arXiv:gr-qc/0506062 v2 4 Aug 2005

Exact Solutions of the Photon Equation in Anisotropic Spacetimes‡

Ali Havare^1, Murat Korunur^2§

Physics Department, Faculty of Art and Science, Mersin University Ciftlikkoy-33343, Mersin, Turkey E-mail:^1alihavare@mesin.edu.tr,^2mkorunur@mersin.edu.tr

Oktay Aydogdu^3, Mustafa Saltı^4

Physics Department, Faculty of Art and Science, Middle East Technical University 06531, Ankara, Turkey‖ E-mail:^3oktay231@yahoo.com,^4musts6@yahoo.com

Taylan Yetkin^5

Physics Department, Faculty of Art and Science, Cukurova University Balcali-01330, Adana, Turkey E-mail:^5ytaylan@cu.edu.tr

Abstract. In this paper we study solution of the photon equation (the Massless Duffin-Kemmer-Petiau equation (mDKP)) in anisotropic expanding the Bianchi-I type spacetime using the Fourier analyze method. The harmonic oscillator behavior of the solutions is found. It is shown that Maxwell equations are equivalent to the photon equation.

Keywords: mDKP Equation; Anisotropic Spacetime; General Relativity.

1. INTRODUCTION

Quantum field theory (QFT) in curved space-time is one of the interesting sectors of the modern theoretical physics since it plays an important rule in investigating the effects of gravity in the microparticle world. To understand our real physical universe, it is necessary to know the solutions of both the Einstein and the quantum field equations, which enable us to discuss the dynamics of the universe and its particles. The passage from the field equations of relativistic quantum mechanics in flat spacetime to general relativistic quantum field equations can be done by using the principle of covariance and the tetrad formalism according to the Tetrode-Weyl- Fock-Ivanenco

‡ Int. J. Mod. Phys. D, Vol.14 No.6, (2005) 957-971 § Corresponding Author.

‖ The Authors leave from: Physics Department, Faculty of Art and Science, Mersin University

A. Havare et al. 2

procedure[1, 2, 3, 4, 5, 6, 7, 8, 9], expanded to include spin transformations quantities, it was possible to make relativistic equations conform to general relativity. Although general relativistic wave equations may not be important in the atomic scale because of the weakness of gravitational effects, for many astrophysical situations one has to take into account gravitational effects due to their dominant role, for example, particle creation by black holes. Additionally it is not meaningful to construct a unified theory of gravitation and quantum theory if the single particle states are not studied carefully. Therefore, including general relativity single particle equations, Klein-Gordon (massive and spin-0), Weyl (massless and spin-1/2), Dirac (massive and spin-1/2), Duffin-Kemmer-Petiau (DKP) (massive and spin-1) equations are studied and their solutions have been obtained for many different universes. These equations have been considered mostly in expanding universe[10, 11, 12, 13, 14, 15], which are the members of the Friedman cosmological models. The Maxwell equations which describe classical electromagnetic waves also expressed including general relativity and solved for many different universes[16, 17, 18, 19].

At the end of 1930’s it was shown [20, 21] that the first-order form of Klein-Gordon and the Proca equations can be represented in a Dirac-like matrix form: [ iβ^{(a)} (x) ∇_{(a)} − m ] Ψ (x) = 0 (1)

where β matrices satisfy the following relation:

β^{(a)}β^{(b)}β^{(c)} − β^{(c)}β^{(b)}β^{(a)} = β^{(a)}δ^{(b)(c)} + β^{(c)}δ^{(b)(a)} (2)

Unlike the other relativistic wave equations for bosons, the Duffin-Kemmer-Petiau (DKP) equation (1) is a first-order equation for spin-0 and spin-1 bosons. During the last few decades there has been an increasing interest in DKP theory; the applications of the DKP theory to QCD have been considered by Gribov[22]. Additionally, it has been used to find covariant Hamiltonian dynamics by Kanatchikov[23]. Recently the DKP equation was made to form to general relativity by Red’kov [24] and Lunardi et al [25]. With the generalization of the DKP equation to the curved spacetime it has become important to investigate the behavior of bosons in curved backgrounds. The formal similarity between the Dirac equation and the DKP equation allows us to solve the DKP equation with the standard techniques used for the Dirac equation. Obviously the photon can be considered as a particle that obeys the mDKP equation such as the Weyl equation, which is the massless case of the Dirac equation. It was shown that the wave equation of a massless spin-1 particle in flat space time is equivalent to free space Maxwell equations[26]. However, the mDKP equation is important to discuss the waveparticle duality of electromagnetic fields since the particle nature of the electromagnetic field can be analyzed only by a quantum mechanical equation. Furthermore, the mDKP equation removes the unavoidable usage of the 3+1 spacetime splitting formalism for the Maxwell equations. The covariant form of the DKP equation is given by

[iβ^μ (x) ∇_μ − m] Ψ (x) = 0 (3)

A. Havare et al. 3 where β^μ (x) = γ^μ (x) ⊗ I + I ⊗γ^μ (x) are the Kemmer matrices in curved space time and they are related to flat Minkowski spacetime as β^μ (x) = e^μ_{(i)} (x) β^{(i)} (4) with a tedrad frame that satisfies g_{μν} = e^{(i)}_μ e^{(j)}_ν η_{(i)(j)} (5) The covariant derivative in equation (3) is ∇_μ = ∂_μ ± Σ_μ (6) with spinorial connections which can be written as Σ_μ = Γ_μ ⊗ I + I ⊗ Γ_μ (7) where Γ_λ = − 1 8 g_{μα}Γ^α_{νλ} [γ^μ, γ^ν ] (8) It was shown that in the massless limit of the DKP equation the particle and antiparticle are identical and mass eigenvalue gives zero[26]. Therefore, the spin-1 equation reduces to 4 × 4 the massless DKP equation as follows β^μ∇_μΨ (x) = 0 (9) where β^μ are now β^μ (x) = σ^μ (x) ⊗ I + I ⊗ σ^μ (x) (10) with σ^μ (x) = (I, −→σ (x)) and (−→σ (x) : Pauli matrices) ∇_μ = ∂_μ + Σ_μ (11) where spinorial connections Σ_μ are given with the limit γ^μ → σ^μ as Σ_μ = lim_{γ→σ} (Γ_μ ⊗ I + I ⊗ Γ_μ) (12) As an application of mDKP equation there are many solved problems in different spacetimes[27, 28, 29].

The plan of the paper is organized as follows: in section 2 we find solutions of the Photon equation for the Bianchi-I type cosmological model. Then in section 3, we investigate the oscillation regions and the quantization conditions of the photon. In section 4, we show the equivalence of Maxwell equations and the mDKP equation. Finally we give briefly conclusions to the study. In appendix we give other wave functions of spinors of the photon.

A. Havare et al. 4

2. THE PHOTON EQUATION IN THE BACKGROUND OF THE BIANCHI-I TYPE SPACETIME

The line element of the Bianchi-I space time is

ds^2 = −C^2_0 (t) (dt)^2 + C^2_1 (t) (dx)^2 + C^2_2 (t) (dy)^2 + C^2_3 (t) (dz)^2 (13) The metric is given in terms of e^μ_{(a)} tetrads, which satisfies the relation between flat and curved spacetime, as below:

g^{μν} = e^μ_{(a)}e^ν_{(b)}η^{(a)(b)} (14)

where η^{(a)(b)} is the Minkowskian metric. The line element given by equation (13) the suitably tetrads are selected as:

e^0_{(0)} = 1 C_0(t)

, e^1_{(1)} = 1 C_1(t)

, e^2_{(2)} = 1 C_2(t)

, e^3_{(3)} = 1 C_3(t)

(15)

Using Christoffel symbols which is given by

Γ^α_{μν} = 1 2 g^{αβ} (∂_μg_{βν} + ∂_ν g_{βμ} − ∂_βg_{μν} ) (16)

the spinorial connections are found as follows:

Γ_0 = 0, Γ_1 = − 1 2 . C1 C_0 ∼ γ^{1∼}γ^0, Γ_2 = −1 2 . C2 C_0 ∼ γ^{2∼}γ^0, Γ_3 = −1 2 . C_3 C_0 ∼ γ^{3∼}γ^0 (17)

where a dot indicates the derive with respect to t. From the relations in equations (10) and (12), respectively we get

β^{(0)} = 2 C_0

(I ⊗ I), β^{(1)} = 1 C_1

(σ^1 ⊗ I + I ⊗ σ^1) (18)

β^{(2)} = 1 C_2

(σ^2 ⊗ I + I ⊗ σ^2), β^{(3)} = 1 C_3

(σ^3 ⊗ I + I ⊗ σ^3) (19) and Σ_{(0)} = 0 Σ_{(1)} = − 1 2 . C_1 C_0

(σ^1 ⊗ I + I ⊗ σ^1)

Σ_{(2)} = − 1 2 . C_2 C_0

(σ^2 ⊗ I + I ⊗ σ^2), Σ_{(3)} = − 1 2 . C_3 C_0

(σ^3 ⊗ I + I ⊗ σ^3) (20)

Using standard representation of Dirac matrices which satisfy

{γ^μ, γ^ν } = 2g^{μν} (21)

we obtain the photon equation as follow: [ β^{(0)}∂_t + β^{(1)}∂_x + β^{(2)}∂_y + β^{(3)}∂_z − (β^{(0)}Σ_{(0)} + β^{(1)}Σ_{(1)} + β^{(2)}Σ_{(2)} + β^{(3)}Σ_{(3)}) ] Ψ = 0 { −2i(I ⊗ I)∂_t +

C_0 C_1

(σ^1 ⊗ I + I ⊗ σ^1)∂_x +

C_0 C_2

(σ^2 ⊗ I + I ⊗ σ^2)∂_y

A. Havare et al. 5 + C_0 C_3

(σ^3 ⊗ I + I ⊗ σ^3)∂_z + [ 1 2 . C_1 C_1

(σ^1 ⊗ I + I ⊗ σ^1)^2

+ 1 2 . C_2 C_2

(σ^2 ⊗ I + I ⊗ σ^2)^2 + 1 2 . C_3 C_3

(σ^3 ⊗ I + I ⊗ σ^3)^2]

Ψ = 0. (22)

where the four-component wave function is defined by

Ψ = Ψ_1 Ψ_2 Ψ_3 Ψ_4

(23)

then equation (22) is, 2∂_t + 2C_0 C_3

∂_z + . C_1 C_1 + . C_2 C_2 + 2^.C_3 C_3

Ψ_1 + ( C_0 C_1 ∂_x − i C_0 C_2 ∂_y ) Ψ_2

+ (C_0 C_1 ∂_x − i C_0 C_2 ∂_y ) Ψ_3 + . C_1 C_1 − . C_2 C_2

Ψ_4 = 0 (24) (C_0 C_1

∂_x + i

C_0 C_2 ∂_y ) Ψ_1 + 2∂_t + . C_1 C_1 + . C_2 C_2

Ψ_3

+ . C_1 C_1 + . C_2 C_2

Ψ_2 + (C_0 C_1 ∂_x − i C_0 C_2 ∂_y ) Ψ_4 = 0 (25) (C_0 C_1

∂_x + i

C_0 C_2 ∂_y ) Ψ_1 + 2∂_t + . C_1 C_1 + . C_2 C_2

Ψ_2

+ . C_1 C_1 + . C_2 C_2

Ψ_3 + (C_0 C_1 ∂_x − i C_0 C_2 ∂_y ) Ψ_4 = 0 (26) . C_1 C_1 − . C_2 C_2

Ψ_1 + 2∂_t − 2C_0 C_3

∂_z + . C_1 C_1 + . C_2 C_2 + 2^.C_3 C_3

Ψ_4

+ (C_0 C_1

∂_x + i

C_0 C_2 ∂_y ) Ψ_2 + ( C_0 C_1

∂_x + i

C_0 C_2 ∂_y ) Ψ_3 = 0 (27)

Expressly it is seen that Ψ_2 = Ψ_3. Because of this equality, the equations become: ∂_t + C_0 C_3

∂_z + . C_1 2C_1 + . C_2 2C_2 + . C_3 C_3

Ψ_1

+ (C_0 C_1 ∂_x − i C_0 C_2 ∂_y ) Ψ_2 + . C_1 C_1 − . C_2 C_2

Ψ_4 = 0 (28)

A. Havare et al. 6 ( C_0 C_1

∂_x + i

C_0 C_2 ∂_y ) Ψ_1+2 ∂_t + . C_1 C_1 + . C_2 C_2

Ψ_2+ ( C_0 C_1 ∂_x − i C_0 C_2 ∂_y ) Ψ_4 = 0(29)

∂_t − C_0 C_3

∂_z + . C_1 2C_1 + . C_2 2C_2 + . C_3 C_3

Ψ_4 . C_1 C_1 − . C_2 C_2

Ψ_1 + (C_0 C_1

∂_x + i

C_0 C_2 ∂_y ) Ψ_2 = 0 (30)

If the wave function is defined as

Ψ_1 = − U^1 + iU^2 (31) Ψ_2 = Ψ_3 = U^3 (32) Ψ_4 = U^1 + iU^2 (33)

we have three components of U^l(−→x , t) (l = 1, 2, 3) and equations (28, 29, 30) are rewritten as follows:

∂_t + . C_1 C_1 + . C_3 C_3

U^2 + iC_0 C_3

∂_z U^1 − iC_0 C_1

∂_xU^3 = 0 (34)

∂_t + . C_2 C_2 + . C_3 C_3 U^1 − iC_0 C_3

∂_zU^2 + iC_0 C_2

∂_yU^3 = 0 (35)

∂_t + . C_1 C_1 + . C_2 C_2

U^3 + iC_0 C_1

∂_xU^2 − iC_0 C_2

∂_yU^1 = 0 (36)

If we make the Fourier transformation, G^l (−→ k , t ) = 1 (2π)^3 ∫ d^3xe^i −→ k .−→x U l(−→x , t) (37) we obtain the following equations: ∂_t + . C_1 C_1 + . C_3 C_3 G^2 − C_0 C_3 k_3G^1 +

C_0 C_1 k_1G^3 = 0 (38)

∂_t + . C_2 C_2 + . C_3 C_3

G^1 +

C_0 C_3 k_3G^2 −

C_0 C_2 k_2G^3 = 0 (39)

∂_t + . C_1 C_1 + . C_2 C_2 G^3 − C_0 C_1 k_1G^2 +

C_0 C_2 k_2G^1 = 0 (40)

To eliminate . C_1 C_1 + . C_3 C_3 , . C_2 C_2 + . C_3 C_3 and . C_1 C_1 + . C_2 C_2 terms in equations (38, 39, 40), we define:

G^i =

C_0C_i √ −g F^l, i = 1, 2, 3 (41)

A. Havare et al. 7

then we get the equations which satisfy by F^l . F^1 +

C_2C_0 C_1C_3 k_3F^2 −

C_0C_3 C_1C_2 k_2F^3 = 0 (42) . F^2 −

C_1C_0 C_2C_3 k_3F^1 +

C_0C_3 C_1C_2 k_1F^3 = 0 (43) . F^3 −

C_2C_0 C_1C_3 k_1F^2 +

C_1C_0 C_2C_3 k_2F^1 = 0 (44)

These equations in general form [30]; . F^l=

C^2_0 √ −g ∑ k ε^{lk0}k_nC^2_k F^k (45)

To solve equations (42, 43, 44), for suitable symmetry one must use spherical coordinates. For this, F^l is written in terms of spherical coordinates. The components of k in spherical coordinates as below:

k_1 = k sin θ cos φ (46) k_2 = k sin θ sin φ (47) k_3 = k cos θ (48)

in matrix representation,

sin θ cos φ sin θ sin φ cos θ cos θ cos φ cos θ sin φ − sin θ − sin φ cos φ 0 = k_1 k k_2 k k_3 k k_3 k_1 kk_⊥ k_3k_2 kk_⊥ − k_⊥ k −^{k2}_{k⊥}^{k1}_{k⊥} 0

(49)

where k^2_⊥ = k^2_1 + k^2 (50) F^ε are defined the terms of the components of F in spherical coordinates as follow:

F^ε = F^r F^θ F^φ = k_1 k k_2 k k_3 k k_3 k_1 kk_⊥ k_3 k_2 kk_⊥ − k_⊥ k −^{k2}_{k⊥}^{k1}_{k⊥} 0

F^1 F^2 F^3

(51)

Hence we have,

F^r = 0 (52) . F^φ = − k_2 k_⊥ . F^1 + k_1 k_⊥ . F^2 (53) . F^θ = − ( k^2_3 + k_⊥ kk_⊥ )_. F^3 (54)

The θ and φ components of F^ε which we denote by F^θ, F^φ respectively, satisfy the dynamical equations . F^θ= −k ( αF^θ + βF^φ ) (55)

A. Havare et al. 8 . F^φ= k ( γF^θ + αF^φ ) (56) where α = k_1k_2k_3 kk^2_⊥ C^2_0 √ −g ( C^2_2 − C^2_1 ) , β = 1 k^2_⊥

C^2_0 √ −g ( C^2_1 k^2 + C^2_2 k^2_1 ) (57)

the parameter γ is determined by γ =^{C2 Δ2}_{βk2} +^{α2}_β where

Δ^2 = ∑ i ( k_i C_i )_2

(58)

is a generalization of the dispersion relation ω^2 = |k|^2.

Eliminating F^φ from equations (55, 56) we obtain the second order differentional equation .. F^θ − . β β . F^θ +

C^2_0 Δ^2 + kβ .( α β ) F^θ = 0 (59)

First Condition:

C_0 = C_1 = C_2 = C_0, C_3 = 1 (60) If we use this condition in the equation (13) we get, ds^2 = C^2_0 (t) [ − (dt)^2 + (dx)^2 + (dy)^2 ] + (dz)^2 (61) and by using dη = C_0(t)dt (62) equation (59) becomes,

∂^2_η F^θ + [ 2k^2_⊥ C^2_0

+ k^2_3 ] F^θ = 0 (63)

The scale factor C_0(t) can be chosen to be that of a time-symmetrically expanding radiation-dominated universe (Audretsch and Shafer 1978), i. e. C^2_0 (t) = b^2t^2, (−∞ < t < ∞) (64) With separation of variables method it remains only the solution depends on η F^θ = F^θ( −→ k , η) = f^θ ( −→ k )K^θ(η) (65) The new variable and the parameter are defined as follow,

ξ = −2ik_3η, Θ = ik^2_⊥ 4bk_3 (66) respectively. We may transform equation (63) into Whittaker’s differential equation[31] d^2 dξ^2 K^θ(ξ) + (− 1 4 + ik_⊥ 4bkξ )K^θ(ξ) = 0 (67) Equation (67) has the following two linearly independent solutions:

A. Havare et al. 9

M_{Θ,μ}(ξ) = ξ^{μ+ 12} e^{− ξ2} Φ ( μ − Θ + 1 2 , 2μ + 1; ξ ) (68)

M_{Θ,−μ}(ξ) = ξ^{−μ+ 12} e^{− ξ2} Φ ( −μ − Θ + 1 2 , −2μ + 1; ξ ) (69) where the Φ functions are called the confluent hypergeometric functions. To obtain solutions that are also suitable for 2μ = ±1, ±2, ..., we introduce Whittaker’s function: K^θ = W_{Θ,μ}(ξ) = Γ(−2μ) Γ(^1_2 − μ − Θ)

M_{Θ,μ}(ξ) +

Γ(2μ) Γ(^1_2 + μ − Θ) M_{Θ,−μ}(ξ) = W_{ik}2_{⊥4bk} 3 ,±^1_2

(−ik_3bt^2) (70) where μ = ± 1 2 (71) In general case, the solution of the second (or third) component of the spinor is, Ψ_2(−→x , t) = Ψ_3(−→x , t) = 1 b^2t^2 ∫ d^3ke^{−i} −→ k .−→x ( − k_⊥ k ) f^θ ( −→ k )W_{ik}2_{⊥4bk} 3 ,±^1_2

(−ik_3bt^2)(72) The other components of the spinor are given in appendix.

Second condition

C_1 = C_2 = 1, C_0 = C_3 (73) under this condition the line element (13) becomes; ds^2 = C^2_0 (t) [ − (dt)^2 + (dz)^2 ] + (dx)^2 + (dy)^2 (74) where there is no expansion in the two isotropic directions. In this condition equation (59) takes the form;_{..} F^θ + [ b^2t^2k^2_⊥ + k_3 ] F^θ = 0 (75) By defining a new variable, ζ = (1 − i) √ bk_⊥t (76) the equation (75) becomes: [ d^2 dζ^2 − 1 4 ζ^2 + ik^2_3 2bk_⊥ ] F^θ = 0 (77) The solution of this equation is parabolic hyperbolic functions which are given [31] as; F^θ = D_p(ζ) = D_{− 12 + ik}2_{32bk} ⊥ [ (1 − i) √ bk_⊥t ] (78) In general case, the solution of the second (or third) component of the spinor is, Ψ_2(−→x , t) = Ψ_3(−→x , t) = ∫ d^3ke^{−i} −→ k .−→x f θ (−→k ) ( − k_⊥ k ) (79) × { 2 ik23 4bk⊥ [ (1 − i) √ bk_⊥t ]_{−1/2} W_{ik}2_{34bk} ⊥ ,−^1_4 (−ik_⊥bt^2) } (80)

A. Havare et al. 10 where we used D_{− 12 + ik}2_{32bk} ⊥ [ (1 − i) √ bk_⊥t ] = 2 ik23 4bk⊥ [ (1 − i) √ bk_⊥t ]_{−1/2} W_{ik}2_{34bk} ⊥ ,−^1_4

(−ik_⊥bt^2)(81) The other components of the spinor are given in the appendix.

3. THE OSCILLATION REGION OF THE PHOTON The general method for finding the oscillation region is to write the differential equation that not including the first derivative and simulate this to the differential equation that satisfies the harmonic oscillator.

We define the wave function:

F^θ(t) = β^{12} (t)I(t) (82) If we substitute this definition in equation (59) we found .. I (t) + w^2(t)I(t) = 0 (83) where

w^2 = .. β 2β − 3 4 . β β 2 + C^2_0 Δ^2 (84)

For the first condition in terms of t, k_⊥, and k_3 the frequency is,

w^2 = ( k^2_⊥ + b^2t^2k^2_3 ) − 3 4 ( 1 t )_2

(85) and oscillation region (for detail see ref.[16]) is: [ w^2 − k^2_⊥ − √ 3b^2k^2_3 + (k^2_⊥ − w^2)^2 ] < 2bk_3t^2 < [ w^2 − k^2_⊥ + √ 3b^2k^2_3 + (k^2_⊥ − w^2)^2 ] (86) For second one in terms of t, k_⊥, and k_3 is, w^2 = b^2t^2k^2_⊥ + k^2_3 (87) and oscillation region: − [ w^2 − k^2_3 ] < k^2_⊥b^2t^2 < [ w^2 − k^2_3 ] (88) From the condition on Whittaker functions that must be bounded for all values of the variable, we find the quantization for both spacetimes respectively, as follows: μ − Θ + 1 2 = −n, μ^′ − Θ^′ + 1 2 = −n^′ (89) where n and n^′ are positive integers or zero. Using these expressions and values of μ, μ^′ and Θ, Θ^′ we get quantization conditions respectively, as follows, k^2_⊥ = 1 i 4bk_3n, k^2_3 = 1 i 4bk_⊥(n^′ + 1 4 ) (90)

A. Havare et al. 11

4. SOLUTION OF THE MAXWELL EQUATIONS

The propagation of electromagnetic fields has been studied for several reasons. There are many astrophysical situations (light deflection in gravitational lensing, pulsars, quasars, black holes) which involve strong electromagnetic and gravitational fields in interaction. The interaction of electromagnetic and gravitational fields is described by the Maxwell equations in a given background and source. In the absence of an electromagnetic source these equations are 1 √ −g ( √ −gF^{μν} ),_ν = 0 (91) and F_{μν,σ} + F_{σμ,ν} + F_{νσ,μ} = 0. (92) where F^{μν} = ∂^μA^ν − ∂^ν A^μ. Here we solve the Maxwell equations for the line element given (13) to show the correspondence between mDKP and the Maxwell equations. The covariant and covariant field strengths F^{μν} and F_{μν} in the general coordinates are

F^{01} = 1 C_0C_1

E^{(1)} F_{01} = −C_0C_1E^{(1)} (93)

F^{02} = 1 C_0C_2

E^{(2)} F_{02} = −C_0C_2E^{(2)} (94)

F^{03} = 1 C_0C_3

E^{(3)} F_{03} = −C_0C_3E^{(3)} (95)

F^{12} = 1 C_1C_2

B^{(3)} F_{12} = C_1C_2B^{(3)} (96)

F^{13} = − 1 C_1C_3

B^{(2)} F_{13} = −C_1C_3B^{(2)} (97)

F^{23} = 1 C_2C_3

B^{(1)} F_{23} = C_2C_3B^{(1)} (98)

where E^{(i)} and B^{(i)} are the components of the electric and magnetic fields in the local Lorentz frame. In terms of the components, this can be written as ∂_x ( E^{(1)} B^{(1)} ) + ∂_y ( E^{(2)} B^{(2)} ) + ∂_z ( E^{(3)} B^{(3)} ) = 0 (99)

[C_2C_3∂_t + ∂_t (C_2C_3)] ( B^{(1)} −E^{(1)} ) +C_0C_3∂_y ( E^{(3)} B^{(3)} ) −C_0C_2∂_z ( E^{(2)} B^{(2)} ) = 0(100)

−[C_1C_3∂_t + ∂_t (C_1C_3)] ( B^{(2)} E^{(2)} ) +C_0C_3∂_x ( E^{(3)} −B^{(3)} ) −C_0C_1∂_z ( E^{(1)} −B^{(1)} ) = 0(101)

[C_1C_2∂_t + ∂_t (C_1C_2)] ( B^{(3)} −E^{(3)} ) −C_0C_1∂_y ( E^{(1)} B^{(1)} ) +C_0C_2∂_x ( E^{(2)} B^{(2)} ) = 0(102)

A. Havare et al. 12

If we define complex spinor Ω as

Ω = Ω^1 Ω^2 Ω^3 = E^{(1)} + iB^{(1)} E^{(2)} + iB^{(2)} E^{(3)} + iB^{(3)}

(103)

the spinor form of the Maxwell equations are found

k_1Ω^1 + k_2Ω^2 + k_3Ω^3 = 0 (104) ∂_t + . C_1 C_1 + . C_3 C_3

Ω^2 −

C_0 C_3 k_3Ω^1 +

C_0 C_1 k_1Ω^3 = 0 (105)

∂_t + . C_2 C_2 + . C_3 C_3

Ω^1 +

C_0 C_3 k_3Ω^2 −

C_0 C_2 k_2Ω^3 = 0 (106) ( ∂_t + . C 1 C_1 + . C2 C_2 ) Ω^3 −

C_0 C_1 k_1Ω^2 +

C_0 C_2 k_2Ω^1 = 0 (107)

These equations are same as equations (38, 39, 40). Therefore solutions of these equations are same as solutions of the Photon equation.

5. RESULT AND DISCUSSIONS

We have analyzed the photon equation in the Bianchi-I type cosmological model. The method of separation of variables and the Fourier transformation was used because of the simply symmetry of the Bianchi-I type cosmological model and the oscillatory character was found. We have shown that chargless and massless spin-1 particle and free space Maxwell equations satisfy the same equations. However, it was shown that necessity of 3+1 spacetime splittings is not required for the mDKP equation. This feature strongly motivates us to use the mDKP equation to investigate the behavior of electromagnetic field. Another motivation is that the results obtained can be used to study quantum field theory in curved spacetime for creation particles.

Finally, if f^θ ( −→ k ) is defined suitable integrals can be solved and exact solutions of the photon equation can be obtained for anisotropic space times.

Acknowledgments

The authors would like to thank Professor K-H Lotze for his helps and the authors(MK, MS and OA) would like to thank Turkish Scientific Research Council (Tübitak)-Feza Gürsey Institute, Istanbul, for the hospitality their received during the summer terms of 2003-2004. This work is supported by the project which is numbered ME. Ü. BAP FEF FB (AH)2002

A. Havare et al. 13

6. APPENDIX

Other wave functions of photon for the first condition as below:

Ψ_1(−→x , t) = − 1 bt ∫ { d^3ke^{−i} −→ k .−→x f θ (−→k ) ( k_− kk_⊥ )

× [ A(t)W_{ik}2_{⊥4bk} 3 ,±^1_2 (−ik_3bt^2) + B(t)W_{ik}2_{⊥4bk} 3 −1,±^1_2

(−ik_3bt^2) ]} (108) and Ψ_4(−→x , t) = 1 bt ∫ { d^3ke^{−i} −→ k .−→x f θ (−→k ) ( k_+ kk_⊥ )

× [ A^∗(t)W_{ik}2_{⊥4bk} 3 ,±^1_2 (−ik_3bt^2) − B(t)W_{ik}2_{⊥4bk} 3 −1,±^1_2

(−ik_3bt^2) ]} (109)

where

A(t) = k_3 − i bt ( 1 2 + k^2_⊥ 4k^2_3 b^2t ) , B(t) = ( 1 k_3b^2t^3 ) [ k^4_⊥ 16k^2_3 b^2 + ik^2_⊥ 4bk_3 ] (110)

and A^∗ is complex conjugate of A

Other wave functions of photon for the second condition:

Ψ_1(−→x , t) = − 1 bt ∫ { d^3ke^{−i} −→ k .−→x f θ (−→k )(− k^− kk_⊥ ) × [ R(t)D_{− 12 + ik}2_{32bk} ⊥ [ (1 − i) √ bk_⊥t ] − SD_{− 32 + ik}2_{32bk} ⊥ [ (1 − i) √ bk_⊥t ]]} (111) and Ψ_4(−→x , t) = 1 bt ∫ { d^3ke^{−i} −→ k .−→x f θ (−→k )( k^+ kk_⊥ ) × [ R^∗(t)D_{− 12 + ik}2_{32bk} ⊥ [ (1 − i) √ bk_⊥t ] + SD_{− 32 + ik}2_{32bk} ⊥ [ (1 − i) √ bk_⊥t ]]} (112)

where

R(t) = k_3 −

(1 + i) √ bk_⊥ 2 t, S = i 2 [ ik^2_3 bk_⊥ − 1 ] (113)

and R^∗ is complex conjugate of R k_+ = k_1 + ik_2, k_− = k_1 − ik_2 (114) where we used d dξ W_{Θ,μ}(ξ) = 1 ξ ( Θ − ξ 2 ) W_{Θ,μ}(ξ) − 1 ξ [ μ^2 − ( Θ − 1 2 )_2]

W_{Θ−1,μ}(ξ) (115) and d dζ D_p(ζ) = pD_{p−1}(ζ) − 1 2 ζD_p(ζ) (116)

A. Havare et al. 14

References

[1] H. Tetrode, Z. Phys. 50 336 (1928). [2] H. Weyl, Z. Phys. 56, 330 (1929). [3] V. A. Fock, Z. Phys. 57, 261 (1929).

[4] V. Fock, D. Ivanenko, Compt. Rend. Acad. Sci. 188, 1470 (1929). [5] V. A. Fock, Compt. Rend. Acad. Sci. 189, 25 (1929). [6] W. L. Bade, H. Jehle, Rev. Mod. Phys. 25, 714 (1953). [7] D. Brill, J. Wheeler, Rev. Mod. Phys. 29, 465 (1957).

[8] S. Weinberg, Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity (Wiley, New York, 1970).

[9] N. D. Birrel, P. C. W. Davies, Quantum Fields in Curved Space (Cambridge University Press, New York, 1982).

[10] L. Parker, Phys. Rev. D 3, 346 (1971).

[11] C. J. Isham and J. E. Nelson, Phys. Rev. D 10, 3226 (1974). [12] J. Autretsch and G. Shafer, J. Phys. A : Math.Gen. 11, 1583 (1978). [13] M. Kovalyov and M. Legare, J. Math. Phys. 31, 191 (1990). [14] A.O. Barut and I. H. Duru, Phys. Rev. D 36, 3705 (1987). [15] V. M. Villalba and U. Percoco, J.Math. Phys. 31, 715 (1990).

[16] J. M. Cohen, C. V. Vishveshwara and S. V. Dhurandhar, J. Phys. A: Math. Gen. 13, 993 (1980). [17] W. A. Hiscock, Physic Rew. D 17, 1497 (1978). [18] B. Mashoon, Phys. Rew. D 11, 2679 (1975). [19] Y. A. Abd-Eltwab, Nuovo Cimento B 108, 464 (1993). [20] G. Petiau, Acad. R. Belg. Cl. Sci. Mem. Collect 8, 16 (1936).

R. Duffin, J Phys. Rew. 54, 1114 (1938). N. Kemmer, Proc. R. Soc. A 173, 91 (1939). N. Kemmer, Proc. Comb. Phil. Soc. 39, 18996 (1943). Taketani and S. Sakata, Proc. Phys. Math. Soc. Japan 22, 757 (1940).

[21] R. A. Krajcik and M M. Nieto, Am. J. Phys. 45, 818 (1977). [22] V. Gribov, Eur. Phys. J. C. 10, 71 (1999). [23] I. V. Kanatchikov, Rep. Marh. Phys. 46, 107 (2000). [24] V. M. Red’kov, Preprint quant-ph/9812007.

[25] J. T. Lunardi , B. M. Pimentel and R. G. Teixeria, Geometrical Aspect of Quantum Fields: Proc.

(2000) Londrina Workshop (Londrina, Brazil) ed A A Bytsenko, A E Golcaves and B M Pimentel (Singapore: World Scientific) p 111 (2001).

[26] N. Ünal, Found. Phys. 27 795 (1997).

[27] A. Havare, T. Yetkin, Class. Quantum Grav. 19, 1 (2002). [28] T. Yetkin, A. Havare, Chinese J. Phys. 5, 41 (2003). [29] A. Havare, O. Aydoğdu, T. Yetkin, Int. J. Mod. Phys. D 5, 935 (2004). [30] K. H. Lotze , Class. Quantum Grav. 7, 2145 (1990).

[31] S. Gradshteyn and M. Ryzhir, Table of Integral’s Series and Products, Acedemic Press (1981).