arXiv:gr-qc/0504148 v1 29 Apr 2005

Energy and Hamiltonian in first order gravity

Rodrigo Aros

Universidad Andrés Bello, Republica 252, Santiago,Chile

E-mail: raros@unab.cl

Abstract. In this work the definition of a quasilocal energy for four dimensional first order gravity is developed. Using this an action principle which is adequate for the canonical ensemble is obtained. The microcanonical action principle is obtained as well.

PACS numbers: 04.60,04.60.Gw

Submitted to: Class. Quantum Grav.

1. Introduction

The role of boundary conditions and their connection with the boundary terms has been addressed in many works. Essentially the boundary terms must be such that the variation of the action, provided the boundary conditions, vanish in order to have a well defined variational principle. Furthermore those boundary conditions also must be such that the equations of motion might have solutions.

However there is a third role which arises from certain formal relations that connect quantum field theory with statical mechanics. For instance the partition function in the canonical ensemble can be written as Z(β) = ∮ Dxe^{iI|τ=−iβ} , (1) provided I effectively be such that the temperature β^{−1}, said the inverse of the period, be fixed. In principle there is a suitable action for the microcanonical ensemble or for any other ensemble.

For gravity, although there is no known quantum gravity, analogous results at tree level remarkably seem to work [1]. Those somehow mysterious results justify to pursue a Hamiltonian analysis for gravity. For gravity this has been addressed in many different ways, for instance [2, 3, 4].

1.1. First Order gravity

However the metric formulation of gravity lacks of a very important characteristic, fermions can not be incorporated because, roughly speaking, the group of diffeomorphism does not have half integer representations. To incorporate those fields is necessary to introduce a local orthonormal basis, namely a vierbein which is usually written in terms of the set of differential forms e^a = e^a_μdx^μ, because implicitly one is incorporating a local Lorentz group where fermions can be realized.

The introduction of the vierbein leads to a different formulation of gravity [5, 6]. In this formulation the corresponding Lorentz connection, which is also written in terms of the differential forms ω^{ab} = ω^{ab}_μ dx^μ called the spin connection, is an additional independent field. This formulation is essentially different in many aspects, for instance in four dimensions although the number of degrees of freedom in both formulation is 2 the standard 10 fields contained in the metric in this new version of gravity are replaced by 40 fields, or besides the usual constraints of diffeomorphisms another that fixes the Lorentz rotations arises. This new formulation is usually called the Einstein Cartan Gravity or because of its first order equations of motion is called first order gravity as well.

The four dimensional Einstein Hilbert action in first order formalism reads I_{EH} = ∫ M R^{ab} ∧ e^c ∧ e^dε_{abcd}, (2) where R^{ab} = dω^{ab} + ω^a_c ∧ ω^{cb} = 1 2 R^{ab}_{cd}e^c ∧ e^d, being R^{ab}_{cd} the Riemann tensor. ε_{abcd} = ±1, 0 stands for the complete antisymmetric symbol, which differs form Levi-Civita pseudo tensor by √ g^{(4)}. To avoid confusion in this work only antisymmetric symbols will be used and any determinant of the metrics will be written explicitly.

The variation of Eq.(2) yields the two set of equations of motion δe^d → R^{ab} ∧ e^cε_{abcd} = 0 (3) δω^{ab} → T^c ∧ e^dε_{abcd} = 0, (4) where T^a = De^a =^1_2 T^a_{bc}e^b ∧ e^c corresponds to the torsion two form and T^a_{bc} is the torsion tensor. Note that Eq.(4) is an algebraic equation, thus its solution is T^a = 0. This combined with that Eq.(3) are indeed the Einstein equations implies that the solutions of the metric formalism are recovered on-shell by this formulation.

Note from Eq.(3) that in this case the energy momentum tensor has a mixed nature, having indexes in the orthonormal and coordinate bases, namely δI δe^a_μ = T^μ_a . (5)

One important difference of this energy momentum tensor (5) is that even if it is transformed into a single basis -either the coordinate basis or the orthonormal basesthis tensor is not symmetric, as in the metric formalism, unless the T^a = 0 condition be imposed.

Four dimensional first order gravity differs from any higher dimensional first order gravity in very important aspect. In general e^a and ω^{ab} are independent fields, and thus one can expect that there is an independent conjugate momentum for each one. However in four dimensions the conjugate of momentum of e^a is contained in ω^{ab} or viceversa. [7, 8]. This leads to the definitions of two equivalent phase spaces that can be mapped into each other readily where to develop the Hamiltonian theory. They are called e and ω-frames respectively. Furthermore the equivalence of their path order integrals have been confirmed [8]. In terms of this notation in this work the e-frame will be used exclusively.

1.2. Energy

The quest for a definition of energy for gravity has been addressed by many authors in many forms [9, 2, 10, 11, 12, 13, 14, 15]. This even for classical mechanics relays on the boundary terms of the action. Those terms fix the ground state of the system, and thus they fix zero of energy, but also a definition of a finite energy might relay on them as well (see for instance [16, 13]). In this work the definitions of a quasilocal energy for four dimensional first order gravity will be studied trying to shed some more light into the problem of energy in gravity.

It is worth to mention another approach to this subject in [17], where another kind of first order gravity is discussed.

1.3. The space

The space to be discussed in this work corresponds to a topological cylinder. One can picture it as M = R×Σ where Σ corresponds to a 3-dimensional spacelike hypersurface and R stands for the time direction and formally is a segment of the real line. In this way the boundary of the space is given by ∂M = R× ∂Σ ∪ Σ_+ ∪ Σ_−, where Σ_± are the upper and lower boundaries of the topological cylinder and ∂Σ is the boundary of Σ. 2. Fixing the fields

The variation of the EH action (2) yields the boundary term

δI_{EH} |on shell = ∫ ∂M δω^{ab} ∧ e^c ∧ e^dε_{abcd}, (6) which implies that the pure EH action would be a proper action principle provided δω^{ab} vanish at the boundary. This -on shell- is equivalent to fix the extrinsic curvature at the boundary, which for reasons that would clear later is not a convenient boundary condition in this case. In the metric formalism to achieve the quasilocal energy definitions, and finally the canonical ensemble action, the corresponding boundary condition would fix the metric at ∂M [18]. With this in mind here it will be choose as boundary condition the fixing of the vierbein. This argument leads to modify the action as I_{EH} → Ĩ_{EH} = ∫ M R^{ab} ∧ e^c ∧ e^dε_{abcd} − ∫ ∂M ω^{ab} ∧ e^c ∧ e^dε_{abcd}, (7) which yields

δĨ_{EH} |on shell = −2 ∫ ∂M ω^{ab} ∧ e^c ∧ δe^dε_{abcd}, (8) justifying that the action (7) is a proper action principle provided e^a is fixed at the boundary.

It is worth to mention that the term added to the action -on shell- is actually the standard extrinsic curvature term, i.e., ∫ ∂M ω^{ab} ∧ e^c ∧ e^dε_{abcd} = ∫ ∂M K √ h d^3y (9)

where K is the trace of the extrinsic curvature of either Σ_± or R× ∂Σ respectively, h the determinant of the induced metric and y an adequate coordinate system.

3. First order gravity in Hamiltonian To achieve a Hamiltonian prescription of the first order gravity its necessary to define adequate vielbein and coordinate systems. To begin, one can follow the standard method and use the line element [19] ds^2 = −N^2dt^2 + g_{ij}(N^idt + dx^i)(N^jdt + dx^j). (10) The inverse of the metric in Eq.(10) is g^{μν} = [ −N^{−2} N^iN^{−2} N^jN^{−2} g^{ij}_{(3)} − N^iN^jN^{−2} ] (11)

where g^{ij}_{(3)}g_{jk} = δ^i_k.

Next one splits the coordinates x^μ into time and space, i.e. x^μ = (t, x^i), which allows to rewrite (7) as Ĩ_{EH} = ∫ M (ė^a_i Ω^{i j}_{a bc} ω^{bc}_j + ω^{ab}_0 J_{ab} + e^a_0 P_a) dt ∧ d^3x + B (12) where B = ∫ R×∂Σ 2 e^a_t Ω^{i j}_{a bc} ω^{bc}_j ε_{imn} dt ∧ dx^m ∧ dx^n J_{ab} = 2 T^c_{ij}e^d_kε_{abcd}ε^{ijk} P_d = 2 R^{ab}_{ij} e^c_kε_{abcd}ε^{ijk}, Ω^{i j}_{a bc} = 2ε_{abcd}ε^{ijk}e^d_k. Note that the action (12) has only a boundary term at R× ∂Σ.

Recalling that the vielbein is fixed at the boundary, i.e., δe^a_μ|_{∂M} = 0, the variation of the action with respect to e^a_t and w^{ab}_t gives the constraint equations, P_a = 0 and J_{ab} = 0.

Now, it is a matter of fact that J_{ab} can be interpreted as the generator of Lorentz transformations and P_a as the generator of translations [7].

To continue one needs to define the vierbein. Among the different vierbeinen that give rise to Eq.(10) here it will be used [4] e^a_t = N η^a + N^ie^a_i e^a_i = e^a_i , (13) with η^ae_{ai} = 0, e_{ai}e^a_j = g_{ij}, and η^aη_a = −1, because it significatively simplifies the computations. η_a is the unitarian vector normal to the t = cont. slices Σ. In four dimensions η^a can be constructed as η_a = 1 6 √ g ε_{abcd} e^b_i e^c_j e^d_kε^{ijk}, where g = det g_{ij}. The construction of η^a in higher dimensions is straightforward.

Before to continue one it is worth to note that the transformation (13) is in fact the transformation of fields (e^a_t , e^a_i ) → (N, N^i, e^a_i ), which can be proven to be of unitarian determinant[20] in the space of configurations, namely this transformation does not introduce a change in the measure in the path order integral.

Using the decomposition (13) of e^a_t along the N and N^i the action can be rewritten as Ĩ_{EH} = ∫ M ė^a_i Ω^{i j}_{a bc} ω^{bc}_j + N H_⊥ + N^iH_i + ω^{ab}_t J_{ab} + B (14)

where H_⊥ and H_i are the projections of P_a along the η^a and e^a_i respectively. One can see that N and N^i are Lagrange multipliers. In spite of the physical interpretation of H_⊥ and H_i is similar to the standard H_μ in metric formalism (See for instance [2]) their formal expressions differ, recall that torsion has not yet been eliminated.

B in Eq.(14) stands for the boundary term B = ∫ R×∂Σ (N η^a + N^le^a_l ) ( 2 Ω^{i j}_{a bc} ω^{bc}_j ε_{imn} ) dt ∧ dx^m ∧ dx^n.

4. Transformation

In this section is introduced a useful decomposition which isolates the conjugate momenta of the 12 e^a_i ’s, contained in the 18 ω^{ab}_i ’s. In addition this gives rise to others 6 auxiliary fields λ_{mn} and their 6 conjugate fields ρ^{mn} (λ_{mn} and ρ^{mn} are symmetric and m, n = 1, 2, 3 [8]). Consider ω^{ab}_k = Θ^{ab c}_{k j} π^j_c + U^{ab mn}_k λ_{mn} (15) Here Θ and U are given by

Θ^{ab c}_{i j} = 1 8 √ g [e^{[a}_i η^{b]}e^c_j − e^{[a}_i e^{b]}_j η^c − 2e^{[a}_j η^{b]}e^c_i ], (16) U^{ab mn} k = 1 2 δ^{(m}_i ϵ^{n)kl} e^a_k e^b_l , (17)

where the square brackets indicate antisymmetrization. In addition one can introduce V^k_{ab mn} = 1 g E^r_a E^s_b ϵ_{rs(m} δ^i_{n)}. (18)

These objects satisfy the following relations Ω^{k i}_{ab c} Θ^{ab d}_{k j} = δ^c_dδ^i_j , Ω^{k j}_{ab c} U^{ab mn} k = 0, (19) Θ^{ab c}_{k j} V^k_{ab mn} = 0, U^{ab mn} k V^k_{ab pq} = δ^{(mn)}_{(pq)} . One can think of Θ and Ω as a collection of twelve vectors - labeled by the indices (^a_i ) and (^i_a) respectively-, in an 18-dimensional vector space with components (^{ab}_j ), and (^j_{ab}), respectively. Analogously, U and V correspond to other six vectors. In this way the orthonormal relations (19) defines the completeness relation Θ^{ab e}_{i l} Ω^{j l}_{cd e} + U^{ab mn}_i V^j_{cd mn} = δ^{[ab]}_{[cd]} δ^i_j , (20) or equivalently

(Θ U ) ( Ω V ) = Id_{18×18}

in the 18 dimensional space.

5. Hamiltonian expression and the role of torsion

Using the decomposition (15) the action becomes

Ĩ_{EH} = ∫ M (ė^a_i π^i_a + N H_⊥ + N^iH_i + ω^{ab}_t J_{ab}) dt ∧ d^3x + B (21)

Here π^i_a is indeed the conjugate momentum of e^a_i . Furthermore Eq.(21) is a genuine action principle with the correct Poison bracket being H_⊥, H_i and J_{ab} constraints of first class provided the fixing of the e^a at the boundary [7]. For their expressions in terms of the fields see Appendix A. Finally the Hamiltonian of this theory reads H = − ∫ Σ ė^a_i π^i_a + N H_⊥ + N^iH_i + ω^{ab}_t J_{ab} d^3x − B̂, (22)

where

B̂ = ∫ ∂Σ ( N η^aπ^i_a + N^le^a_l π^i_a ) ε_{imn}dx^m ∧ dx^n. (23) Recall that given that on shell the constraints must be satisfied the Hamiltonian (22) reduces to the boundary term H_{on shell} = −B̂. This last observation will be essential to develop an expression for the energy in the next sections.

Before to proceed is worth to stress the role of torsion in this action principle (21). In [20] was introduced the transformations of the fields e^a_μ → e^a_μ (24)

ω^{ab}_μ → ω^{ab}_μ (e) + K^{ab}_μ (25)

which separates the spin connection into K^{ab}_μ , the contorsion tensor, and ω^{ab}_μ (e) a torsion free connection. Since a torsion free connection is only a functional of the vierbein this transformation can be visualized as a transformation of the Lagrangian (7) given by pq̇ − H → (P + f(q))q̇ − H → P q̇ − H^′, where H^′ = dF/dt − H which readily can be identified as a canonical transformation. Using this in [20] was proven that path order integrals of both metric and first order formalism are equivalent provided the respective momenta have been integrated out.

It must stress that although the similar results one can expect of both formalism, in four dimensional first order formalism an off-shell not vanishing torsion is essential to have a Hamiltonian formulation, and thus four dimensional first order gravity represents a completely different scenario compared with the four dimensional metric gravity.

6. Geometry and coordinates at the boundary

The boundary R× ∂Σ must have a metric of the form

ds^2 = −N^2dt^2 + h_{mn}(V^mdt + dσ^m)(V^ndt + dσ^n), (26)

where σ^m, with m = 2, 3, are the coordinates of slice at t = const. of this boundary. Since the boundary can be described as a surface x^μ(t, σ^m) one can define a set of (co-)vectors which give rise to metric (26). This set reads e^a_t = N η^a + V^me^a_m e^a_m = e^a_m, (27) where the projections are made by

V^m = N^i ∂σ^m ∂x^i | | | |_{R×∂Σ} and e^am = e^ai ∂x^i ∂σ^m | | | |_{R×∂Σ} To complete this analysis usually is introduced the unitarian vector n^a which is normal to the boundary R× ∂Σ, namely it satisfies n_aη^a = 0 , n_ae^a_m = 0 and n^an_a = 1, and in this case can be defined as

n_a = 1 6 √ γ ε_{abcd} η^be^c_me^d_nε^{mn}, (28) where γ = N^2h is determinant of the induced metric on R× ∂Σ that can be read in the line element (26) and is only a functional of η_a and e^a_m.

7. Energy Momentum

Using the projections (27) the boundary term reads B = ∫ R×∂Σ (N η^a + V^me^a_m) (π_a · n)dt ∧ d^2σ. (29)

where (π_a · n) represents the projection π^i_an_i at the boundary.

Following the generalization of the Hamilton Jacobi equations proposed in [18] one can define an expression for the energy. Since the fields at the boundary are (N, V^m, e^a_m) here it is advisable to directly variate the action with respect each of dynamical fields δĨ δN = η^a(π_a · n), (30) δĨ δV^m = e^a_m(π_a · n), δĨ δe^a_m = τ^m_a

Note that τ^m_a is not a squared matrix, thus this definition is certainly different form the metric one.

A definition of energy is given by integrating Eq.(30), thus E = − ∫ ∂Σ η^a(π_a · n)d^2σ, (31)

which is straightforward to show that it indeed recovers the mass for Schwarzschild or Reissner Nørdstrom solutions.

Likewise one can define the momentum

P_m = ∫ ∂Σ e^a_m(π_a · n)d^2σ, (32)

and an intrinsic energy momentum tensor

T^m_a = ∫ ∂Σ d^2στ^m_a (33)

Following [18] an energy density can be defined as e = −η^a(π_a · n) as well as a momentum density p_m = e^a_m(π_a · n). Using these definitions the Hamiltonian can be written as

H = Hbulk + ∫ ∂Σ (eN − V^mp_m) d^2σ, (34)

which is the first order version of the expression obtained in [18].

In the derivation within the metric formalism in [18] the expressions in principle were not only functional of the phase space variable, giving rise to an ambiguity, which was removed by restricting expressions to satisfy that condition. Unlike this here the derivation was made only after stating a truly Hamiltonian prescription for first order gravity, thus expressions are only functional of the phase space variable by construction, and thus the ambiguity never arose.

8. Canonical ensemble action

The variation of the action (21) can be cumbersome in terms of the phase space fields, however recognizing that on shell the variation is merely given by Eq.(8) one obtains that δĨ = ∫ Σ_±

π^i_aδ(e^a_i ) + ∫ R×∂Σ (eδN − p_mδV^m + τ^m_a δe^a_m) dt ∧ d^2σ. (35) The first term basically represents the generalization of the standard p δx|^{tf}_{ti} in any 0 + 1 Lagrangian, in this case in the lids Σ_±.

The rest of Eq.(35) however demonstrates that in the variational principle (12) the energy, as defined in Eq.(31), is not fixed, but the lapse N . Furthermore the fixing of N in turns fixes the scales of time, and thus the period in the Euclidean version of the M. This last result is equivalent to fix the temperature which together with the unconstrained energy in Eq.(35) prove that action (21) is indeed suitable for the canonical ensemble.

9. Microcanonical boundary term

To transform the action Ĩ_{EH} into the microcanonical ensemble action is necessary to add a boundary term that change the boundary conditions from fixing the period to fixing the energy density e of the system. This is simply achieved by subtracting from Eq.(21) the term ∫ ∂Σ (eN − V^mp_m) d^2σ, which is the boundary term B. This result leads to the new the action principle

Î_{EH} = ∫ M (ė^a_i π^i_a + N H_⊥ + N^iH_i + ω^{ab}_t J_{ab}) dt ∧ d^3x, (36)

which is suitable for the microcanonical ensemble.

10. Summary and prospects

In this work a suitable action for the canonical ensemble in four dimensional first order gravity has been found. Given this canonical ensemble action is direct to determine the corresponding action for microcanonical ensemble as well.

Although the fundamental difference that the presence of torsion produces, the results reproduces those of metric gravity. For instance the mass is recovered though part of the momentum, actually the part the allows to compute the Dirac brackets, depends on torsion. This is in agreement with every previous result, where metric gravity has been recovered in the aspect in discussion by first order gravity on shell. The results in this work give even more reasons to study this alternative theory of gravity.

One remarkable result in first order gravity is that once momenta π^i_a are integrated out the resulting expression is the same obtained in the metric formalism once the momenta, usually denoted π^{ij} , are integrated out [20]. However both results -first order and metric - were made ignoring the boundary terms. It will be very interesting to address the same computation in first order gravity considering the presence of those boundary terms. Results in the metric formalism considering the boundary terms are very promising and for instance are connected the entropy of black holes [21]. One can expect that a similar result can be achieved in first order gravity.

There are some aspects in first order gravity whose connection with the results in this work should be fruitful to analyze. The introduction of a negative cosmological constant is interesting since there are known results to compare with [13], in particular since the boundary conditions in that work are radically different. With a negative cosmological constant the action needs to be regularized in order to its Noether charge be finite, so in even dimensions, in particular in four dimensions, was introduced the asymptotically locally AdS condition. The boundary condition in [13], which is a mixed of Dirichlet and Neumann conditions, is such that the boundary term of the variation vanish for arbitrary variation of the fields at the spatial infinity. Remarkably that action is canonical ensemble action as well [22]. The connection of that boundary condition in a Hamiltonian frame is an interesting direction to continue the present work.

Another interesting issue to be address elsewhere is the role of boundary conditions on the horizon in this Hamiltonian approach. Using a Noetherian approach those boundary conditions determine the temperature in a completely different way as done here, and thus it would be very interesting to explore the connection.

Appendix A. Explicit expressions

The different constraints H_⊥, H_i, and J_{ab} can be written explicitly as 1 2 H_⊥ = η^a∂_iπ^i_a − 1 2 E^s_d∂_{[l}e^d_{s]}η^bπ^l_b − G^{ab}_{⊥ij}π^i_aπ^j_b − g^{3/2}G^{mnpq}λ^0_{mn}λ^0_{pq} , (A.1)

N^mH_m = N^m [ 1 2 ( g^{−1}E^s_d∂_ie^d_kε_{mls}ε^{ijk}e^b_j − E^s_d∂_{[m}e^d_{s]}e^b_l + η_d∂_{[m}e^d_{l]}η^b ) π^l_b + e^a_m∂_iπ^i_a + G^{ab}_{mij}π^i_aπ^j_b + 1 2 N^{(m}e^a_i e^b_jJ_{ab}ϵ^{ijn)}λ^0_{mn} ] (A.2) − N^iω^{ab}_i J_{ab},

Energy and Hamiltonian 10 and J_{ab} = 2ε_{abcd} ∂e^c_j ∂x^i e^d_kε^{ijk} − 1 2 (π^i_ae_{bi} − π^i_be_{ai}), (A.3)

where

λ^0_{pq} = 1 2g G_{pqmn}E^{(m}_a ∂_ie^a_j ϵ^{ijn)}, (A.4) G^{ab}_{⊥ij} = 1 16 √ g [e^a_i e^b_j − 2e^a_j e^b_i − g_{ij}η^aη^b], (A.5) and G^{ab}_{mij} = 1 16 √ g [g_{ij}η^ae^b_m + 2g_{im}(e^a_j η^b − e^b_j η^a)]. (A.6)

Acknowledgments

This work is partially funded by grants FONDECYT 1040202 and DI 06-04. (UNAB). Rodrigo Aros would like to thank Abdus Salam International Centre for Theoritical Physics for his associate award.

[1] S. W. Hawking and D. N. Page, Thermodynamics of black holes in anti-de sitter space, Commun. Math. Phys. 87 (1983) 577.

[2] T. Regge and C. Teitelboim, Role of surface integrals in the hamiltonian formulation of general relativity, Ann. Phys. 88 (1974) 286.

[3] J. D. Brown and J. W. York, The microcanonical functional integral. 1. the gravitational field, Phys. Rev. D47 (1993) 1420–1431, [http://arXiv.org/abs/gr-qc/9209014].

[4] P. Peldan, Actions for gravity, with generalizations: A review, Class. Quant. Grav. 11 (1994) 1087–1132, [gr-qc/9305011].

[5] B. Zumino, Gravity theories in more than four-dimensions, Phys. Rept. 137 (1986) 109. [6] T. Regge, On broken symmetries and gravity, Phys. Rept. 137 (1986) 31–33. [7] M. Banados and M. Contreras, Darboux coordinates for (first order) tetrad gravity, Class.

Quant. Grav. 15 (1998) 1527, [gr-qc/9709068].

[8] M. Contreras and J. Zanelli, A note on the spin connection representation of gravity, Class.

Quant. Grav. 16 (1999) 2125, [hep-th/9904022]. [9] A. Komar Phys. Rev. 113 (1959) 934.

[10] J. Lee and R. M. Wald, Local symmetries and constraints, J. Math. Phys. 31 (1990) 725. [11] R. M. Wald, Black holes and thermodynamics, gr-qc/9702022.

[12] M. Henneaux, B. Julia, and S. Silva, Noether superpotentials in supergravities, Nucl. Phys.

B563 (1999) 448–460, [hep-th/9904003].

[13] R. Aros, M. Contreras, R. Olea, R. Troncoso, and J. Zanelli, Conserved charges for gravity with locally ads asymptotics, Phys. Rev. Lett. 84 (2000) 1647, [gr-qc/9909015].

[14] G. Barnich and F. Brandt, Covariant theory of asymptotic symmetries, conservation laws and central charges, Nucl. Phys. B633 (2002) 3–82, [http://arXiv.org/abs/hep-th/0111246].

[15] G. Barnich, Boundary charges in gauge theories: Using stokes theorem in the bulk,

hep-th/0301039.

[16] S. W. Hawking and G. T. Horowitz, The gravitational hamiltonian, action, entropy and surface terms, Class. Quant. Grav. 13 (1996) 1487–1498, [gr-qc/9501014].

[17] L. Fatibene, M. Ferraris, M. Francaviglia, and M. Raiteri, Noether charges, brown-york quasilocal energy and related topics, J. Math. Phys. 42 (2001) 1173–1195, [gr-qc/0003019].

[18] J. D. Brown and J. York, James W., Quasilocal energy and conserved charges derived from the gravitational action, Phys. Rev. D47 (1993) 1407–1419.

[19] R. Arnowitt, S. Deser, and C. W. Misner, The dynamics of general relativity, gr-qc/0405109. [20] R. Aros, M. Contreras, and J. Zanelli, Path integral measure for first order and metric gravities, Class. Quant. Grav. 20 (2003) 2937–2944, [gr-qc/0303113].

[21] J. D. Brown, Boundary states and black hole entropy, Phys. Rev. D57 (1998) 2624–2627, [gr-qc/9704071].

[22] R. Aros, Analyzing charges in even dimensions, Class. Quant. Grav. 18 (2001) 5359–5369, [gr-qc/0011009].