arXiv:gr-qc/0507002 v1 1 Jul 2005

Deviation equations in spaces with torsion

Bozhidar Z. Iliev^{∗ † ‡} Sawa S. Manoff^{§ ¶ ‖}

Short title: Deviation equations in spaces with torsion

Basic ideas : → 1980–1981 Last update : → June 28, 2005 Produced : → July 1, 2005

http://www.arXiv.org e-Print archive No.: gr-qc/0507002

Published in Proceedings of the 5-th Soviet (USSR) Gravity Conference “Modern theoretical and experimental problems of relativity theory and gravitation”, Moscow Univ. Press, Moscow, 1981, p. 122 (In Russian) BO/ • • HO

® TM

Subject Classes:

General relativity, Differential geometry

2001 MSC numbers: 53B05, 83C99, 53B50

2003 PACS numbers:

02.40.Sf, 04.90.+e

Key-Words:

Deviation equations Spaces with affine (linear) connection, Spaces with torsion

∗Laboratory of Mathematical Modeling in Physics, Institute for Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences, Boul. Tzarigradsko chaussée 72, 1784 Sofia, Bulgaria †E-mail address: bozho@inrne.bas.bg ‡URL: http://theo.inrne.bas.bg/∼bozho/ §Laboratory of Elementary particles, Institute for Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences, Boul. Tzarigradsko chaussée 72, 1784 Sofia, Bulgaria

¶Prof. Sawa Manoff passed away on May 27, 2005 ‖URL: http://theo.inrne.bas.bg/elpart/SavaManov/smanoff.html

Bozhidar Z. Iliev and Sawa S. Manoff: Deviation equations in spaces with torsion1

Abstract. The most general form of the deviation equations in spaces with linear connection with arbitrary torsion is derived.

1. The deviation equations of two trajectories (paths) in a Riemannian space Vn find

applications in number of problems in the gravity theory [1]. The method of their derivation can be generalized to spaces L_n with affine (linear) connection ∇, which is, of course, applicable to spaces with torsion U_n.

2. For any vector ξ ∈ Tx(Ln) in the space Tx(Ln) tangent to Ln at x ∈ Ln, the following

identity holds:

D^2ξ ds = R̂(u, ξ) + C^1_1 (F ⊗ Dξ) + DT̂ (u, ξ)) ds − T (F, ξ) + L_ξ V − DL_ξu ds − C^2_1 (Du ⊗ L_ξu). (1)

Here:^D_{ds} := u^i∇_{Ei} u^i :=^{dxi(s)}_{ds} , ∇_{Ei} is the covariant derivative along E_i with {E_i} being a frame in a neighborhood of x, u = u^iE_i, Du := (∇_{Ei} u) ⊗ Θ^i with {Θ^i} being a frame dual to {E_i} (Θ^i(E_j ) = δ^i_j ), s is a parameter of a path γ(s) ∈ L_n, s ∈ R, R̂ is the curvature operator with R̂(u, ξ)v := ( ∇_u∇_ξ − ∇_ξ∇_u − ∇_{[u,ξ]} ) v = R^i_{jkl}v^j u^kξ^lE_i, F :=^{Du}_{ds} = u^i∇_{Ei} u, T̂ is the torsion operator with T̂ (u, ξ) := ∇_uξ − ∇_ξu − [u, ξ] = T^i_{jk}u^j ξ^k E_i, L_ξ is the Lie derivative along ξ, and [u, ξ] := uξ − ξu. The identity (1) in component form reads D̄2ξk ds = R^k_{ijl}u^iu^j ξ^l + ξ^k_{|j} F^j + u^j D̄(T k_{jl}ξl) ds + L_ξF^k − T (F, ξ) + D̄(L_ξu)k ds − u^k_{|i}L_ξu^i, (2)

where^{Dv}_{ds} := u^i ¯∇_{Ei} , ∇_{Ei} v =: ( ¯∇_{Ei} v^j )E_j and v^i_{|j} := ∇)_{Ej} v^i is the covariant derivative of the components v^i along E_i.

3. If we impose some additional restrictions, which in certain cases may be first integrals

of the deviation equation, on the quantities entering into (1) (e.g. F = 0, L_ξ u = 0, L_ξF = −F ), then we get corresponding deviation equations in space with torsion U_n, in which the vector ξ is considered as an infinitesimal one.

References

[1] K. Yano. The theory of Lie derivatives and its applications. North-Holland Publ. Co., Amsterdam, 1957.