arXiv:gr-qc/0508103v5 22 Jun 2007

June 25, 2007 3:3 WSPC/INSTRUCTION FILE EnergyRS˙revise

Modern Physics Letters A © World Scientific Publishing Company

Energy-momentum for Randall-Sundrum models

Yu-Xiao Liu^∗ Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, P. R. China liuyx@lzu.edu.cn

Li-Jie Zhang Department of Mathematics and Physics, Dalian Jiaotong University, Dalian 116028, P. R. China

Yong-Qiang Wang Zhejiang Institute of Modern Physics, Department of Physics, Zhejiang University, Hangzhou 310027, P. R. China

Yi-Shi Duan Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, P. R. China

We investigate the conservation law of energy-momentum for Randall-Sundrum models by the general displacement transform. The energy-momentum current has a superpotential and are therefore identically conserved. It is shown that for Randall-Sundrum solution, the momentum vanishes and most of the bulk energy is localized near the Planck brane. The energy density is ε = ε_0e^{−3k|y|}.

Keywords: Energy-momentum; Randall-Sundrum models.

PACS Nos.: 04.20.Cv; 04.20.Fy; 04.50.+h.

1. Introduction

The conservation law of energy-momentum (or the definition of energy-momentum density) for the gravitational field is one of the most fundamental and controversial problems in general relativity. As a true field, it would be natural to expect that gravity should has its own local energy-momentum density. However, it is usually asserted that such a density can not be locally defined because of the equivalence principle.1 As a consequence, many attempts to identify an energy-momentum density for the gravitational field lead to complexes that are not true tensors. The first of such attempt was made by Einstein who proposed an expression for the energymomentum density of the gravitational field. Bauer and Shrödinger 2^,3 pointed out

∗Corresponding author. 1

2 Yu-Xiao Liu etc.

that Einstein’s expression of the energy-momentum density has a serious shortcoming, i.e., it holds true only in the quasi-Galilean coordinate system and that the transformation of the description of flat space from rectangular coordinates to spherical coordinates results in a nonzero energy density which yields an infinite total energy. Indeed it was nothing but the canonical expression obtained from Nöether’s theorem 4 and this quantity is a pseudotensor, an object that depends on the coordinate system. Among the class of conserved quantities, the Landau- Lifshitz 5 quantity is the only symmetric one. The advantage of symmetry is that it is easy in this case to construct further conservation laws in invariant integral form, which in turn are related to the angular momentum. But this did not overcome the difficulty of Einstein’s complex and was also only admissible in quasi-Galilean coordinates. So Landau’s expression also has the same defects as Einstein’s.

One of the present authors (Duan) had proposed one form of the conservation law of energy-momentum in Riemann space time,6 in which the energy-momentum has a Lorentz index and a Riemann index, and hence is a covariant vector in Riemann space time. This conservation law is general covariant and it overcomes the flaw of the Einstein and Landau 5^,7 forms of the energy-momentum conservation law. It can explain the nonzero energy flux density and energy density for Bondi’s plane wave, and get the correct gravitational radiation formula,8 where one could not get the nonzero energy density for Bondi’s plane wave by Møller’s formula.9^,10^,11 This conservation law had been generalized to the general space time.12^,13 On the other hand, Theories with extra dimensions have recently attracted enormous attention. The possible existence of such dimensions got strong motivation from theories that try to incorporate gravity and gauge interactions in a unique scheme, in a reliable manner. The idea dates back to the 1920’s, to the works of Kaluza and Klein 14^,15 who tried to unify electromagnetism with Einstein gravity by assuming that the photon originates from the fifth component of the metric. In the course of the last several years, there has been active interest in the brane world scenarios 16^,17^,18^,19^,20^,21^,22^,23^,24^,25 and fermionic zero modes in Large dimensions.26^,27^,28^,29^,30 The pioneering work was done by Randall and Sundrum.20^,21 In their works, they present the so called Randall-Sundrum (RS) models 20^,21^,31^,32 for warped backgrounds, with compact or even infinite extra dimensions. The RSI scenario provides a way to solve the hierarchy problem, and the RSII scenario gives Newton’s law of gravity on the brane of positive tension embedded in an infinite extra dimension.

As in the (3+1)-dimensional case, we should have some conservation laws in order to understand high dimensional gravity well. In this paper, we would like to study the simple but typical RS models. The purpose of this paper is to present the relationship between conservation theorems and invariance properties of physical systems in the models. It is the extension of previous works and includes the original general relativity formula of Einstein. In the present paper we pay more attention to the energy-momentum conservation law based on the Lagrangian which includes the contribution of the branes in RS models, and prove that there exists a superpotential

Energy-momentum for Randall-Sundrum models 3

with respect to the Lagrangian.

The paper is arranged as follows. In section 2, we give a general description of the scheme for establishing general covariant conservation laws in general relativity. In section 3, we first give a simple review of the general displacement transform and the RS models, then use the general displacement transform and the scheme to obtain a general covariant conservation law of energy-momentum for RS models. At the last of this section, we calculate the energy density and the total energy and momentum of the bulk for Randall-Sundrum solution by the superpotential. Section 4 is devoted to some remarks and discussions.

2. Conservation laws in general relativity The conservation law is one of the important problems in gravitational theory. It is due to the invariance of the action corresponding to some transforms. In order to study the covariant energy-momentum law of more complicated systems, it is necessary to discuss conservation laws by Nöether theorem in the general case.6^,12^,13^,33^,34 Suppose that the space-time manifold M is of dimension n = 1+d and the Lagrangian density is in the first order formalism, i.e. I = ∫ M d^nxL(ϕ^A, ∂_μϕ^A), (1) where ϕ^A denotes the general fields. If the action is invariant under the infinitesimal transformations

x^{′μ} = x^μ + δx^μ, (2) ϕ^{′A}(x^′) = ϕ^A(x) + δϕ^A(x), (3)

and δϕ^A vanishes on the boundary of M, ∂M, then following relation holds 6,12,13,35 ∂_μ ( Lδx^μ + ∂L ∂∂_μϕ^A δ_0ϕ^A ) + [L]_ϕA δ_0ϕ^A = 0, (4)

where

[L]_ϕA = ∂L ∂ϕ^A − ∂_μ ∂L ∂∂_μϕ^A , (5)

and δ_0ϕ^A is the Lie derivative of ϕ^A

δ_0ϕ^A = ϕ^{′A}(x) − ϕ^A(x) = δϕ^A(x) − ∂_μϕ^Aδx^μ. (6)

If L is the total Lagrangian density of the system, the field equation of ϕ^A is just [L]_ϕA = 0. Hence from Eq. (4), we can obtain the conservation equation corresponding to transformations (2) and (3) ∂_μ ( Lδx^μ + ∂L ∂∂_μϕ^A δ_0ϕ^A ) = 0. (7)

4 Yu-Xiao Liu etc.

It is important to recognize that if L is not the total Lagrangian, e.g. the gravitational part L_g , then so long as the action of L_g remains invariant under transformations (2) and (3), Eq. (4) is still valid yet Eq. (7) is no longer admissible because of [L_g ]_ϕA ≠ 0.

In a gravitational theory with the vierbein as elementary fields, we can separate ϕ^A as ϕ^A = (e^μ_a , ψ^B ), where ψ^B is an arbitrary tensor under general coordinate transformations. Suppose that L_g does not contain ψ^B , then Eq. (4) reads ∂_μ ( L_g δx^μ + ∂L_g ∂∂_μe^ν_a δ_0e^ν_a ) + [L_g ]_eν_a δ_0e^ν_a = 0. (8)

Under transformations (2) and (3), the Lie variations are δ_0e^μ_a = e^ν_aδx^μ_{,ν} − e^μ_{a,ν} δx^ν , (9) where “,” denotes partial derivative. Substituting Eq. (9) into Eq. (8) gives ∂_μ [( L_g δ^μ_σ − ∂L_g ∂e^ν_{a,μ} e^ν_{a,σ} ) δx^σ + ∂L_g ∂e^ν_{a,μ} e^σ_a δx^ν_{,σ} ] + [L_g ]_e^μ_a (e^ν_aδx^μ_{,ν} − e^μ_{a,ν} δx^ν ) = 0. (10)

Comparing the coefficients of δx^μ, δx^μ_{,ν} and δx^μ_{,νλ}, we can obtain an identity

[L_g ]_eν_a e^ν_{a,μ} + ∂_ν ([L_g ]_e^μ_a e^ν_a) = 0. (11)

Then Eq. (10) can be written as ∂_μ [( L_g δ^μ_σ − ∂L_g ∂e^ν_{a,μ} e^ν_{a,σ} + [L_g ]_eσ_a e^μ_a ) δx^σ + ∂L_g ∂e^ν_{a,μ} e^σ_a δx^ν_{,σ} ] = 0. (12)

This is the general conservation law in the vierbein formalism of general relativity. By definition, we introduce

Ĩ^μ_σ = L_g δ^μ_σ − ∂L^g ∂e^ν_{a,μ} e^ν_{a,σ} + [L_g ]_eσ_a e^μ_a , (13) Ṽ^{μσ}_ν = ∂L^g ∂e^ν_{a,μ} e^σ_a . (14)

Then Eq. (12) gives

∂_μ(Ĩ^μ_σ δx^σ + Ṽ^{μσ}_ν δx^ν_{,σ} ) = 0. (15)

Eq. (15) is tenable under arbitrary infinitesimal transformations, so we can compare the coefficients of δx^σ , δx^σ_{,μ} and δx^σ_{,μλ} and obtain

∂_μĨ^μ_σ = 0, (16) Ĩ^μ_σ = −∂_νṼ^{νμ}_σ , (17) Ṽ^{μσ}_ν = −Ṽ^{σμ}_ν . (18)

Eqs. (16)-(18) are fundamental to the establishing of conservation law of energymomentum.

Energy-momentum for Randall-Sundrum models 5

3. Conservation law of energy-momentum for RS models 3.1. General displacement transformations In 3+1 dimension, the conservation of energy-momentum in special relativity is a consequence of the invariant property of the action under the infinitesimal translation of the Lorentz coordinates

x^{′ā} = x^ā + b^ā, b^ā = const. (ā = 0, 1, 2, 3) (19)

The corresponding transformation of arbitrary coordinates in flat spacetime is

x^{′μ̄} = x^{μ̄} + δx^{μ̄}, (μ̄ = 0, 1, 2, 3) (20)

where

δx^{μ̄} = ∂x^{μ̄} ∂x^ā δx^ā = ∂x^{μ̄} ∂x^ā b^ā. (21)

If we extend this idea to general relativity, we have the generalized translation transformation 6

x^{′μ̄} = x^{μ̄} + δx^{μ̄}, δx^{μ̄} = e^{μ̄}_ā b^ā. (22)

Using the invariance of the action with respect to general displacement transformations (22) and Einstein equations, we get the following general covariant conservation law of energy-momentum

∇_{μ̄}(T^{μ̄}_a + t^{μ̄}_ā ) = 0. (23)

The total energy-momentum is

P_ā = 1 c ∫ Σ dΣ_{μ̄} √ −g ( T^{μ̄}_ā + t^{μ̄}_ā ) = 1 c ∫ S dS_{μ̄ν̄} V^{μ̄ν̄}_ā , (24)

where V^{μ̄ν̄}_ā is the superpotential

V^{μ̄ν̄}_ā = c^4 8πG [ e^{μ̄}_{b̄} e^{ν̄}_{c̄} ω_ā^{b̄c̄} + ( e^{μ̄}_ā e^{ν̄}_{b̄} − e^{μ̄}_{b̄} e^{ν̄}_ā ) ω^{b̄} ] √ −g. (25) This definition of energy-momentum has the following main properties:

1). It is a covariant definition with respect to general coordinate transformations. But the energy-momentum tensor is not covariant under local Lorentz transformations, this is reasonable because of the equivalence principle.

2). For a closed system, the total energy-momentum does not depend on the choice of Riemann coordinates and transformations in the covariant way

P^′_ā = L_ā^{b̄}P¯_b (26)

under local Lorentz transformation Λ^ā¯_b which is constant L^ā¯_b at spatial infinity.

3). For a closed system with static mass center, the total energy-momentum is P_ā = (Mc, 0, 0, 0), i.e., the total energy E = Mc^2.

6 Yu-Xiao Liu etc.

4). For a rather concentrated matter system, the gravitational energy radiation is 8 − ∂E ∂t = G 45c^5

(^{···}D¯_i¯_j )^2, (27)

where D¯_i¯_j is the mass quadrupole moment. This quadrupole radiation formula is in good agreement with the observational data from the synthetic analysis of the gravitational radiation damping for the pulsar PSR 1913+16 in a binary star system.36 5). For Bondi’s plane wave, the energy current is 8

t^{μ̄}_0 = ( 1 4π β^{′2}, 1 4π β^{′2}, 0, 0), (28)

where β is a function of (t − x^1). From the above expression we can see that the energy density is determined by β^{′2} which always has positive values. While using Møller’s expression, Kuchar and Langer calculated the energy density for Bodi’s plane wave, the result obtained is zero.

6). For the solution of gravitational solitons, we can obtain finite energy while the Landau-Lifshitz definition leads to infinite energy.37

7). In Ashtekar’s complex formalism of general relativity, the energy-momentum and angular momentum constitute a 3-Poincare algebra and the energy coincides with the ADM energy.35

In the next subsection, we first give a brief introduction of the RS models. Then, with these foundations above, we use (4+1)-dimensional transformations (22) to obtain conservative energy-momentum for RS models.

3.2. RS models

Let us consider the following setup. A five dimensional spacetime with an orbifolded fifth dimension of radius r and coordinate y which takes values in the interval [0, πr]. Consider two branes at the fixed (end) points y = 0, πr; with tensions τ and −τ respectively. The brane at y = 0 (y = πr) is usually called the hidden (visible) or Planck (SM) brane. We will also assign to the bulk a negative cosmological constant −Λ. Here we shall assume that all parameters are of the order the Planck scale.

The classical action describing the above setup is given by

S_g = S_0 + S_h + S_v, (29)

here

S_0 = ∫ d^4x dy √ g ( 1 2k^2_⋆

R + Λ ) (30)

gives the bulk contribution, whereas the visible and hidden brane parts are given by S_{v,h} = ± τ ∫ d^4x √ −g_{v,h} , (31)

Energy-momentum for Randall-Sundrum models 7

where g_{v,h} stands for the induced metric at the visible and hidden branes, respectively. And 2k^2_⋆ = 8πG_⋆ = M^{−3}_⋆ . Five dimensional Einstein equations for the given action are

G_{μν} = − k^2_⋆Λ g_{μν} + k^2_⋆τ √ −g_h g δ^{μ̄} δ^{ν̄} g_{μ̄ν̄} δ(y) − k^2_⋆τ √ −g_v g δ^{μ̄} δ^{ν̄} g_{μ̄ν̄} δ(y − πr), (32) where the Einstein tensor G_{μν} = R_{μν} −^1_2 g_{μν} R as usual, Greek indices without bar μ, ν = 0, · · · , 4 and the others with bar μ̄, ν̄ = 0, · · · , 3. The solution that gives a flat induced metric on the branes is ds^2 = g_{μν} dx^μdx^ν = e^{−2k|y|}η_{μ̄ν̄} dx^{μ̄}dx^{ν̄} − dy^2 , (33) in which x^{μ̄} are coordinates for the familiar four dimensions, k is a scale of order the Planck scale

k^2 = k^2_⋆Λ 6 = Λ 6M^3_⋆

, Λ = τ^2 6M^3_⋆

. (34)

The effective Planck scale in the theory is given by

M^2_P =

M^3_⋆ k ( 1 − e^{−2kπr} ) . (35)

Notice that for large r, the exponential piece becomes negligible, and above expression has the familiar form given in ADD models 16 for one extra dimension of (effective) size R_{ADD} = 1/k:

M^2_P = M^{2+n}_⋆ R^n_{ADD}. (36)

3.3. The energy-momentum for RS models The Lagrangian density for Randall-Sundrum background can be written as

L = L_g + L_m, (37)

where L_m denotes the matter part and

L_g = √ g ( 1 2k^2_⋆

R + Λ ) − τ √ −g_v δ(y) + τ √ −g_h δ(y − πr), (38) R = (ω_aω^a − ω_{abc}ω^{cba}) − 2 √ g ∂_μ( √ g e^μ_a ω^a), (39) ω_{abc} = 1 2 (Ω_{abc} − Ω_{bca} + Ω_{cab}), (40)

Ω_{abc} = e^μ_a e^ν_b (∂_μe_{cν} − ∂_ν e_{cμ}), (41) ω_a = η^{bc}ω_{bac} = ω^c_{ac}. (42)

Eliminating the divergence expression, we rewrite the L_g as

L_g = 1 2k^2_⋆ (ω_aω^a − ω_{abc}ω^{cba}) √ g + Λ √ g − τ √ −g_v δ(y) + τ √ −g_h δ(y − πr). (43)

8 Yu-Xiao Liu etc.

For transformations Eq. (22), Eq. (15) implies

∂_μ(Ĩ^μ_σ e^σ_a + Ṽ^{μν}_σ e^σ_{a,ν} ) = 0. (44)

From Einstein equations √ g T^μ_a = [L_g ]_ea_μ and Eq. (13), we can express Ĩ^μ_ν e^ν_a as

Ĩ^μ_ν e^ν_a = ( L_g δ^μ_ν − ∂L_g ∂e^a_{λ,μ} e^a_{λ,ν} ) e^ν_a + √ g T^μ_a . (45)

Defining √ g t^μ_a = ( L_g δ^μ_ν − ∂L_g ∂e^a_{λ,μ} e^a_{λ,ν} ) e^ν_a + ∂L_g ∂e^ν_{b,μ} e^σ_b e^ν_{a,σ}, (46) and considering Eq. (14), we then have Ĩ^μ_σ e^σ_a + Ṽ^{μν}_σ e^σ_{a,ν} = √g (T^μ_a + t^μ_a ). (47)

So Eq. (44) can be written as

∂_μ[ √ g (T^μ_a + t^μ_a )] = 0. (48)

This equation is the desired general covariant conservation law of energy-momentum for Randall-Sundrum system. t^μ_a defined in Eq. (46) is the energy-momentum density of gravity field, and T^μ_a to that of matter part. By virtue of Eq. (17), the expression on the LHS of Eq. (47) can be expressed as divergence of superpotential V^{μν}_a √ g (T^μ_a + t^μ_a ) = ∂_ν V^{μν}_a , (49)

where

V^{μν}_a = Ṽ^{μν}_σ e^σ_a = ∂L_g ∂e^σ_{b,μ} e^ν_b e^σ_a . (50)

Eq. (49) shows that the total energy-momentum density of a gravity system always can be expressed as divergence of superpotential. The total energy-momentum is

P_a = ∫ Σ dΣ_μ √ g (T^μ_a + t^μ_a ) = ∫ S dS_{μν} V^{μν}_a , (51) where dS_{μν} = (1/3!)ε_{μναβγ} dx^α ∧ dx^β ∧ dx^γ . Now we calculate the expressions of V^{μν}_a and t^μ_a by using the gravity Lagrangian density (43) of RS models. The explicit expressions are

V^{μν}_a = 1 k^2_⋆ [ e^μ_b e^ν_c ω^{bc}_a + (e^μ_a e^ν_b − e^ν_ae^μ_b )ω^b ] √ g, (52)

t^μ_a = 1 2k^2_⋆ { e^μ_a (ω_bω^b − ω_{cbd}ω^{dbc}) − 2e^μ_b (ω_aω^b − ω_{cad}ω^{dbc}) −2e^μ_c (ω_bω^{bc}_a + ω_bω^{b c}_a ) + 2e^μ_d ω_{abc}ω^{cbd} } +e^μ_a { Λ − τ √ −g_v g δ(y) + τ √ −g_h g δ(y − πr) } . (53)

Energy-momentum for Randall-Sundrum models 9

For the solution (33), we can obtain the following vierbein

e^a_μ = (e^{−k|y|}δ^ā_μ, δ^4_μ). (ā = 0, 1, 2, 3) (54)

The non-vanishing components of ω_{abc} and ω_b are

ω_{004} = −k, ω_{114} = ω_{224} = ω_{334} = k, ω_4 = 4k. (55)

For superpotential V^{μν}_a , the calculated result is

V^{04}_0 = V^{14}_1 = V^{24}_2 = V^{34}_3 = −3 k k^2_⋆ e^{−3k|y|}. (56) Substituting Eq. (56) into integral expression (51) gives

P_a = ( 3 k k^2_⋆ (1 − e^{−3kπr})v, 0, 0, 0, 0 ) , (57)

where v stands for the volume of usual three dimensional space M_3 v = ∫ M_3

d^3x. (58)

Substituting k^2_⋆ =^1_2 M^{−3}_⋆ and Eq. (35) into Eq. (57) yields

P_a = ( 6 M^6_⋆ M^2_P (1 − e^{−3kπr})(1 − e^{−2kπr})v, 0, 0, 0, 0 ) . (59)

So the momentum of RS system is vanishing, but the energy

E = 6

M^6_⋆ M^2_P (1 − e^{−3kπr})(1 − e^{−2kπr})v (60) is infinite, which is caused by the gravity on the warped extra dimension. When the radius r of the extra dimension is taken the limit r → 0, i.e., the extra dimension disappears, the bulk is just degenerates into our flat universe and the energy of it vanishes. This result agrees with others.

From Eqs. (49) and (56), we can get the energy density ε:

ε = ε_0e^{−3k|y|}, ε_0 =

9M^9_⋆ 2M^4_P

(1 − e^{−2kπr}). (61)

Clearly, from this expression, it can be concluded that the energy of the bulk distributes mainly near the Planck brane and force lines are denser near this brane. This conclusion can be used to explain why the gravitation on the SM brane (is our universe) is very weak.

10 Yu-Xiao Liu etc.

4. Discussions

To summarize, by the use of general Nöether theorem, we have obtained the conservation law of energy-momentum for the RS models with the respect to the general displacement transform. The energy-momentum current has a superpotential and are therefore identically conserved. General covariance is a fundamental demand for conservation laws in general relativity, and our definition Eqs. (49) and (51) of energy-momentum is coordinate independent. This conservation law is a covariant theory with respect to the generalized coordinate transformations, but the energymomentum tensor is not covariant under the local Lorentz transformation which, due to the equivalent principle, is reasonable to require.

The conservative energy-momentum current and the corresponding superpotential for the RS models are the same with those in (3+1)- and (2+1)-dimensional Einstein theories, the Lagrangian density L_{h,v} corresponding to the hidden and visible brane parts do not play a role in the conservation law, but they have an influence to the energy of gravity. Both energy-momentum current and the superpotential are determined only by vierbein field.

It is shown that, for the solution that gives a flat induced metric on the branes, the momentum vanishes but the total energy of bulk is infinite. This is quite different from the solution of an isolated system in 3+1 dimension. The reason is that, though the branes are flat, the extra dimension is warped even at the infinite of them. When the extra dimension disappears, the bulk is just degenerated into our four dimensional flat spacetime and the energy vanishes. From the energy density formula (61), one can see that most of the bulk energy is localized near the Planck brane, so the gravity on the SM brane is very weak.

We think a conservation law of angular momentum 38 is also important in order to understand the conservative quantities for the RS models. This conservation law has been obtained using the approach in Ref. 39.

Acknowledgement

It is a pleasure to thank Dr Liming Cao, Zhenhua Zhao and Zhenbin Cao for interesting discussions. This work was supported by the National Natural Science Foundation of the People’s Republic of China and the Fundamental Research Fund for Physics and Mathematic of Lanzhou University.

References 1. C.W. Misner, K.S. Thorne and J.A. Wheeler, Gravitation (Freeman and Company, New York, 1973).

2. H. Bauer, Physik. Z. 19, (1918) 163.

3. E. Shrödinger, Spacetime Structure (Addison Wesley, Cambridge, Massachusetts, 1956).

4. See, for example, A. Trautman, in Gravitation: an Introduction to Current Research, ed. by L. Witten (Wiley, New York, 1962).

June 25, 2007 3:3 WSPC/INSTRUCTION FILE EnergyRS˙revise

Energy-momentum for Randall-Sundrum models 11

5. L. Landau and E. Lifshitz, The Classical Theory of Fields (Addison Wesley, Cambridge, Massachusetts, 1951).

6. Y.S. Duan and J.Y. Zhang, Acta Physica Sinica 19, (1963) 589. 7. A. Einstein, Ann. Phys. Lpz. 49, (1916) 769.

8. Y.S. Duan and Y.T. Wang, Sci. Sin. (Chinese Edition) 4A, (1983) 343. 9. C. Møller, Ann. Phys. 4, (1958) 347. 10. C. Møller, Ann. Phys. 12, (1961) 118. 11. C. Møller, Phys. Lett. 3, (1963) 329.

12. Y.S. Duan, J.C. Liu and X.G. Dong, Acta Physica Sinica 36, (1987) 760. 13. Y.S. Duan, J.C. Liu and X.G. Dong, Gen. Rel. Grav. 20, (1988) 485. 14. T. Kaluza, Sitzungsber. Preuss. Akad. Wiss. Berlin, Math. Phys. K1, (1921) 966. 15. O. Klein, Z. Phys. 37, (1926) 895.

16. N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B429, (1998) 263 [hep-ph/9803315].

17. I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys.Lett. B436, (1998) 257 [hep-ph/9804398].

18. D. Cremades, L.E.Ibanez and F.Marchesano, Nucl. Phys. B643, (2002) 93 [hep-th/0205074].

19. C. Kokorelis, Nucl. Phys. B677, (2004) 115 [hep-th/0207234]. 20. L. Randall and R. Sundrum, Phys. Rev. Lett. 83, (1999) 3370 [hep-ph/9905221]. 21. L. Randall and R. Sundrum, Phys. Rev. Lett. 83, (1999) 4690 [hep-th/9906064]. 22. J. Garriga and T. Tanaka, Phys. Rev. Lett. 84, (2000) 2778 [hep-th/9911055]. 23. S.B. Giddings, E. Katz and L. Randall, JHEP 0003, (2000) 023 [hep-th/0002091]. 24. J. Lykken and L. Randall, JHEP 0006, (2000) 014 [hep-th/9908076]. 25. T. Shiromizu, K.I. Maeda and M. Sasaki, Phys. Rev. D62, (2000) 024012 [gr-qc/9910076].

26. J. M. Frere, M. V. Libanov, E. Y. Nugaev and S. V. Troitsky, JHEP 0306, (2003) 009 [hep-ph/0304117].

27. Y.Q. Wang, T.Y. Si, Y.X. Liu and Y.S. Duan, Mod. Phys. Lett. A20, (2005) 3045 [hep-th/0508111].

28. Y.X. Liu, and Y.Q. Wang, Y.S. Duan, Fermions coupled with self-dual vortex background on a torus, accepted by Commun. Theor. Phys. [hep-th/0508096].

29. Y.X. Liu, L. Zhao and Y.S. Duan, JHEP 0704, (2007) 097 [hep-th/0701010]. 30. Y.X. Liu, L. Zhao, X.H. Zhang and Y.S. Duan, Fermions in Self-dual Vortex Background on a String-like Defect, accepted by Nucl. Phys. B, doi:10.1016/j.nuclphysb.2007.05.018 [arXiv:0704.2812].

31. G. Gogberashvili, Int. J. Mod. Phys. D11, (2002) 1635 [hep-ph/9812296]. 32. N. Arkani-Hamed, S. Dimopoulos, G. Dvali and N. Kaloper, Phys. Rev. Lett. 84, (2000) 586 [hep-th/9907209].

33. S.S Feng and Y.S. Duan, Class. Quant. Grav. 16, (1999) 3237 [hep-th/9902096]. 34. J.H. Cho and H.J. Lee, Phys. Lett. B351, (1995) 111 [hep-th/9506038]. 35. S.S. Feng and Y.S. Duan, Gen. Rel. Grav. 27, (1995) 887. 36. J.H. Taylor, L.A. Fowler and P.M. Molulloch, Nature 277, (1979) 437. 37. Z.D. Yan and M.L. Ge, Kexue Tongbao 5, (1987) 343.

38. Y.X. Liu, Y.S. Duan and L.J. Zhang,Angular momentum conservation law for randallsundrum models, accepted by Mod. Phys. Lett. A [gr-qc/0508113].

39. Y.S. Duan and S.S. Feng, Acta Physica Sinica 44, (1995) 1373.