arXiv:gr-qc/0505012 v1 2 May 2005

SF2A 2004

F. Combes, D. Barret, T. Contini, F. Meynadier and L. Pagani (eds)

GENERALIZED MACROSCOPIC SCHRÖDINGER EQUATION IN SCALE RELATIVITY

Célérier, M.N.^1 and Nottale, L.^1

Abstract. The scale transformation laws produce, on the motion equations of gravitating bodies and under some peculiar assumptions, effects which are anologous to those of a ”macroscopic quantum mechanics”. When we consider time and space scales such that the description of the trajectories of these bodies (planetesimals in the case of planetary system formation, interstellar gas and dust in the case of star formation, etc...) is in the shape of non-differentiable curves, we obtain fractal curves of fractal dimension 2. Continuity and non-differentiability yield a fractal space and a symmetry breaking of the differential time element which gives a doubling of the velocity fields. The application of a geodesics principle leads to motion equations of Schrödinger-type. When we add an outside gravitational field, we obtain a Schrödinger-Poisson system. We give here the derivation of the Schrödinger equation for chaotic systems, i.e., with time scales much longer than their Lyapounov chaos-time.

1 Introduction: the foundations of scale relativity

The scale relativity theory is a geometric representation of nature (as General Relativity is a geometric representation of gravitation) based on a continuity hypothesis and constrained by the relativity principle. It includes in its description non-differentiable manifolds, thus the fractal character of space-time in the general meaning: fractal ≡ L_{DT} (ϵ)^{−→}_{ϵ→0} ∞ (for the demonstration see (Nottale, 1993)).

This approach involves a scale dependence of the reference frames. We therefore add to the standard variables (position, orientation and motion), which characterize the reference frame, other variables characterizing its scale state. The use of differential equations is made possible thanks to the representation of physical quantities, usually mere functions of the space-time coordinates f(x), by fractal functions f[x(ϵ), ϵ], explicitly depending on the scale variables, generically noted ϵ.

1 Laboratoire Univers et THéories (LUTH), Observatoire de Paris-Meudon, 5 place Jules Janssen 92195 Meudon Cedex, France © EDP Sciences 2004

238 SF2A 2004

Generalizing the definition of fractal functions to fractal space(-time)s (fractal space(-time) ≡ equivalence class of a family of Riemannian space(-time)s), we obtain scale dependent geodesics equations and, therefore, an infinite family of geodesics.

2 Dynamics in scale relativity

In the scale relativity theory, the Schrödinger equation is derived from three fundamental conditions which are consequences of the non-differentiability:

(1) The fractality of space, which implies that the number of geodesics is infinite. We are therefore led to use a fluid-like description where the velocity v(t) is replaced, as a first step, by a velocity field v[x(t), t].

(2) The fractal geometry of each geodesic, which implies that the velocity field is actually a fractal function, V [x(t, dt), t, dt], explicitly depending on a scale variable, identified, in the present case, to the differential element dt. One can show (Nottale, 1993) that it can be decomposed in terms of the sum of a classical (differentiable) velocity field and of a divergent fluctuation field, V [x(t, dt), t, dt] = v[x(t), t] + w[x(t, dt), t, dt] = v [ 1 + ζ ( τ dt )_{1−1/DF} ] , (2.1)

where D_F is the fractal dimension of the geodesics. The w function is a fractal fluctuation which is described in terms of a stochastic variable such that (for the critical case D_F = 2) < w_i >= 0 < w_iw_j >= δ_{ij} ( 2D dt ) . (2.2)

(3) The non-differentiability of space, which breaks the local reflection invariance of the time differential element dt. As a result, two fractal velocity fields V_+ and V_−are defined, which are fractal functions of the scale variable dt. Each velocity field split, as in Eq.(2.1), into V_+ = v_+[x(t), t] + w_+[x(t, dt), t, dt], V_− = v_−[x(t), t] + w_−[x(t, dt), t, dt]. (2.3) 2.1 Covariant derivative operator

Even after the transition to the “classical” domain is completed, there is no reason for the two velocities v_+ and v_− to be equal. The natural choice for a mathematical representation of this twin-process is the use of complex numbers (Célérier and Nottale, 2004). The elementary displacement for each of the two processes, dX_±, can thus be written as the sum of a scale independent “classical” term and a fluctuation around this term,

dX_+(t) = v_+ dt + dξ_+(t), dX_−(t) = v_− dt + dξ_−(t). (2.4)

Schrödinger equation in scale relativity 239

Two “classical” derivative d/dt_+ and d/dt_−are defined , which are applied to the position vector x to obtain the two “classical” velocities, d dt_+ x(t) = v_+ d dt_− x(t) = v_−. (2.5)

To recover local reversibility of the time differential element, the two derivatives are combined in terms of a complex derivative operator, d́ dt = 1 2 ( d dt_+ + d dt_− ) − i 2 ( d dt_+ − d dt_− ) , (2.6)

which, when it is applied to the position vector, gives a complex velocity, V = d́ dt x(t) = V − iU = v_+ + v_− 2 − i v_+ − v_− 2 . (2.7)

Now, the total derivative with respect to t of a function f(x, t) contains finite terms up to the highest order. For a fractal dimension D_F = 2, it writes df dt = ∂f ∂t + ∇f. dX dt + 1 2 ∂^2f ∂x_i∂x_j dX_idX_j dt . (2.8)

The “classical” scale independent part of the term dX_idX_j /dt is finite and equal to < dξ_i dξ_j > /dt = ±2 D δ_{ij} . The last term of the scale independent part of this equation is therefore a Laplacian, and the final expression for the complex time derivative operator is derived (Nottale, 1993) d́ dt = ∂ ∂t + V.∇ − iDΔ . (2.9) 2.2 Improving the covariant tool of scale relativity

This operator is a linear combination of first order and second order derivatives, so that its Leibniz rule is also a linear combination of the first order and second order Leibniz rules. Now the covariant character of this tool can be improved by introducing a ‘symmetric product’ (Pissondes, 1999) in terms of which the first order form is recovered. Another solution consists of defining a complex velocity operator, whose non-relativistic version is (Nottale, 2004) ^V = V − i D ∇ . (2.10) The covariant derivative is now written as an expression that keeps the standard (first order) form of the decomposition of a total derivative into partial derivatives, namely d́ dt = ∂ ∂t + ^V.∇ . (2.11)

240 SF2A 2004

More generally, one defines the operator: ^d́ f dt = d́ f dt − iD ∇f.∇ . (2.12) The covariant derivative of a product now writes d́ (fg)/dt = g ^d́ f /dt + f ^d́ g/dt i.e., one recovers the form of the first order Leibniz rule for products. Thanks to this formal tool, the standard form of the equations is preserved, i.e., a full covariance under the generalized transformations considered here is ensured.

2.3 Newton-Schrödinger equation

Standard classical mechanics can now be generalized using this covariant tool. The application of a Lagrangian formalism yields the scale relativistic Euler-Lagrange equations (Nottale, 1993), i.e.,

(1) For the case of inertial motion, a geodesics equation: d́ V/dt = 0. (2) For the case when the external structuring field is a scalar potential Φ, a Newton-type equation of dynamics: md́ V/dt = −∇Φ.

A complex wave function is introduced, which is another expression for the complex action S: ψ = e^{iS/S0} . We substitute it into the Euler-Lagrange equation, as well as the complex velocity which is the gradient of the complex action: V = ∇S/m. The choice S_0 = 2mD finally allows to write this equation as a gradient, which, after integration, yields the Newton-Schrödinger equation (Nottale, 1993),

D^2Δψ + iD ∂ ∂t ψ = Φ 2m ψ . (2.13)

3 Conclusion

We have recalled how, under three general conditions involving non-differentiability and fractality, the fundamental equation of dynamics can be transformed to take the form of a generalized Schrödinger equation. Such an equation is naturally structuring, since, once the potential and the symmetry and limiting conditions are specified, its solutions yield probability densities that describe the tendency for the system to make structures (Nottale, 1997). Various applications of this approach are given in other contributions to the present issue.

References

Célérier, M. N. and Nottale, L., 2004, J. Phys. A: Math. Gen., 37, 931 Nottale, L., 1993, Fractal Space-Time and Microphysics (World Scientific) Nottale, L., 1997, A&A, 327, 867 Nottale, L., 2004, A.I.P. Conf. Proc. 718, 68 Pissondes, J.C., 1999, J. Phys. A: Math. Gen., 32, 2871