arXiv:gr-qc/0508058 v2 14 Dec 2005

A quantum weak energy inequality for the Dirac field in two-dimensional flat spacetime

S P Dawson

Department of Mathematics, University of York, Heslington, York YO10 5DD, UK E-mail: spdawson@gmail.com

Abstract. Fewster and Mistry have given an explicit, non-optimal quantum weak energy inequality that constrains the smeared energy density of Dirac fields in Minkowski spacetime. Here, their argument is adapted to the case of flat, two-dimensional spacetime. The non-optimal bound thereby obtained has the same order of magnitude, in the limit of zero mass, as the optimal bound of Vollick. In contrast with Vollick’s bound, the bound presented here holds for all (non-negative) values of the field mass m.

PACS numbers: 03.70.+k, 11.10.-z

1. Introduction

Every observed classical matter field obeys certain energy conditions [1]; these constrain the local energy density of the field to be everywhere non-negative. The situation in quantum field theory is very different: it is well known that the energy density of a quantum field may have a negative expectation value at a point [2].

Although the classical energy conditions do not hold directly for quantum fields, the correspondence principle gives good reason to suppose that some analogous quantum energy conditions might be found. Indeed, were this not the case, then the resultant ‘exotic’ matter fields could potentially be used for a number of alarming subversions of physical law — these include large-scale violations of the second law of thermodynamics [3], the creation of traversable wormholes [4], and the potential for faster-than-light travel using ‘warp drive’ technologies [5, 6, 7, 8]. Fortunately, it transpires that quantum field theory does contain a mechanism that prevents unconstrained negative energy densities. This mechanism is made manifest in what shall be known as quantum inequalities or quantum weak energy inequalities (QWEIs) — this latter description emphasizing the parallel with the weak energy condition of classical field theory.

The derivation and study of QWEIs was initiated by Ford and co-workers [3, 9, 10, 11], culminating in a bound for the scalar field in static spacetimes [12]. These early bounds were generalized in the work of Fewster and collaborators [13, 14], culminating in the most general result for the scalar field: a bound holding in any globally-hyperbolic spacetime [15]. In addition to the scalar field, QWEIs have been found for the Maxwell and Proca fields (both spin 1); the earliest results for spin 1 fields were given in [11], and later generalised in the findings of [16, 17]. QWEIs have also been obtained for the Rarita-Schwinger (spin^3_2 ) field [18].

The fundamental object of study is the smeared energy density T_g2 ; this is a weighted average of the energy density, defined as

T_g2 := ∫ dt : T_{00} (t, x_0) : g (t)^2 . (1)

For convenience, and with no loss of generality, the real-valued smearing function g ∈ C^∞_0 (R) is assumed to have unit L^1 norm. A QWEI is a state-independent lower bound on the expectation value of T_g2 , and is said to be optimal if the lower bound is an infimum over the class of states which are ‘physically meaningful’ in some appropriate sense. Here, this class will consist of those states in the Fock space of the Minkowski vacuum for which the manipulations described are valid. Although this class will not be explicitly delineated here, it is expected to include all states for which contributions from high momenta or high particle number are damped (e.g. exponentially). The space of these ‘physically meaningful’ states is dense in Fock space. Fully rigorous treatments of QWEIs, such as [15, 19], do not need to fix a Hilbert space representation and can consider the full class of Hadamard states.

Flanagan [20] gave the first optimal bound, for the massless scalar field in twodimensional flat spacetime. Vollick [21] subsequently showed that Flanagan’s bound also applies to, and is optimal for, massless Dirac fields on two-dimensional flat spacetime — this was the first quantum inequality for the Dirac field. Vollick’s bound holds only for static observers in static spacetimes; Flanagan [22] succeeded in removing this restriction. In Minkowski spacetime, the Flanagan-Vollick bound has the form ⟨T_g2 ⟩_ψ ≥ − 1 6π ∫_∞ −∞ dt | | |dg dt | | |^2 , where T_g2 is defined by (1). The arguments used to derive this optimal bound rely heavily on certain conformal properties of massless fields in two dimensions, and do not generalize directly to non-zero masses or higher-dimensional spacetimes. A general treatment of two-dimensional conformal field theories has been given in [23]; this work makes the important generalization to the case of interacting field theories.

Fewster and Verch [19] have shown that a bound exists for the Dirac field in any four-dimensional globally-hyperbolic spacetime; however, this bound is not given by an explicit formula. Fewster and Mistry [24] have given the first explicit, closedform bound on the smeared energy density of a Dirac field on four-dimensional flat spacetime. Here, their argument (which requires only the anticommutation relations and a certain identity for Fourier transforms) is adapted to the case of two-dimensional flat spacetime, leading to the bound ⟨T_g2 ⟩_ψ ≥ − 1 2π^2 ∫_∞ m du u^2 |^g (u)|^2 Q^D_1 ( u m ) , m ≥ 0. (2) Here, m is the field mass, and

Q^D_1 (x) := √ 1 − 1 x^2 − 1 x^2 ln ( x + √ x^2 − 1 ) , 1 ≤ x ≤ ∞. (3) Like the four-dimensional bound of [24] (and in contrast to that of [19]), the bound given here is explicit, and in closed-form. The bound is easily seen to be non-optimal by consideration of the massless limit; here, the present bound is weaker by a factor of

3 than the Flanagan-Vollick optimal bound. It is worth emphasizing that, although it is not optimal, the present bound does apply to the case m > 0; the Flanagan-Vollick bound, in contrast, holds strictly for the special case of zero mass.

2. The Dirac equation on two-dimensional flat spacetime

Let spacetime be flat and two-dimensional, and let the metric signature be (+−). Then, choosing a system of units in which ℏ = c = 1, a fermion field ψ of mass m satisfies the Dirac equation (iγ^μ∂_μ − m) ψ = 0.

The 2 × 2 matrices γ^μ obey {γ^μ, γ^ν } = 2η^{μν} 11, μ, ν = 0, 1. The field ψ is a two-component spinor. In the sequel, spinor indices will often be suppressed: ψ itself is a notational shorthand for

ψ = (ψ_i) = ( ψ_1 ψ_2 ) . A good example of the suppression of spinor indices is provided by the spinor product ‖ψ‖^2; written out fully, this is

‖ψ‖^2 := ψ^∗ψ = (ψ^∗_1, ψ^∗_2) ( ψ_1 ψ_2 ) = ψ^∗_1 ψ_1 + ψ^∗_2 ψ_2 = ∑ i ψ^∗_i ψ_i. For calculational simplicity, the field will be quantized in a one-dimensional ‘box’ of side length 2L; the continuum limit L → ∞ will be taken later. The field operator ψ can be expanded in terms of creation and annihilation operators as ψ (t, x) = ∑ k [ b_ku_ke^{−i(ωkt−kx)} + d^∗_kv_ke^{+i(ωkt−kx)} ] , (4)

where (L/π) k ∈ Z, and the mode energy ω_k is defined as

ω_k := √ k^2 + m^2.

The basis spinors u_k and v_k obey periodic boundary conditions on [−L, L], as a consequence of the ‘box’ quantization. Additionally, u_k and v_k are assumed to be normalized so that

‖u_k‖^2 = ‖v_k‖^2 = 1 2L . (5)

This choice of normalization ensures that both u_ke^{−i(ωk t−kx)} and v_ke^{+i(ωkt−kx)} have unit L^2 norm on [−L, L]. The creation and annihilation operators obey the anticommutation relations {b_k, b^∗_k′ } = δ_{kk}′ 11 (6) and {d_k, d^∗_k′ } = δ_{kk}′ 11. (7) All other anticommutators of creation and annihilation operators vanish identically.

The energy density of the quantized field is obtained by substitution of the mode expansion (4) into the classical expression

T_{00} = i 2 [ ψ^∗ψ̇ − ψ̇^∗ψ ] for the energy density. The result, evaluated at the spatial origin (t, 0), is

: T_{00} (t, 0) := 1 2 ∑ k,k^′ { (ω_k + ω_k′ ) [ b^∗_kb_k′ u^∗_ku_k′ e^{−i(ωk′ −ωk)t} + d^∗_k′ d_kv^∗_kv_k′ e^{−i(ωk−ωk′ )t} ]

+ (ω_k′ − ω_k) [ d_kb_k′ v^∗_ku_k′ e^{−i(ωk+ωk′ )t} − b^∗_kd^∗_k′ u^∗_kv_k′ e^{+i(ωk+ωk′ )t} ]} . (8)

The normal-ordered operator has been given, making use of the rule : d_kd^∗_k′ := −d^∗_k′ d_k. (9) It will have been noticed that the spinors u_k and v_k appearing in the mode expansion (4) carry labels for the mode momentum only. This is in contrast to the familiar four-dimensional case, where the corresponding basis spinors are often written u^α_k and v^α_k , with the index α = 1, 2 labelling the two independent spin states. Spin is essentially trivial in two dimensions [25], and so a spin index is not required.

3. Derivation of the quantum weak energy inequality

Writing f = g^2, where g ∈ C^∞_0 (R) is real-valued and has unit L^1 norm, the smeared energy density measured by an observer static at the spatial origin is the expectation value of

T_f := ∫ dt : T_{00} (t, 0) : f (t) .

(The translational invariance of the theory will be employed later, to remove the specialization to the spatial origin.) What is required is a lower bound on the spectrum of T_f . Equation (8) gives

T_f = 1 2 ∑ k,k^′ { (ω_k + ω_k′ ) [ b^∗_kb_k′ u^∗_ku_k′ ^f (ω_k′ − ω_k) + d^∗_k′ d_kv^∗_kv_k′ ^f (ω_k − ω_k′ ) ]

+ (ω_k′ − ω_k) [ d_kb_k′ v^∗_ku_k′ ^f (ω_k + ω_k′ ) − b^∗_kd^∗_k′ u^∗_kv_k′ ^f (−ω_k − ω_k′ ) ]} , (10)

where the Fourier transform ^f of a function f : R → R is defined as ^f (ω) := ∫_∞ −∞ dt f (t) e^{−iωt}. The first step in the derivation is the definition of a family of spinorial Fock space operators: O_{μ,i} := ∑ k { ^g (−ω_k + μ)b_ku_{k,i} + ^g (ω_k + μ)d^∗_kv_{k,i} } , μ ∈ R, i = 1, 2. (Here, in order to avoid confusion with the continuous parameter index μ, the spinor index i is shown explicitly.) The derivation now proceeds very much as in [24]: the technique is to rewrite T_f in terms of integrals of O^∗_{μ,i}O_{μ,i} and O_{μ,i}O^∗_{μ,i}, plus a multiple of the identity which emerges from the canonical anticommutation relations. Specifically

T_f = 1 2π ∫_∞ 0 dμ μ ( O^∗_{μ,i}O_{μ,i} − S_μ11 ) + 1 2π ∫_0 −∞ dμ μ ( S_{−μ}11 − O_{μ,i}O^∗_{μ,i} ) , where the term

S_μ11 := 1 2L ∑ k |^g (ω_k + μ)|^2 11 (11)

Figure 1. Plot of the function Q^D_1 . Notice the asymptotic behaviour lim_{x→∞} Q^D_1 (x) = 1.

arises from putting the individual operator products into normal order, using (7). Discarding the terms O^∗_{μ,i}O_{μ,i} and O_{μ,i}O^∗_{μ,i} which contribute positively to T_f , and combining the remaining integrals, the result is the state-independent lower bound ⟨T_f ⟩_ψ ≥ − 1 π ∫_∞ 0 dμ μS_μ. (12)

It remains to calculate the right-hand side of (12), and to show that it is finite. Substituting from the definition (11) of S_μ, and taking the continuum limit 1 2L ∑ k → 1 2π ∫_∞ −∞ dk , the final bound is found to be ⟨T_f ⟩_ψ ≥ − 1 2π^2 ∫_∞ m du u^2 |^g (u)|^2 Q^D_1 ( u m ) , where the function Q^D_1 is defined by (3). A graph of Q^D_1 is shown in figure 1; its qualitative similarity to the Q^D_3 of [24] is easily seen. The scalar field analogue of Q^D_1 is defined [13] by

Q_1 (x) := √ 1 − 1 x^2 + 1 x^2 ln ( x + √ x^2 − 1 ) , 1 ≤ x ≤ ∞. This is related to Q^D_1 by the identity

Q^D_1 (x) ≡ 2 √ 1 − 1 x^2

− Q_1 (x) .

Finally, invoking the translational invariance of the theory, the bound can be generalized to the worldline (t, x_0) of any stationary observer; this gives ∫ dt ⟨: T_{00} (t, x_0) :⟩_ψg (t)^2 ≥ − 1 2π^2 ∫_∞ m du u^2 |^g (u)|^2 Q^D_1 ( u m ) . It only remains to show that the bound is finite (since it would otherwise be vacuous). Because g ∈ C^∞_0 (R), it follows that |^g (u)|^2 decays faster than any inverse polynomial in u as u → ∞. But u^2Q^D_1 (u/m) grows like u^2 for large u, and so the bound is finite.

4. Massless limit

The asymptotic behaviour lim_{x→∞} Q^D_1 (x) = 1 leads immediately to the massless QWEI in the form ⟨T_f ⟩_ψ ≥ − 1 2π^2 ∫_∞ 0 du u^2 |^g (u)|^2 .

Again following the method of [24], the massless QWEI is cast into its final form: ⟨T_f ⟩_ψ ≥ − 1 2π ∫_∞ −∞ dt | | | | dg dt | | | | 2 . (13)

This massless bound is weaker by a factor of 3 than Vollick’s optimal bound [21]. When techniques analogous to those used here are applied to the scalar field, as in [13, 14], they lead to a massless bound that overestimates the optimal bound of Flanagan [20] by a factor of 3/2. As was mentioned earlier, the essential difference between the present work and the derivation of the scalar field QWEIs of [13, 14] is that the latter use the convolution theorem in an essential way; here, this is replaced by a different identity for Fourier transforms — specifically, (2.17) of [24]. It seems likely that this difference accounts for the ‘extra’ factor of two found here. In any case: while the bound (2) is not optimal, it does have the same order of magnitude as the optimal bound, in the massless limit.

It is worth remarking that (13) holds also for Dirac fields with non-zero mass; because Q^D_1 is bounded between 0 and 1 (see figure 1), the QWEI is at its least restrictive in the zero-mass limit.

5. Conclusion

An explicit lower bound has been derived, constraining the smeared energy density of the Dirac field in flat two-dimensional spacetime. Unlike the earlier, optimal bound of Flanagan and Vollick, the bound holds for all (non-negative) values of the field mass m. In the massless limit, comparison with the Flanagan-Vollick optimal bound revealed that the bound given here overestimates the optimal bound by a factor of 3.

It seems reasonable to presume that the general method employed here can be extended to non-flat spacetimes; this is indeed the case, and the results of this generalization will be reported elsewhere.

Acknowledgements

The author wishes to thank Christopher Fewster, for his insightful contributions to our many discussions of negative energy densities.

A QWEI for the Dirac field in two-dimensional flat spacetime 7

References

[1] Hawking S W and Ellis G F R 1973 The large scale structure of space-time (Cambridge:

Cambridge University Press) 88–96 [2] Epstein H, Glaser V and Jaffe A 1965 Nuovo Cimento 36 1016–22 [3] Ford L H 1978 Proc. R. Soc. London A 364 227–36 [4] Ford L H and Roman T A 1996 Phys. Rev. D 53 5496–507 (Preprint gr-qc/9510071) [5] Pfenning M J and Ford L H 1997 Class. Quantum Grav. 14 1743–51 (Preprint gr-qc/9702026) [6] Alcubierre M 1994 Class. Quantum Grav. 11 L73–7 (Preprint gr-qc/0009013) [7] Everett A E and Roman T A 1997 Phys. Rev. D 56 2100–8 (Preprint gr-qc/9702049) [8] Krasnikov S V 1998 Phys. Rev. D 57 4760–6 (Preprint gr-qc/9511068) [9] Ford L H 1991 Phys. Rev. D 43 3972–8 [10] Ford L H and Roman T A 1995 Phys. Rev. D 51 4277–86 (Preprint gr-qc/9410043) [11] Ford L H and Roman T A 1997 Phys. Rev. D 55 2082–9 (Preprint gr-qc/9607003) [12] Pfenning M J and Ford L H 1998 Phys. Rev. D 57 3489–502 (Preprint gr-qc/9710055) [13] Fewster C J and Eveson S P 1998 Phys. Rev. D 58 084010 (Preprint gr-qc/9805024) [14] Fewster C J and Teo E 1999 Phys. Rev. D 59 104016 (Preprint gr-qc/9812032) [15] Fewster C J 2000 Class. Quantum Grav. 17 1897–911 (Preprint gr-qc/9910060) [16] Pfenning M J 2002 Phys. Rev. D 65 024009 (Preprint gr-qc/0107075) [17] Fewster C J and Pfenning M J 2003 J. Math. Phys. 44 4480–513 (Preprint gr-qc/0303106) [18] Yu H and, Wu P 2004 Phys. Rev. D 69 064008 (Preprint gr-qc/0312071) [19] Fewster C J and Verch R 2002 Commun. Math. Phys. 225 331–59 (Preprint math-ph/0105027) [20] Flanagan É É 1997 Phys. Rev. D 56 4922–6 (Preprint gr-qc/9706006) [21] Vollick D N 2000 Phys. Rev. D 61 084022 (Preprint gr-qc/0001009) [22] Flanagan É É 2002 Phys. Rev. D 66 104007 (Preprint gr-qc/0208066) [23] Fewster C J and Hollands S 2005 Rev. Math. Phys. 17 577 (Preprint math-ph/0412028) [24] Fewster C J and Mistry B 2003 Phys. Rev. D 68 105010 (Preprint gr-qc/0307098) [25] Green M B, Schwarz J H and Witten E 1987 Superstring theory vol 1 (Cambridge: Cambridge University Press) 187