arXiv:gr-qc/0506057 v2 13 Jun 2005

BRX-TH-566

Conserved Charges of Higher D Kerr–AdS Spacetimes

S. Deser,^a Inanc Kanik^b and Bayram Tekin^b

aDepartment of Physics, Brandeis University, Waltham, MA 02454, USA

deser@brandeis.edu

bPhysics Department, Middle East Technical University, 06531 Ankara, Turkey

btekin@metu.edu.tr

Abstract

We compute the energy and angular momenta of recent D-dimensional Kerr-AdS solutions to cosmological Einstein gravity, as well as of the BTZ metric, using our invariant charge definitions.

1 Introduction

Rotating solutions of cosmological Einstein gravity in D dimensions, R_{μν} = (D − 1) Λ g_{μν} , have been constructed recently [1, 2], extending earlier Λ = 0 solutions of [3], themselves generalizations of the well-known D=4 metrics of [4] and [5], and of [6] in D=5. These geometries provide a useful application of our recent generalized “conserved charge” definitions, which are also extensions – of the original ADM [7], and AD [8] charges – to cover wider classes of actions [9, 11]: We will compute the energy and angular momenta of these new solutions, as well as of the D = 3 BTZ metric as calculated within topologically massive gravity.

Gravity theories have been historically endowed with a variety of seemingly different charge definitions, with different degrees of applicability and coordinate invariance. This topic has also seen much very recent activity, for example [12]. A summary and comparison of some of them is given in [13] which also includes a computation of the charges for Kerr- AdS black holes, using thermodynamic arguments; see also [14, 15]. Our results will agree with those, but we emphasize that in a general context, certain coincidences between charge definitions are suspect: For example, the frequently invoked “Komar” charges, are in general not applicable, being highly gauge-dependent [16].

2 Mass and Angular Momenta of Kerr-AdS

Let us briefly recapitulate the formulations of [8, 9]. The field equations of any metric model coupled to a (necessarily covariantly conserved) matter source τ_{μν} are δI δg_{μν} ≡ Φ_{μν} (g, R, ∇R, ..) = κτ_{μν} , (1) where Φ_{μν} is an identically conserved tensor that can depend on curvatures and their derivatives. Decompose the metric into the sum of a background “vacuum”, ḡ_{μν} (which solves (1) for τ_{μν} = 0), plus a deviation h_{μν} , not necessarily small, that vanishes sufficiently rapidly far from the matter source: g_{μν} = ḡ_{μν} + h_{μν} . The field equations can be divided into a part linear in h_{μν} plus a non-linear remainder, which (with τ_{μν} ) constitutes the total 2 source T_{μν} . If the background ḡ_{μν} admits Killing vectors ξ̄_μ, obeying ¯∇_μξ̄_ν + ¯∇_νξ̄_μ = 0, then, up to normalization factors (which we shall fix later), the conserved Killing charges are Q^μ(ξ̄) = ∫ M d^{D−1}x √ −ḡT^{μν}ξ̄_ν = ∫ Σ dS_iF^{μi}. (2) Here Σ is a D − 2 dimensional space-like asymptotic hypersurface of the space M and F^{μi} is an anti-symmetric tensor, whose explicit form is model-dependent. For Einstein’s theory with a cosmological constant,

Q^μ = 1 4Ω_{D−2}G_D ∫ Σ dS_i { ξ̄_ν ¯∇^μh^{iν} − ξ̄_ν ¯∇^ih^{μν} + ξ̄^μ ¯∇^ih − ξ̄^i ¯∇^μh +h^{μν} ¯∇^iξ̄_ν − h^{iν} ¯∇^μξ̄_ν + ξ̄^i ¯∇_ν h^{μν} − ξ̄^μ ¯∇_ν h^{iν} + h ¯∇^μξ̄^i } , (3)

where i takes values in 1, 2, ...D−2 and the charge is normalized as shown, by dividing with the D-dimensional Newton’s constant and the solid angle. These charges are background gauge invariant under the diffeomorphisms δ_ζ h_{μν} = ¯∇_μζ_ν + ¯∇_ν ζ_μ: δ_ζQ^μ = 0.

Let us now calculate the conserved charges of the metrics [1] for D > 3. [We shall treat the special D = 3 case at the end]. They have the Kerr-Schild form [17, 18]

ds^2 = ds̄^2 + 2M U (k_μ dx^μ)^2 , (4)

in terms of the de Sitter metric

ds̄^2 = −W (1 − Λ r^2) dt^2 + F dr^2 + N +ϵ∑

i=1 r^2 + a^2_i 1 + Λ a^2_i dμ^2_i + N∑ i=1 r^2 + a^2_i 1 + Λ a^2_i μ^2_i dϕ^2_i

+ Λ W (1 − Λ r^2) (^{N +ϵ}∑ i=1 (r^2 + a^2_i ) μ_i dμ_i 1 + Λ a^2_i

)_2 . (5)

Here ϵ = 0/1 for odd/even, dimensions and D = 2N + 1 + ϵ. The null 1-form reads k_μ dx^μ = F dr + W dt − N∑ i=1 a_i μ^2_i 1 + Λ a^2_i dϕ_i , (6)

with U ≡ r^ϵ N +ϵ∑

i=1 μ^2_i r^2 + a^2_i N∏ j=1 (r^2 + a^2_j ), W ≡ N +ϵ∑

i=1 μ^2_i 1 + Λ a^2_i , F ≡ 1 1 − Λ r^2 N +ϵ∑

i=1 r^2 μ^2_i r^2 + a^2_i

. (7) 3

To find the energy and angular momenta corresponding to (4), we must compute the charges Q^0 for the corresponding Killing vectors: for the energy we shall take ξ̄^μ = (−1,⃗0) and each angular momentum has the appropriate unit entry (0, . . . 1_i . . . 0). Then

Q^0 = 1 4Ω_{D−2}G_D ∫ Σ dS_r { g_{00} ¯∇^0h^{r0} + g_{00} ¯∇^rh^{00} + h^{0ν} ¯∇^rξ̄_ν − h^{rν} ¯∇^0ξ̄_ν + ¯∇_ν h^{rν} } . (8)

Using the energy Killing vector, we obtain^1

E_D = 1 4Ω_{D−2}G_D ∫ Σ dS_r { g_{00}g^{rr}∂_rh^{00} + 1 2 h^{00}g^{rr}∂_rg_{00} − m U g^{00}∂_rg_{00} + 2m∂_rU^{−1} + 2m U g^{rr}∂_rg_{rr} − m U g^{rr}k^ik^j ∂_rg_{ij} + m U g^{ij} ∂_rg_{ij} } . (9)

To compute E_D, one needs the large r behavior of the integrand I of (9); since

g_{00} → W Λr^2, F → −1 Λr^2 , U → r^{D−3}, k^ϕ →^{aϕ}_{r2} , (10) then I = 2m r^{D−2} [(D − 1)W − 1] . (11)

For completeness, let us also note how the determinant is calculated,

detg = −W (1 − Λr^2)F N∏ i=1 (r^2 + a^2_i )μ^2_i 1 + Λa^2_i detM . (12)

Here M is the matrix representing the coefficients of the form dμ_idμ_j in the metric, which can be expressed as (no repeated index summation),

M_{ij} = A_iδ_{ij} + B_iB_j + C_iC_j (13)

where

A_i =

(r^2 + a^2_i ) 1 + Λa^2_i

, B_i = √ (r^2 + a^2_{N +ϵ}) 1 + Λa^2_{N +ϵ} μ_i μ_n C_i = √ Λ W (1 − Λr^2) ( (r^2 + a^2_i ) 1 + Λa^2_i − (r^2 + a^2_{N +ϵ}) 1 + Λa^2_{N +ϵ}

)μ_i . (14)

1We are assuming that the background spacetime is AdS rather than dS, whose cosmological horizon causes complications. Some of these issues were addressed in [8, 9]. For details of acceptable asymptotic falloff to (A)dS in various dimensions, we refer to [10]. 4

Then we have

detM = N +ϵ−1∏

i=1 A_i N +ϵ−1∑

i=1 { B2_i A_i + C^2_i A_i + N +ϵ−1∑

j≠i B^2_i C^2_i A_iA_j − N +ϵ−1∑

j≠i B_iB_j C_j C_i A_iA_j } . (15)

Inserting (14) in the above equation, one gets

detM = 1 W μ^2_{N +ϵ} N∏ i=1 1 1 + Λa^2_i

. (16)

Using equations (16,12,11) the energy of the D dimensional rotating black hole becomes

E_D = m Ξ D−1−ϵ 2∑ i=1 { 1 Ξ_i

− (1 − ϵ)( 1 2 ) } . (17)

where

Ξ ≡ D−1−ϵ 2∏ i=1 (1 + Λa^2_i ), Ξ_i ≡ 1 + Λa^2_i . (18)

This expression reduces to the standard limits a_i → 0 and Λ → 0, and agrees (up to a constant factor) with those of [13, 14].

The computation of angular momenta follows along similar lines. Consider a given,

say that ith (which we call the ϕ) component, i.e., the Killing vector ξ^μ_{(i)} = (0, ..., 0, 1_i, 0, ..). Then the corresponding Killing charge becomes

Q^0 = 1 4Ω_{D−2}G_D ∫ Σ dS_r { g_{ϕϕ} ¯∇^0h^{rϕ} − g_{ϕϕ} ¯∇^rh^{0ϕ} + h^{0ν} ¯∇^rξ̄_ν − h^{rν} ¯∇^0ξ̄_ν }

= 1 4Ω_{D−2}G_D ∫ Σ dS_r { − g_{ϕϕ}g^{rr}g^{00}∂_rh^ϕ_0 } . (19)

Once again the integrand can be calculated to be I = (D − 1)2ma_iμ^2_i r^{D−2}(1 + Λa^2_i )

. (20)

Putting the pieces together, the angular momentum is

J_i = ma_i ΞΞ_i

. (21)

This expression again agrees with [13, 14]. Note that, unlike in the energy expression, ϵ does not appear here since even dimensional spaces have as many independent 2-planes as the odd dimensional spaces with one lower dimension.^2

Having computed the desired conserved charges (17,21) for Kerr-AdS spacetimes in D > 3, let us briefly turn our attention to the D = 3 BTZ black hole [19]. This solution has long been studied but we recompute the charges with our method for the sake of completeness. The BTZ black hole differs from its higher dimensional counterparts in one very important aspect: for it, AdS is not the correct-vacuum-background [19]. The full metric is

ds^2 = (M − Λr^2)dt^2 + dr^2 −M + Λr^2 +^{a2}_{4r2}

− adt dϕ + r^2dϕ^2 , (22)

The background metric corresponds to M = 0 and AdS corresponds to M = −1. Only AdS with J = 0 is allowed for M < 0: the others have naked singularities. So we consider M > 0 and compute the charges following our calculations above (about the M = 0 background.) We get the usual answers

E = M , J = a . (23)

BTZ black holes also solve the more general topologically massive gravity equations, where the Einstein term is augmented by the Cotton tensor [20],

G_{μν} + Λg_{μν} + 1 μ C_{μν} = κτ_{μν} . (24)

Conserved charges in this model were obtained in [21], in terms of those of the Einstein model Q^μ_E,

Q^μ(ξ̄) = Q^μ_E(ξ̄) + 1 2μ ∮ dS_i { ϵ^{μiβ}G^L_{νβ}ξ̄^ν + ϵ^{νi}_β G_L^{μβ}ξ̄_ν + ϵ^{μνβ} G^{L i}_βξ̄_ν } (25) + 1 2μ Q^μ_E (ϵ ¯∇ξ̄) , 2For even dimensions, there is a nice relation between the energy and the angular momentum E = ∑ i J_i a_i .

where Q^μ_E(ϵ ¯∇ξ̄) is the Einstein form but ξ̄ is replaced with its curl. Once the contributions of the Cotton parts are computed the mass and the angular momentum of the BTZ black hole reads: E = M − Λa μ , J = a − M μ , (26)

a shift in values that may be compared with those for gravitational anyons [22], (linearized) solutions of TMG but not of pure D=3 Einstein.

3 Mass and Angular Momenta in Higher Curvature Models

We turn now to a slightly more formal exercise, which is to indicate the stability of our generic charge definition framework as it applies to a wider range of models, specifically higher derivative gravities. While Kerr-like solutions to R + R^2 gravity models have yet to be discovered, it is not unlikely that they would approach the Einstein ones asymptotically. In that case, we could compute their conserved charges-defined as integrals at infinity, using the definitions for generic quadratic models [9]. Let us stick to the quadratic models of the form^3 I = ∫ d^D x √ −g { R 2κ + 2Λ_0 + αR^2 + βR^2_{μν} + γ(R^2_{μνρσ} − 4R^2_{μν} + R^2) } . (27)

This model allows constant curvature spacetimes with an effective cosmological constant given as

Λ = − 1 4f(α, β, γ_)κ { 1 ± √ 1 + 8κf(α, β, γ)Λ_0 } for f(α, β, γ) ≠ 0 , (28)

where f(α, β, γ) = (D − 4) (D − 2)^2

(Dα + β) + γ(D − 4)(D − 3) (D − 2)(D − 1)

. (29)

3Note that we changed normalization of the cosmological constant compared to the previous section.

When the bare cosmological constant vanishes (Λ_0 = 0 ), (A)dS spaces are still allowed and one has the + sign branch in (28). Conserved charges in this model, which we quote below, were defined in [9]

Q^μ(ξ̄) = { 1 κ + 4ΛDα D − 2 + 4Λβ D − 1 + 4Λγ(D − 4)(D − 3) (D − 2)(D − 1) } ∫ d^{D−1} x √ −ḡξ̄_ν G^{μν}_L +(2α + β) ∫ dS_i √ −g { ξ̄^μ ¯∇^iR_L + R_L ¯∇^μ ξ̄^i − ξ̄^i ¯∇^μR_L }

+β ∫ dS_i √ −g { ξ̄_ν ¯∇^iG^{μν}_L − ξ̄_ν ¯∇^μG^{iν}_L − G^{μν}_L ¯∇^iξ̄_ν + G^{iν}_L ¯∇^μξ̄_ν } . (30)

where G^{μν}_L and R_L are the linear parts of the Einstein tensor and the scalar curvature, respectively. The second and the third line vanish for Einstein spaces. The first line, on the other hand is just a factor times the cosmological Einstein theory’s charges (3). Therefore for asymptotic Kerr-AdS solutions, their conserved charges are given by the first term in (30), under the condition (28). Let us specifically consider the popular Einstein– Gauss–Bonnet theory, α = β = 0. Also, implementing the condition (28) (with the + sign) we have,

Q^μ = − √ 1 + 8κf(γ, 0, 0)Λ_0 1 κ ∫ d^{D−1} x √ −ḡξ̄_ν G^{μν}_L . (31)

Although the energy seems to have the wrong sign, this is a red herring: As shown in [23], for the non-rotating case the exact metric reads

ds^2 = g_{00}dt^2 + g_{rr}dr^2 + r^2dΩ_{D−2} (32)

−g_{00} = g^{−1}_{rr} = 1 + r^2 4κγ(D−3)(D−4) { 1 ± { 1 + 32γκ(D−3)(D−4) m (D−2)r^{D−1} } 1_2 } , (33)

whose asymptotic forms branch into Schwarzschild and Schwarschild-de-Sitter respectively,

−g_{00} = 1 − r_0 r^{D−3} , −g_{00} = 1 + 4m (D − 2) r^{D−3} + r^2 γ(D − 3)(D − 4) . (34)

We see that SdS branch comes with the “wrong” sign compared to the usual Schwarzschild one. Therefore, the minus sign in the energy becomes positive once G^{μν}_L is explicitly computed. We conclude that the conserved charges in the Einstein–Gauss–Bonnet theory for 8 such asymptotic solutions would be simply proportional to those of (17, 21) cosmological gravity:

EGB = √ 1 + 8κf(γ, 0, 0)Λ_0 E_D J_i(GB) = √ 1 + 8κf(γ, 0, 0)Λ_0 J_i, (35)

It is important to note that if the coefficient √ 1 + 8κf(γ, 0, 0)Λ_0 does not vanish, then one can simply rescale the Killing charges to get the Einstein charges (17, 21).

4 Conclusions

Using the charge definitions via background Killing charges of [8, 9] we have computed the mass and angular momenta of the rotating Kerr-AdS black holes for D dimensions for cosmological Einstein gravity. As a test of stability, we checked that the corresponding charge definitions for higher order would lead to the same values for asymptotically similar geometries up to the indicated constant rescaling.

5 Acknowledgments

The work of S.D. is supported by NSF grant PHY 04-01667; that of B.T. by the “Young Investigator Fellowship” of Turkish Academy of Sciences (TUBA) and by a TUBITAK Kariyer Grant. B.T. thanks Özgür Sarıoğlu for a fruitful discussion on TMG.

References

[1] G. W. Gibbons, H. Lu, D. N. Page and C. N. Pope, “The general Kerr-de Sitter metrics in all dimensions,” J. Geom. Phys. 53, 49 (2005).

[2] G. W. Gibbons, H. Lu, D. N. Page and C. N. Pope, “Rotating black holes in higher dimensions with a cosmological constant,” Phys. Rev. Lett. 93, 171102 (2004).

[3] R. C. Myers and M. J. Perry, “Black Holes In Higher Dimensional Space-Times,” Annals Phys. 172, 304 (1986).

[4] B. Carter,“Hamilton-Jacobi And Schrodinger Separable Solutions Of Einstein’s Equations,” Commun. Math. Phys. 10, 280 (1968).

[5] R. P. Kerr, “Gravitational Field Of A Spinning Mass As An Example Of Algebraically Special Metrics,” Phys. Rev. Lett. 11, 237 (1963).

[6] S. W. Hawking, C. J. Hunter and M. M. Taylor-Robinson, “Rotation and the AdS/CFT correspondence,” Phys. Rev. D 59, 064005 (1999).

[7] R. Arnowitt, S. Deser and C. Misner, Phys. Rev. 116, 1322 (1959); 117, 1595 (1960);

in Gravitation: an introduction to current research, ed. L. Witten (Wiley, New York, 1962); gr-qc/0405109.

[8] L. F. Abbott and S. Deser, “Stability Of Gravity With A Cosmological Constant,” Nucl. Phys. B 195, 76 (1982).

[9] S. Deser and B. Tekin, “Energy in generic higher curvature gravity theories,” Phys.

Rev. D 67, 084009 (2003).

[10] M. Henneaux and C. Teitelboim, “Asymptotically Anti-De Sitter Spaces,” Commun.

Math. Phys. 98, 391 (1985); M. Henneaux, “Asymptotically Anti-De Sitter Universes In D = 3, 4 And Higher Dimensions,” Rome 1985, Proceedings, General Relativity, Pt. B., 959-966; J. D. Brown and M. Henneaux, “Central Charges In The Canonical Realization Of Asymptotic Symmetries: An Example From Three-Dimensional Gravity,” Commun. Math. Phys. 104, 207 (1986).

[11] S. Deser and B. Tekin, “Gravitational energy in quadratic curvature gravities,” Phys.

Rev. Lett. 89, 101101 (2002).

[12] A. N. Petrov,“A note on the Deser-Tekin charges,” gr-qc/0504058.

[13] G. W. Gibbons, M. J. Perry and C. N. Pope, “The first law of thermodynamics for Kerr–anti-de Sitter black holes,” arXiv:hep-th/0408217. A relevant discussion of first law in D=4 is given in M. M. Caldarelli, G. Cognola and D. Klemm, “Thermodynamics 10 of Kerr-Newman-AdS black holes and conformal field theories,” Class. Quant. Grav. 17, 399 (2000).

[14] N. Deruelle and J. Katz, “On the mass of a Kerr–anti-de Sitter spacetime in D dimensions,” Class. Quant. Grav. 22, 421 (2005).

[15] J. Katz, J. Bicak and D. Lynden-Bell, “Relativistic conservation laws and integral constraints for large cosmological perturbations,” Phys. Rev. D 55, 5957 (1997).

[16] C. W. Misner, “Gravitational field energy and g_{00}” Phys. Rev. 130, 1590 (1963). [17] R. P. Kerr and A. Schild, “Some algebraically degenerate solutions of Einstein’s gravitattional field equations,” Proc. Symp. Appl. Math. 17, 199 (1965).

[18] M. Gurses and F. Gursey “ Lorentz invariant treatment of Kerr-Schild geometry,” J.

Math. Phys. 16, 2385 (1975).

[19] M. Banados, C. Teitelboim and J. Zanelli, “The black hole in three-dimensional spacetime,” Phys. Rev. Lett. 69, 1849 (1992).

[20] S. Deser, R. Jackiw and S. Templeton, “Topologically Massive Gauge Theories,” Annals Phys. 140, 372 (1982); “Three-Dimensional Massive Gauge Theories,” Phys. Rev. Lett. 48, 975 (1982).

[21] S. Deser and B. Tekin, “Energy in topologically massive gravity,” Class. Quant. Grav.

20, L259 (2003).

[22] S. Deser, “Gravitational Anyons,” Phys. Rev. Lett. 64, 611 (1990). [23] D. G. Boulware and S. Deser, “String Generated Gravity Models,” Phys. Rev. Lett.

55, 2656 (1985).