arXiv:gr-qc/0506122 v3 27 Oct 2005

Density fluctuations in κ-deformed inflationary universe

Hyeong-Chan Kim^∗ and Jae Hyung Yee^† Department of Physics, Yonsei University, Seoul 120-749, Korea.

Chaiho Rim^‡ Department of Physics, Chonbuk National University, Chonju 561-756, Korea. (Dated: October 27, 2005)

We study the spectrum of metric fluctuation in κ-deformed inflationary universe. We write the theory of scalar metric fluctuations in the κ−deformed Robertson-Walker space, which is represented as a non-local theory in the conventional Robertson-Walker space. One important consequence of the deformation is that the mode generation time is naturally determined by the structure of the κ−deformation.

We expand the non-local action in H^2/κ^2, with H being the Hubble parameter and κ the deformation parameter, and then compute the power spectra of scalar metric fluctuations both for the cases of exponential and power law inflations up to the first order in H^2/κ^2. We show that the power spectra of the metric fluctuation have non-trivial corrections on the time dependence and on the momentum dependence compared to the commutative space results. Especially for the power law inflation case, the power spectrum for UV modes is weakly blue shifted early in the inflation and its strength decreases in time. The power spectrum of far-IR modes has cutoff proportional to k^3 which may explain the low CMB quadrupole moment.

PACS numbers: 98.80.Cq; 03.70.+k; 98.70.Vc

I. INTRODUCTION

The history of the studies on the Cosmic Microwave Background (CMB) anisotropies and on the cosmological fluctuations is closely linked to that of the study of the standard cosmological model [1, 2]. We now have high resolution maps of the anisotropies in the temperature of the cosmic microwave background [3], and its accuracy of the resolution is improving further. In relation to these observational data, overviews of the theory of cosmological perturbation applied to inflationary cosmology have been presented in Refs. [4, 5]. The cosmological observations reveal that the Universe has non-random fluctuations on all scales smaller than the present Hubble radius. In the most currently studied models of the very early universe it is assumed that the perturbations originate from quantum vacuum fluctuations, which was first proposed in a paper by Sakharov [6]. With this, the inflationary cosmology bears in it the ‘trans-Planckian problem”: Since inflation has to last for long enough time to solve several problems of big-bang model and to provide a causal generation mechanism for CMB fluctuations, the corresponding physical wavelength of these fluctuations has to be smaller than the Planck length at the beginning of the inflation [7]. Both of the theories of gravity and of matter break down at the trans-Planckian scale. Many methods have been proposed to cure the problem. The modification of the dispersion relation, which was used to study the thermal spectrum of black hole radiation [8], was applied to cosmology [9]. Modifications of the evolution of cosmological fluctuations due to the string-motivated space-time uncertainty relations, δx_{phys}δt ≥ l^2_s , have been introduced by Brandenberger and Ho [10]. It was shown that the uncertainty relation plays a significant role in the spectrum of the metric fluctuation [11]. Greene et al. [12] proposed the initial states which give an oscillatory contribution to the primordial power spectrum of inflationary density perturbations. There have also been some attempts to explain the low CMB quadrupole moment contribution [13] by using the pre-Big Bang scenario in string theory [14]. The ambiguity of the action in the presence of a minimal length cutoff in inflation by the boundary terms are studied by Ashoorioon, Kempf, and Mann [15]. However, it is not easy to construct a consistent field theoretic model which satisfies both the stringy space-time uncertainty relation and the spatial homogeneity and isotropy of the Robertson-Walker space. A direct

∗Electronic address: hckim@phya.yonsei.ac.kr †Electronic address: jhyee@phya.yonsei.ac.kr ‡Electronic address: rim@chonbuk.ac.kr

non-commutative deformation of the commutation relation,

[x^μ, x^ν] = iθ^{μν} , (1)

introduces a preferred direction in space, which breaks the isotropy of 3-dimensional space. Therefore, it would be interesting to construct a space-time non-commutative theory which keeps the spatial homogeneity and isotropy demanded by the Robertson-Walker space-time.

Much attention has been given on the possibility of explaining the observational data as a quantum gravitational effect. As a theoretical framework to study these quantum gravity effects phenomenologically “Doubly Special Relativity” (DSR, also called Deformed Special Relativity) was proposed by Amelino-Camelia [16], where there exist two relativistically invariant scales, the speed of light and the Planck scale, and extensive studies have been followed [17, 18, 19, 20, 21, 22]. Recently, it was argued that the coordinate space of the DSR theory defined in curved momentum space is described by the κ−Minkowski space. Therefore, a good candidate to study the quantum gravity effect to cosmology is to extend the κ−Minkowski theory to κ−Robertson-Walker Space (κ−RWS) and to study the effect of the deformation in the cosmological evolution. In κ−Minkowski space the space-time coordinates are non-commuting generators of a quantized Minkowski space-time. The κ-deformed Minkowski space-time introduces a dimensionful quantum deformation parameter, κ, which can be chosen to have the dimension of mass [23, 24, 25]. A natural choice of this deformation parameter is the Planck mass κ = M_P . It is therefore important to construct consistent quantum field theoretic framework in κ−Minkowski space, and explore the physical effects [20] in cosmological evolution. In this respect, Kowalski-Glikman [26] have studied the effects on the density fluctuations of the quantum κ−Poincaré algebra.

In Sec. II, we construct the theory of cosmological fluctuations in κ-Deformed Inflationary Universe (κ-DIU). Starting from the scalar-gravity theory in a flat Robertson-Walker space we briefly summarize the linearized theory of scalar metric fluctuations. After developing the κ−RWS, we write the theory of scalar metric fluctuations in the deformed space. We show that the scalar theory in κ−RWS space is described by a nonlocal field theory in the conventional Robertson-Walker space. The nonlocal action is series expanded in H^2/κ^2 in Sec. III, where H is the Hubble parameter, and is quantized. In Sec. IV and V, we calculate the power spectra of scalar metric fluctuations for the cases of exponential and power law inflations, respectively. We show that the κ−deformation alters both the time dependence and the frequency dependence of the power spectrum nontrivially. In Sec. V, we summarize our results.

II. DENSITY FLUCTUATION IN κ-DEFORMED ROBERTSON-WALKER SPACE-TIME

If the Universe is quantum mechanically created with vacuum energy dominance, it will inflate from the beginning. Even though there may be other choices for the pre-inflationary universes, we assume that the inflation starts from the beginning of the universe.

The calculations in this paper are carried out in 4-dimensional spatially flat Robertson-Walker metric,

ds^2 = −dt^2 + a^2(t)(dr^2 + r^2dΩ^2), (2)

where a(t) denotes the scale factor of expanding universe. For later use, we introduce the conformal time η defined by η = ∫ dt a(t) . (3)

The Einstein-Hilbert action for gravity coupled to scalar matter field is S = ∫ d^4x √ −g [ − R 16πG + 1 2 ∂_μφ∂^μφ − V (φ) ] , (4)

where R is the Ricci curvature scalar. Starting from the action (4), it was shown that the scalar and tensor parts of the linear metric fluctuation are described by the action (See Refs. [5, 10]), S = 1 2 ∫ k dη [ (∂_η v_k)^2 + ( ∂^2_η z z − k^2 ) v^2_k ] , (5)

where ∫ k ≡ ∫ d^3k (2π)^3 and z ≡ a(t)φ̇_0 H , (6) with φ_0 being the scalar zero mode and H = ȧ/a the Hubble parameter. It is noted that in cases of power law inflation and of slow roll inflation, H is proportional to φ̇_0, hence z ∝ a. The action (5) can be cast into the covariant form S = − 1 2 ∫ d^4x √ −gg^{μν} ∂_μR∂_ν R, (7) where R is the gauge invariant metric fluctuation and plays the role of a massless scalar field in the inflating universe. The Fourier mode of R, R_k, is related to the field by v_k = zR_k. Therefore, its power spectrum is

P_k = |k|^3 2π^2z^2(t)

⟨0|v^2_k|0⟩. (8)

We now want to write the action (7) in κ−RWS. For this purpose, we develop scalar field theory in κ−RWS in the following subsections. The 4-dimensional field theory in κ−Minkowski space has been constructed in Ref. [17, 20, 23] and references therein. We briefly summarize the results obtained in these references in the next subsection.

A. κ-deformed Minikowski space-time

The κ-deformed Hopf algebra H_x describing the κ−Minkowski space is generated by the coordinates x̂_μ determined by the following relations:

[x̂_0, x̂_i] = i κ x̂_i, [x̂_i, x̂_j] = 0, Δ(x̂_μ) = x̂_μ ⊗ 1 + 1 ⊗ x̂_μ. (9)

The dual Hopf algebra H_k of functions on κ−deformed four-momenta is described by the Hopf subalgebra of the κ−deformed Poincaré algebra as follows:

[k_μ, k_ν] = 0, Δ(k_i) = k_i ⊗ e^{−k0/κ} + 1 ⊗ k_i, Δ(k_0) = k_0 ⊗ 1 + 1 ⊗ k_0. (10) The first Casimir operator of the algebra (9) and (10) is

M^2 = ( 2κ sinh k_0 2κ )_2

− k^2e^{k0/κ}. (11)

It follows from this that for positive κ the on-shell three-momentum is bounded from above by k^2 ≤ κ^2, (12) and the maximal value of momentum results in an infinite energy [27].

By using κ−deformed Fourier transform, the fields on κ−Minkowski space with non-commutative space-time coordinates x̂ = (x̂_0, x̂_i) is written as (kx̂ ≡ k_ix̂_i − k_0x̂_0):

Φ(x̂) = ∫ k Φ̃(k) : e^{ikx̂} :, (13)

where ∫ k ≡ ∫ d^4k (2π)^4 and Φ̃(k) is a classical function on commuting four-momentum space k = (k_0, k_i) and the normal ordering is defined by : e^{ikx̂} :≡ e^{−ik0x̂0} e^{ikx̂}. (14) Multiplication of two normal ordered κ−deformed exponentials follows from Eqs. (9) and (14):

: e^{ikx̂} :: e^{iqx̂} :=: e^{i(ke−q0/κ +q)x̂−i(k0+q0 )x̂0} :, (15) which follows from the four momentum addition rule described by the coproduct (10). From this we get the conjugate field,

Φ^†(x̂) = ∫ k Φ̃^†(k) : e^{ikx̂} :, Φ̃^†(k, k_0) = e^{3k}0^{/κ}Φ̃^∗(−e^k0^{/κ}k, −k_0). (16)

The multiplication of fields can now be expressed as ∫ Φ^2(x̂)d^4x = ∫ k Φ̃(k)Φ̃(−ke^k0^{/κ}, −k_0). (17)

The differential calculus and its covariance properties under the action of κ−deformed Poincaré group have been constructed in Ref. [23, 25]. The left or right partial derivatives ^∂_A to define κ-deformed vector field are given by

^∂_AΦ(x̂) =: χ_A ( 1 i ∂_μ ) Φ(x̂) :, (18)

where χ_A : e^{ikx̂} :=: χ_A(k_μ)e^{ikx̂} : and

χ_i(k_μ) = e^{k0 /κ}k_i, χ_0 = κ sinh k_0 κ + k^2 2κ e^{k0/κ}. (19) The adjoint derivative ^∂^†_A can be defined to satisfy ∫ d^4x̂Φ_1(x̂) ^∂_0Φ_2(x̂) = ∫ d^4x̂[ ^∂^†_0Φ_1(x̂)]Φ_2(x̂), (20)

which leads to ^∂^†_μΦ(x) = χ^†_μ(∂_μ/i)Φ(x̂), (21)

where

χ^†_μ(k) = χ_μ(−e^{k0 /κ}k, −k_0). (22)

Based on these, the λϕ^4 field theory was constructed in Ref. [23]. In the next subsection we generalize the formulation to the case of the Robertson-Walker space-time.

B. The scalar field theory in κ-deformed Robertson Walker space-time

To generalize the field theories in the κ-Minkowski space to the curved space case, we must be careful in selecting the coordinates which satisfy the commutation relation (9). Since any non-decreasing reparametrization of t is an equally good time coordinate in commutative space-time, it is important to choose the time coordinate for which the commutation relation,

[x̂_0, x̂_i] = i κ x̂_i, (23)

is imposed. We note that a natural time coordinate consistent with the commutation relation is the cosmological time x_0 = t. This choice ensures the same form of commutation relation satisfied by the locally flat coordinates (t̂, X̂_i = a(t̂)x̂_i): [t̂, X̂_i] = a(t̂)[t̂, x̂_i] = iX̂_i/κ. This simplicity cannot be attained for other choices of time coordinate. For example, consider a time coordinate x_0 defined by the 00-part of the metric g_{00} = −s^2(x_0). In the locally flat coordinates, the commutator [s(x̂_0)x̂_0, a(x̂_0)x̂_i] = a(x̂_0)s(x̂_0)[x̂_0, x̂_i] + a(x̂_0)[s(x̂_0), x̂_i]x̂_0 is not simply reduced to a well defined form of Eq. (9). In this sense the natural choice for the time coordinate is the cosmological time t where s(t) = 1. With the cosmological time t, the equations (9)∼(18) can be used without modification.

The generalization of κ−deformed vector fields in κ−RWS can be written as Eq. (18) with the operator χ_μ defined by, χ_i = e^{∂0/iκ} ∂_i i , χ_0 = κ sinh

∂_0 iκ − 1 2κ ∂_ie^{∂0/2iκ}g^{ij}∂_j e^{∂0/2iκ}, (24) where the ordering of the time-dependent metric, g^{ij}, and derivatives are determined by demanding the adjoint derivatives to satisfy Eq. (20), which gives

χ^†_i (k) = −k_i, (25) ^∂^†_0Φ(x̂) = −κ sinh ∂^0 iκ Φ(x̂) − 1 2κ e^{∂0/(2iκ)}∂_i [ e^{∂0/(2iκ)}∂_jΦ(x̂) ] g^{ij} (t̂). (26)

In addition to Eq. (20) we demand the condition

^∂^†_0Φ^†(x̂) = ( ^∂_0Φ(x̂))^†, (27)

to determine ^∂^†_0.

Given the covariant derivatives and its adjoint derivatives, we can write the action of a massless scalar field in κ−RWS as S = − 1 2 ∫ d^4x( ^∂^†_μΦ^†(x̂)) √ −gg^{μν} (t̂) ^∂_ν Φ(x̂) (28) = 1 2 ∫ d^4x [ ( ^∂^†_0Φ^†(x̂))a^3(t̂) ^∂_0Φ(x̂) − ( ^∂^†_i Φ^†(x̂))a(t̂) ^∂_iΦ(x̂) ] , where we choose the symmetric form in the action so that the metric dependent factor is placed in the middle of the operator products. It turns out that this choice gives the simplest form of the interaction between different modes. In addition we do not consider the change of measure [28] due to the complication of the non-commutative multiplication since what we are interested in in this paper is to understand the main feature of the κ−deformation on the metric fluctuation.

Using Eqs. (13), (15), (16), (24), and (25) we obtain for the action S = κ^2 4 ∫ k dt { g(k, t)Φ̃_{−k}(t − i κ )Φ̃_k(t + i κ ) − a^3(t) [ ρ_3(t) + g_3(t)k̄^2(t) ]~ Φ_{−k}(t)Φ̃_k(t) } , (29)

where k̄ denotes the relative ratio between the physical momentum (|k|/a) and the non-commutative scale (k̄(t) = |k| a(t)κ ) and the coefficients g(k, t), g_i(t) and ρ_n(t) are given by

g(k, t) = a^3(t) [ 1 + (g_1(t) − 2)k̄^2 + g_2(t) 2 k̄^4 ] , (30)

g_1(t) = 1 2 [ a^2(t) a^2(t + i/(2κ)) + a^2(t) a^2(t − i/(2κ)) ] , g_2(t) = a^4(t) a^2(t + i/(2κ))a^2(t − i/(2κ)) , g_3(t) = 1 2 [ a^3(t − i/κ) a(t)a^2(t − i/(2κ)) + a^3(t + i/κ) a(t)a^2(t + i/(2κ)) ] , ρ_n(t) = 1 2 [ a^n(t − i/κ) a^n(t) + a^n(t + i/κ) a^n(t) ] . Note that the left hand sides of Eq. (30) are defined to satisfy lim_{κt→∞} g_i = 1 = lim_{κt→∞} ρ_n. The action (29) is highly non-local in that the fields are non-locally multiplied in the action, in addition to the nonlocal coupling between the background metric and the field modes. Each mode of the field, Φ̃_{±k}, is diagonalized so that it is not coupled to other modes of different k.

III. FIRST ORDER APPROXIMATION AND THE HAMILTONIAN FORMULATION

It is not possible to solve the nonlocal equation of motion derived from the action (29) exactly. The canonical formalism for Lagrangians with non-locality of finite extent has been proposed by Woodard [29]. However, we do not follow the formalism since our purpose is to obtain information on how the non-commutativity (23) affects the evolution of the metric fluctuation in inflationary Universe in a simple calculable form. Instead, we use a perturbative expansion in the parameter H̄^2 ≡ H^2/κ^2 and construct the Hamiltonian for the action up to the first order in H̄^2.

To have an approximation of the action (29), we expand the integrand in H̄^2 as g(t)Φ(t + i κ )Φ(t − i κ ) = g^{(0)}_S (t)Φ(t)^2 +

2g^{(−1)}_A (t) κ^2

Φ̇^2(t) + [ 6(g^{(−4)}_S − g^{(−4)}) (31) +κ^{−2} ( 8g^{(−3)}_A − 4g^{(−2)}_S − g^{(−2)} ) − g 4κ^4 ] Φ̈^2(t) + O(H̄^6), where g^{(−n)}(t) denotes the n^{th} indefinite integrals of g(t), and g^{(−n)}_S (t) ≡ 1 2 [g^{(−n)}(t + i/κ) + g^{(−n)}(t − i/κ)], g^{(−n)}_A (t) ≡ κ 2i [ g^{(−n)}(t + i/κ) − g^{(−n)}(t − i/κ) ] . (32)

From Eqs (29) and (31), we get the action up to the order O(H̄^2), S = 1 2 ∫ k dt a^3(t) { μ(k, t) ˙Φ̃_k(t) ˙Φ̃_{−k}(t) − k^2 a^2(t) ( g_4 − g_5k̄^2 4 ) Φ̃_kΦ̃_{−k} + γ(k, t)

3κ^2

¨Φ̃_k ¨Φ̃_{−k} + · · · } , (33)

where the coefficients are given by

μ(k, t) = a^{−3}(t)g^{(−1)}_A (k, t), (34)

g_4(t) = ρ_1 + 1 4 { g_3 − 1 2 [ a^3(t + i/κ) a(t)a^2(t + 3i/(2κ)) + a^3(t − i/κ) a(t)a^2(t − 3i/(2κ)) ]} , g_5(t) = 1 2 [ a(t)a^3(t + i/κ) a^2(t + i/2κ)a^2(t + 3i/(2κ)) + a(t)a^3(t − i/κ) a^2(t − i/2κ)a^2(t − 3i/(2κ)) ] , γ(k, t) = 3 2a^3(t) [ −6κ^4(g^{(−4)} − g^{(−4)}_S ) + κ^2 ( 8g^{(−3)}_A − 4g^{(−2)}_S − g^{(−2)} ) − g 4 ] . The asymptotic values of these coefficient functions are

g_4(∞) = g_5(∞) = μ(0, ∞) = γ(0, ∞) = 1, (35)

which make it easier to guess the asymptotic behaviors of the coefficient functions for large t.

For notational simplicity, we use the change of variables Φ_{k,+} =^1_2 (Φ̃_k + Φ̃_{−k}), Φ_{k,−} =^i_2 (Φ̃_k − Φ̃_{−k}), to write the action in a diagonal form: S = 1 2 ∫ α dt a^3(t) { μ(k, t)Φ̇^2_α(t) − k^2 a^2 ( g_4 − g_5k̄^2 4 ) Φ^2_α + γ(k, t) 3κ^2

Φ̈^2_α + · · · } , (36)

where α = (k, ±). Note that the coefficients μ, γ, and g_i are exactly calculable once a(t) is given.

Introducing the conformal time η and the rescaling of the field, ϕ_α = a(t(η))Φ_α, we reduce the action (36) into the form, up to the order H̄^2, S = 1 2 ∫ α dη { μ̄(∂_η ϕ_α)^2 − ω(k, t)ϕ^2_α + γ(k, t) 3κ^2a^2(t)

(∂^2_η ϕ_α)^2 } , (37)

where

μ̄ = μ + 4γH^2 3κ^2 ( 1 + 5Ḣ 4H^2 + 3γ̇ 4Hγ ) , (38)

ω(k, t) = k^2 ( g_4 − g_5k̄^2 4 ) − ∂_η(A^2H) a + ∂^2_η (γ∂_η H)

3κ^2a

, (39)

A^2 = a^2(η) [ μ(k, t) + ∂_η(γ∂_η a) 3κ^2a^3 ] . Note that the action (37) contains a higher derivative term, which may lead to nonunitary evolution of the system. Since this higher derivative term is a term of order H̄^2 and our purpose in this paper is to obtain the effect of the deformation on the cosmological evolution up to the 1^{st} order in H̄^2, we require that the higher order derivative term is written as a function of the field, its first time derivative, and time:

∂^2_η ϕ = Ψ(ϕ, ∂_ηϕ, η). (40)

Explicitly, we use the linearized approximation,

∂^2_η ϕ = a(η) γ^{1/2}(k, η) [c(η)ϕ + d(η)∂_ηϕ], (41) where the coefficients c and d are to be determined by consistency.

This requirement is equivalent to the perturbative calculation up to the 1^{st} order in H̄^2. This can be shown as follows: The equation of motion for ϕ = ϕ_0 +^1_{κ2} ϕ_1 + · · · can be written as

∂_η(μ̄∂_ηϕ_0) + ωϕ_0 = 0, (42)

∂_η (μ̄∂_ηϕ) + ωϕ = 1 3κ^2

∂^2_η ( γ a^2

∂^2_η ϕ_0 ) , where the first equation is the 0^{th} order equation and the second is the full equation written explicitly up to the 1^{st} order. The first equation of Eq. (42) defines ∂^2_η ϕ_0 as a linear function of ∂_ηϕ_0 and ϕ_0. Then, the second line can be understood as a defining equation of ∂^2_η ϕ as a linear function of ∂_ηϕ and ϕ up to O(H̄^2), which is Eq. (41).

With this reasoning and Eq. (41), the action (37) is perturbatively equivalent up to H̄^2 to the following unitary action S = 1 2 ∫ α dη [ m(∂_η ϕ_α)^2 − f(k, η)ϕ^2_α ] , (43)

where k = |k| and we have

m = μ̄ + d^2 3κ^2

, (44) f = ω(k, t) − c^2 − ∂_η(cd)

3κ^2 . Substituting Eq. (41) into (37)and requiring the resultant action to be the same as the action (43) with (41) as its equation of motion, we find c = − fγ^{1/2} ma , d = − ṁγ^{1/2} m . (45)

Eqs. (44) and (45) imply that m and f satisfy the following differential equations:

m = μ̄ + γ 3κ^2

(ṁ)^2 m^2

, (46)

f^2 3κ^2m^2a^2

+ f = ω(k, t) + a(t) 3κ^2 d dt fγṁ am^2 . Note that these conditions make the action to be a functional of ∂_ηϕ and ϕ. The time evolution for the theory (43) is unitary and quantum mechanically well defined.

We introduce mode dependent conformal time η_k by dη_k = m^{−1}(k, η)dη = dt a(t)m(k, t) . (47)

Then the action (43) can be written in a simplified form: S = 1 2 ∫ α dη_k [ ϕ^{′2}_α − Ω^2_k(η_k)ϕ^2_α ] , (48)

where^′ denotes the derivative with respect to η_k and

Ω^2_k(η_k) ≡ m(k, η_k)f(k, η_k). (49)

The Hamiltonian for mode α is the same as that of the time-dependent harmonic oscillator with frequency squared Ω^2_k:

H_α = π̂^2_α 2 + 1 2 Ω^2_k(η_k)ϕ̂^2_α. (50)

The time evolution of each mode can be described by introducing invariant creation and annihilation operators [30],

Â_α = − i ℏ^{1/2} (φ^∗_απ̂_α − φ^∗_α^′ϕ̂_α), Â^†_α = i ℏ^{1/2} (φ_απ̂_α − φ_α^′ϕ̂_α), (51) where φ_α is the mode solution of the differential equation (54) below and Â_α and Â^†_α satisfy the Liouville-von Neumann equation,

iℏ∂_{ηk} Â_α + [Â_α, H_α] = 0. (52)

One may invert Eq. (51) to construct the field operator in terms of the creation and annihilation operators as

ϕ̂_α = ℏ^{1/2} [ φ_α(η_k)Â_α + φ^∗_α(η_k)Â^†_α ] , (53)

π̂_α = ℏ^{1/2} [ φ^′_α(η_k)Â_α + φ^∗_α^′(η_k)Â^†_α ] . Note also that the Liouville-von Neumann equation is equivalent to the following differential equation for the coefficients φ_α,

φ^{′′}_α(η_k) + Ω^2_k(η_k)φ_α(η_k) = 0. (54)

The commutation relation [Â_α, Â^†_β] = δ_{αβ} restricts the mode solution φ_α to satisfy φ_αφ^∗_α^′ − φ^′_αφ^∗_α = i.

We present the first order approximation of m and f for later use. To first order in 1/κ^2, Eq. (46) gives m ≃ μ̄ + γ 3κ^2

( ˙μ̄)^2 μ̄^2 ≃ μ̄, (55)

f = 2ω(k, t) [ 1 + ( 1 + 4ω 3κ^2m^2a^2 )_{1/2}]−1 ≃ ω ( 1 − ω 3κ^2m^2a^2 ) . Using the explicit form for ω and μ, we have m ≃ μ̄ ≃ 1 − H̄2 6 (1 − 7ϵ_1) − k̄^2, (56) f ≃ k^2 [ 1 + H̄^2 3 (1 − ϵ_1) − 7 12 k̄^2 ] − 2H^2a^2 [ 1 + ϵ_1 2 − H̄^2 6 ( 1 − 16ϵ_1 − ϵ^2_1 + ϵ_2 2 + ϵ_3 )] ,

where ϵ_n = H^{(n)} (H)^{n+1}

, with H^{(n)} = d^nH dt^n , are constant numbers for power law inflation and vanish for exponential inflation. From these we have m^{−1}(k, η) ≃ 1 + α_n H^2 κ^2 + k^2 a^2κ^2

+ · · · , (57)

Ω^2_k(η_k) ≃ k^2(1 − w_1H̄^2 − w_2k̄^2) − (2 + ϵ_1) H^2a^2(η)(1 − w_3H̄^2) + · · · .

For the power law inflation, the values of α_n and w_i are given by

α_n = n + 7 6n , w_1 = 1 6 (13 − 11/n), w_2 = 19/12, w_3 = 1 3(1 − 1/(2n)) ( 1 + 45 4n − 7 4n^2 − 3 n^3 ) , (58)

and for the exponential inflation their values are given by the limits n → ∞ of Eq. (58).

IV. METRIC FLUCTUATIONS IN κ−DIU: THE EXPONENTIAL INFLATION

The simplest inflationary model is the exponential inflation, in which the scale factor a(t) increases as, a(t) = a_0e^{Ht}, − ∞ < t < ∞. (59) Here a_0 is the scale factor at t = 0 and H is the Hubble constant. Using the conformal time η, we get Ht = − ln(−a_0Hη), a(η) = 1 −Hη , (60) where the conformal time η varies from −∞ to 0 as t varies from −∞ to ∞. From Eqs. (34) and (38), we have

μ̄ = sin 3H̄ 3H̄ + 4 3 H̄^2ξ(3H̄) + ( − sin H̄

H̄ + 2 3 H̄^2ξ(H̄) ) [ 2 − cos H̄ − k̄2 2 ] k̄^2, (61) γ(k, t) = ξ(3H̄) − ξ(H̄) [ 2 − cos H̄ − k̄2 2 ] k̄^2,

where ξ(x) = 3 [ −3 1 − cos x x^4 + 4 sin x x^3 − 4 cos x + 1 2x^2 − 1 8 ] ≃ 1 − 13 80 x^2 + · · · .

Since the action (48) is obtained in the H̄^2 expansion, the normalized Hubble constant, H̄ = H/κ is assumed to be smaller than one. Moreover, the Eq. (67) below restricts k̄ = k/(a(t)κ) to be smaller than one. Then we get m(k, η) from the differential equation (46) and (61) by series expansion in H̄^2 and k̄, m ≃ μ̄ + H̄^2 3 ˙μ̄^2 H^2μ̄^2 ≃ ( 1 − H̄^2 6 ) (1 − H̄^2k^2η^2) + O(H̄^4). (62)

By integrating m^{−1} over η using Eq. (47), we get the mode-dependent conformal time η_k, η_k ≃ 1 2H̄k(1 − H̄^2/6) ln ( 1 + H̄kη 1 − H̄kη ) = η 1 − H̄^2/6 ( 1 + H̄^2 3 k^2η^2 + · · · ) , (63)

which is normalized so that η_k = 0 at η = 0. A crucial point is that there is a global rescaling of the conformal time due to the non-commutative effect.

From Eq. (57), the effective frequency squared Ω^2_k is written as

Ω^2_k(η_k) = k^2(1 − w_1H̄^2 − w_2k̄^2) − 2H^2a^2(η)(1 − w_3H̄^2) + · · · (64)

≃ k̃^2 − ν^2 − 1/4 η^2_k

− w_2H̄^2k^4η^2_k,

where w_1 = 13/6, w_2 = 19/12, w_3 = 1/3, and

k̃^2 ≡ k^2 [1 − (w_1 + 2/3)H̄^2] , ν^2 − 1/4 ≡ 2(1 − w^3

H̄2) (1 − H̄^2/6)^2

≃ 2. (65)

The explicit value of ν is ν = 3/2 to this order, which is the same as the commutative space result. We note that both the frequency and the mode solution have corrections from non-commutativity for large |η_k|. The last term of the second line in Eq. (64) becomes negligible for η_k ∼ 0.

A. Mode generation and the initial condition

In the κ−RWS, spatial momentum is also restricted similarly as in (12). In terms of comoving momentum k = |k|, we have k a(t) ≤ κ. (66) This gives the upper bound of k k ≤ k_{max}(t) ≡ κa(t). (67) The maximal value of the wave-number (67) is very similar to that used by Brandenberger and Ho [10] except for the fact that the maximal value used in Ref. [10] is determined by an effective scale factor modified by the Moyal star product in the action.

Since m is positive definite, the mode-dependent conformal time η_k, Eq. (47), is well defined and is an increasing function of t. The relation (67) implies that for a given k, there exists a conformal time η^0_k, the time saturating the relation (67):

a(t(η^0_k)) ≡ k κ . (68)

Then, the mode ϕ_k cannot exist before η^0_k. In other words, η^0_k is the generating time of the mode φ_k. This provides a hint to one of the major issues in which state the fluctuations are generated. To satisfy the continuity of the number of quanta of the k mode when the mode becomes physical at η^0_k, it must be in the adiabatic vacuum state. This vacuum state can be chosen to be the WKB mode solution, lim η_k→η^0_k φ_k(η_k) = 1 √ 2Ω_k(η_k) exp i (∫_{ηk} η^0_k

Ω_kdη_k + ψ_k ) , (69)

where the constant phase ψ_k can be chosen conveniently.

B. inflationary evolution

The inflationary evolution of the mode solution is determined by identifying Ω^2_k of Eq. (64). The corresponding commutative space values can be obtained by setting H̄ = 0 in Eq. (64). With the Ω^2_k we have two different time scales η^c_k and η^i_k defined by Ω^′_k(η^c_k) = 0 and Ω^2_k(η^i_k) = 0, respectively. These time scales are given by

η^c_k = −

(ν^2 − 1/4)^{1/4} kw^{1/4}_2 H̄^{1/2} , η^i_k ≃ − (ν^2 − 1/4)^{1/2} k ( 1 + (ν^2 − 1/4)w_2H̄^2 2 + · · · ) , (70)

where Ω^2_k(η_k) increases while η_k < η^c_k and decreases later as shown in Fig. 1. It is positive definite when η_k < η^i_k and negative later. For η_k > η^i_k, the modulus of ϕ_k increases in time. By Eq. (68), the mode ϕ_k is generated at η^0_k ≃ −(kH̄)^{−1}. Note that these three time scales satisfy

η^0_k ≪ η^c_k ≪ η^i_k, (71)

if H̄ ≪ 1. Note also that during η^0_k < η_k < η^c_k, the condition for the WKB approximation,

∂_ηΩ^2_k Ω^3_k

∼ 2ω_2k|η_k|H̄^2 ≪ 1, (72)

is valid. In Fig. 1, we present schematic plot of Ω^2_k(η_k) for a given mode ϕ_k. Therefore, during this period, the WKB

FIG. 1: Schematic plot of Ω^2_k for the exponential inflation and for the UV modes in the power law inflation. There is no mode ϕk for ηk < η^0_k . The mode solution for η^0_k < ηk < η^c_k is given by the WKB solution and the mode solution for ηk > η^c_k is given by the Bessel functions. The two solutions are matched at η^c_k .

mode solution,

φ_k(η_k) = 1 √ 2Ω(k, η_k) exp i (∫_{ηk} η^0_k

Ω_kdη_k + ψ_k ) , (73) can be used to describe the time evolution. We use this solution to determine the matching condition at η_k = η^c_k,

φ_k(η^c_k) = 1 √ 2Ω_c

, φ^′_k(η^c_k) = i √ Ω_c 2 , (74)

where Ω^2_c ≡ Ω^2_k(η^c_k) ≃ k̃^2[1 − 2(ν^2 − 1/4)^{1/2}H̄], k̃ given in (68), and ψ_k is chosen to give this matching condition (74).

For η_k > η^c_k, the last term in Eq. (64) becomes much smaller than other terms. Thus we ignore this term and use the Bessel function as the solution for η_k > η^c_k,

φ_k(η_k) = A_k √ −η_kJ_ν(−k̃η_k) + B_k √ −η_kY_ν (−k̃η_k). (75)

Matching the two solutions at η_k = η^c_k, we get

A_k = π 2 [ i √ −η^c_kY_ν (−k̃η^c_k)φ^′_k(η^c_k) +

Y_ν (−k̃η^c_k) − 2k̃η^c_kY^′_ν (−k̃η^c_k) 2 √ −η^c_k φ_k(η^c_k) ] , (76)

B_k = − π 2 [ i √ −η^c_kJ_ν(−k̃η^c_k)φ^′_k(η^c_k) + J_ν(−k̃η^c_k) − 2k̃η^c_kJ^′_ν (−k̃η^c_k) 2 √ −η^c_k φ_k(η^c_k) ] . Note that A_k and B_k are independent of k since k̃η^c_k is independent of k due to Eq. (70) and Ω_c ∝ k.

As kη_k → 0, the Bessel functions become J_ν → (−k̃η_k)^ν 2^ν ν! , Y_ν → 2^ν (ν − 1)! π(−k̃η_k)^ν , (77)

and the second term in Eq. (75) dominates in the later time (−kη_k ∼ 0). Therefore, the power spectrum of the scalar metric perturbation has the form

P_k(t) = k^3 2π^2 |φ_k(t)|^2 z^2(t) ≃ [2^ν(ν − 1)!]^2|B|^2H^2

2π^4(z/a)^2

(1 + H̄^2/6)^2 (1 − 17H̄^2/6)^{3/2} ( k̃η_k )_{3−2ν} , (78)

where z/a, H̄, ν, and B are constant numbers. Note that 3 − 2ν ≃^2_3 (w_3 − 2α)H̄^2 = 0 in the present case since w_3 = 1/3. Therefore, the spectrum of the metric fluctuation for exponential inflation in κ−RWS is time independent and is scale invariant up to the first order in H̄^2. The only effect of the non-commutativity to the power spectrum is the global rescaling of the power spectrum, which is of the order H̄^2. It is an interesting fact that w_3 and 2α are the same. Note that α originates from the scale factor of the mode-dependent conformal time η_k with respect to the conformal time η, and w_3 comes from the H̄^2 order correction term of the frequency squared. Since there is no physical reason for the coincidence, it is possible that the next order correction may give a result of w_3 > 1/3. This is an interesting possibility since this positive power of kη makes the power spectrum decrease in time. If the present analysis is applied to the tensor mode fluctuation, the time dependence can be used to solve the gravitational hierarchy problem (H/M_P ∼ 10^{−5}) [31]. This is what happens in the power law inflation considered in the next section. The spectrum (78) is scale invariant in contrast to that of Ref. [26] with the same initial vacuum state. The difference may be attributed to the different choice of the initial conditions. At the present case, the initial time is dependent on the mode through Eq. (68), which uniquely fixes the initial state (69) for the mode solutions.

V. METRIC FLUCTUATIONS IN κ−DIU: POWER LAW INFLATION

In this section we calculate the metric fluctuation in the power law inflationary model, in which the scale factor increases as,

a(t) = a_0(κt)^n, 0 < t < t_f , (79)

where n ≠ 1, a_0 is the scale factor at the Planck time t = 1/κ, and t_f is the instance when the inflation ends. In this

model, the variable z(t) in Eq. (6) is given by z(t) = √ 2 n M_P a(t). For n ≠ 1, we have

κt = ( η η_0 ) 3_{2 −μ} , a(η) = a_0 ( η η_0 ) 1_{2 −μ} , (80) where μ = 3n − 1 2(n − 1)

, and η_0 is the conformal time corresponding to κt = 1, given by

η_0 = − μ − 3/2 a_0κ

. (81)

η_f = η_0(κt_f )^{−1/(2μ−3)} is the time when the inflation ends.

When κt ≫ 1 is large and k^2/(a^2κ^2) ≪ 1 is small, we have m^{−1}(k, η) ≃ 1 + α_n H^2(η) κ^2 + k^2 a^2(η)κ^2

+ · · · . (82)

The mode-dependent conformal time η_k can be approximated as η_k ≃ η [ 1 + α_nn^2 2(μ − 1) η̄^{2μ−3} + k^2 2μκ^2a^2_0 η̄^{2μ−1} + · · · ] , (83)

where we use the notation η̄ ≡ η η_0 = − a_0κη μ − 3/2 , (84)

and we normalize the time so that η_k = 0 when η = 0. The function Ω^2_k in Eq. (57) for H̄^2 ≪ 1 is approximated to be

Ω^2_k(η_k) ≃ k^2(1 − w_1H^2_k − w_2k̄^2) − 2n − 1 n H^2a^2(η)(1 − w_3h^2) + δ, (85)

where δ represents the smaller terms proportional to the differences of the Hubble parameter from its time-averaged values,

δ = −w_1k^2(H̄^2 − H^2_k) + 2w_3H^2a^2(H̄^2 − h^2). (86)

w_i’s are given in Eq. (57) and the time-averaged values of the Hubble parameters, H_k and h are defined by

H^2_k ≡ ∫ dη_kH^2(η) κ^2 ∫ dη_k , h^2 ≡ ∫ dη_ka^2(η)H^4(η) κ^2 ∫ dη_ka^2(η)H^2(η)

, (87)

with the η_k integrations performed over the validity range of the differential equation (54) for a given mode solution, which will be clarified in the next subsections. We do not put the index k to h since h depends on k very weakly.

A. Mode generation and the initial condition

As in the case of the κ−deformed exponentially inflating universe, due to the condition (67), the mode ϕ_k is generated at the conformal time η(k),

η(k) = η_0 ( k a_0κ )_− 1_{μ−1/2} , (88)

where we assume the Universe is inflating with n ≫ 1.

A serious obstacle in finding physics of low comoving momentum modes is that the action (48) is not well defined for large H̄^2 since the action is approximated by expansion in H̄^2. The condition H̄(η_m) ∼ 1 is attained at

η_m ∼ η_0 n^{− 12μ−3} . (89)

Before η_m, our approximation for the action (48) is not valid. This condition restricts the validity range of the present approximation to the modes ϕ_k with comoving momentum k > k_m ≡ n^{μ−1/2μ−3/2} a_0κ. (90) In this subsection, we restrict ourselves to the ultra-violet modes satisfying the condition (90). To know the behavior of smaller frequency modes, one should use better approximation of the action (29) instead of (48). We present some reasonable arguments for the evolution of those low frequency modes in Sec. V.C.

For modes k > k_m, all the arguments for the initial state in Sec. IV.A hold true. Therefore, the initial state is given by the WKB ground state,

φ_k(η_k) = 1 √ 2Ω_k(η_k) exp i (∫_{ηk} η^0_k

Ω_k(η_k)dη_k + ψ_k ) , k ≥ k_m, (91) where η_k is close to the mode generation time η^0_k given by Eq. (68).

FIG. 2: Schematic plot for the mode generation time in power law inflation. Each curve describes the value of the normalized physical wave-number k̄(t) =^k_{aκ} for a given conformal time η. Since a(t(η)) increases for expanding universe, the value of k̄ always decreases. Due to Eq. (88) each mode becomes physical when it crosses the horizontal line k̄ = 1. We denote the unphysical part of each modes using the dashed curve. Since H̄ = 1 at η = ηm , the region η > ηm is perturbatively reliable and the region η < ηm is perturbatively unreliable, which are divided by a shaded vertical line. The UV modes resides in the perturbatively reliable region. The IR and the Far Infra-Red (^k_{a0κ} < 1) modes pass through the perturbatively unreliable region.

B. inflationary evolution

The inflationary evolution of the mode solution is governed by Ω^2_k. When k > k_m, we approximate Ω^2_k in Eq. (85) using Eqs. (83) and (86), and dropping the term δ in Eq. (85), as

Ω^2_k(η_k) ≃ k̃^2 − ν^2 − 1/4 η^2_k − w_2k^4 κ^2a^2_0 η̄^{2μ−1}_k + · · · . (92)

where

k̃^2 ≡ k^2 [ 1 − (w_1 + 2n − 1 μn )H^2_k ] , ν^2 − 1 4 ≡ ( μ^2 − 1 4 ) [ 1 + ( α_n μ − 1 − w_3 ) h^2 ] . (93)

Eq. (92) looks similar to Eq. (64) except for the final term. With the Ω^2_k(η_k) in Eq. (92), we have two different time scales defined by Ω^′_k(η^c_k) = 0 and Ω^2_k(η^i_k) = 0:

η^c_k = η_0 [ ν^2 − 1/4 w_2(μ − 1/2)(μ − 3/2)^2k̄^4_0

]_{1/(2μ+1)} , (94)

η^i_k^2 =

(ν^2 − 1/4) k̃2 [ 1 + w_2(μ − 3/2) ( ν^2 − 1/4 μ − 3/2 )_{2μ} k̄^{3−2μ}_0 ] + · · · where k̄_0 = k/(κa_0). Since k̄_0 ≫ 1 for modes under consideration, we have

η^0_k ≪ η^c_k ≪ η^i_k. (95)

Since the condition for the WKB approximation, Ω^2_k^′/Ω^3_k ≪ 1, holds during η_k < η^c_k, we may use the WKB solution (91). Therefore, we get the mode solution at η^c_k given by Eq.(74) with

Ω^2_c ≡ Ω^2_k(η^c_k) ≃ k̃^2 [ 1 − 2μ + 1 2μ − 1 ν^2 − 1/4 (k̃η^c_k)^2 ] , (96)

where the second term in the parenthesis is smaller than 1 for k̄_0 ≫ 1. For η_k > η^c_k, we ignore the last term in Eq. (92) since η̄_k is very small there. The solution for the differential equation (54) is given by the Bessel function in Eq. (75) with parameters given in Eq. (93). With the initial condition (74) and Ω_c in Eq. (96), A_k and B_k are given by Eq. (76).

Since we are considering modes with k̄ ≫ 1, we always have |k̃η^c_k| ≫ 1. Using the asymptotic expansion of the Bessel functions, J_ν (x) ≃ √ 2 πx cos[x − (ν + 1 2 ) π 2 ], Y_ν(x) ≃ √ 2 πx sin[x − (ν + 1 2 ) π 2 ], (97)

we get

A_k = √ π 2 √ Ω_c k̃ e^{−i(} k̃η^c_k+(ν+1/2)π/2) = iB_k. (98)

Note that the absolute values of A_k and B_k are very weakly dependent on k since Ω_c ∼ k̃.

From this, we have the power spectrum, P_{UV,k}(t) = k^3 2π^2 |φ_k(t)|^2 z^2(t) ≃ κ^2 M^2_P n[2^ν(ν − 1)!]^2(μ − 3/2)^{1−2ν} 16π^3 ( k a_0κ )_{3−2ν} ( η_k η_0 )_{2(μ−ν)} + · · · . (99)

Since we are interested in the time evolution for η^c_k < η_k < η_f , we have the time-averaged Hubble parameters,

H^2_k ≃ n^2 2(2 − μ)

(η̄_f )^{4−2μ} − (η̄^c_k)^{4−2μ} η̄_f − η̄^c_k ≃ n^2 2(2 − μ) 1 (η̄^c_k)^{2μ−3}

, (100)

h^2 ≃ n^2 2(2 − μ) η̄^{2μ−4}_f − (η̄^i_k)^{2μ−4}

η̄^{−1}_f − (η̄^i_k)^{−1} ≃ n^2 2(2 − μ)

(η̄_f )^{2μ−3}. (101)

The mode-dependent conformal time η_f at the end of the inflation is almost independent of the comoving momentum k. Note that from Eq. (93), ν ≃ μ − ch^2, c ≡ μ^2 − 1/4 2μ ( w_3 − α_n μ − 1 ) , (102)

3 − 2ν ≃ 3 − 2μ + 2ch^2 = − 2 n − 1 + 2ch^2,

where c is a positive number for n > 1.53. 3 − 2ν changes sign from positive to negative at η_k = η_{flat}, where η_{flat} = [ (2 − μ)(2μ − 3) cn^2 ] 1_{2μ−3} η_0. (103)

Since |3−2ν| ≪ 1 always, the slightly blue-shifted spectrum changes into the slightly red-shifted spectrum at η = η_{flat}.

The power spectrum decreases in time since μ − ν is positive even though it is very small. For example, for n = 14, we have a(η_{flat})/a_0 ∼ e^{41} and P_k ∼ 0.075 κ^2 M^2_P

. Since the currently discussed minimal duration of inflation is roughly

a/a_0 ∼ e^{60} [5], η_f must be later than η_{flat} and the size of the spectrum decreases in time. We will observe the decreasing red spectrum of the scalar density fluctuation for high comoving momentum k > k_m.

If n = 19, on the other hand, we have a(η_{flat})/a_0 ∼ e^{60} and we will observe fully scale invariant power spectrum for the high comoving momentum modes for minimal inflation.

There are a couple of features in our result (99) which can be used to resolve the gravitational hierarchy problem, the extreme weakness of the gravitational wave (the tensor mode fluctuation) relative to the large scale density fluctuations. The first is the fact that the power spectrum decreases as k increases for later time, which is also the case in the commutative space results. The second is the time-dependence of the power spectrum, which is a new feature of the present paper, that may describe the difference of the power spectra between the structure formation time and the observation time. These features may solve the gravitational hierarchy problem without imposing any fine tuning on H or on the non-commutativity scale κ.

C. Speculation for IR modes

In the previous subsection, we deferred the discussion on the evolution of the modes of smaller frequencies than k_m. Due to the definition of k_m, (90), these modes always satisfy in its physical region, k a(t)κ ≪ 1. (104)

The Far Infra-Red (FIR) modes are created at η = η^0_k < η_0. For η^0_k < η < η_m, the condition (104) can be interpreted as k^2 ≪ a^2H^2, for η < η_m, (105)

since η_m is the time for H/κ ∼ 1.

To figure out the dynamics of these modes, we must have reasonable approximation on the action around H^2/κ^2 ∼ 1. We assume that the action (48) is still valid even though the explicit functional forms of m and f are not known. We keep Eq. (46) since the equation comes from the requirements of quantization and unitarity of the time evolution. To show that the mode solution at time η_m is almost independent of k, we use several steps of reasoning. First, we show that m(k, η_k) is very small until η_k < η_m. Next, we argue that Ω^2_k is also very small. Finally, we argue that Ω^2_k is almost independent of k for this region of time. With these, we have the result that the matching condition of φ_k(η_k) at η_k ∼ η_m is almost independent of k.

m(k, η) is defined by the first order differential equation (46) with m = 1 at κt → ∞. The value of m increases in time asymptotically approaching to, m ∼ μ̄ at η = 0. Therefore, to get the behavior of m, we need to analyze its behavior around m ∼ 0. In this case, the differential equation (46) becomes ṁ m ≃ √ − 3κ^2μ̄ γ . (106)

Thus, to have a consistent, real-numbered value of m, we must have μ̄/γ < 0 in this region and

m(k, η_k) ≃ [ Λ − ∫_{ηk} η^0_k √ −3κ^2μ̄a^2 γ dη_k ]−1 , (107)

where the integration constant Λ is a large number which ensures the value of m to be small. The value of m increases to O(1) around μ̄/γ ∼ 0 since for positive μ̄ we have m ∼ μ̄ as a 0^{th} order approximation. Let η^c_k be the value of η_k satisfying μ̄(η^c_k)/γ(η^c_k) = 0. Then, we have m ∼ 1/Λ ≪ 1 for η_k ≪ η^c_k and m ∼ μ̄ for η_k > η^c_k. Rough estimation on the value of η^c_k is possible by using the asymptotic form of m(k, η_k) ∼ μ̄. Since

k^2 κ^2a^2(t^c_k) ≃ 1 − α_n H^2(t^c_k)

κ^2

< 1, (108)

where t^c_k is the time corresponding to the mode-dependent conformal time η^c_k, and the mode ϕ_k is generated before η^c_k. Since H(η_m) ∼ κ, we must have η^c_k ∼ η_m + · · · . Therefore, the zeroth order of η^c_k is independent of k.

Next, we consider the function f of Eq. (46) for η_k ≪ η^c_k. From Eqs. (46), (106), and the change of variable

f̄ = √ −γμ̄ κ^2am f, we get 3ω κ^2 + ∂_ηf̄ ≃ − f̄^2 γμ̄ ≥ 0, (109) where we have ignored the term proportional to m since m is very small. For this differential equation to be well

defined, f̄ must be a function of O(1). Thus, f = κ^2am √ −γμ̄ f̄ is of the same order as m, and is very small. Therefore,

the potential (∝ mf ∝ 1/Λ^2) is very small.

Finally, note that Ω^2_k/(a^2κ^2) is a function of k^2/(a^2κ^2) and H^2/κ^2. Because of Eq. (105) for FIR modes, we guess that Ω_k may be almost independent of k for η_k < η^c_k. This implies that the initial mode solution created at η^0_k of the FIR modes are almost independent of k.

Since m is small, small variation δη corresponds to a large variation in the mode dependent conformal time δη_k ∼ Λδη in this region. Since the multiplication of potential and the time-interval, δϕ^′_k ϕ_k ∼ Ω^2_kδη_k ∼ 1 Λ , (110)

is small, the mode solution does not change much until η^c_k after the mode generation at η^0_k. Then, the state at η_k = η^c_k is not much different from its ground state at η^0_k.

FIG. 3: Schematic plot of Ω^2_k for IR modes. .

Collecting all of the above arguments, we propose that the initial mode solutions, which are almost independent of k, vary only by a small amount during η^0_k < η < η^c_k ∼ η_m. The evolution for η_k > η^c_k will be described by the same method as that of the UV modes with the matching condition at η^c_k. The mode solution is given by Eq. (75) and its coefficients are given by Eq. (76). For these modes we have −kη^c_k(∼ −kη_m) < n(= −k_mη_m). In the case of a FIR modes, we have |kη^c_k| ≪ 1. Then, we can use the form (77) of the Bessel function to determine B_k:

B_k ∼ − π(ν + 1/2) 2^{ν+3/2}νν! √ k Ω_k(η^c_k)

(−kη^c_k)^{ν−1/2}, (111)

where we have assumed η^c_kΩ_k(η^c_k) ≪ 1.

Thus the power spectrum for the FIR modes is given by P_{F IR}(k) ≃ n(ν + 1/2)^2 32π^2ν^2 k^3 a^2(η_m)M^2_P Ω_k(η_m) ( η_k η^c_k )_{2(μ−ν)} . (112)

Since η^c_k ∼ η_m, we have strong (proportional to k^3) blue spectrum for this FIR modes. Since μ − ν is a small positive number, the size of the spectrum slowly decreases in η_k. It was argued that, in relation to the pre-big-bang scenario, this kinds of cutoff of power spectrum in the low frequency region can explain the low CMB quadrupole moments [13].

For the spectrum to be continuous, the red spectrum in the UV region must be continuously deformed to the blue spectrum in the FIR region. Therefore, the spectrum for a_0κ < k < k_m must be continuously deformed from the weak red spectrum to flat and then to weak blue spectrum.

VI. SUMMARY AND DISCUSSION

We have studied the efffects of the κ−deformation of Robertson-Walker space on the evolution of metric fluctuations in expanding cosmological background. For a given noncommutative κ−deformed inflationary universe the cosmological background is still described by the Einstein equation since the background fields only depend on one variable t so that the homogeneity and isotropy of the Robertson-Walker space are kept. The equation for linear fluctuations, however, are modified. We have shown that the modification takes the form of nonlocal interaction of the fluctuating field with itself and with the background. We have analyzed the system by perturbatively expanding the action up to the first order H^2/κ^2.

An important consequence of the space-time non-commutativity is that for each wave number k, there exists an earliest time η^0_k at which the fluctuating mode is created. The origin of the mode generation phenomena is a direct consequence of the κ−deformation which introduces an upper bound of the comoving wave-number by Eqs. (12) and (67). We assume that the fluctuation starts out with its vacuum amplitude at η^0_k since the number of excitations should be conserved during the creation process. Moreover, this condition restricts the physical frequency to be smaller than κ. This condition determines the initial condition of given modes for a given initial time. The deformation also generates the correction terms proportional to H^2/κ^2 and k^2/(κ^2a^2) to the frequency squared, which determines the time evolution of mode k.

There are two main results for the corrections to the power spectrum of the metric fluctuation due to the deformation. The first is that the deformation alters both the time dependence and the momentum dependence of the power spectrum. Especially, in the case of a power law inflation, we have shown that the power spectrum slowly decreases in time as (η_k/η_0)^{2(μ−ν)}, where μ − ν ≃ ch^2 is a very small but positive. This time dependence of the power spectrum is a new feature of the present approach in contrast to the result of the commutative space case and to the result of Ref. [10]. The fact that the power spectrum decreases in time in addition to the existence of the red shifted spectrum, can be used to resolve the gravitational hierarchy problem for the tensor mode fluctuation. Another consequence of the deformation is that the momentum dependence of the power spectrum for UV modes is also dependent on time as k^{3−2ν}, where ν is given by Eq. (92). Note that 3 − 2ν is a small positive number for η_f < η_{flat} and is a small negative number for η_f > η_{flat}. Therefore, there is a period (η < η_{flat}) of blue spectrum in the earlier time of the inflation and the spectrum becomes red after the time η_{flat}, which is determined by n. Maximal red shift occurs to the power spectrum as η_f → ∞ in which case μ = ν. Another interesting effect appears in the power spectrum of infra-red modes. Although we cannot obtain the dynamics of infra-red modes explicitly, we have suggested a form of the power spectrum from the consistency requirements. The power spectrum of the far infra-red modes (k < a_0κ), with a_0 the scale factor at t = 1/κ, have a cutoff proportional to k^3 even though the explicit procedure needs much refining since the dynamics at early times are not known. One can use the existence of this cutoff to explain the low CMB quadrupole moment. For the spectrum to be continuous, this k^3 type power may change as k increases. We know that for ultra-violet mode (k > k_m, Eq. (89)) the spectrum becomes slightly red shifted for η > η_{flat}. Therefore, the spectrum may change from weak blue to flat spectrum for a_0κ < k < k_m.

Brandenberger and Ho [10] computed the effect of the stringy space-time uncertainty relation to the power spectrum of metric fluctuations for power law inflation in the Robertson-Walker space. It is interesting to compare their results with that of the present paper since we have started from a different commutation relation (23). We start from the basic commutation relation (23) and construct the theory from the first principle, although we have to use the perturbation to compute the physical effects of the deformation. Let us consider the power spectra for time η_f > η_{flat}. The spectra of Ref. [10] changes from weak red for ultra-violet modes to weak blue for infra-red modes. In our case, the far infra-red modes behaves as k^3. This is due to the fact that the far infra-red modes becomes almost independent of k for the very early times η < η_m. Since the generation time for the ultra-violet modes is of similar form as in Ref. [10], the behavior of the spectrum in our case is similar to theirs for UV modes. The spectrum for k > a_0κ changes from weak blue to weak red as k increases. A totally new phenomena due to the κ−deformation, which is absent in the cases of Ref. [10] and the metric fluctuations in the commutative Robertson-Walker model, is the time-dependence of the spectra. We have shown that both the spectra of the ultra-violet and infra-red modes decrease slowly in time.

We have used the perturbative approximation to obtain the generic feature of the physical effect of the κ−deformation on the cosmological evolution. It would be interesting if one could develop some nonperturbative approximation methods to extract better information from the nonlocal theory described by the action (29).

Acknowledgments

This work was supported in part by Korea Research Foundation under Project number KRF-2003-005-C00010 (H.-C.K. and J.H.Y.) and by Korea Science and Engineering Foundation Grant number R01-2004-000-10526-0(CR).

[1] S. Weinberg, Gravitation and Cosmology, (John Wiley & Sons, New York, US. 1972). [2] E. W. Kolb and M. S. Turner, The Early Universe, (Addison-Wesley, US, 1990).

[3] C. L. Bennett et al., Astrophys. J. Suppl. 148, 1 (2003) [astro-ph/0302207]; D. N. Spergel et al., Astrophys. J. Suppl. 148, 175 (2003), [astro-ph/0302209]; G. Hinshaw et al., Astrophys. J. Suppl. 148, 135 (2003), [astro-ph/0302217]; S. Sarkar, Measuring the cosmological density perturbation, [hep-ph/0503271] (2005).

[4] R. H. Brandenberger, Theory of cosmological perturbations and applications to superstring cosmology, [hep-th/0501033], (2005).

[5] M. Giovannini, Theoretical tools for CMB physics, [astro-ph/0412601] (2004). [6] A. D. Sakharov, Sov. Phys. JETP 22, 241 (1965) [Zh. Eksp. Teor. Fiz. 49, 345 (1965)].

[7] R. H. Brandenberger, Inflationary cosmology: Progress and problems. In 1st Iranian International School on Cosmology:

large Scale Structure Formation, Kish Island, Iran, 22 Jan.-4 Feb. 1999. Kluwer, Dordrecht, 2000. (Astrophys. Space Sci. Libr. ; 247), ed. by R. Mansouri and R. Brandenberger (Kluwer, Dordrecht, 2000). [hep-ph/9910410].

[8] W. G. Unruh, Phys. Rev. D 51, 2827 (1995); S. Corley and T. Jacobson, Phys. Rev. D 54, 1568 (1996) [hep-th/9601073]. [9] J. Martin and R. H. Brandenberger, Phys. Rev. D 63, 123501 (2001) [hep-th/0005209]; Mod. Phys. Lett. A 16, 999 (2001) [astro-ph/0005432].

[10] R. Brandenberger and P.-M. Ho, Phys. Rev. D 66, 023517 (2002) [hep-th/0203119]; Rong-Gen Cai, Phys. Lett. B 593, 1 (2004) [hep-th/0403134].

[11] Q. G. Huang and Miao Li, JCAP 0311 001 (2003) [astro-ph/0308458]; JHEP 0306, 014 (2003) [hep-th/0304203]. [12] B. Greene, K. Schalm, J.P. Schaar, and G. Shiu, Extracting New Physics from the CMB, [astro-ph/0503458]. [13] Yun-Song Piao, A possible explanation to low CMB quadrupole, [astro-ph/0502343]. [14] G. Veneziano, String cosmology: The pre-Big Bang scenario, [hep-th/0002094].

[15] A. Ashoorioon, A. Kempf, and R. B. Mann, Phys.Rev. D 71, 023503 (2005), [astro-ph/0410139]; A. Ashoorioon, and R.

B. Mann, Nucl. Phys. B 716, 261 (2005), [gr-qc/0411056].

[16] Giovanni Amelino-Camelia, Phys. Lett. B 510 255, (2001) [hep-th/0012238]; Int.J.Mod.Phys. D 11 35, (2002) [grqc/0012051].

[17] F. Girelli and R. Livine, Physics of Deformed Special Relativity; Relativity Principle revisited, [gr-qc/0412079]. [18] C. Chryssomalakos and E. Okon, Int. J. Mod. Phys. D 13 2003, (2004), [hep-th/0410211]. [19] L. Freidel, J. Kowalski-Glikman, L. Smolin, Phys. Rev. D 69 (2004) 044001, [hep-th/0307085]. [20] G Amelino-Camelia, The three perspectives on the quantum-gravity problem and their implications for the fate of Lorentz symmetry, [gr-qc/0309054]; J. Kowalski-Glikman, Intorduction to Doubly Special Relativity, [hep-th/0405273]; G Amelino- Camelia, L. Smolin, A. Starodubtsev, Class. Quant. Grav. 21 (2004) 3095, [hep-th/0306134]; Giovanni Amelino-Camelia, [gr-qc/0506117].

[21] F. Girelli, E.R. Livine, and D. Oriti, Deformed Special Relativity as an effective flat limit of quantum gravity, [grqc/0406100].

[22] A. Agostini, G Amelino-Camelia, and F. D’Andrea, Int. J. Mod. Phys. A 19, 5187 (2004), [hep-th/0306013]. [23] P. Kosiński, J. Lukierski, and P. Maślanka, Phys. Rev. D 62, 025004 (2000).

[24] J. Kowalski-Glikman and S. Nowak, Quantum κ−Poincaré algebra from de Sitter Space of Momenta, [hep-th/0411154]. [25] M. Daszkiewicz, K. Imilkowska, J. Kowalski-Glikman and S. Nowak, Scalar field theory on κ−Minkowski space-time and doubly special relativity, [hep-th/0410058].

[26] J. Kowalski-Glikman, Phys. Lett. B 499, 1 (2001), [astro-ph/0006250]. [27] J. Kowalski-Glikman and S. Nowak, Phys. Lett. B 539, 126 (2002), [hep-th/0203040]. [28] L. Möller, A symmetry invariant integral on κ−deformed space-time, [hep-th/0409128]. [29] R. P. Woodard, Phys. Rev. A 62, 052105 (2000).

[30] H. R. Lewis Jr., Phys. Rev. Lett. 27, 510 (1967); H. R. Lewis Jr. and W. B. Riesenfeld, J. Math. Phys. 10, 1458 (1969);

S. P. Kim, Class. Quant. Grav. 13, 1377 (1996); Phys. Rev. D 55, 7511 (1997); H.-C. Kim, M.-H. Lee, J.-Y. Ji, and J. K. Kim, Phys. Rev. A 53, 3767 (1996).

[31] V.A. Rubakov, M.V. Sazhin, and A.V. Veryaskin, Phys. Lett. 115 B, 189 (1982); L.F. Abbot and M.B. Wise, Nucl Phys.

B 244, 541 (1984).