-parallel model. The second result is that this work supports the viewpoints of Albrow and Tryon and extend the previous works of Banerjee-Sen, Xulu. The third result is that our results agree with the works of Cooperstock-Israelit, Rosen, Johri et al. and Vargas.

[1] E. Namad-Achar and B.F. Schutz, Gen. Rel. Gravit. 19, 7 (1987).

[2] R.C. Tolman, Relativity, Thermodinamics and Cosmology (Oxford Univ. Pres., London, P.227) (1934).

[3] A. Papapetrou, Proc. R. Irish. Acad. A52, 11 (1948). [4] P.G. Bergmann and R. Thomson, Phys. Rev. 89, 400 (1953).

[5] C. Mller, Ann. Phys. (NY) 4, 347 (1958); ibid. 12, 118 (1961).

[6] S. Weinberg, Gravitation and Cosmology: Principle and Applications of General Theory of Relativity (John Wiley and Sons, Inc., New York) (1972).

[7] A. Qadir and M. Sharif, Phys. Lett. A167, 331 (1992). [8] L.D. Landau and E.M. Lifshitz, The Classical theory of fields (Pergamon Press, 4th Edition, Oxford) (1987).

[9] F.I. Mikhail, M.I. Wanas, A. Hindawi and E.I. Lashin, Int. J. Theor. Phys. 32, 1627 (1993).

[10] T. Vargas, Gen. Rel. Gravit. 36, 1255 (2004). [11] I. Radinschi, Mod. Phys. Lett. A15, 2171 (2000). [12] K.S. Virbhadra, Phys. Rev. D41, 1086 (1990); Phys. Rev.

D42, 2919 (1990); Pramana J. Phys. 45, 215 (1995); N. Rosen and K.S. Virbhadra, Gen. Rel. Gravit. 25, 429 (1993); A. Chamorro and K.S. Virbhadra, Pramana-J. Phys. 45, 181 (1995); Int. J. Mod. Phys. D5, 251 (1996); J. M. Aguirregabiria, A. Chamorro and K.S. Virbhadra, Gen. Rel. Gravit. 28, 1393 (1996).

[13] F.I. Cooperstock and S.A. Richardson, in Proc. 4th Canadiand Conf. on General Relativity and Relativistic Astrophysics, (World Scientific, Singapore, 1991).

[14] S.S. Xulu, Int. J. Mod. Phys. A15, 4849 (2000); Int. J.

Mod. Phys. D7, 773 (1998); Int. J. Mod. Phys. A15, 2979 (2000).

[15] I. Radinschi, Fizika B9, (2000) 43; Chin. J. Phys. 42, 40 (2004); Mod. Phys. Lett. A17, 1159 (2002); U.V.T., Physics Series 42, 11 (2001); Acta Phys. Slov. 49, 789 (1999); Th. Grammenos and I. Radinschi, gr-qc/0602105; I-Ching Yang and I. Radinschi, Chin. J. Phys. 41, 326 (2003).

[16] E.C. Vagenas, Int. J. Mod. Phys. A18, 5781 (2003); Int.

J. Mod. Phys. A18, 5949 (2003); Mod. Phys. Lett. A19, 213 (2004); Int. J. Mod. Phys. D14, 573 (2005); arXiv: gr-qc/0602107.

[17] K.S. Virbhadra, Phys. Rev. D60, 104041 (1999). [18] A.H. Guth, Phys. Rev. D23, 347 (1981).

[19] A.D. Linde, Phys. Lett. B108, 389 (1982); Phys. Lett.

B129, 177 (1983).

[20] A. Albrecht and P.J. Steinhardt, Phys. Rev. D48, 1220 (1982).

[21] J.D. Barrow, Phys. Rev. D55, 7451 (1997). [22] S.S. Xulu, Preprint: gr-qc/9910015. [23] M.G. Albrow, Nature 241, 56 (1973). [24] E.P. Tryon, Nature 246, 396 (1973).

[25] F. I. Cooperstock, Gen. Rel. Gravit. 26, 323 (1994); F.

I. Cooperstock and M. Israelit, Found. of Phys 25, 631 (1995).

[26] N. Rosen, Gen. Rel. Gravit. 26, 319 (1994). [27] V.B. Johri, D. Kalligas, G.P. Singh and C.W.F. Everitt, Gen. Rel. Grav. 27, 323 (1995).

[28] N. Banerjee and S. Sen, Pramana J. Phys. 49, 609 (1997). [29] M. Salt and A. Havare, Int. J. Mod. Phys. A20, 2169 (2005).

[30] C. Mller, Tetrad fields and conservation laws in general relativity, Proceedings of the international scholl of physics Enrico Fermi, edited by C. Mller (Academic Press, London) (1962); Conservation laws in the tetrad theory of gravitation, Proceeding of the conference on theory of gravitation, Warszawa and Jablonna 1962, (Gauthier-Villars, Paris, and PWN-Polish scientifc publishers, Warzsawa 1964) (Nordita publ. no. 136).

[31] R.Weitzenbck, Invariantten Theorie (Gronningen: Noordhoff, 1923).

[32] J.A. Schouten, Ricci Calculus, 2nd ed. (Springer-Verlag, London, p.142) (1954).

[33] K. Hayashi and T. Shirafuji, Phys. Rev. D19, 3524 (1978).