arXiv:gr-qc/0506041 v1 6 Jun 2005

Scalar potentials out of canonical quantum cosmology

W. Guzmán,^∗ M. Sabido,^† J. Socorro,^‡ and L. Arturo Ureña-López^§ Instituto de Física de la Universidad de Guanajuato, A.P. E-143, C.P. 37150, León, Guanajuato, México (Dated: June 6, 2005)

Using canonical quantization of a flat FRW cosmological model containing a real scalar field ϕ endowed with a scalar potential V (ϕ), we are able to obtain exact and semiclassical solutions of the so called Wheeler-DeWitt equation for a particular family of scalar potentials. Some features of the solutions and their classical limit are discussed.

PACS numbers: 04.20.Jb; 04.60.Ds; 98.80.Qc.

It is a common issue in Cosmology nowadays to make use of scalar fields ϕ as the responsible agents of some of the most intriguing aspects of our universe. Just to mention a few, we find scalar fields in inflaton (as seeds of the primordial perturbations for structure formation); in cold dark matter models of the formation of the actual cosmological structure, and also in dark energy models that intend to explain the current accelerated expansion of the universe [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17].

The key feature for such a flexibility of scalar fields (spin-0 bosons) is the freedom one has to propose a scalar potential V (ϕ), which encodes in itself the (non gravitational) self-interactions among the scalar particles. The literature on scalar potentials is enourmosly vast, and most of the recent papers are aimed to explain the SnIa results that suggest the existence of dark energy [1, 2, 3, 5, 12, 13, 14, 18].

Recently, scalar fields coupled to gravity (in a FRW background) have also appeared in connection to the so called string theory landscape [17, 19, 20, 21], where the scalar potential V (ϕ) is usually thought as having many valleys, which represent the different vacua solutions. The hope is that the statistics of these vacua could explain, for example, the smallness the cosmological constant (the simplest candidate for dark energy).

Scalar fields also appear in the study of tachyon dynamics. For instance, in the unstable D-brane scenario, the scalar potential in the tachyon effective action around the minimum of the potential is of the form V (ϕ) = e^{−αϕ/2}[22, 23]. Currently, there has been a lot of interest in the study of tachyon driven cosmology [24, 25].

On the other hand, scalar fields have also been used within the so called (canonical) Quantum Cosmology (QC) formalism, which deals with a very early quantum epoch of the cosmos. Again, scalar fields act as matter sources, and then play an important role in determining the evolution of such an early universe.

∗Electronic address: wguzman@fisica.ugto.mx †Electronic address: msabido@fisica.ugto.mx ‡Electronic address: socorro@fisica.ugto.mx §Electronic address: lurena@fisica.ugto.mx

QC means the quantization of minisuperspace models, in which the gravitational and matter variables have been reduced to a finite number of degrees of freedom. These models were extensively studied by means of Hamiltonian methods in the 1970s (for reviews see [26, 27]). It was first remarked by Kodama [28, 29], that solutions to the Wheeler-DeWitt equation (WDW) in the formulation of Arnowitt, Deser and Misner (ADM) are related to Ashtekar formalism (in the connection representation) by Ψ_{ADM} = Ψ_Ae^{±iΦA} , where Φ_A is the homogeneous specialization of the generating functional [30] of the canonical transformation from the ADM variables to Ashtekar’s. This function was calculated explicitly for the diagonal Bianchi type IX model by Kodama, who also found Ψ_A = constant as solution. Since Φ_A is purely imaginary, for a certain factor ordering, one expects a solution of the form Ψ = W e^{±Φ}.

Our aim in this paper is to determine which scalar potentials can arise as exact solutions to the WDW equation of QC, as well as which of them can be valid at the semiclassical level. For this we will use some of the ideas presented in the previous paragraphs to derive the WDW equation and find exact solutions to the quantum cosmological model. Though there are many solutions in principle, we will focus on those that may be relevant solutions for the early universe.

We begin by writing down the line element for a homogeneous and isotropic universe, the so called Friedmann- Robertson-Walker (FRW) metric, in the form

ds^2 = −N^2(t)dt^2 + a^2(t) [ dr^2 1 − kr^2 + r^2dΩ^2 ] , (1)

where a(t) is the scale factor, N (t) is the lapse function, and k is the curvature constant that takes the values 0, +1, −1, which correspond to a flat, a closed and an open universe, respectively. The effective action we are going to work on is [35]

S_{tot} = S_g + S_ϕ = ∫ dx^4 √ −g [ R − 2Λ − ϕ̇2 2 + V (ϕ) ] , (2) where ϕ is a scalar field endowed with a scalar potential V (ϕ), and Λ is a cosmological constant [36]. The

Lagrangian for a flat FRW cosmological model is L = 1 2 aȧ^2 N − 1 2 a^3ΛN − a^3 2 ϕ̇2 N + V (ϕ)a^3N , (3)

and then the canonical momenta are found to be

P_a = ∂L ∂ȧ = aȧ N , ȧ = N P_a a , (4a)

P_ϕ = ∂L ∂ϕ̇ = − a^3ϕ̇ N , ϕ̇ = − N P_ϕ a^3

. (4b)

We are now in position to write the corresponding Hamiltonian H = 1 2 P^2_a a − 1 2 P^2_ϕ a^3

− a^3V (ϕ, Λ) , (5)

where we have written V (ϕ, Λ) = 2V (ϕ) − Λ.

The WDW equation for this model is achieved by replacing P_qμ by −i∂_qμ in Eq. (5) with q^μ = (a, ϕ). We now perform the change of variable a = e^α[37]; hence the total Hamiltonian can be written as H = e^{−3α} 2 [ − ∂^2 ∂α^2 + ∂ ∂α + ∂^2 ∂ϕ^2 − e^{6α}V (ϕ, Λ) ] = 0 . (6) Following the suggestion by Hartle and Hawking [31] we do a semi-general factor ordering on e^{−3α} and P_α, and then −e^{−(3−q)α} ∂_αe^{−qα}∂_α = −e^{−3α} ∂^2_α + q e^{−3α}∂_α , (7) where q is any real constant. Under this factor ordering the WDW reads

□ Ψ + Q ∂Ψ ∂α − e^{6α}V (ϕ, Λ)Ψ = 0 , (8)

where Q = q + 1, Ψ is called the wave function of the universe, and □ ≡ −∂^2_α + ∂^2_ϕ is the two dimensional d’Alambertian operator.

Before going further, we would like to mention here the so called semiclassical limit of the WDW equation. This is achieved by taking Ψ = e^{−S} , and imposing the usual WKB conditions on S ( ∂S ∂α )_2 ≫ | | |∂^2S ∂α^2 | | | , ( ∂S ∂ϕ )_2 ≫ | | | ∂^2S ∂ϕ^2 | | | . (9) Hence, the WDW equation, under a particular factor ordering (Q = 0), becomes what is called the Einstein- Hamilton-Jacobi (EHJ) equation,

(∇S)^2 − U = 0 . (10)

This equation is also obtained if we introduce the following transformation on the canonical momenta P_qμ →^{∂S}_{∂qμ} in equation (6). In consequence, H = 0 is equivalent to the known Friedmann equation, and Eqs. (4) provide the classical solutions of the Einstein-Klein-Gordon equations.

Eq. (8) resembles the equation of a damped massive wave equation, where the mass term is provided by the scalar potential. Thus, it is interesting to note that, for a free scalar field (V (ϕ) = 0) and Q = 0, the wave function of the universe consists of two wave solutions traveling along the directions α ± ϕ, which are indeed the classical trajectories on the {α, ϕ} plane.

Taking the following ansatz for the wave function[32, 33] Ψ(α, ϕ) = W (α, ϕ)e^{−S(α,ϕ)} (11) where S(α, ϕ) is now termed as the superpotential function, Eq. (8) can be splitted into the EHJ equation (10) for S, and into the following equations W ( □ S + Q ∂S ∂α ) + 2∇ W · ∇ S = 0 , (12a) □ W + Q ∂W ∂α = 0 , (12b)

with ∇ W ·∇ S ≡ − (∂_αW ) (∂_αS)+(∂_ϕW ) (∂_ϕS), (∇)^2 ≡ − (∂_α)^2 + (∂_ϕ)^2, and U (ϕ, Λ) = e^{6α}V (ϕ, Λ).

In order to find solutions of the WDW equation, we will choose to solve Eqs. (10) and (12a), whose solutions will have to comply with Eq. (12b), which will be our constraint equation.

Let us start with Eq. (10), which is an equation for the superpotential function only. If S(α, ϕ) = (1/μ)e^{3α}g(ϕ), then Eq. (10) becomes an ordinary differential equation for g(ϕ) in terms of the scalar potential as ( dg dϕ )_2 − 9g^2 = μ^2V (ϕ, Λ) . (13)

This last equation has several exact solutions, which can be generated in the following way. Let us consider that V (ϕ, Λ) = g^2F (g), where F (g) is an arbitrary function of its argument. Thus, Eq. (13) can be written in quadratures as

Δϕ = ∫ d ln g √ 9 + μ^2F (g)

. (14)

From Eq. (14) we can solve for g as a function of ϕ, and then find the corresponding scalar potential that leads to an exact solution of the EHJ. Some solutions for the scalar potential are shown in Table I.

Next, we assume that W = e^{[u(α)+v(ϕ)]} in Eq. (12a); after a bit of algebra, we obtain

W = exp { k 2 [ α 3 + ∫ dϕ ∂_ϕ(ln g) ] + Q 2 α − μ^2 4 ∫ d[V (ϕ)] (∂_ϕg)^2 } , (15) where k is an arbitrary constant. One only needs to verify under which conditions solutions in Eqs. (13) and (15) comply with the constraint equation (12b), which takes

TABLE I: Some exact solutions of Eq. (14) and their corresponding scalar potentials. Here, V0 is an arbitrary constant, and n is any real number. F (g) V (ϕ, Λ) V0 V0 exp (−2BΔϕ) , B = √ 9 + μ^2V0 g^{−n} { (μ^2/9) [ cosh^2 (_{3n} 2 Δϕ ) − 1 ]}_{(2−n)/n} ln g ue^{2u} , u = (μΔϕ/2)^2 − (3/μ)^2 (ln g)^2 u^2 e^{2u} , u = (3/μ) sinh (μΔϕ)

the following form

∂^2_ϕv + (∂_ϕv)^2 − k^2 − 9Q^2 36 = 0 , (16a) ∂_ϕv = k 2 1 ∂_ϕ(ln g) − μ^2 4 ∂_ϕ [V (ϕ)] (∂_ϕg)^2

. (16b)

It is clear that the constraint equation is not easy to satisfy; but it can be done approximately as we shall show below.

For completeness, the classical solutions of the EHJ equation arising from Eq. (13) are given by α 3 + ∫ dϕ ∂_ϕ(ln g)

= const. , (17a) −μ ∫ dϕ ∂_ϕg = Δt . (17b)

We will now focus our attention on the two simplest cases shown in Table I. For F (g) = V_0, for which the scalar potential is of the exponential form, the exact solution of the WDW equation reads

Ψ = exp [ k 2 ( α 3 − ϕ B ) + Q 2 α + μ^2V_0 2B ϕ − 1 μ e^{3α−Bϕ} ] , (18a) k = −3 [ 3 ± B √ 1 + Q^2/(μ^2V_0) ] , (18b)

where the last equation is the solution to the constraint (12b).

One needs a not increasing wave function in order to recover classical solutions at late times. Therefore, the wave function should be well behaved for |α| → ∞ for fixed ϕ. These two conditions are accomplished if k > 0; which in turn implies that μ^2V_0 > 0. Such a wave function is shown in Fig. 1, where we see that it is different from zero only in a certain region of the α, ϕ plane. Moreover, the wave function has a very well definite boundary line, and this would tell us that the region for which ϕ < (3/B)α would not be allowed for the evolution of the universe.

It is interesting to note that the scalar potential of the form V ∼ e^{−2Bϕ}, where B is an arbitrary parameter, is one of the most studied in the literature, for basic literature see [1, 2, 3, 4, 12, 13, 22, 34] and references therein. Such an exponential potential, in a scalar field dominated universe, is inflationary if 2B < √ 2 [2, 3, 34].

FIG. 1: Exact wave function (18a) for the exponential potential shown in Table I with μ^2V0 = 1 and Q = 0. For this case, k > 0 and then the wave function is different from zero only in a certain region of the α, ϕ plane. We notice a sharp decay of the wave function in the region 3α − Bϕ > 0 due to exponential behavior of the superpotential function S in Eq. (18a).

This regime is reached if −18 < 2μ^2V_0 < −17; hence μ is a purely imaginary number and B < 3. Unfortunately, we cannot have a well behaved wave function even in the case of Q ≠ 0.

The other interesting case we are to take into account is F (g) = 1/g, for which functions S and W read S = μ 9 e^{3α} sinh^2(3ϕ/2) , (19a)

W = e^{Qα/2} [cosh (3ϕ/2) e^α]^{k/6} |tanh (3ϕ/2)|^{−1} .(19b)

Strictly speaking, taking k = const. does not satisfy Eq. (16b). However, it can be shown that the latter can be approximately satisfied if we are far from the line ϕ = 0 and |k| ≪ 1.

The wave function corresponding to Eqs. (19) is shown in Fig. 2. Notice that the wave function diverges near the line ϕ = 0, where solution (19) is not valid; but the wave function is still constrained by two well definite boundary lines. These lines arise from the superpotential function (19a), and represent the confinement of the wave function due to the scalar field potential.

It is interesting to note that the wave function only goes up to α = 0. The reason for this can be understood in terms of the classical solution: the universe reaches the origin of coordinates in an infinite cosmic time t, see Eq. (17b). Although the scalar potential has a minimum at ϕ = 0, the classical solution does not show any oscillatory behavior around such a minimum.

We have seen how using canonical quantization for cosmological models gives an equation whose solutions fix the form of the potential, and then a family of potentials that are valid at the semiclassical level was found. We believe that this method could be applied to other different models (tachyon cosmology for instance) to find the

FIG. 2: Semiclassical wave function for a sinh scalar potential, which is the second solution shown in Table I. Here, k = 0.5, μ = 1 and Q = 0. Note that the wave function is limited by two well-definite boundary lines; it vanishes in the region in which S > 1. However, there is a divergence in the line ϕ = 0, in which solution (19) does not comply with the constraint equation (12b), see text for details.

form of the potential, or as a toy model for the string theory landscape.

Acknowledgments

This work was partially supported by CONA- CYT grant 42748, CONCYTEG 05-16-K117-032, and PROMEP grant UGTO-CA-3

[1] B. Ratra and P. J. E. Peebles, Phys. Rev. D37, 3406 (1988).

[2] L. P. Chimento and A. S. Jakubi, Int. J. Mod. Phys. D5, 71 (1996), gr-qc/9506015.

[3] E. J. Copeland, A. R. Liddle, and D. Wands, Phys. Rev.

D57, 4686 (1998), gr-qc/9711068.

[4] D. Lyth and A. Liddle, Cosmological Inflation and Large Scale Structure (Cambridge University Press, 2000).

[5] V. Sahni and L. Wang, Phys. Rev. D 62, 103517 (2000). [6] T. Matos and L. A. Ureña-López, Class. Quantum Grav.

17, L75 (2000), astro-ph/0004332.

[7] T. Matos and L. A. Ureña-López, Phys. Rev. D 63, 063506 (2001), astro-ph/0006024.

[8] A. Arbey, J. Lesgourgues, and P. Salati, Phys. Rev. D64, 123528 (2001), astro-ph/0105564.

[9] J. Lidsey, T. Matos, and L. A. Ureña-López, Phys. Rev.

D 66, 023514 (2002), astro-ph/0111292.

[10] L. G. Cabral-Rosetti, T. Matos, D. Núñez, and R. Sussman, Class. Quantum Grav. 19, 3603 (2002), grqc/0112044.

[11] M. Alcubierre, F. S. Guzmán, T. Matos, D. Núñez, L. A. Ureña-López, and P. Wiederhold, Class. Quantum Grav. 19, 5017 (2002), gr-qc/0110102.

[12] P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003), astro-ph/0207347.

[13] U. Alam, V. Sahni, and A. A. Starobinsky, JCAP 0406, 008 (2004), astro-ph/0403687.

[14] V. Sahni (2004), astro-ph/0403324.

[15] R. Maartens (2002), prepared for 10th Greek Relativity Meeting on New Developments in Gravity (NEB X), Chalkidiki, Greece, 30 May - 2 Jun 2002.

[16] K. Dimopoulos, G. Lazarides, D. Lyth, and R. Ruiz de Austri, Phys. Rev. D68, 123515 (2003), hep-ph/0308015.

[17] M. Tegmark, JCAP 0504, 001 (2005), astro-ph/0410281. [18] L. A. Urena-Lopez and T. Matos, Phys. Rev. D62,

081302 (2000), astro-ph/0003364.

[19] A. Kobakhidze and L. Mersini-Houghton (2004), hepth/0410213.

[20] M. R. Douglas, JHEP 0305, 046 (2003), hep-th/0303194. [21] L. Susskind (2003), hep-th/0302219.

[22] A. Sen, Mod. Phys. Lett. A 17, 1797 (2002), hepth/0204143.

[23] A. Sen, Mod. Phys. Lett. A 18, 4869 (2003), hepth/0209122.

[24] V. Gorini, A. Y. Kamenshchik, U. Moschella, and V. Pasquier, Phys. Rev. D 69, 123512 (2004), hepth/0311111.

[25] H. Garcia-Compean, G. Garcia-Jimenez, O. Obregon, and C. Ramirez, Phys. Rev. D 71, 063517 (2005).

[26] M. Ryan, Hamiltonian Cosmology (Springer, Berlin, 1972).

[27] M. MacCallum, in General Relativity: An Einstein Centenary Survey, edited by S. Hawking and W. Israel (Cambridge University Press, Cambridge, England, 1979).

[28] H. Kodama, Prog. Theo. Phys. 80, 1024 (1988). [29] H. Kodama, Phys. Rev. D 42, 2548 (1990). [30] A. Ashtekar, Phys. Rev. Lett. 57, 2244 (1986). [31] J. Hartle and S. Hawking, Phys. Rev. D 28, 2960 (1983). [32] V. Moncrief and M. Ryan, PRD 44, 2375 (1991). [33] O. Obregón and J. Socorro, Int. J. Theor. Phys. 35, 1381 (1996).

[34] A. Collinucci, M. Nielsen, and T. V. Riet, Class. Quantum Grav. 22, 1269 (2005), hep-th/0407047.

[35] This action appears in connection to the string theory landscape, see for example[19, 24].

[36] We are taking units such that c = (8πG/3) = ℏ = 1. [37] Usually, α is called the number of e-foldings, and then α̇ = H, where H is called the Hubble parameter.