arXiv:gr-qc/0505131 v2 7 Jun 2005

Production of scalar particles in expanding spacetime

S. Ng^∗ Department of Physics, Norwegian University of Science and Technology, N-7491 Trondheim, Norway (Dated: Received June 7, 2005)

In this paper, we investigate cosmological particle production using quantum field theory (QFT). We will consider how production of scalar particles can occur in an expanding universe. By introducing a time-dependent energy parameter representing the time evolution of the universe, the initial vacuum state will be excited. Consequently, creation of particles is present. Here, our focus is mainly creation of minimally coupled scalar particles in Minkowski spacetime.

PACS numbers: 25.75.Dw, 95.30.Sf, 98.80.Cq, 98.80.Qc

I. INTRODUCTION

Particle creation is an important topic in modern physics. The concept was given birth after the discovery of the inconsistency of vacuum. One of the first investigations of particle production by an expanding spacetime was first carried out by Bernard and Duncan in 1977. It showed that the concept of vacuum was incorrect, since a vacuum state does produce particles in a spacetime that undergoes some form of expansion. The creation of minimally coupled scalar particles, or free bosons, will be considered in this paper. There are many important reasons to consider scalar particles. These particles are certainly generated only by the geometry of the spacetime. In the calculation of the number of these peculiar bosons, we will see that these bosons mostly are zero-mode particles. Somehow, this may indicate the so-called spin-2 gravitons. The idea may also lead to an explanation of the vacuum energy divergences of bosons and fermions. Clearly, particle creation occurs in pairs, i.e. particles and anti-particles will be created as a pair. From the calculations in this paper, we will see that the initial vacuum state can be represented by a 2n-excited final vacuum state.

In Birrell [3], this topic has been investigated in a twodimensional Friedman-Robertson-Walker spacetime with a suitable line metric. In his analyse, the expansion of the spacetime is represented by the conformal scale factor. In this paper, however, we will investigate the same problem in term of QFT. In the derivation, produced particles will be identified as excitations of an initial vacuum state of a simple harmonic oscillator. Considering Klein- Gordon fields in an expanding spacetime represented by a time dependent energy term, minimally coupled scalar and neutral pairs of particles will be produced. Certainly, the evolution of the field is given by the so-called Bogoliubov transformation and the number of produced particles is represented by the absolute square of the Bogoliubov coefficient, |β_k|^2.

∗Electronic address: ng@stud.ntnu.no

II. THE MODEL

Here, we consider a simple model to see how excitations of a vacuum state can occur in a usual Minkowskian spacetime at distant past and distant future. Actually, since the term vacuum is not adequate, it should be replaced by ground state. But for simplicity,we will not be concerned by this, so in this model we may consider the ground state as a vacuum state. The ground state at t → −∞ is associated with an initial vacuum state which evolves in time. Indeed, the simplest way to start the investigation of this topic is a simple massless harmonic oscillator. For massless particles, there is equality between the momentum and the energy. Later, in consideration of massive bosons, the energy ω(t) can be written as a function of momentum k and mass m in a quantum theoretical way. In our case, with the assumption of a time dependent energy the corresponding Hamiltonian acquires the same time dependence. By finding the probability of the transistion from the initial to the final vacuum state, excitations of the initial vacuum state will clearly be present. Obviously, this will also appear in calculation of the equation of the motion. Excitations of the initial vacuum state will appear in the calculations, which simply can represent production of particles due to time evolution.

Our starting point is a massless harmonic oscillator with a time dependent Hamiltonian given by H(t) = 1 2 p(t)^2 + 1 2 ω^2(t)q(t)^2, (1)

where q(t) is the scalsr field and p(t) is the momentum of the field. Both depend on the time t and no other parameters in this simple model. The frequency is chosen to be

ω^2(t) = ω^2_0 + Δω^2 tanh(γt), (2)

which is our ansatz for the time evoulution of this model. This represents an expanding spacetime where far past and future are expressed as asymptotic regions t → −∞ and t → +∞. Since we are working with a massless field and the ansatz of the frequency is not a function of the spatial coordinate x, spatial translation invariance is still valid and is a symmetry of this spacetime. It is thus convenient to consider the field as a quantum field, yielding

q(t) = a u(t) + a^†u^∗(t). (3)

Here, a and a^† are the annihilation and creation operators and u(t) is the time dependent function of the field. The Langrangian is L = q̇^2/2 − ω^2(t)q^2/2 and the canonical momentum is p = ∂L/∂q̇ = q̇. Here, we have set the mass parameter in the common harmonic oscillator equal to 1, and γ is a parameter adjusting the shape of the energy evolution. For the very early universe, i.e. t → −∞, we let ω(t) → ω_1, and for the distant future, ω(t) → ω_2, i.e. t → ∞. To simplify analysis we only consider the asymptotic cases of t → ±∞, corresponding to the case of sudden limit, i.e. γ → ∞. Hence, the frequency will change its form at the point of t = 0, i.e. ω(t) = { ω^2_0 − Δω^2 = ω_1 for t < 0, ω^2_0 + Δω^2 = ω_2 for t > 0. (4) From the Euler-Lagrange equations, we obtain the following equations

q̈(t) + ω(t)^2q(t) = 0, (5)

where ω(t) is given by Eq. (4). The derivative with respect to t is denoted by an overdot. We consider q(t) given by Eq. (3) to be a time dependent quantum field on the form q(t) = 1 √ 2ω_1

(a_1e^{−iω1t} + a^†_1e^{iω1t}), t < 0 q(t) = 1 √ 2ω_2 (a_2e^{−iω2t} + a^†_2e^{iω2t}), t > 0, where a^† and a are the creation and annihilation operators and the prefactor comes from normalization. The field must obey the conditions of continuity q(t = 0^−) = q(t = 0^+) and q̇(t = 0^−) = q̇(t = 0^+). The conditions give the following equations,

a_1 + a^†_1 √ 2ω_1 = a_2 + a^†_2 √ 2ω_1 (6) and ω_1 √ 2ω_1

(a_1 − a^†_1) = ω_2 √ 2ω_1

(a_2 − a^†_2) (7)

respectively. We define a new parameter η such that

e^η = √ ω_2 ω_1

. (8)

Writing Eqs. (6) and (7) in matrix form gives (_{1√} ω_1 1√ ω_1 − √ ω_1 √ ω_1 ) ( a_1 a^†_1 ) = (_{1√} ω_2 1√ ω_2 − √ ω_2 √ ω_2 ) ( a_2 a^†_2 ) . (9)

By defining (_{1√} ω_1 1√ ω_1 − √ ω_1 √ ω_1 ) = Ω_1, (_{1√} ω_2 1√ ω_2 − √ ω_2 √ ω_2 ) = Ω_2.

the creation and annihilation operators for t > 0 from Eq. (9) can be writing as ( a_2 a^†_2 ) = Ω^{−1}_2 Ω_1 ( a_1 a^†_1 )

= 1 2 √_{ω2} ω_1 + √_{ω1} ω_2 √_{ω2} ω_1 − √_{ω1} ω_2 √_{ω2} ω_1 − √_{ω1} ω_2 √_{ω2} ω_1 + √_{ω1} ω_2 ( a_1 a^†_1 ) . (10)

Eq. (10) can be writting in a more compact form, reading ( a_2 a^†_2 ) = ( cosh η sinh η sinh η cosh η ) ( a_1 a^†_1 ) , (11)

where

cosh η = 1 2 (√ ω_2 ω_1 + √ ω_1 ω_2 )

sinh η = 1 2 (√ ω_2 ω_1 − √ ω_1 ω_2 ) . The inverse form of Eq. (10) is ( a_1 a^†_1 ) = ( cosh η − sinh η − sinh η cosh η ) ( a_2 a^†_2 ) . (12)

Clearly, we have obtained an operator relation between the early universe and the present universe. The introduction of cosh η and sinh η above can be justified by associating with the relations

x ↔ a^† and ∂ ∂x ↔ a. (13) For an arbitary vacuum state |Ω⟩_i, the following relations are prevailing

a_1|Ω⟩_1 = 0, a_2|Ω⟩_2 = 0. (14)

Obviously, Eq. (12) gives ( cosh ηa_2 − sinh ηa^†_2 ) |Ω⟩_1 = 0. Using the associations (13), the annihilation operator a_2 can be represented by ∂/∂x and the creation operator a^†_2 by x in quantum mechanics. Fortunately, the initial vacuum state can be expressed as an excited state of |Ω⟩, reading

|Ω⟩_1 ∼ e^{− 12 tanh η x2} |Ω⟩_2. (15)

3 III. THE VACUUM STATES

The conditions of the definition of a vacuum state for t → ±∞ are given in Eq. (14). From Eqs. (14) and (12), it is possible to find the relation between the vacuum states. From Eq. (12), we have the relation

(cosh η a_2 − sinh η a^†_2)|Ω⟩_1 = a_1|Ω⟩_1 = 0. (16)

Obviously, a_2|Ω⟩_1 is non-zero. According to Eq. (16) we can make an ansatz of the initial vacuum state, reading

|Ω⟩_1 = N e^{12 tanh η a†2a†2} |Ω⟩_2, (17)

where N is the normalization constant. Using the association Eq. (13), the normalization constant can easily be find. Utilizing series expansion of the exponential function in Eq. (17), it can be written as a squeezed vaccum state with ξ = − tanh η in the form,

|ξ⟩ = (1 − |ξ^2|)^{1/4} ∞∑ k=0 (−ξ)^k √ (2k)!

2^k k! |2k⟩,

where |2k⟩ =^{(a†)2}√_{(2k)!} |Ω⟩. Accordingly, the initial vacuum state (17) reads |Ω⟩_1 ≈ N ∞∑ n=0 1 n! [ 1 2 tanh η ]_n ( a^†_2 )_{2n} |Ω⟩_2

= N ∞∑ n=0 √ 2n! n! [ 1 2 tanh η ]_n ( a^†_2 )_{2n} √ 2n! |Ω⟩_2 ,

where we have used the coefficient of probability

c_{2n} = √ 2n! n! [ 1 2 tanh η ]_n . (18)

Clearly, the initial vacuum state |Ω⟩_1 is a kind of a 2n excitated state of |Ω⟩_2, since a^†_2a^†_2|Ω⟩_2 ∼ |2n⟩_2. Utilizing the Stirling’s formula x! ≃ √ 2πxx^x e^{−x}, x → ∞ (19) can simplify the coefficient c_{2n} in a more satisfying form √ 2n! = (4πn)^{1/4}2^nn^ne^{−n}. Hence, √ n! = √ 2πn n^ne^{−n}. The prefactor in front of the tanh-function in Eq. (18) can be written in the form,^{√2n!}_{n!}^1_{2n} =^{(4π)1/4√}_{2πn1/4} for n → ∞. We can use the condition of normalization,

1 ⟨Ω | Ω⟩_1 = 1, (20)

to rewrite Eq. (17) into a geometric series. The rewritting is clear by utilizing the identity ( 2n n ) =

( −1/2 n ) (−4)^n. Consequently, ∑ n ( 2n n ) ( tanh η 2 )_{2n}

= ∑ n ( −1/2 n ) (−2 tanh η)^n

= ( 1 1 − tanh^2 η

) 1_2

. (21)

The normalization constant can be found by using Eq. (20) and the relation N^{−2} = 1/ √ 1 − tanh^2 η. Hence, the normalization constant of the initial vacuum state reads N = 1/ √ cosh η. The initial vacuum state can thus be expressed by the present vacuum state, yielding

|Ω⟩_1 = 1 √ cosh η e^{12 tanh η a†2 a†2} |Ω⟩_2.

From the definition of every excited state, |n⟩ = 1√ n! (a^†)^n|Ω⟩, the vacuum state |Ω⟩_1 is clearly a excited state of |Ω⟩_2,

|Ω⟩_1 = 1 √ cosh η ∞∑ n=0 √ 2n! n! ( 1 2 tanh η )_n |2n⟩_2, (22)

where |2n⟩_2 = ( (a^†_2)^{2n}/ √ 2n! ) |Ω⟩_2.

According to Eq. (11), we have the relation

(cosh η a_1 + sinh ηa^†_1)|Ω⟩_2 = a_2|Ω⟩_2 = 0. (23)

which implicitly gives the commutation rule reading

[a_2, e^{12 tanh η (a†2)2} ]|Ω⟩_2 = e^{( 12 tanh η)n (a†2)2} . (24)

Obviously, Eq. (24) is a consequence of Eq. (23), since this yields

[a_2, e^{12 tanh η (a†2)2} ] = ∞∑ n=0 1 n! ( 1 2 tanh η)^n[a_2, (a^†_2)^{2n}]

= ∞∑ m=0 1 2 (tanh η)( 1 2 tanh η)^m × m + 1 (m + 1)!

a^†_2(a^†_2)^{2n}

= tanh η a^†_2 ∞∑ m=0 1 m! ( 1 2 tanh η)^m(a^†_2)^{2m},

by using the commutation rules [A, BC] = [A, B]C + B[A, C] = 0 and [a_2, (a^†_2)^M ] = M (a^†_2)^{M−1}.

IV. THE PROBABILITY OF EXCITATIONS OF THE VACUUM STATE

It is interesting to find the probability of excitations in the initial vacuum state at t → −∞ due to the time evolution. In our case the excitations represent the number of produced particles in the harmonic oscillator, and the definition of the initial vacuum state, |Ω⟩_1, is the state at t → −∞. Vacuum state here means the lowest energy state of the Hamiltonian. The transition from |Ω⟩_1 to |Ω⟩_2 will initiate particle production depending on the energy relation, η defined in Eq. (8). According to Eq. (22), there is evident that 2n quanta will be created during the transition. Hence, the probability of the transition is found by placing the dual vector_2⟨Ω| into Eq. (22). Due to the normalization (20), the probability of the transition is found to be

P_{2n}(|Ω⟩_1 → |2n⟩_2)

= |_2⟨2n|Ω⟩_1|^2 = 1 cosh η ( 2n n ) 1 4^n

(tanh η)^{2n} , (25)

where n = 0, 1, 2, .. and ( 2n n ) =^{(2n)!}_{(n!)2} is a kind of a

binomial coefficient, i.e. the number of ways of picking n unordered outcomes from 2n possibilities. We see that P_{2n} has a maximum value of η for each n. If Δω = 0, i.e. η = 0, P_0 is maximal at η = 0. However, if we consider two particles are produced by the vacuum state |Ω⟩_1 when t → ∞, P_2 is maximal at η ≃ 1.146, i.e. the present vacuum energy must be 1.318 greater than the vacuum energy at the early universe.

By considering η and Eq. (25), the vacuum state in the early universe, |Ω⟩_1, can be identified as an excited state of the present vacuum state, |Ω⟩_2.

FIG. 1: The η-value for 2n particles are produced by |Ω⟩1 when t → ∞. If there is no energy difference (η = 0) between these two vacua, |Ω⟩1 and Ω⟩1, the Hamiltonian cannot be time dependent and therefore no particles can be produced. However, if η > 0, there will produced particles in pairs.

V. THE GENERAL SOLUTION OF THE EQUATION OF MOTION

In order to find the expression of the field q(t), we must solve the Euler-Langrange equation (5)

q̈(t) + (ω^2_0 + Δ^2 tanh γt) q(t) = 0 (26)

FIG. 2: The probability for zero, two, four, eight particles are produced by the time evolution of the state |Ω⟩1, t → ∞. When |η| increases, the probability of more produced particles becomes greater.

with lim t→−∞ q(t) = 1 √ 2ω_1

(a_1e^{−iω1t} + a^†_1e^{iω1t}).

Then, the question is how the field behaves when the time evolves to infinity, i.e. q(t → ∞). Let us generalize the field. We start with writing the field for t → −∞ in usual quantum field theoretical form, reading

q(t) = a_1u_1(t) + a^†_1u^∗_1(t), (27)

where u_1(t) is a time dependent orthonormal basis. We want to find u_1(t) which satisfies the differential equation Eq. (26). By inserting Eq. (27) into (26), we certainly obtain

ü_1(t) + (ω^2_0 + Δω^2 tanh γt)u_1(t) = 0. (28)

In order to identify Eq. (28) with an equation with known solution, we introduce the new variable

τ (t) = 1 2 (1 + tanh(γt)). (29)

Thus, the double derivative in time can be written in the form

d^2 dt^2

= 4γ^2 { [τ (1 − τ )]^2 d^2 dτ^2

+ τ (1 − τ )(1 − 2τ )] d dτ } . Writing Eq. (28) with this new parameter, one certainly recognizes that this is a hypergeometric equation which reads

4γ^2 { [τ (1 − τ )]^2 d^2 dτ^2

+ τ (1 − τ )(1 − 2τ )] d dτ } u_1(τ )

+ ω^2_0u_1 − Δω^2(1 − 2τ )u_1(τ ) = 0. (30)

Clearly, τ goes to 0 when t → −∞ and τ goes to 1 when t → ∞. The solution of Eq. (30) has a typical form reading u_1(τ ) = τ^{ν ∞} ∑ n=0 u_n τ^n, where ν is a parameter independent on τ . The hypergeometric equation (30) has three singular points τ = 0, τ = 1 and τ = ∞. We define the two time independent aymptotic vaules of ω(t), reading ω^2_1 = ω^2_0 − Δω^2 and ω^2 = ω^2_0 + Δω^2 for t → −∞ and t → ∞ respectively. The index equation for τ = 0 by assuming u_1 ∼ τ^{ν0} at the singularity τ = 0 reads

ν_0(ν_0 − 1) + ν_0 + ω^2_1 4γ^2

= 0. (31)

The solution acquires the form u_1 ∼ τ^{±i}(^{ω12γ} ) for τ → 0. To obtain the standard form of QFT, we choose the negative sign of the indices of the solution. Hence,

u_1 ∼ τ^{−i}(^{ω12γ} ), (32)

For τ = 1, the solution of the field will go like u_1 ∼ (1 − τ )^{ν1} . The index equation thus becomes

ν_1(ν_1 − 1) + ν_1 + ( ω^2 4γ^2 ) = 0. (33)

This gives us the solution of Eq. (30) for the case of distant future, reading

u_1 ∼ (1 − τ )^{±i}(^{ω22γ} ). (34)

Analog to (32), we choose the right sign of the index of (34) that satisfies the standard form of quantum field theory. Since (1 − τ )^{ν1} ∼ exp(−2γt), it is therfore naturally to choose the positive sign of the index of (34). Hence, the solution can be written in the form

u_1 = (1 − τ )^i(^{ω22γ} )τ^{−i}(^{ω12γ} )f(τ ), (35)

where f(τ ) is again a hypergoemetric function. f(τ ) can be solved by inserting it back to the orginal hypergeometric differential equation (30). Inserting (35) into Eq. (30) certainly gives

f^{′′} + 1 τ (1 − τ ) [( 1 − iω_2 γ )

− ( 2 − i γ (ω_1 + ω_2)τ )] f^′ + Υf = 0,

(36)

where^′ denotes the derivative with respect to τ . Υ is a τ -independent term coming from the last term in Eq. (30) and by deriving of f(τ ), yielding Υ = [ i(ω_1 + ω_2) 2γ − (ω_1 + ω_2)^2 4γ ] . Certainly, Eq. (36) is a hypergeometric differential equation with the form

τ (1 − τ )f^{′′} + [c − (a + b + 1)τ ] f^′ − ab f = 0. (37)

By comparing the general form of hypergeometric equation (37) with our equation (36), we simply obtain a = − i 2γ (ω_1 + ω_2) = −ν_0 − ν_1, (38)

b = 1 − i(ω_1 + ω_2) 2γ = 1 + ν_0 − ν_1, (39)

c = 1 − iω_1 γ = 1 + ν_0. (40)

These expressions enter in the hypergeometric function f(τ ) = const F (a, b : c, τ ) [1]. Clearly, the solution of the hypergeometric differential equation contains singularities in τ = 0 and τ = 1, yielding u_1(τ ) ∼ τ^{( −iω1}_{2γ} )(1 − τ )^{( iω2}_{2γ} ) F (a, b; c; τ ).

For τ → 0, i.e. t → −∞, we obtain the same form we had to begin with Eq. (27) since F (a, b; c; τ ) goes to 1. The frequency mode becomes u_1(t) ∼ e^{−iω1t}, t → −∞ (41) where we have used τ ∼ e^{2γt}. (42) Considering the singular point τ → 1, i.e. t → ∞, the frequency mode u_1(τ ) will obtain a time evolution given by a hypergeometric function, u_1(t) ∼ e^{−iω2t} F_{lim}, (43) where F_{lim} is given by F_{lim} ≡ lim_{x→1+} F (a, b; c; τ ) = lim_{x→1+} [ Γ(c)Γ(c − a − b) Γ(c − a)Γ(c − b) F (a, b; a + b − c − 1; 1 − τ ) + Γ(c)Γ(a + b − c)

Γ(a)Γ(b) (1 − τ )^{c−a−b} ×F (c − a, c − b; c − a − b + 1; 1 − τ ) ] . (44) This function becomes unity when τ → 0. The relations which enter in Eq. (44) are c − a − b = iω_2/γ, c − a = 1 + i(ω_2 − ω_1) 2γ c − b = i(ω_2 − ω_1) 2γ , a + b − c = − iω_2 γ . (45)

Hence, for the case of t → ∞, the solution will go like

(1 − τ ) ∼ e^{−2γt}, (46)

when we transform τ back to t. Here, the hypergeometric functions F (a, b; a + b − c − 1; 1 − τ ) and F (c − a, c − b; c − a − b + 1; 1 − τ ) will go to 1. Thus we obtain two terms in the solution of u_1 for t → ∞, containing time independent coefficients, K_− and K_+, in each of them. Certainly, we get the forms of solution for those two cases t → ±∞. By using Eqs. (41) and (46), the frequency mode acquire the forms, u_1(t) = C e^{−iω1t} for t → −∞ and u_1(t) = C_1 e^{iω2t}K_+ + C_2 e^{−iω2t}K_− for t → +∞. We have used the relations given in Eq. (45) and defined the two time independent products of gamma functions as

K_+ = Γ(c)Γ(c − a − b) Γ(c − a)Γ(c − b) (47) and K_− =

Γ(c)Γ(a + b − c) Γ(a)Γ(b)

. (48)

The constants C, C_1 and C_2 in the frequency must have a form so that the field q satisfies the communtation relations, [a, a^†] = 1 and [a, a] = [a^†, a^†] = 0. However, the constants also must be in such way that the Lorentz invariance of the field is conserved in the continuous form; e.g. if the frequencies ω_1 and ω_2 are dependent on the wave vector k, the integral of the field over k must be Lorentz invariant. Consequently, the constants thus obtain the forms C = 1/ √ 2ω_1, C_1 = C_2 = 1/ √ 2ω_2, which satisfy the hypergeometric equation (30).

Now, we will write down the asymptotic solutions of the field. For t → −∞, we have that τ ∼ e^{2γt}. Thus the frequency mode has the form given by (41) is obtained, since τ^{−i ω12γ} ∼ e^{−iω1t}. And for t → ∞, (1 − τ ) ∼ e^{−2γt}. It thus gives (1 − τ )^{−i ω22γ} ∼ e^{iω2t}, which is consistent with (43). Consequently, the solution of the field will obtain the usual form for t → −∞, i.e. q(t) = a_1u_1 + a^†_1u^∗_1 and a modified form for t → ∞. Indeed,

u_1(t) = 1√ 2ω_1 e −iω_1t, t → −∞. 1√ 2ω_2 √_{ω2} ω_1 K− e −iω_2t +^{1√}_{2ω2} √_{ω2} ω_1 K+ e iω_2t , t → ∞. (49)

where √_{ω2} ω_1 K− and √_{ω2} ω_1 K+ are the so-called Bogoli-

ubov coefficients for the massless bosons, denoting by α and β respectively. From (49) we see that the expression u_1(t) obey the Bogoliubov transformation with the form [3] u_1 = α u_2 + β u^∗_2, u^∗_1 = α^∗u^∗_2 + β^∗u_2, (50)

where u_i =^{1√}_{2ωi} e^{−iωit}, i = 1, 2. The annihilation operator will do the same with the form

a_1 = α^∗ a_2 − β^∗ a^†_2, a^†_1 = αa^†_2 − βa_2. (51)

In order to consider massive bosons, we include mass term in our ansatz of the evolution of the energy ω(t), yielding

ω_i(k) → ω_i(k) = √ k^2 + m^2_i , (52) where i = 1, 2. As for the massless bosons, this ansatz of the frequency is not a function of the spatial coordinate x. Thus, spatial translation invariance is still a symmetry here. The solution (49) will be the same, but now ω(t) and the solution of the field u_1(t) for the massless case include a k-dependence, i.e. ω(k, t) and u(k, t) = ( 1/ √ 2ω_1 ) exp (−iω_1t) exp (ikx) .

Thus, the Bogoliubov coefficients for the massive minimal coupled bosons read α = √ ω_2 ω_1

Γ(1 −^{i ω1}_γ )Γ(−^{i ω2}_γ )

Γ(−i^{ω1+ω2}_{2γ} )Γ(1 − i^{ω1 +ω2}_{2γ} ) = √ ω_2 ω_1

K_− (53)

β = √ ω_2 ω_1

Γ(1 −^{i ω1}_γ )Γ(^{i ω2}_γ )

Γ(i^{ω1+ω2}_{2γ} )Γ(1 + i^{ω1+ω2}_{2γ} ) = √ ω_2 ω_1

K_+. (54)

By using Γ(x) Γ(1 − x) =^π_{sin πx} [1], we thus obtain the moduli of the Bogoliubov coefficients

|α|^2 = sinh^2(πω_+/γ) sinh(πω_1/γ) sinh(πω_2/γ)

, (55)

|β|^2 = sinh^2(πω_−/γ) sinh(πω_1/γ) sinh(πω_2/γ)

, (56)

where we have defined the energy differences, ω_− = 1 2 (ω_2 − ω_1) and ω_+ =^1_2 (ω_2 + ω_1). Since the commutation relation of the operators for t → ∞ is [a_1, a^†_1] = (|α|^2 − |β|^2)[a_2, a^†_2] = 1, the normalization condition of the Bologoliubov coefficients reads

|α|^2 − |β|^2 = 1. (57)

Grafically, the coefficients can be represented by Fig.3 as a function of momentum |k|. Certainly, the Bogoliubov coefficients we have found for a harmonic oscillator with the ansatz of the energy (52) are exactly the same results in Ref. [3]. Birrell (1982) has given a derivation in particle production by considering this topic as a cosmological problem describing by a metric for the Robert-Walker-universe with a conformal scale factor which corresponds the time evolution of our model of harmonic oscillator.

VI. THE PROPERTIES OF THE BOGOLIUBOV COEFFICIENTS

The Bogoliubov coefficients α_k and β_k that we have found in Eqs. (53) and (54) can be evaluated as

α_{ij} = (u_{1i}, u_{2j}) β_{ij} = −(u_{1i}, u^∗_{2j}), (58)

where x is the four-vector. The Bogoliubov transformations (50) and (51) are both diagonal and isotropic. Their

FIG. 3: The graphical representation of the Bogoliubov coefficients for the produced bosons. In this figure we compare the numerical coefficients with the expected analytical values, for a particular choice of parameters m1 = 1, γ = 10 and m2 = 10.

coefficients prossess the following properties ∑ k α_{ik}α^∗_{jk} − β_{ik}β^∗_{jk} = δ_{ij} , (59) ∑ k α_{ik}β_{jk} − β_{ik}α_{jk} = 0. (60)

It follows that two spaces based on the two choices of modes u_1 and u_2 are different as long as β_k ≠ 0. As we have considered ealier, a vacuum state |Ω⟩_1 will not be annihilated by the annihilation operator a_2, i.e. a_2|Ω⟩_1 = β^∗_k|1⟩_1 ≠ 0. The state |1⟩_1 is a excited state of the initial vacuum state |Ω⟩_1. Indeed, by using the Bogoliubov transformations the expectation value of the number operator N_2 = a^†_2a_2 of u_2-frequency mode particles in the initial state |Ω⟩_1 reads

1⟨Ω|N_2|Ω⟩_1 = |β|^2, (61)

which states that the initial vacuum state with frequency modes u_2 has been excited with |β_k|^2 excitations. Simply stated, we can say that |β|^2 given in Eq. (56) is the number of particles produced in the u_2-mode due to the time evolution of ω(t). It can thus interpret as production of minimally coupled scalar particles, i.e. bosons, in a time dependent harmonic oscillator. According to Eq. (61), the absolute square of β_k represents the expectation value of the number of particles present in the final state. From another point of view, the time evolution that we have assumed in our model can be considered in a pure cosmological context. Hence, the evolution represents the smoothly expanding motion of an aymptotically static universe. Indeed, the expansion excites the frequency modes of the (vacuum) field in that way we can identify excitations of the initial vacuum state |Ω_1⟩_1 as created particles.

VII. ADIABATIC EXPANSION

Considering an adiabatic expanding spacetime, the difference of the energies ω_− goes to zero. The number of produced particles represented by Eq. (56) will thus vanish. Indeed, no particle can be created. This is a conformally trivial situation,i.e. a conformally invariant field propagating in a spacetime that is conformal to Minkowski spacetime. Hence, the particle creation occurs only when the conformal symmetry is broken by the presence of mass providing a length scale for the theory. The particle production can be identified the coupling of the spacetime expansion to the quantum field through the mass. The expansion regarded as a changing gravitational field will be an energy supplier to the perturbed scalar field modes. When we consider creation of field quanta with the changing gravitational field, it is natural to describe the particles as being produced in the asympotically static regions. Certainly, particle production can not occur in the asymptotically static regions. However, if |β|^2 represents a final density of particles which were not present in the state |Ω⟩_1, we would except that a measurment taking place at an intermediate time during the expansion era, would unveil a particle density in the interval from zero to the number of particles is produced given by the absolute square of β_k.

This do not live up to scrutiny, however, if the spacetime is curved, there will no good definition of particles is generally available. Because of the special symmestry of the FRW spacetime, we can identify comoving observers who see the universe isotropically expands. In this case, it is reasonable to consider produced particles in the expansion region as the excitation of comoving particle observer.

Let us get back on track and arrive at the mathematical description. The adiabatic case certainly gives limits of Eqs. (47) and (48) regarded to the Bogoliubov coefficients (53) and (54), i.e.

K_+ →

Γ(1 −^{iω}_γ )Γ(^{iω}_γ ) Γ(1) = −i(ω_1 − ω_2) 2γ = 0 (62) K_− → Γ(1 −^{iω}_γ )Γ(−^{iω}_γ )

Γ(−^{iω}_γ )Γ(1 −^{iω}_γ )

= 1, (63)

since ω_2 = ω_1 = ω in ths case. In an adiabatic ecpanding spacetime, it is appropriate to assume no energy change, . i.e. ω_1 = ω_2. The field q(t) is approximately equal for both asymptotical cases. According to Eqs. (62) and (63), the solution (49) acquires the form

u_1(t) = 1 √ 2ω_1 e^{−iω1t} = 1 √ 2ω_2 e^{−iω2t}. (64)

This clearly states no change in of the field. The field evolution satifes the normalization condition (57) according to Eqs. (62) and (63), yielding 1^2 − 0^2 = 1. The number of created particles, . i.e. number of excitations, is represented by |β|^2. In an adiabatic expansion, the creation rate approachs to zero when the expansion rate go to zero. Here, it is appropriate to consider γ as the expansion rate since it is the parameter of the time evolution. When γ → 0, Eq. (56) goes thus like

[π(ω_2 − ω_1) − π(ω_2 + ω_1)]/γ = e^{−2πω1 /γ} → 0, (65)

which states that the number of created quasi-particles rapidly approaches zero in an adiabatically expanding spacetime.

VIII. SUDDEN LIMIT

A. Sudden limit

For sudden limit the expansion rate increases dramatically in the time evolution, i.e. γ → ∞. Certainly, the time parameter τ (t) given by (29) approaches to a step function. The terms on the hypergeometric function, K_+ and K_−, will go like

K_+ ∼ γ iω_2 −i(ω_1 − ω_2) 2γ = 1 2 (1 − ω_1 ω_2

) (66) K_− ∼ γ −iω_2 −i(ω_1 − ω_2) 2γ = 1 2 (1 + ω_1 ω_2

). (67)

In the sudden limit approximation, things become more dramatically. The initial vacuum state will accordingly be excited (or de-excited) due to the enormous change of the spacetime. The initial state energy ω_1 evolves to ω_2 for t → ∞. According to the Eqs. (66) and (67), the solution (49) acquires the form

u_1(t) = 1√ 2ω_1 e −iω_1t, t → −∞ 1√ 2ω_2 √_{ω2} ω_1

[_1 2 (1 +^{ω1}_{ω2} )e^{−iω2t}

+^1_2 (1 −^{ω1}_{ω2} )e^{−iω2t} ] , t → ∞ (68)

Fortunately, the field evolution satifes the normalization condition (57), reading | | | | 1 2 √ ω_2 ω_1 ( 1 + ω_1 ω_2 )| | | 2 − | | | | 1 2 √ ω_2 ω_1 ( 1 − ω_1 ω_2 )| | | 2 = ω_1 ω_2| | |^{ω1}_{ω2} | | | , (69) where we have assumed that the energies for both asymptotic cases are positive. Since the field expansion changes in the case, the number of created particles can not be neglected. For sudden limit, the expansion is able to generate particle production. However, the bosons which are been created due to a sudden expansion of the spacetime is nevertheless very small. According to |β_k|^2, there will be produced mostly zero-mode particles, i.e. k = 0. Therefore, in any calculation of the bosonic vacuum energy, which is a sum over k, the created bosons will thus be invisibles in the final (i.e. t → ∞) vacuum energy calculation, since the number of created bosons is mainly zero-mode particles.

IX. CONCLUDING REMARKS

In this papir, we have given a derivation of particle production in an expanding spacetime by using a simple harmonic oscillator model and the Bogoliubov formalism. We have shown that particle creation in a time-depending harmonic oscillator can occur in a spacetime with a suitable ansatz of the time evolution, corresponding to the motion of the expansion of the universe. Since the very beginning of the universe underwent an enormous expansion, this spontaneous production of particles played a vigorous part at that time. According to the calculation, created particles are equivalent to excitations of the initial vacuum state. In this model, we have only considered bosonic case of the cosmological particle production.

X. ACKNOWLEDGMENTS

This article has been the first part of a diploma thesis at NTNU, Norwegian University of Science and Technology. The author want to express his gratitude to Professor K. Olaussen for helpful discussions along the way. This work was funded in part by the State Educational Fund and the Department of Physics, NTNU, in 2005.

XI. REFERENCES

[1] M. Abramowitz and I. A. Stegun, Handbook of mathematical functions with Formula, Graphs, and Mathematical

Tables (U.S. Department of Commerce, National Bureau of Stanards, 1964).

[2] N. D. Antunes, arXiv:hep-ph/0311031 (2003). [3] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space, (Cambridge University Press, Cambridge, 1982).

[4] P. C. W. Davies, J. Opt. B: Quantum Semiclass. Opt. 7 (2005).

[5] M. Gasperini and M. Giovannini, arXiv:hep-th/9502112 (1995).

[6] R. W. Henry and S. C. Glotzer, A squeezed-state primer, Am. J. Phys. 56 138 (1988).

[7] J. Hong and A. Vilenkin, arXiv:gr-qc/0210034 (2002). [8] F. Mandl, G. Shaw, Quantum Field Theory (J. Wiley & Sons, Inc., 1984).

[9] D. Koks, Phys. Rev. D 56, 8 (1997).