arXiv:gr-qc/0506022 v1 6 Jun 2005

Generating functional for the gravitational field: implementation of an evolutionary quantum dynamics.

Erika Cerasti Giovanni Montani

ICRA—International Center for Relativistic Astrophysics Dipartimento di Fisica (G9), Università di Roma, “La Sapienza", Piazzale Aldo Moro 5, 00185 Rome, Italy. e-mail: erika.cerasti@icra.it, montani@icra.it

PACS: 83C

Abstract

We provide a generating functional for the gravitational field, associated to the relaxation of the primary constraints as extended to the quantum sector. This requirement of the theory, relies on the assumption that a suitable time variable exist, when taking the T-products of the dynamical variables.

More precisely, we start from the gravitational field equations written in the Hamiltonian formalism and expressed via Misner-like variables; hence we construct the equation to which the T-products of the dynamical variables obey and transform this paradigm in terms of the generating functional, as taken on the theory phase-space. We show how the relaxation of the primary constraints (which correspond to break down the invariance of the quantum theory under the 4-diffeomorphisms) is summarized by a free functional taken on the Lagrangian multipliers, accounting for such constraints in the classical theory.

The issue of our analysis is equivalent to a Gupta-Bleuler approach on the quantum implementation of all the gravitational constraints; in fact, in the limit of small ℏ, the quantum dynamics is described by a Schrödinger equation, as soon as the mean values of the momenta, associated to the lapse function and the shift vector, are not vanishing. Finally we show how, in the classical limit, the evolutionary quantum gravity reduces to General Relativity in the presence of an Eckart fluid, which corresponds to the classical counterpart of the physical clock, introduced in the quantum theory.

June 6, 2005

1 Introduction.

The mean problem we have to face in performing the quantization of the gravitational field is the resulting non evolutionary dynamics, following by the operator translation of the theory constraints. In our points of view, the problem is relied to an ambiguous definition of the label time, in the splitting procedure extended to the quantum regime [1], [2], [3].

Indeed, as shown in [4], [5], [6], [7], [8], [9], [10], a dualism exists in quantum gravity, between including a reference fluid into the dynamics and explicitly breaking down time displacement invariance of the theory. According to this paradigm, we get a self consistent canonical quantization of gravity with the properly evolutionary features, only when a physical reference frame is included into to the system evolution and make possible a physical (3+1)-slicing of the spacetime. In this sense the analysis here presented completes the proof of the dualism inferred in [7];

In fact, we start by assigning a time variable, suitable to construct the T-product functions and show how, in the classical limit of the resulting evolutionary quantum gravity, an Eckart fluid appears.

This issue provides a physical meaning to the slicing procedure, in view of the time-like character of the fluid 4-velocity field. Thus, we see how a correct implementation of the classical constraints toward the quantum dynamics, provides a clock for theory and restore the time evolution of the state functional.

In section 2 we present the procedure by which a generating functional can be built, in the case of the scalar field, starting from a field theory approach. The result is achieved using both the Lagrangian and the Hamiltonian formalism, after extending the generating functional definition to the phase-space.

In section 3, we resume the main steps by which the canonical quantization of gravity is performed, i.e. the (3+1)-slicing procedure and its consequences on the dynamics, like the frozen formalism, are discussed.

Section 4 deals with the gravitational Hamilton equations, as rewritten in a new set of variables, the Misner-like ones; they are introduced in order to make possible the evaluation of a gravitational generating functional Z referred to the phase-space. In the section 5, the procedure illustrated for the scalar field is implemented to the gravitational Hamilton equations and the generating functional is explicitly built up. Through the generating functional formalism, we relax, in the quantum regime, the primary constraints of the gravitational theory, handling on the functional C, taken on the Lagrangian multipliers ξ and ξ^i. In fact, the assumption of a physical time at the ground of the generating functional formalism implies that the corresponding diffeomorphisms invariance is broken, in the quantum gravity approach. Our point of view is that the problem of the stationary evolution for the gravitational quantum field, stands in a wrong implementation, to the quantum sector, of the classical primary constraints (as well as the implementation of the secondary ones). By the constraints relaxation performed in section 6, we obtain, in the limit of small ℏ, a Schrödinger equation describing the evolution of the quantum gravitational field. We provide the analysis resulting in this equation in section 7.

At the end, in section 8, we talk about the classical limit of the founded dynamical equation. This limit accounts for the presence, in the system, of a fluid, having the Eckart form. The presence of this fluid provides the label time t with a physical meaning, that is it assures us about the existence of a non arbitrary time for the considered gravitational system. In section 9 brief concluding remarks follow.

2 Generating functional in the scalar field case.

As first step, we present the method of searching for the generating functional, used in the scalar field case [11]; we show it in both the Lagrangian and Hamiltonian formalism. Then, in section 5, we will follow this method in order to find the gravitational generating functional expression. We start to consider a self-interacting scalar field φ(x), described by the following action S = ∫ [ 1 2 ∂_ν φ(y)∂^ν φ(y) − 1 2 μ^2φ^2(y) − 1 4 g_0φ^4(y) ] dy^4, where μ and g_o denote assigned constants; the associated classical equation of motion read as − δS δφ (x) = ( □_x + μ^2 ) φ (x) + g_0φ^3 (x) = 0 (1)

where x = (⃗x, t) denotes event coordinates.

Now we consider φ as a quantum scalar field, satisfying the canonical (equal times) commutation relations,

[ ^φ(x), ^φ (y)]_x0_{=y}0 = 0 [^π(x), ^π (y)]_x0_{=y}0 = 0 [^π (x) , ^φ (y)]_x0_{=y}0 = −iℏ δ^3 (⃗x − ⃗y) , (2)

being π(x) ≡^{∂φ}_{∂t} the conjugate momentum to φ(x). We define the two-points T-product as ⟨0 |T (φ (x) φ (y))| 0⟩ = + θ ( x^0 − y^0 ) ⟨0 |(φ (x) φ (y))| 0⟩ + θ ( y^0 − x^0 ) ⟨0 |(φ (y) φ (x))| 0⟩ ; above, we assumed the existence of a vacuum state for the theory, denoted by |0⟩. (For a field theory, based on the ground state expectation values, see [12]) Let us search for restrictions on the T-products general form, implied by (1), via the commutation relations (2). Starting with the expectation value of the classical equation, taken on the ground state, ⟨ 0 | |T ([□_xφ (x) + μ^2φ (x) + g_0φ^3 (x)] φ (y)) | | 0⟩ = 0, we arrive to an equation for the two-points T-products [ □_x + μ^2 ] ⟨0 |T (φ (x) φ (y))| 0⟩ + g_0 ⟨ 0 | T ( φ^3 (x) φ (y) )| 0 ⟩ = −iℏδ^4 (x − y) (For a T-products theory see [12]).

This equation can be generalized in view of n-points T-products as follows: [ □_x + μ^2 ] ⟨0 |T (φ (x) φ (x_1) ...ϕ (x_n))| 0⟩ + g_0 ⟨ 0 | |T (φ^3 (x) φ (x_1) ...φ (x_n)) | | 0⟩ = −iℏ n∑ i=1 δ^4 (x − x_i) ⟨0 |T (φ (x_1) ...φ (x_{i−1}) φ (x_{i+1}) ...φ (x_n))| 0⟩ (3)

Introducing the generating functional Z(J) ([13], [14], [15]) is useful to rewrite the whole set of the equation (3), namely for any value of n, in a compact form. We assign the source current J(x) and let us construct the quantity Z(J) = ∞∑ n=0 i^n n! ∫ dx^4_1...dx^4_n ⟨0 |T (φ (x_1) ...φ (x_n))| 0⟩ J (x_1) ...J (x_n) , which satisfies the normalization condition Z(0) = 1;

in a shorter form, Z can be restated in terms of the following vacuum expectation value

Z (J) = ⟨ 0 | | |T ( e^{i ∫ Jφ} )| | 0 ⟩ , where we have: i ∫ Jφ = i ∫ J (x) φ (x) dx^4. We show explicitly the link between the T-product functions and the functional derivatives of Z as ⟨0 |T (φ (x_1) ...φ (x_n))| 0⟩ = 1 i^n δ^nZ (J) δJ (x_n) ...δJ (x_1) | | | | J=0 ; so we can get the equation for any T-product by performing the derivatives of the following fundamental expression [ □_x + μ^2 ] 1 i δZ (J) δJ (x) + g_0 1 i^3 δ^3Z (J) δ^3J (x)

= ℏJ (x) Z (J) . (4)

To solve (4), we introduce ~Z(φ), the functional Fourier transformation of Z(J),

Z (J) = ∫ ∏ x dφ(x) ~Z(φ)e^{i ∫ φ(x)J(x)dx4} In the next, we set the Lebesgue measure as δφ = ∏ x dφ (x). If we substitute, into (4), the Fourier expansion of Z, we get the equation ∫ δφe^{i ∫ φJ} { ~Z (φ) [(□_x + μ^2) φ (x) + g_0φ^3 (x)] + ℏ i δ ~Z (φ) δφ (x) } = 0.

With some algebra and using (1), we arrive to the expression δ δφ (x) [ ln ~Z(φ) − i ℏ S(φ) ] = 0,

by which we finally recognize the functional ~Z in the form ~Z(J) = Ce^iℏ^{S(φ)}, so that the generating functional follows: Z (J) = C ∫ δφ(x) e^{iℏ S(φ)+i ∫ J(x)φ(x)d4x}, being C the normalization constant.

In view of applying this procedure to the gravitational case, we have to translate it, into the Hamiltonian formalism, because of some difficulties that Lagrangian formalism can not overcome. So, we get the Hamiltonian of the system out of the scalar field action, H = ∫ [ 1 2 π^2 − 1 2 ∂^jφ ∂_j φ + 1 2 μ^2φ^2 + 1 4 g_0φ^4 ] dy^3, via the above conjugate momentum of φ(x). The Hamiltonian equations we find, look as follows: π̇ = − δH δφ = ( ∂^2_j φ − μ^2φ ) − g_0φ^3 (5)

φ̇ = + δH δπ = π. (6)

Like before, we transform each equation of motion in a T-products one, using again the commutation relations (2) ∂_t ⟨0 |T [π(x)φ(y)]| 0⟩ + ∂^2_j ⟨0 |T [φ(x)φ(y)]| 0⟩ + μ^2 ⟨0 |T [φ(x)φ(y)]| 0⟩ + g_0 ⟨0 |T [φ^3(x)φ(y)]| 0⟩ = −iℏδ^4(x − y) ∂_t ⟨0 |T [φ(x)π(y)]| 0⟩ − ⟨0 | T [ π(x)π(y) ]| 0⟩ = +iℏ δ^4(x − y). Let us provide the definition of the generating functional, extended to the phase-space Z (J, W ) = ⟨ 0 | | |T ( e^{i ∫ (Jφ+W π)} )| | 0 ⟩

and its Fourier Transform Z (J, W ) = ∫ δφ δπ ~Z (φ, π) e^{i ∫ [J(x)φ(x)+W (x)π(x)]dx4} (7) where W is the current source associated to the conjugate momentum. Thus, the equations of motion become functional ones in Z(J, W ) ∂_t 1 i δZ δW (x) + [ ∂^2_j + μ^2 ] 1 i δZ δJ(x) + g_0 1 i^3 δ^3Z δJ(x)^3 = ℏ Z(φ)J(x) (8)

∂_t 1 i δZ δJ(x) + 1 i δZ δW (x) + = −ℏ Z(φ)W (x). (9) Hence, the first of these equations can be rewritten in terms of ~Z(J, W ) and takes the form ∫ δφδπ ~Z (φ, π) e^{i ∫ (Jφ+W π)} [∂_tπ(x) − (∂_j + μ^2) φ(x) + g_0φ^3(x)]

= −^ℏ_i ∫ δφδπ (_{δ ~Z(φ,π)} δφ(x) ) e^{i ∫ (Jφ+W π)}. At the end, with simple algebra, we get δ δφ (x) [ ln ~Z(φ, π) − i ℏ S(φ, π) ] = 0,

which admits the solution ~Z (φ, π) = C(π) e^iℏ^{S(φ, π)}; (10)

here, C(π) denotes an integration φ-constant functional. In analogy from (9), we get also ~Z(φ, π) = D(φ) e^iℏ^{S(φ,π)} (11) being D(φ) an integration π-constant functional. Compatibility of (10), (11) requires that the following expression for Z(J, W ) holds Z(J, W ) = N ∫ δπδφ e^{iℏ S(φ,π)+i ∫ (Jφ+W π)} where N is pure normalization constant. The above is just the procedure which will allow us to get.

We conclude this section by remarking that, in the scalar field case, the Hamiltonian formulation of the generating functional is equivalent to the Lagrangian one, as soon as we address the identifications π = ∂_tφ and W ≡ 0.

3 Canonical quantization of gravity in the frozen formalism.

Before we begin to search for the gravitational generating functional, we resume the necessary steps allowing us to arrive to the canonical quantum equation for the gravitational field, that is the Wheeler-DeWitt equation [16], [17], [18];

We start to consider a pseudo-Riemannian 4-dimensional manifold M^4, on which a metric tensor h_{μν} (y^ρ) is defined. The signature we choose is (− + ++). (The Greek indexes stand for 0,1,2,3, as the Latin ones stand for 1,2,3).

We apply a (3+1)-slicing assigning the parametric equation of a space-like hypersurfaces family

∑_3 t : y^ρ = y^ρ(t, x^k) on the considered manifold.

This definition provides a local reference basis {e^μ_i , n^μ} in M^4, made up by the tangent vectors e^μ_i ≡ ∂_iy^μ and the normal vector n^μ(y^ρ) to

∑_3

t . Projecting the deformation vector N^μ on this basis we get the lapse function N(t, x^k) and the shift vector N^i(t, x^k) [19]:

N^μ ≡ ∂_ty^μ = Nn^μ + N^ie^μ_i . (12)

In terms of this quantity we find the metric tensor expression in the (t, x^k)-reference system h_{μν} = ( N_iN^i − N^2 N_i N_i g_{ij} ) . (13)

The term g_{ij} ≡ h_{μν} e^μ_i e^ν_j is the so-called induced metric tensor, i.e. the projection of the metric tensor on the space-like hypersurface, which becomes our dynamical variable. Now the splitted Hilbert-Einstein action (the A.D.M. action) looks like as the following one [19], [20], [21], [22], [23], [24], [25]: S_{HE} = ∫ Σ^3 ×ℜ dtd^3xN √ g ( R + k_{ij} k^{ij} − k^2 ) , (14)

where k_{ij} denotes the extrinsic curvature of the tre-hypersurfaces Σ^3, while R is the curvature scalar associated to the tre-metric.

From the Lagrangian contained in the previous expression, we find the classical momenta associated to g_{ij} and to N and N^i, in view of rewriting the action in the Hamiltonian formalism. After the Legendre transformation, the action rewrite as S_{HE} = ∫ Σ^3×ℜ { π^{ij} ∂_tg_{ij} − NH − N^iH_i } d^3x dt (15)

where H and H_i are called super-Hamiltonian and super-momentum respectively. The momenta P_N and P_N i , associated to the lapse function and to the shift vector, vanish identically, as

P_N = δL δ (∂_tN) = 0, P_N i = δL δ(∂_tN^i)

= 0 (16)

and these equations constitute the primary constraints for the gravity dynamics. The secondary constraints follow directly from the first ones, via the Hamilton equations (see also [16], [19], [23]): H(g_{ij} , π^{ij}) = G_{ijkl}π^{ij} π^{kl} − √ h^3R = 0 , (17)

H_i(g_{ij} , π^{ij}) = −2^3∇_j π^j_i = 0 , (18) where G_{ijkl} is the super-metric and stands as G_{ijkl} ≡ 1 2 √ h (h_{ik}h_{jl} + h_{il}h_{jk} − h_{ij} h_k) . The canonical quantization procedure is obtained by translating secondary constraints into operator ones, on the wave functional ψ, which describes the physical states, i.e. ^H(^g_{ij} , ^π^{ij}) ψ = 0 , ^H_i(^g_{ij} , ^π^{ij} ) ψ = 0 , where we introduced the canonical quantum operators ^g_{ij} , ^π^{ij} , for which the commutation relations [ ^g_{ab}(⃗x, t), ^g_{cd}(⃗x^′, t)] = 0, [ ^π^{ab}(⃗x, t), ^π^{cd}(⃗x^′, t) ] = 0, [ ^g_{ab} (⃗x, t) , ^π^{cd}(⃗x^′, t) ] = iℏ δ^{cd}_{ab} δ(⃗x − ⃗x^′) (19) have to be valid; this last request implies the following representation for the tre-metric and momenta: ^g_{ij} (x) ψ = g_{ij} (x)ψ , ^π^{kl}(x) ψ = −iℏ δψ δg_{kl}(x) . At the end, choosing the appropriate normal ordering [26], we can rewrite the operator constraints as ^H(x) ψ = [ −ℏ^2 : G_{ijkl}(x) δ^2ψ δg_{ij} (x)δg_{kl}(x) : − √ gR ] ψ = 0 ,

^H_i(x) ψ =: 2i ℏ g_{ik} ∇_j δψ δg_{jk} (x) := 0 .

The first of the above functional equations is known as the Wheeler-DeWitt one [17] and provides the quantum dynamics of the system, while the tree super-momentum equations state the theory invariance under tre-diffeomorphisms. This last invariance provides the wave functional depending only on tre-geometries {g_{ij} }, i.e. ψ = ψ({g_{ab}}) [25], [26], [27].

As we can see, the Wheeler-DeWitt equation is a Schörodinger equation for a nondynamical system, characterized by a wave functional satisfying ∂_tψ = 0; In detail, the N-independence of ψ is responsible for the time non-evolution of the wave functional. The point of view addressed in this paper is that such stationary evolution for the gravitational field is caused by a too straightforward quantum implementation of the theory constraints, in the canonical form. In particular, we concentrate our attention on the quantum formulation of the primary constraints; in the canonical Wheeler-DeWitt approach, the translation of these constraints, P_N = 0 and P_N i = 0, leads to the independence of the wave functional on the lapse function and on the shift vector, i.e. ^P_N ψ = −iℏ δ δN ψ = 0 , ^P_{N i} ψ = −iℏ δ δN^i ψ = 0 ,

an issue consistent with the non-evolutionary character of the WDE along the slicing and of its invariance under the tre-diffeomorphisms.

In the next section, in the spirit of the Gupta-Bleuler approach [28], we will propose a relaxation of these constraints, allowing an evolution for the wave functional ψ(g_{ij} , t), which depends so on time and on the tre-metric field.

4 The gravitational theory in the Misner-like variables.

We start by introducing the Misner-like variables (α(x), u(x)) [29], via the relations g_{ij} (x) ≡ e^{α(x)} ( e^{u(x)} ) ij (20) g^{ij} (x) ≡ e^{−α(x)} ( e^{−u(x)} )_{ij} , (21)

where u(x) is a traceless matrix and, in order to safe the tensorial language, we assign a different character to the quantity e^{u(x)} and u(x) itself, i.e. covariant and mist one respectively.

The aim of the below analysis is to rewrite the gravitational Hamiltonian H(g_{ij} , π^{ij}) in the Misner-like variables, so then we can get the equations of motion in (α(x), u(x)) and use them to find the generating functional for gravity, like shown in the previous section. The relation between the old momenta π^{ij}, and the new ones is provided by requiring the canonical nature of the transformation, i.e.

π^{ij} ∂_tg_{ij} = p_α ∂_tα + p^k_i ∂_tu^i_k . (22)

Substituting the relation (21) into (22) we can identify the new momenta as { p_α = Π ≡ π^{ij}g_{ij} p^k_i = π^k_i −^1_3 Π δ^k_i ,

where Π denotes the quantity π^{ij} g_{ij} . Starting from the expression of the super-Hamiltonian H and super-momentum H_i, we rewrite them in terms of the new variables as { H =^1_2 e^{−(3/2)α} [ 2 p^j_i p^i_j −^1_3 p_α^2 ] − e^{(3/2)α}R(u, α) H_i = −2 ∂_j p^j_i −^2_3 ∂_i p_α + p_α ∂_iα + 2 U^j_{ni}p^n_j , where we denote with U^n_{dq}(u, ∂u) the Christoffel terms constructed only by derivatives of u-variable,

U^n_{dq} (u, ∂u) ≡^1_4 [ + ∂_du^n_q + ∂_qu^n_d + ∂_qu^m_l (e^{−u})^{nl}(e^u)_{md} + (∂_du^m_l )(e^{−u})^{nl}(e^u)_{mq}

−(∂_lu^m_d )(e^{−u})^{nl}(e^u)_{mq} − (∂_lu^m_q )(e^{−u})^{nl}(e^u)_{md} ] , and the full Christoffel symbol rewrites as

Γ^n_{dq} ≡ U^n_{dq} + 1 2 [ (∂_dα)δ^n_q + (∂_qα)δ^n_d − (∂_mα)(e^{−u})^{nm}(e^u)_{dq} ] . Starting from the expression of H and H_i, as written in the new variables, we can get the Hamilton equations for the gravitational system, in the Misner-like representation, which stand as

u̇^b_a = −2Ne^{−(3/2)α}p^b_a − 2 [ U^a_{bn}N^n + ∂_aN^b ]

ṗ^b_a = −Θ^b_a + 2 Ω^{ib}_{jna}N^np^j_i

α̇ = + 1 3 Ne^{−(3/2)α} p_α − [ (∂_lα)N^l + 2 3 ∂_j N^j ]

ṗ_α = −Ne^{(3/2)α} { 3 4 e^{−3α} [ +2 p^j_i p^i_j − 1 3 p^2_α ] + 3 2 R(u, α) } − Θ −∂_l ( N^lp_α ) being ∫ d^3x Ne^{(3/2)α} ( δR(u, α) δα ) δα ≡ ∫ d^3x Θ δα ∫ d^3x Ne^{(3/2)α} ( δR(u, α) δu^a_b ) δu^a_b ≡ ∫ d^3x Θ^b_a δu^a_b and ∫ d^3x ( δU^i_{j n} δu^a_b ) N^n δu^a_b ≡ ∫ d^3x Ω^{ib}_{jna} δu^a_b . The introduction of these new variables, together with the Hamiltonian approach, is necessary to overcome some difficulties in applying the method, shown in section 2, to the gravitational case; such difficulties can be summarized by the following point:

• the presence of the inverse metric tensor in the equations of motion, which we can not easily rewrite as a function of the direct metric g_{ij} ; now, both the inverse and direct metric are function of the dynamical variables, (α, u), and so no difficulty survives.

• the impossibility to take all the temporal derivatives out of the field T-products, because of their non linearity; using an Hamiltonian approach, quadratic terms containing time derivatives of the tre-metric tensor are removed, because we rewrite them via the conjugate momenta. In this sense, the phase-space representation overcomes the gravity non-linearity problem in building up the generating functional (the non-linearity in the spatial derivatives plays no role here).

5 Gravitational generating Functional.

Using the Misner-like variables and the Hamiltonian formulation, the Hilbert-Einstein action looks like S = ∫ M^4 d^3xdt [ p^j_n ∂_tu^n_j + p_α∂_tα + P_N ∂_tN + P_N i ∂_tN^i −ξP_N − ξ^iP_N i − NH − N^iH_i ] , where the Lagrange multipliers ξ(x), ξ^i(x) are included in order to obtain the primary constraints (P_N ≡ P_N i = 0) as Hamilton equations, and being the integration domain M^4 = Σ^3 × R (Σ^3 is taken compact and boundaryless). The whole set of Hamilton equations is, therefore, I) +u̇^n_j −^{δH}_{δp jn} = 0 II) −ṗ^n_j −^{δH}_{δu jn} = 0 III) +α̇ −^{δH}_{δpα} = 0 IV) −ṗ_α −^{δH}_{δα} = 0 V) −Ṗ_N − H = 0 VI) −Ṗ_N i − H_i = 0 VII) +Ṅ − ξ = 0 VIII) +Ṅ^i − ξ^i = 0 IX) −P_N = 0 X) −P_N i = 0 .

In order to extend the analysis of section 2 to the gravitational case, we assume that the following statements are valid for the quantum theory:

• We can define a ground (vacuum) state |0⟩, for the gravitational theory, by which we can built the T-product of the operator field and of its momentum. For the same reason, we need the theory is provided with a definite time variables, which has to have the meaning of physical time; we identify it with the label time.

• By a second quantization procedure g_{ij} (x) and π^{ij} (x) become operators which satisfy the canonical commutation relations (19). This hypothesis has to hold for any representation of the tre-metric and of the conjugate momentum, like the considered Misner-like one.

Now, we introduce the generating functional Z [14], [15], Z(J^a, W_a) ≡ ⟨ 0 | | |T ( e^{i ∫ (gaJ a+P a Wa)} )| | 0 ⟩ , (23)

where we adopt a notation of the form Z (J, W ) = Z ( J^j_i , J_α, J_N , J_N i , W^i_j , W_α, W_N , W_N i ) , ∫ (g_aJ^a + P^aW_a) = ∫ [ u^n_j (x)J^j_n(x) + p^j_n(x)W^n_j (x) + α(x)J_α(x)

+p_α(x)W_α(x) + N(x)J_N (x) + N^i(x)J_N i (x)

+P_N (x)W_N (x) + P_N i (x)W_N i (x) ] d^3x dt . As in the scalar case, even here J^a and W_a have to be interpreted as quantum source currents, because we will see they give a ℏ contribution in the action. Now, we integrate the equations I)-VIII) to determine the generating functional, in the gravitational theory, via an algorithm which we discuss here, in detail, only for equation I). From the first equation, we build the corresponding T-products dynamics ∂_t ⟨0| T ( u^n_j (x) p^j_n (y) ) |0⟩ − ⟨0| T ( δH δp^jn (x) p^j_n (y) ) |0⟩ = iℏ δ^4 (x − y) , which can be rewritten formally in terms of Z, as ∂_t 1 i δZ δJ^jn(x) − H ( −i δ δJ^a , −i δ δW_a ) Z = −ℏ W^n_j (x) Z . (24)

Substituting, in the previous equation, the following Fourier Transform Z (J, W ) = ∫ D(g_a, P^a) ~Z(g_a, P^a) e^{i ∫ (gaJ a+P a Wa)} , (25) where the Lebesgue measure D(g_a, P^a) is D(g_a, P^a) = δu^n_j δ α δN δN^i δp^j_n δP_α δP_N δP_N i , we get ∫ D(g_a, P^a)e^{i ∫ (gaJ a+P a Wa)} ~Z ( u̇^n_j − δH δp^jn ) = ∫ D(g_a, P^a)e^{i ∫ (gaJ a +P aWa)} ℏ i δ ~Z δp^jn .

This functional equation admits the solution ~Z(g_a, P^a) = C (−p^j_n−) e^iℏ^S . C (−p^j_n−) denotes a functional depending on all the variables (including ξ and ξ^i) but p^j_n.

Inferring the above procedure for all the other equations, but the last two, we arrive to a final expression for Z, i.e.

Z (J^a, W_a) = I ∫ D(g_a, P^a)δξδξ^i C ( ξ, ξ^i ) e^{iℏ S+i ∫ (gaJ a+P a Wa)} ,

being I a normalization constant and C (ξ, ξ^i ) an arbitrary functional on the Lagrangian multipliers, allowed by the theory; we remark that the integration over such multipliers is required by the Z independence on them (the T-products calculated by Z are observable of the theory and, therefore, can not depend on Lagrangian multipliers), and it is possible in view of the linearity, characterizing the whole system of equation I)-VIII). The implementation of the primary constraints IX)-X), via the above algorithm, would imply the Z independence on W_N and W_N i , which would lead again to the Wheeler- DeWitt dynamics; however, our aim is to investigate the quantum dynamics resulting from different implementation of this primary constraints. As we shall see in the next section, the role played here by equations IX)-X), in the quantum sector, is resumed by the form of the functional C (ξ, ξ^i ). (In fact, the existence of this arbitrariness in the theory is a direct consequence of disregarding the primary constraints).

6 The Gupta-Bleuler approach.

We have ended the previous section, saying the form we choose for the functional C(ξ, ξ^i) reflects the way by which we perform the implementation of the primary constraints in the quantum theory.

We start by observing how the frozen formalism requirement, that the operators ^P_N and ^P_N i annihilate the Schörodinger wave functional, is equivalent, in the Heisenberg approach, to have vanishing T-products of these operators;

indeed, the vanishing behavior of T-products, of any number of points, implies that the generating functional does not depend on the currents W_N and W_N i , i.e. −i δZ δW_N = 0 ,

−i δZ δW_N i = 0 .

Below, we show that the quantum implementation of the primary constraints is summarized by the functional form taken by C(ξ, ξ^i ), and, therefore, this quantity is the fundamental degree of freedom, in our approach. We start by observing that the resulting generating functional Z (J, W ) = I ∫ D(g_a, P^a) δξ δξ^i C ( ξ, ξ^i )

e i ℏ S+ ∫ [ u^n_j J^j_n+p^j_n W^n_j +αJ_α +p_αW_α +N J_N +N^iJ_{N i} ] d^3x dt , contains integrals of the form ∫ δξ(⃗x, t) δξ^i(⃗x, t) K(ξ)K_i(ξ^i) e^{− iℏ ∫ d3 xdt ξ(⃗x,t)PN (⃗x,t)}e^{− iℏ ∫ d3xdt ξi(⃗x,t)PN i (⃗x,t)} , where we recasted the functional dependence on ξ and on ξ^i, by introducing the functionals K(ξ) and K_i(ξ^i), in place of C (ξ, ξ^i ). Then, we consider the following two different cases:

• As soon as we require the constance of the functionals K and K_⟩, the above integral become a delta-functional on the variable P_N and P_N i , apart from a normalization constant. Thus we get for Z Z (J, W ) = I ∫ D(g_a, P^a) δ (P_N ) δ(P_N i ) e^{iℏ S0 +i ∫ (gaJ a+P a Wa)} . (26) being

S_0 = ∫ d^3xdt [ p^j_i ∂_tu^i_j + p_α∂_tα + P_N ∂_tN + P_N i ∂_tN^i − NH − N^iH_i ] . Evaluating the delta-functionals, we obtain Z, calculated for the usual gravitational action S_{HE} , (15) ,corresponding to vanishing momenta P_N and P_N i , and to a stationary evolution for the field, in the Schrödinger formulation, i.e. Z (J, W ) = I ∫ D(g_a, P^a) e^{iℏ SHE +i ∫ (gaJ a+P a Wa)} . Because of the constance of K(ξ) as a consequence of the delta term, we also get the following result for the T-product function; below we treat separately the quantities ξ and ξ^i since they enter in an equivalent way in the problem: ⟨0| T ( ^P_N (x_1)... ^P_N (x_n) ) |0⟩ = 1 i^n δ^nZ (J, W ) δW_N (x_n)...δW_N(x_1) | | | |_{J=0} = I ∫ D(g_a, P^a) δ (P_N ) δ (P_N i ) P_N (x_1)...P_N (x_n) e^{iℏ S0} = 0 .

Obviously, the same arguments are valid for T-product functions containing P_N i , if we take K_i(ξ^i) as a constant.

We can conclude, that having a constant C-term is equivalent to implement the primary constraints in their strong form and, therefore, to restate the WDE dynamics [30], [31], [32].

• Now, we will see that a different choice for K(ξ) and K_i(ξ^i), in detail a Gaussian form, is equivalent to interpret the primary constraints in a relaxed way. We start again from the expression (26) and we perform a constraint weakening by applying the standard procedure of the generating functional approach [11]. More precisely, in order to weak the constraint associated to the momentum P_N , we turn the P_N -delta, centered on the null function, into a λ-centered one. Furthermore, we introduce a Gaussian weight in the λ-parameter function, the corresponding normalization associated to this term being included into the new constant I^′. We show this method only for P_N , but we can extend it to all the other constraints associated to P_N i . This scheme yields the following generating functional: Z (J, W ) = I^′ ∫ D(g_a, P^a) δ (P_N − λ) δ (P_N i ) e^{iℏ S0 +i ∫ (gaJ a+P aWa )} (∫ δλ e^{− 12σ ∫ d4xλ2(x)} ) . Rewriting delta-functionals as integrals, we get Z (J, W ) = I^′ ∫ D(g_a, P^a) δξ δξ^i e^{− iℏ ∫ d4x ξ (PN −λ)}e^{− iℏ ∫ d4x ξi PN i} e^{iℏ S0 +i ∫ (gaJ a +P aWa)} (∫ δλ e^{− 12σ ∫ d4 x λ2(x)} ) . Hence, we can identify the K(ξ) expression as: K(ξ) = ∫ δλ e^{∫ d4x iℏ ξ λ} e^{− 12σ λ2} ; by simple algebra, making the following substitution λ ≡ ( 1 √ 2σ λ + ξ i ℏ √ σ 2 )

and performing the λ-integral, which result to be independent on ξ, finally we get K(ξ) = A e ∫ d^4 x (−^σ_{2ℏ2} ) ξ^2 ,

being A a normalization constant.

From this formula, we can infer how, having a P_N -delta not centered in zero, so that P_N is not vanishing, leads to a Gaussian form for the functional K(ξ). In the limit in which the dispersion √ σ verge to zero, we obtain again the constance of K(ξ) and so the classic constraints. We can get the same result for K_i(ξ^i). As a consequence of this relaxation now we should get non-vanishing T-products of operators ^P_N and ^P_N i ; we can show this, starting from a generating functional obtained by assigning to K(ξ) and K_i(ξ^i) a Gaussian form, as above, i.e. { K(ξ) ∝ e^{− 1}2A^{∫ d4x ξ2(x)} K_i(ξ^i) ∝ e^−(^{12A 3} )^{Σi ∫ d4x (ξi(x))2} , where A ≡^{ℏ2}_σ .

Dealing again with ξ-component only, we have Z (J, W ) = ∫ D(g_a, P^a)δξ δξ^i K_i(ξ^i) ( e^{− 12A ∫ d3 x dtξ2(x)} ) e^{iℏ S+i ∫ (gaJ a+P a Wa)} , and, through this generating functional, we can write the T-products as T_{1...n} ≡ ⟨0| T ( ^P_N (x_1)... ^P_N (x_n) ) |0⟩ = I^′ ∫ D(g_a, P^a) δξδξ^i [ P_N (x_1)...P_N (x_n) ] e^{− 12A} (^{∫ d3 x dt ξ2(x)}) e^{iℏ S} . Because of ξ-term in the action, we can express every P_N as a functional derivative in ξ, acting on the action exponential, so that the functions T_{1...n} become T_{1...n} = I^′ A^n ∫ D(g_a, P^a) δξδξ^i [ ξ(x_1)...ξ(x_n) ] e^{− 12A} (^{∫ d3 x dt ξ2(x)})e^{iℏ S} ;

in this integral, we point out the ξ-term, i.e. E(P_N ) ≡ ∫ δξ e^{− iℏ} (^{∫ d3x dt ξ(x)PN (x)})e^{− 12A} (^{∫ d4 x ξ2 (x)}) [ ξ(x_1)...ξ(x_n) ] . If we turn it into

E(P_N ) = e^A2ℏ^{2 P 2N} ∫ δξ [ξ(x_1)...ξ(x_n)] e^{− 12A ∫ d3 x dt}(^{ξ+ iAℏ PN} )^2 , we can see that it is not vanishing, being a Gaussian integral not null-centered, though around an imaginary value.

As a consequence, the whole expression of the T-products T_{1...n} no longer vanish and this is the expected quantum relaxation of the primary constraints.

7 Evolutionary quantum gravity.

The next step, in our work, is to show the dynamical consequences, in the Schrödinger approach, of the generating functional resulting from the Gaussian choice for C(ξ, ξ^i ). In this representation, having non-vanishing T-products T_{1...n} of operators ^P_N and ^P_N i , corresponds to require the following condition on ψ: ^P_N ψ ≠ 0 , ^P_{N i} ψ ≠ 0 . As in the canonical formulation, we have ^P_N = −iℏ^δ_{δN} and ^P_N i = −iℏ^δ_{δN i} , so that now the wave functional ψ has to depend on the the slicing structure, that is on N and N^i. Moreover, via the Hamilton equations (extended to the operator form), the violation of the secondary constraints follows directly, i.e. ^Hψ ≠ 0 , ^H_iψ ≠ 0 , as well as the explicit breakdown of the quantum theory invariance, under 4-diffeomorphisms. To continue our analysis, we point out that:

• The dependence of ψ on the variables N and N^i can be seen as a dependence on the label time t. Reminding the definition of the deformation vector (12), we can refer to the lapse function and shift vector dependence, as to that one on y^μ, the field which fixes the splitting; thus, we can write the temporal derivative as ∂_tψ ≡ ∫ d^3x δψ δy^μ ∂_ty^μ. As we have seen, because of the relaxation, we get δψ δy^μ ≠ 0 =⇒ ∂_tψ ≠ 0

and so the ψ temporal dependence outcomes.

• In the Schrödinger representation, we can express the wave functional ψ as a path integral, which is also a transition amplitude between two states, i.e. the propagator [33], [34].

(For an extension of path integral approach to the General Relativity see also [35]). The metric configurations g_a, g_0 (corresponding to different times, t and t_0, and to associated hypersurfaces Σ^3 and Σ^3_0) characterize the final and the initial state for the transition.

In agreement to the analysis of the previous section, we assign the following path integral, which correspnds to the adopted scheme of constraints relaxation: ⟨ g_b, t | | | ga, t0 ⟩ = ∫ D(g_a, P^a) δξ δξ^i C(ξ, ξ^i) e^{iℏ S} , (27) where C(ξ, ξ^i) has to be thought Gaussian (indeed, the below analysis holds even for a non-Gaussian form of C, but it is constant) This integral does not contain boundary terms, because the hypersurfaces are compact and boundaryless.

We remind that g_a stands for the metric configuration, in the time t, given by the variables (u, α, N, N^i), as well as P^a stands for (p, P_α, P_N , P_N i ).

Starting from (27), we rewrite the corresponding gravitational action as S = ∫ d^3x P^aD(g_a) − ∫ ( H_0 + H_{(ξ,ξ}i_) ) dt Here, we have pointed out the term H_{ξ,ξ}i , having the form H_{(ξ,ξ} i_) ≡ ∫ d^3x ( ξP_N + ξ^iP_N i ) ; which is reabsorbed by the integration on ξ e ξ^i, as follows: ⟨ g_a, t | | | g0, t0 ⟩ = ∫ D(g_a, P^a) F(P_N , P_N i ) e^{iℏ S0} ;

F(P_N , P_N i ) is a functional depending on the momenta P_N and P_N i , resulting from the above integration.

Now, we can obtain the dynamical equation, taking iℏ∂_tψ = iℏ∂_t ⟨ g_a, t | | | g0, t0 ⟩ = ∫ D(g_a, P^a) F(P_N , P_N i ) (−∂_tS_0) e^{iℏ S0} = ∫ D(g_a, P^a) F(P_N , P_N i ) H (g_a, P^a) e^{iℏ S0} = ∫ D(g_a, P^a) F(P_N , P_N i ) : ^H : e^{iℏ S0} ,

where explicitly ψ ≡ ψ(g_a, t).

Above, in the last passage, we have changed the super-Hamiltonian and the supermomentum into operators, disregarding higher power in ℏ, as follows: H ( g_a, δS_0 δg_a ) e^{iℏ S0} = : ^H ( u, α, −iℏ δ δu , −iℏ δ δα ) : e^{iℏ :S0 :} ,

H_i ( g_a, δS_0 δg_a ) e^{iℏ S0} = : ^H_i ( u, α, −iℏ δ δu , −iℏ δ δα ) : e^{iℏ :S0 :} ,

where we used the Hamilton-Jacobi relation between variables and conjugate momenta P^a =^{δS0}_{δga} .

At the end, if we remark that the functional derivatives contained in : ^H : commute with F and with the integration measure, we get, in the limit of small ℏ, the Schrödinger equation for the gravitational quantum field

iℏ ∂_tψ = : ^H : ψ . (28)

In the derivation of this evolutionary approach to quantum gravity, we need not a specific form for C, but requiring it is not a constant functional. Indeed, it is possible to show that having a non-constant C corresponds to a non-vanishing vacuum expectation value of the momenta ^P_N and ^P_N i , i.e. ⟨0| P_N |0⟩ ≠ 0 and ⟨0| P_N i |0⟩ ≠ 0. This issue indicates that the existence of an evolutionary quantum gravity does not require that the primary constraints are violated in a strong form (i.e. all the T-products for ^P_N and ^P_N i vanish).

By other words, to get a Schrödinger dynamics, it is sufficient to break the primary constraints (and therefore the secondary ones too) only in terms of their expectation values (see also [36]).

8 Classical limit of the theory and the Eckart fluid.

In this section, we want to show how the dynamical equation (28), founded for the gravitational field through the relaxation, implies the presence of a particular fluid in the system, when taking the classical limit. Such a fluid results to have the Eckart fluid characteristics [37]. (For other approaches, which correlates the presence of a fluid in the dynamics to the appearance of a time in quantum gravity, see [38], [39], [40], [41] [4], [5], [6], [7], [8], [9], [10]).

Let us consider the following development for the wave functional ψ, over the super- Hamiltonian and super-momentum eigenfunctions ψ(u^n_j , α, N, N^i, t) = ∫ DωDk_i χ(ω, k_i) e^{− iℏ (t−t0) ∫ d3 x}[^{N ω+N iki}] ; (29) ω ≡ ω(⃗x) and k_i ≡ k_i(⃗x) are the eigenvalues functions, and χ(ω, k_i) = χ(u^a_b , α, ω, k_i) is the corresponding eigenfunctional, i.e. we get ^H χ(ω, k_i) = ω χ(ω, k_i) , (30) ^H_i χ(ω, k_i) = k_i χ(ω, k_i) . (31)

Now, we mean to take the classical limit of these eigenvalues problems, via a WKB approach, which provide us the following form for χ(ω, k_i), to be inserted into (30) and (31): χ(ω, k_i) = M e^{iℏ P} being M and P the modulus and the phase of χ, respectively.

In the limit ℏ −→ 0, the substitution result yields the gravitational Hamilton-Jacobi equation and its super-momentum equivalent, containing two additional terms, which correspond to the classical limit of ω and k_i i.e. ω and k_i respectively: H ( g_a, δP δg_a ) = ω , (32)

H_i ( g_a, δP δg_a ) = k_i . (33)

We recast this Hamilton-Jacobi system of equations into the Einstein one. Using well-known results [23], [25], it is possible to show that the following relations hold:

1. G_{μν} n^μn^ν = XT_{μν} n^μn^ν = −^H_2√_g = −^ω_2√_g

2. G_{μν} ∂_iy^μn^ν = XT_{μν} ∂_iy^μn^ν =^{Hi}_2√_g =^{ki}_2√_g

3. G_{μν} ∂_iy^μ ∂_j y^ν = XT_{μν} ∂_iy^μ ∂_j y^ν = 0 where X denotes the Einstein constant.

Taking into account these three relations, we arrive to construct the energy-momentum tensor, associated to the classical limit of the eigenvalues problems (32) and (33),

T_{μν} = ϵ n_μn_ν + 2s_{(μ}n_{ν)} ;

the identifications ϵ = −ω 2X √ g ,

s_μ = − k^i 2X √ g ∂_iy^ρ h_{ρμ} , take place.

In particular the above third relation assure us the tensor T_{μν} does not contain any pure spatial component.

The so founded energy-momentum tensor T_{μν} has the expression of that one associated to an Eckart fluid, as soon as we identify ϵ as the fluid energy density, n^μ as its 4-velocity and s_μ as its thermal conduction vector [37].

This fluid is co-moving with the spatial hypersurface and contains a time-like vector corresponding to its 4-velocity, so that its presence gives a physical meaning to the label time t, used in the splitting procedure. We can infer that, in quantum gravity, the existence of a time and the presence of such a fluid in the gravitational dynamics are both aspects of the same physical entity.

9 Concluding remarks.

The main issue of our analysis has to be regarded the construction of a phase-space generating functional, for an evolutionary quantum gravity. We have shown how the quantum implementation of the primary constraints can be controlled through the form taken by a free functional of the associated Lagrangian multipliers. When this functional is a constant one, the implementation of the constraints takes place in its strong form (the operators ^P_N and ^P_N i vanish identically), so that the standard Wheeler-DeWitt approach is reproduced. But, if we address Gaussian functional form on ξ and ξ^i, then, the resulting dynamics corresponds to the relaxation of the primary constraints, i.e. the T-products associated to ^P_N and ^P_N i are different from zero, for any number of points. The physical meaning of the time variable, we have introduced in taking the T-products (namely the label time), is recognized as soon as we extend the relaxation scheme of the primary constraints to the path-integral formulation of the Shrödinger picture. In fact, in this picture, it is enough to require that the free functional, on ξ and ξ^i, has a non-constant form, to get an evolutionary quantum dynamics, in the limit of small ℏ, as described by the Schrödinger equation. Having a non-constant functional ensures only that ⟨0| ^P_N |0⟩ ≠ 0 and ⟨0| ^P_N i |0⟩ ≠ 0, but it does not imply the vanishing behavior of any T-product function. We can infer that, in the limit of small ℏ, the appearance of a time in quantum gravity is associated to weaker relaxation of the primary constraints. Indeed, the physical meaning of the label time outcomes when taking the classical limit of the Schrödinger equation.

Summarizing, we started from the classical Hamiltonian dynamics and assumed the label time suitable for constructing T-products functions. The classical limit for the theory provided the appearance of an Eckart fluid within the Einstein equations, as required by the selfconsistence of the spacetime splitting and by the existence of a real time variable. Thus, we have shown that if we have a physical time in quantum level, it results into a reference fluid in the classical behavior.

References

[1] C.J. Isham (1992), available on /arxiv:/gr-qc/9201011. [2] T.P. Shestakova, C. Simeone (2004), available on arXiv:gr-qc/0409114v1 [3] K. Kuchař (1991), in A. Ashtekar & J. Stachel, eds, ‘Conceptual Problems of Quantum Gravity’, Birkhäuser, Boston, pp.141–171.

[4] S. Mercuri and G. Montani (2004), Int. Journ. Mod. Phys. D, 13, p.165. [5] S. Mercuri and G. Montani, Proceedings of the VIII Italian-Korean meeting (Pescara, 2003, Italy, to publish on “Il Nuovo Cimento”.

[6] S. Mercuri and G. Montani Proceeding of the X Marcel Grossmann meeting, Rio de Janeiro, Brazi, (July 20-26, 2003) [7] S. Mercuri and G. Montani (2004), Mod. Phys. Lett. A. [8] G. Montani (2003), Int. Journ. Mod. Phys. D, 12, N^∘ 8, p.1445. [9] G. Montani (2004), Int. Journ. Mod. Phys. D, 13, N^∘8, p.1703. [10] G. Montani (2002), Nucl. Phys. B, 634, p.370. [11] M. Testa, a.y. 2002/2003 Lectures notes.

[12] J.D. Bjorken and S.D. Drell, McGraw-Hill Book Company. [13] P. Ramond, revised edition John Wiley and Sons. [14] J. Zinn-Justin (1996), third edition by Clarendon Press. [15] C. Itzykson and J.B. Zuber (1980), MacGraw-Hill, New York [16] K. Kuchař (1981), in C. Isham, R. Penrose and D. Sciama, eds,

‘Quantum Gravity 2: A Second Oxford Symposium’, Clarendon Press, Oxford, pp.329–374.

[17] B.S. DeWitt (1967), Phys. Rev. 160, p.1113 [18] B.S. DeWitt (1967), Proc. VIII Marcel Grossmann meeting, Jerusalem (22-27 June, 1997) editing T. Prom, 6 [19] R. Arnowitt, S. Deser and C. Misner (1962) in L. Witten, ed., ‘Gravitation: An Introduction to Current Research’, Wiley, New York, pp.227–265.

[20] R. Arnowitt, S. Deser and C. Misner (1959), Phys. Rev. 116, pp.1322–1330. [21] R. Arnowitt, S. Deser and C. Misner (1960), Phys. Rev. 117, pp.1595–1602. [22] R. Arnowitt, S. Deser and C. Misner (1960), J. Math. Phys. 1, pp.434–439. [23] T. Thiemann (2001), available on gr-qc/0110034.

[24] C.W. Misner, K. Thorne and J.A. Wheeler (1973), Gravitation , (Freeman, San Francisco, Ch. 43, Ch 21.

[25] R.M. Wald (1984), The university of Chicago press.

[26] K. Kuchař (1973) in ‘Relativity, Astrophysics and Cosmology’, Reidel, Dordrecht, pp.237–288.

[27] E.W. Kolb and M.S. Turner (1990), (Adison-Wesley, Reading), p.447. [28] F.Mandl and G.Shaw, Quantum Field Theory, revised edition John Wiley and Sons. [29] C.W. Misner, K. (1969), Phys. Rev. 186, N^∘5, p.1319 [30] J. B. Hartle (1991), in Conceptual Problems of Quantum Gravity, edited by A.

Ashtekar and J. Stachel (Birkhauser, Boston).

[31] J. B. Hartle (1988), in Highlights in Gravitation and Cosmology, eds B. Iver et al., Cambrigde Univ. Press.

[32] J. B. Hartle and S. W. Hawking (1983), Phys. Rev. D, 28, p.2960. [33] R.P. Feynman and A.R. Hibbs (1965), MacGraw-Hill, New York. [34] J.J. Sakurai, Meccanica quantistica moderna, Zanichelli. [35] S.W. Hawking (1978), Phys. Rev. D, 18, p.1747. [36] H. Nikolić (2003) available on arXiv:gr-qc/0312063v1. [37] C. Eckart (1940) phys. rev., 74, p.328. [38] K. Kuchař (1992) Phys. Rev. D 45, pp.4443–4457.

[39] K. Kuchař (1992) in ‘Proceedings of the 4th Canadian Conference on General Relativity and Relativistic Astrophysics’, World Scientific, Singapore.

[40] K. Kuchař and C. Torre (1991), Phys. Rev. D 43, pp.419–44 [41] K. Kuchař and J.D. Brown (1995), Phys. Rev. D 51, p.5600