arXiv:gr-qc/0502058 v1 12 Feb 2005

Energy Distribution in LTB Space-time‡

Mustafa Saltı

Department of Physics, Graduate School of Natural and Applied Science, Middle East Technical University, 06531, Ankara-Turkey E-mail: musts6@yahoo.com

Ali Havare

Department of Physics, Faculty of Art and Science, Mersin University, 33343/Ciftlikkoy, Mersin-Turkey alihavare@mersin.edu.tr

Abstract. Using general relativity analogs of Bergmann-Thomson, Papapetrou, Landau-Lifshitz and Einstein energy and momentum definitions, we find the energy distribution (due to matter plus fields) in the LTB Space-time. The energy distribution is found well defined and the same in all of these energy-momentum complexes.

Keywords: Energy distribution; Kinematical quantities; LTB; General relativity. PACs Numbers: 04.20.-q; 04.20.Jb; 04.50.+h

1. Introduction

The problem of energy-momentum localization has been one of the most interesting and thorny problems which remains unsolved since the advent of Einstein’s theory of general relativity and tele-parallel gravity. Misner, Thorne and Wheeler[1] argued that the energy is localizable only for spherical systems. Cooperstock and Sarracino[2] contradicted their viewpoint and argued that if the energy is localizable in spherical systems then it is also localizable for all systems. Bondi[3] expressed that a nonlocalizable form of energy is inadmissible in relativity and its location can in principle be found. Cooperstock[4] hypothesized that in a curved space-time energy-momentum is/are confined to the region of non-vanishing energy-momentum tensor T_{μν} and consequently the gravitational waves are not carriers of energy and/or momentum in vacuum space-times. This hypothesis has neither been proved nor disproved. There are many results that provide support this hypothesis[5]. It would be interesting to investigate the cylindrical gravitational waves in vacuum space-times.

The first attempt to solve the problem of energy-momentum localization was made by Eisntein[6]. After this pioneering work, a large number of physicist,

‡ In this paper, we refer to Lemaitre-Tolman-Bondi space-time as the LTB space-time.

for example: Møller[7], Tolman[8], Landau-Lifshitz [9], Papapetrou[10], Bergmann- Thomson[11], Weinberg[12], Qadir-Sharif[13], Mikhail[14] and Vargas[15] introduced different definitions for the energy-momentum prescriptions. The major difficulty with these attempts was that energy-momentum prescriptions had to be computed in quasicartesian coordinates. However, for the Møller energy-momentum prescription it is not necessary to use of cartesian coordinates. In the literature Virbhadra and his collaborators have considered many space-times and have shown that several energymomentum complexes give the same and acceptable results[16]. Aguirregabiria et al.[17] showed that several energy-momentum complexes give the same result for any Kerr- Shild class metric. Recently, Chang et al.[18] showed that every energy-momentum complex can be associated with a particular Hamilton boundary term, therefore the energy-momentum complexes may also be considered as quasi-local.

In tele-parallel gravity, Vargas[15] using the tele-parallel gravity analogs of the Einstein and Landau-Lifshitz energy-momentum definitions, computed the energy distribution in Friedmann-Robertson-Walker space-time and found that total energy is vanishing everywhere. Later, Saltı and Havare[19] considered the Bergmann-Thomson’s complex in both general relativity and tele-parallel gravity and found that the total energy of the viscous Kasner-type Universe is zero. The results which are obtained in these studies are agree with the previous works by Rosen[20], Johriet al.[21], Banerjee- Sen[22] who studied the problem of obtaining energy-momentum in general theory of relativity and supports the viewpoints of Albrow[23] and Tryon[24].

The scope of this paper is to evaluate the energy of the universe which is based on LTB metric. In Sec. II, we shortly introduce LTB space-time. In Sec. III, we give general relativity analogs of Bergmann-Thomson, Papapetrou, Landau-Lifshitz and Einstein energy and momentum definitions. Sec. IV gives us energy distribution is LTB space-time. Finally, Sec. V is devoted to discussions. In appendix, we find kinematical quantities in LTB space-time. All indices run from 0 to 3 and we use convention that G = 1, c = 1 units.

2. The LTB space-time

The LTB model defines a spherically symmetric space-time stuffed with freely falling dust matter of unimportant pressure as appear in a co-moving coordinate system and having a time dependence of the metric that does not factor out as in the Robertson- Walker case. In view of the following progress and for the reader’s accessibility we report some characteristics of the model. The solution of the Einstein equation of the LTB model gives the space-time metric

ds^2 = dt^2 −

Λ^{′2}(r, t) 1 + 2F (r) dr^2 − Λ^2(r, t)(dθ^2 + sin^2 θdφ^2) (1) where prime denotes derivative with respect to r. F being an arbitrary integration function and the form of Λ that in parametric form is

Λ = G m(r) 2F (r) (cosh τ − 1) (τ > 0)

t − t_0(r) = G m(r) [2F (r)]^32

(sinh τ − 1) (F > 0) (2)

Λ = G m(r) [−2F (r)] (1 − cos τ ) (0 ≤ τ ≤ 2π)

t − t_0(r) = G m(r) [−2F (r)]^32

(τ − sin τ ) (F < 0) (3)

Λ = [ 2 3 (2m(r))^{12} (t − t_0(r))

]^2_3

(F = 0) (4)

m(r), t_0(r) being arbitrary integration functions. The comment is that m(r) acts the mass of a sphere of radius Λ(r, t). If one takes t_0(r), the cases F > 0, F = 0 describe an infinitely expanding universe with a big bang at t = 0, while the case F < 0 represents a big bang at t = 0 and a collapse at time t_c(r) = 2πGm(r)(−2F (r))^{− 3}2 of the dust matter at distance r[25].

3. Energy-Momentum in General Theory of Relativity

The energy and momentum complexes of Bergmann-Thomson, Papapetrou, Einstein and Landau-Lifshitz are given below:

(a) The energy-momentum complex of Bergmann-Thomson[11] is defined as: B^{μν} = 1 16π Π^{μνα}_{,α} (5)

where Π^{μνα} = g^{μβ}V^{να}_β (6) with

V^{να}_β = −V^{αν}_β = g_{βξ} √ −g [ −g ( g^{νξ} g^{αρ} − g^{αξ}g^{νρ} )] ,ρ . (7) The Bergmann-Thomson energy-momentum complex obeys the following local conservation laws ∂B^{μν} ∂x^ν = 0 (8)

in any coordinate system. The energy and momentum(energy current) density components are respectively represented by B^{00} and B^{a0}. The energy and momentum components are given by

P^μ = ∫ ∫ ∫ B^{μ0}dxdydz. (9)

Using the Gauss theorem one has

P^μ = 1 16π ∫ ∫ Π^{μ0α}η_αdS. (10) η_α stands for the 3-components of unit vector over an infinitesimal surface element dS. P_i give momentum(energy current) components P_1, P_2, P_3 and P_0(say E) gives the energy.

(b) The energy-momentum complex of Papapetrou[10] is:

Ω^{μν} = 1 16π N^{μναβ}_{,αβ} (11) where N^{μναβ} = √ −g [ g^{μν} η^{αβ} − g^{μα}η^{νβ} + g^{αβ}η^{μν} − g^{νβ} η^{μα} ] (12) and η^{μν} is the Minkowski space-time. Here Ω^{00} and Ω^{α0} are the energy and momentum(energy current) density components respectively. The Papapetrou energymomentum prescription satisfies the local conservation laws: ∂Ω^{μν} ∂x^ν = 0 (13) The energy and momentum components are presented as P^μ = ∫ ∫ ∫ Ω^{μ0}dxdydz. (14) and the angular momentum is handed over: J^{μν} = ∫ ∫ ∫ (x^μΩ^{0ν} − x^ν Ω^{0μ})dxdydz (15) For the time-independent metric one has

P^μ = 1 16π ∫ ∫ N^{μ0αβ}_{,β} κ_αdS (16) and the physically interesting components of angular momentum are

J^{μν} = 1 16π ∫ ∫ (x^μN^{0ναβ}_{,α} − x^ν N^{0ναβ}_{,α} − N^{0ναμ} + N^{0μαν} )κ_β dS (17) here κ_β is the outward unit normal vector over the infinitesimal surface element dS. P_i give momentum components P_1, P_2, P_3 and P_0(say E) gives the energy.

(c) The Einstein energy-momentum complex[7] is given as

Θ^ν_μ = 1 16π H^{να}_{μ,α} (18) where H^{να}_μ = g_{μβ} √ −g [ −g(g^{νβ} g^{αξ} − g^{αβ}g^{νξ} ) ] ,ξ (19)

Θ^0 is the energy density, Θ^0_α are the momentum density components, and Θ^α_0 are the components of energy current density. The Einstein energy-momentum density satisfies the local conservation laws: ∂Θ^ν_μ ∂x^ν = 0. (20)

The energy and momentum components are: P_μ = ∫ ∫ ∫ Θ^0_μdxdydz. (21) Further Gauss’s theorem furnishes P_μ = ∫ ∫ H^{0α}_μ μ_β dS (22) where μ_β is the outward unit normal vector over the infinitesimal surface element dS. P_i give momentum components P_1, P_2, P_3 and P_0(say E) gives the energy.

(d) The energy-momentum complex of Landau-Lifshitz[9] is L^{μν} = 1 16π S^{μναβ}_{,αβ} (23) where S^{μναβ} = −g(g^{μν} g^{αβ} − g^{μα}g^{νβ} ) (24) L^{μν} is symmetric in its indices. L^{00} is the energy density and L^{α0} are the momentum(energy current) density components. S^{μναβ} has symmetries of Riemann curvature tensor. The energy-momentum density of Landau and Lifshitz satisfies the local conservation given below. ∂L^{μν} ∂x^ν = 0 (25) with L^{μν} = −g(T^{μν} + t^{μν} ). (26) Here T^{μν} is the energy-momentum tensor of the matter and all non-gravitational fields, and t^{μν} is known as Landau-Lifshitz energy-momentum pseudo tensor. Thus the locally conserved quantity L^{μν} contains contributions from the matter, non-gravitational fields and gravitational fields. The energy and momentum components are given by P^μ = ∫ ∫ ∫ L^{μ0}dxdydz. (27) and the angular momentum is defined as J^{μν} = ∫ ∫ ∫ (x^μL^{0ν} − x^ν L^{0μ})dxdydz (28) Using the Gauss theorem, the energy and momentum are: P^μ = 1 16π ∫ ∫ S^{μ0αβ}_{,β} τ_αdS (29) and the physically interesting components of J^{μν} are presented as J^{μν} = 1 16π ∫ ∫ (x^μS^{ν0αβ}_{,β} − x^ν S^{μ0αβ}_{,β} + S^{μ0αν} )τ_αdS (30) where τ_β is the outward unit normal vector over the infinitesimal surface element dS. P^0(say E) is the energy and L^{a0} are the momentum(energy current) components.

4. Solution in LTB space-time

It is well-known that the energy-momentum complexes give meaningful result if calculations are performed in quasi-Cartesian coordinates. The line element (1) may be transformed to quasi-Cartesian coordinates:

ds^2 = dt^2 − (Λ r )_2

(dx^2 + dy^2 + dz^2) −

Λ^{′2} 1+2F − (_Λ r )_2

r^2 (xdx + ydy + zdz)^2(31) The coordinates r, θ, φ in (1) and x, y, z are related through r = (x^2 + y^2 + z^2)^{12} (32)

θ = cos^{−1}( z r ) (33)

φ = tan^{−1}( y x ) (34)

and the contravariant components of the metric tensor are g^{00} = 1 (35)

g^{11} = − 1 Λ^2 ( Λ^2 + Ω r^2

(y^2 + z^2) ) r^2 Λ^2 + Ω

(36)

g^{22} = − 1 Λ^2 ( Λ^2 + Ω r^2

(x^2 + z^2) ) r^2 Λ^2 + Ω

(37)

g^{33} = − 1 Λ^2 ( Λ^2 + Ω r^2

(x^2 + y^2) ) r^2 Λ^2 + Ω

(38)

g^{12} = xyΩ Λ^2 1 Λ^2 + Ω

(39)

g^{23} = yzΩ Λ^2 1 Λ^2 + Ω

(40)

g^{31} = xzΩ Λ^2 r^2 Λ^2 + Ω

(41)

where Ω = Λ^{′2}r^2 − Λ^2 − 2Λ^2F (1 + 2F )

(42)

Now, we are interested in to find the total energy distribution, the intermediary mathematical exposition are length and from this point of view we give only the final result. The total energy distribution in all the formulations of Bergmann-Thomson, Papapetrou, Landau-Lifshitz and Einstein is E = √ 1 + 2F 2Λ^′ ( rΛ^{′2} 1 + 2F − r(Λ^2 − Λ^{′′}) + 2Λ^′ r^2

) (43)

5. Discussions

The notion of energy-momentum localization in the general theory of relativity and teleparallel gravity has been very exciting and interesting; however, it has been associated with some debate. Recently, some researchers interested in studying the energy content of the universe in various models.

In this paper, we have considered four different energy and momentum complexes: e.g. Bergmann-Thomson, Papapetrou, Einstein and Landau-Lifshitz. We found that; (a) the total energy distribution in all four formulations given above is the same. (b) The result in this paper advocates the importance of energy and momentum complexes (opposes the against them that different complexes could give different meaningless results for a given metric). In the second part of this paper, we plan to solve the same problem in tele-parallel gravity.

Appendix

After the pioneering works of Gamow[26] and Gödel[27], the opinion of global rotation of the universe has became considerably important physical aspect in the calculations of general relativity. For the line-element describes LTB model, one can introduces the tetrad basis as follow:

θ^0 = dt, θ^1 =

Λ^′ √ 1 + 2F dr, θ^2 = Λdθ, θ^3 = Λ sin θdφ (44)

with the co-moving tetrad formalism, the kinematical variables of this model can be expressed solely in terms of the structure coefficients of the tetrad basis which are defined as dθ^α = 1 2 c^α_{βγ} θ^β ∧ θ^γ (45)

By taking the exterior derivatives of the tetrad basis (44) and using the kinematics formulas[28]:

four-acceleration vector:

a_μ = c^0_{i0} (46) vorticity tensor: ω_{μν} = 1 2 c^0_{μν} (47)

expansion(deformation) tensor: ξ_{μν} = 1 2 (c_{μ0ν} + c_{ν0μ}) (48)

expansion scalar:

ξ = c^1_{01} + c^2_{02} + c^3_{03} (49) vorticity vector:

ω^1 = 1 2 c^0_{23}, ω^2 = 1 2 c^0_{31}, ω^3 = 1 2 c^0_{12} (50) vorticity scalar:

ω^2 = 1 4 [(c^0_{23})^2 + (c^0_{31})^2 + (c^0_{12})^2] (51)

shear tensor: σ_{μν} = ξ_{μν} − 1 3 ξδ_{μν} (52)

we find the following quantities for the line element (1)

a_μ = ω^i = ω_{μν} = ω = 0 (53)

ξ = 2

ΛΛ̇^′ + 2Λ̇Λ^′ ΛΛ^′

(54)

and the non-vanishing components of the ξ_{μν} and σ_{μν} are given by the following equations:

ξ_{11} =

2Λ̇^′ Λ^′ ξ_{22} = ξ_{33} = 2Λ̇ Λ (55)

σ_{11} = 4 3 [Λ̇′ Λ^′ − Λ̇ Λ ] σ_{22} = σ_{33} = 2 3 [ 4Λ̇ Λ − Λ̇′ Λ^′ ] (56)

The model given in (1) has expansion with shear and describes space-time which has vanishing vorticity and four-acceleration. We also note that when Λ(r, t) = T (t)R(r) LTB model has shear-free expansion and if Λ = Λ(r) then LTB model describes a universe with shear-free and vanishing expansion.

References

[1] C.W. Misner, K.S. Thorne and J.A. Wheeler, ”Gravitation” (Freeman W.H. and Co., NY) 603 (1973) [2] F.I. Cooperstock and R.S. Sarracino, J. Phys. A11 877 (1978) [3] H. Bondi, Proc. R. Soc. London A427, 249 (1990) [4] F.I. Cooperstock, Found. Phys. 22, 1011 (1992); In Topics inQuantum Gravity and Beyond: Pepers in Honor of L, Witten eds. F. Mansouri and J.J. Scanio (World Scientific, Singapore, (1993)) 201; In Relativistic Astrophysics and Cosmology, eds. Buitrago et al. (World Scientific, Singapore, (1997)) 61; Annals Phys. 282, 115 (2000) [5] S.S. Xulu, Mod. Phys. Lett. A15, 1511 (2000); Astrophysics and Space Science 283, 23 (2003) [6] A. Einstein, Sitsungsber. Preus. Akad. Wiss. Berlin (Math. Phys.) 778 (1915) [7] C. Møller, Ann. Phys. (NY) 4, 347 (1958); Ann. Phys. (NY) 12, 118 (1961) [8] R.C. Tolman, ”Relativity, Thermodinamics and Cosmology” (Oxford Univ. Pres. London), 227 (1934) [9] L.D. Landau and E.M. Lifshitz, ”The Classical theory of fields” (Pergamon Press, Oxford, 1987) (Reprinted in 2002) [10] A. Papapetrou, Proc. R. Irish. Acad. A, 11 (1948) [11] P.G. Bergmann and R. Thomson, Phys. Rev. 89, 400 (1953) [12] S. Weinberg, ”Gravitation and Cosmology: Principle and Applications of General Theory of Relativity” (John Wiley and Sons, Inc., New York) (1972) [13] A. Qadir and M. Sharif, Phys. Lett. A 167, 331 (1992) [14] F.I. Mikhail, M.I. Wanas, A. Hindawi and E.I. Lashin, Int. J. Theor. Phys. 32, 1627 (1993)

Energy in LTB Space-time 9

[15] T. Vargas, Gen. Rel. Grav. 36, 1255 (2004) [16] K.S. Virbhadra, Phys. Rev. D 42, 1066 (1990); Phys. Rev. D 42, 2919 (1990); Phys. Lett A 157, 195 (1991); Mathematics Today 9, 39 (1991); Pramana-J. Phys. 38, 31 (1992); with N. Rosen, Gen. Rel. Grav. 25, 429 (1993); Pramana-J. Phys. 45, 215 (1995); with N. Rosen, Gen. Rel. Grav. 26, 319 (1994); Phys. Rev. D 60, 104041 (1999) [17] J. M. Aguirregabiria, A. Chamorro, and K.S Virbhadra, Gen. Rel. Grav. 28, 1393 (1996) [18] C.C. Chang, J. M. Nester and C. Chen, Phys. Rev. Lett. 83 , 1897 (1999). [19] M. Saltı and A. Havare, Int. J. Mod. Phys. A, to appear. [20] N. Rosen, Gen. Rel. Gravit. 26, 319 (1994) [21] V.B. Johri, D. Kalligas, G.P. Singh and C.W.F. Everitt, Gen. Rel. Grav. 27, 323 (1995) [22] N. Banerjee and S. Sen, Pramana J. Phys. 49, 609 (1997) [23] M.G. Albrow, Nature 241, 56 (1973) [24] E.P. Tryon, Nature 246, 396 (1973) [25] Antonio Zecca, Gen. Rel. and Grav. Vol.32, No.7 (2000) [26] G. Gamow, Nature (London) 158, 549 (1946) [27] K. Gödel, Rev. Mod. Phys. 21, 447 (1949) [28] Gron O, Soleng H.H, Acta Physica Polonica No:7 Vol.B20, 557-560 (1989)