arXiv:gr-qc/0509023 v2 1 Dec 2005

Different Approaches to the Einstein Energy Associated with the de Sitter C-Space-time‡

Mustafa Saltı

Department of Physics, Graduate School of Natural and Applied Science, Middle East Technical University, 06531, Ankara-Turkey E-mail: musts6@yahoo.com

Abstract. The paper is purposed to elaborate the problem of gravitational energy localization in de Sitter(dS) C-space-time (the C space-time in a background with a cosmological constant Λ). In this connection, using the energy-momentum definition of Einstein, we find the same energy in both general relativity and tele-parallel gravity.

PACs: 04.20.-q; 04.20.Jb; 04.50.+h

1. Introduction

The problem of energy-momentum localization has been one of the most interesting and thorny problems which remains unsolved since the advent of general relativity. Misner, Thorne and Wheeler[1] showed that the energy is localizable only for spherical systems. Later, Cooperstock and Sarracino[2] contradicted their viewpoint and showed that if the energy is localizable in spherical systems then it is also localizable for all systems and Bondi[3] expressed that a non-localizable form of energy is inadmissible in relativity. Cooperstock[4] hypothesized that in a curved space-time energy and momentum are confined to the region of non-vanishing energy-momentum tensor T_{μν} and consequently the gravitational waves are not carriers of energy-momentum in vacuum space-times. This hypothesis has neither been proved nor disproved. There are many results which support this hypothesis[5]. It would be interesting to investigate the cylindrical gravitational waves in vacuum space-times.

Ever since the Einstein energy-momentum complex[6] has been used for calculating the energy-momentum distribution in a general relativistic system, many attempts have been made to evaluate the energy distribution for a given space-time[7, 8, 9, 10, 11, 12, 13]. Except the one which was defined by Møller, these definitions give meaningful results if the calculations are performed in ”Cartesian” coordinates. Møller constructed an expression which enables one to evaluate energy and momentum in any coordinate system.

‡ Acta Physica Slovaca 55 (2005) 563

Several examples of particular space-times have been investigated and different energy-momentum pseudo-tensors are known to give the same energy distribution for a given space-time[14, 15, 16, 17, 18, 19, 20, 21]. Virbhadra[15], using the energy and momentum complexes of Einstein, Landau-Lifshitz, Papapetrou and Weinberg for a general non-static spherically symmetric space-time of the Kerr-Schild class metric, showed that all of these energy-momentum formulations give the same energy distribution as in the Penrose energy-momentum formulation.

Recently, the problem of the energy-momentum localization has also been considered in tele-parallel gravity[22, 23, 24]. The authors found that energy-momentum also localize in this alternative theory, and their results agree with some of the previous papers which were studied in the general theory of relativity. Vargas[24], using the definitions of Einstein and Landau-Lifshitz in tele-parallel gravity, found that the total energy is zero in Friedmann-Robertson-Walker space-time. Later, with my collaborators, in both general relativity and tele-parallel gravity, I obtained the results which agree with each other and the previous ones[20, 21, 25, 26, 27, 28].

So, in this paper, we evaluate the energy of dS-C space-time by using the Einstein energy-momentum complex and its tele-parallel gravity analog§.

2. The dS C-metric

The massive charged dS C-metric has been found by Plebanski and Demianski[29], and its gravitational field can be written as (see e.g. [30])

ds^2 = −Ω^2dt^2 + Δ^2dx^2 + Σ^2dy^2 + Π^2dz^2 (1)

where Ω(x, y) = √ Υ A(x + y) , Δ(x, y) = 1 A(x + y) √ G (2) Σ(x, y) = 1 A(x + y) √ Υ , Π(x, y) = √ G A(x + y) (3) with

Υ(y) = −

Λ + 3A^2 3A^2

+ y^2 − 2mAy^3 + q^2A^2y^4 (4)

G(x) = 1 − x^2 − 2mAx^3 − q^2A^2x^4 (5)

This solution depends on four parameters namely, the cosmological constant Λ, A > 0 which is the acceleration of the black holes, and m and q which are the interpreted as electro magnetic charge of the non-accelerated black hole. The physical properties and interpretation of this solution have been analyzed by Dias and Lemos[30], and by Podolsky and Griffiths[31].

§ Notations and conventions: we use convention that c = h = 1, and metric signature (−, +, +, +). In this paper, Greek and Latin indices run from 0 to 3 otherwise stated.

The matrices of the g_{μν} and g^{μν} are defined respectively by −Ω^2 0 0 0 0 Δ^2 0 0 0 0 Σ^2 0 0 0 0 Π^2 , −Ω^{−2} 0 0 0 0 Δ^{−2} 0 0 0 0 Σ^{−2} 0 0 0 0 Π^{−2} (6)

and g = det(g_{μν} ) = −Ω^2Δ^2Σ^2Π^2. The non-trivial tetrad field induces a tele-parallel structure on space-time which is directly related to the presence of the gravitational field, and the Riemannian metric arises as g_{μν} = η_{ab}h^a_μh^b_ν , η_{ab} = diag(−1, 1, 1, 1) (7) Using this relation, we obtain the tetrad components h^a_μ as follow:

h^a_μ =

−Ω 0 0 0 0 Δ 0 0 0 0 Σ 0 0 0 0 Π (8)

and its inverse

h^μ_a =

−Ω^{−1} 0 0 0

0 Δ^{−1} 0 0 0 0 Σ^{−1} 0 0 0 0 Π^{−1} (9)

where h = det(h^a_μ) = ΩΔΣΠ.

3. Energy in General Relativity

The energy-momentum prescription of Einstein[6] is given by

Θ^ν_μ = 1 16π H^{να}_{μ,α} (10) where

H^{να}_μ = g_{μβ} √ −g [ −g(g^{νβ} g^{αξ} − g^{αβ}g^{νξ} ) ] ,ξ (11)

Θ^0 is the energy density, Θ^0_α are the momentum density components, and Θ^α_0 are the components of energy current density. The Einstein energy and momentum density satisfies the local conservation laws ∂Θ^ν_μ ∂x^ν = 0. (12)

and energy and momentum components are given by

P_μ = ∫ ∫ ∫ Θ^0_μdxdydz. (13) Further Gauss’s theorem furnishes

P_μ = 1 16π ∫ ∫ H^{0λ}_μ η_λdS. (14) η_λ (where λ = 1, 2, 3) stands for the 3-components of unit vector over an infinitesimal surface element dS = r^2 sin θdθdϕ. P_i give momentum(energy current) components P_1, P_2, P_3 and P_0 gives the energy.

Considering the line-element (1), then the required non-vanishing components of H^{να}_μ are found as:

H^{01}_0 = 2Ω Δ (ΣΠ)_x, H^{02}_0 = 2Ω Σ (ΔΠ)_y (15)

where x and y indices describe the derivative with respect to x and y. Next, using equation (10) we obtain the following energy

Θ^0 = 1 16π ( ∂ ∂x H^{01}_0 + ∂ ∂y H^{02}_0 ) = 1 8π [( Ω Δ )_x(ΣΠ)_x + Ω Δ (ΣΠ)_{xx} + ( Ω Σ )_y (ΔΠ)_y + Ω Σ (ΔΠ)_{yy}] (16)

In the special case, the energy density associated with the dS-C metric is given below.

Θ^0 = hE^0_0 =

(x + y)^{−2} 16πA^2 [ G_{xx} 2 + (x + y − 2)Υ_y − 3G x + y + 6G − 2Υ(x + y − 3) (x + y)^2

] (17)

where

Υ(y) = −

Λ + 3A^2

3A^2

+ y^2 − 2mAy^3 + q^2A^2y^4 (18)

G(x) = 1 − x^2 − 2mAx^3 − q^2A^2x^4 (19)

Using exact form of the functions G(x) and Υ(y) given above, the energy density with cosmological constant is found exactly as[32, 33]:

Θ^0 = hE^0_0 =

(x + y)^{−4} 48π A^4

[3y^2A^2 − 6Λ^2 − 6q^2A^4y^4 − 45mA^3x^3 − 36q^2A^4x^4 − 6mA^3y^4

+ 6q^2A^4y^5 + 6xy^2 − 18A^2xy + 12A^3mx^4 + 6A^4q^2x^5 − 21x^2A^2 + 2(x + y)Λ^2 + 6A^2x^3 − 24mxA^3y^3 + 18xq^2A^4y^4 − 18myx^2A^3 + 27mxy^2A^3 − 36q^2A^4x^3y − 18q^2A^4x^2y^2 − 24A^4xy^3q^2 + 12A^2yx^2 − 18A^3x^2my^2 + 12A^4x^2q^2y^3 + 12A^3mx^3y + 6A^4q^2x^4y] (20) and the energy density without cosmological constant is

Θ^0 = hE^0_0 =

(x + y)^{−4} 48πA^4

[3y^2A^2 − 6q^2A^4y^4 − 45mA^3x^3 − 36q^2A^4x^4 − 6mA^3y^4

+ 6q^2A^4y^5 + 6xy^2 − 18A^2xy + 12A^3mx^4 + 6A^4q^2x^5 − 21x^2A^2 + 6A^2x^3 − 24mxA^3y^3 + 18xq^2A^4y^4 − 18myx^2A^3 + 27mxy^2A^3 − 36q^2A^4x^3y − 18q^2A^4x^2y^2 − 24A^4xy^3q^2 + 12A^2yx^2 − 18A^3x^2my^2 + 12A^4x^2q^2y^3 + 12A^3mx^3y + 6A^4q^2x^4y] (21)

4. Energy in Tele-parallel gravity

Tele-parallel gravity is an alternative approach to gravitation[34, 35] which corresponds to a gauge theory for the translation group based on the Weitzenböck geometry[36]. In this theory, gravitation is attributed to torsion[37], which plays the role of a force[38], whereas the curvature tensor vanishes identically. The fundamental field is represented by a nontrivial tetrad field, which gives rise to the metric as a by-product. The last translational gauge potentials appear as the nontrivial part of the tetrad field, thus induces on space-time a tele-parallel structure which is directly related to the presence of the gravitational field. The interesting point of tele-parallel gravity is that, due to gauge structure, it can reveal a more appropriate approach to consider same specific problem. This is the case, for example, of the energy-momentum problem, which becomes more transparent when considered from the tele-parallel point of view.

The tele-parallel gravity analog of Einstein energy-momentum complex[24] is given by: hE^μ_ν = 1 4π ∂_λ(U^{μλ}_ν ) (22)

where h = det(h^a_μ) and U^{νλ}_β is the Freud’s super-potential, which is given by: U^{νλ}_β = hS^{νλ}_β . (23)

Here S^{μνλ} is the tensor

S^{μνλ} = k_1T^{μνλ} + k_2 2 (T^{νμλ} − T^{λμν} ) + k_3 2 (g^{μλ}T^{βν}_β − g^{νμ}T^{βλ}_β ) (24)

with k_1, k_2 and k_3 the three dimensionless coupling constants of tele-parallel gravity[37]. For the tele-parallel equivalent of general relativity the specific choice of these three constants are:

k_1 = 1 4 , k_2 = 1 2 , k_3 = −1 (25)

To calculate this tensor firstly we must calculate Weitzenböck connection:

Γ^α_{μν} = h^α_a ∂_ν h^a_μ (26) and after this calculation we get torsion of the Weitzenböck connection: T^μ_{νλ} = Γ^μ_{λν} − Γ^μ_{νλ} (27)

For the Einstein complex, we have the relation,

P_μ = ∫ Σ hE^0_μdxdydz (28) where P_i give momentum components P_1, P_2, P_3 while P_0 gives the energy and the integration hyper-surface Σ is described by x^0 = t =constant.

For the dS-C space-time, the non-vanishing components of the Weitzenböck connection are obtained as:

Γ^0_{01} =

Ω_x Ω , Γ^0_{02} =

Ω_y Ω (29)

Γ^1_{11} =

Δ_x Δ , Γ^1_{12} =

Δ_y Δ (30)

Γ^2_{21} =

Σ_x Σ , Γ^2_{22} =

Σ_y Σ (31)

Γ^3_{31} =

Π_x Π , Γ^3_{32} =

Π_y Π (32) The corresponding non-vanishing torsion components are found:

T^0_{10} = −T^0_{01} =

Ω_x Ω , T^0_{20} = −T^0_{02} =

Ω_y Ω (33)

T^1_{21} = −T^1_{12} =

Δ_y Δ (34)

T^2_{12} = −T^2_{21} =

Σ_x Σ (35)

T^3_{13} = −T^3_{31} =

Π_x Π , T^3_{23} = −T^3_{32} =

Π_y Π (36)

Taking these results into equation (24), the required non-vanishing components of the tensor S^{νλ}_μ are calculated as:

S^{001} = 1 2(ΩΔ)^2

(ΣΠ)_x ΣΠ (37)

S^{002} = 1 2(ΩΣ)^2

(ΔΠ)_y ΔΠ (38)

Now, using equation (23) the non-vanishing components of Freud’s super-potential are:

U^{01}_0 = Ω 2Δ (ΣΠ)_x, U^{02}_0 = Ω 2Σ (ΔΠ)_y (39) Using equation (22) with these results, Einstein’s energy density is found as:

hE^0_0 = 1 4π ( ∂ ∂x U^{01}_0 + ∂ ∂y U^{02}_0 ) = 1 8π [( Ω Δ )_x(ΣΠ)_x + Ω Δ (ΣΠ)_{xx} + ( Ω Σ )_y (ΔΠ)_y + Ω Σ (ΔΠ)_{yy}] (40) This is the same energy as obtained in general relativity.

5. Discussion

The main object of the presented paper is to show that it is possible to evaluate the energy distribution by using the energy-momentum formulations in not only general relativity but also tele-parallel gravity. To compute the energy density(due to matter and fields including gravitation), we considered two different approaches of the Einstein energy-momentum definition. We found that the energy distribution associated with the dS-C space-time is the same in both general relativity and tele-parallel gravity. Next, our results advocate the importance of energy-momentum complexes(opposes the against that different complexes could give different meaningless results for a given metric). The energy distribution is also dependent of the tele-parallel dimensionless coupling constants, which means that it is valid only in the tele-parallel equivalent of general relativity, it is not valid any tele-parallel model.

Appendix: Kinematical Quantities

After the pioneering works of Gamow[39] and Gödel[40], the idea of global rotation of the universe has became considerably important physical aspect in the calculations of general relativity. Now, we introduce a tetrad basis by θ^0 = Ωdt, θ^1 = Δdx, θ^2 = Σdy, θ^3 = Πdz. (41) By use of the co-moving tetrad formalism, the kinematics of this model can be expressed solely in terms of the structure coefficients of the tetrad basis. We define the structure coefficients by dθ^α = 1 2 C^α_{βγ} θ^β ∧ θ^γ (42)

By taking the exterior derivatives of the tetrad basis given above and using the kinematics formulas[41, 42];

Kinematical Quantity Definition Four-acceleration vector: a_μ = C^0_{μ0} vorticity tensor: ω_{μν} =^1_2 C^0_{μν} expansion(deformation) tensor: ξ_{μν} =^1_2 (C_{μ0ν} + C_{ν0μ}) expansion scalar: ξ = C^1_{01} + C^2_{02} + c^3_{03} vorticity vector: ω^1 =^1_2 C^0_{23}, ω^2 =^1_2 C^0_{31}, ω^3 =^1_2 C^0_{12} vorticity scalar: ω =^1_4 [(C^0_{23})^2 + (C^0_{31})^2 + (C^0_{12})^2]^{1/2}] shear tensor: σ_{μν} = ξ_{μν} −^1_3 ξδ_{μν}

Table 1. List of kinematical quantities and their formulas.

We find the following quantities for the line element given by equation (1):

ξ_{μν} = ξ = σ_{μν} = w = w^i = 0 (i = 1, 2, 3) (43)

a_1 =

2Ω_x ΩΔ , a_2 =

2Ω_y ΩΣ (44)

From these results we see that the model given in (1) has no-expansion and the metric is shear-free. We also note that this model has non-vanishing two components of the four-acceleration vector and vanishing vorticity vector.

Acknowledgment

I would like to thank Turkish Scientific Research Council (Tübitak)-Feza Gürsey Institute, Istanbul, for the hospitality during the summer terms 2002-2005.

Different Approaches to the Einstein... 8

References

[1] C.W. Misner, K.S. Thorne and J.A. Wheeler: ”Gravitation” (W.H. Freeman and Co., NY, 1973) 603.

[2] F.I. Cooperstock and R.S. Sarracino: J. Phys. A11, (1978) 877. [3] H. Bondi: Proc. R. Soc. London A427, (1990) 249.

[4] F.I. Cooperstock: Found. Phys. 22, (1992) 1011; Annals Phys. 282, (2000) 115. [5] S.S. Xulu: Mod. Phys. Lett. A15, (2000) 1511; Astrophys. Space Sci. 283, (2003) 23. [6] A. Einstein: Sitzungsber. Preus. Akad. Wiss. Berlin (Math. Phys.) 778 (1915), Addendum-ibid.

(1915) 799.

[7] R.C. Tolman: Relativity, Thermodinamics and Cosmology (Oxford Univ. Pres., London, 1934) 227. [8] A. Papapetrou: Proc. R. Irish. Acad. A52, (1948) 11. [9] P.G. Bergmann and R. Thomson: Phys. Rev. 89, (1953) 400. [10] C. Møller: Ann. Phys. (NY) 4, (1958) 347; 12, (1961) 118.

[11] L.D. Landau and E.M. Lifshitz: The Classical theory of fields (Pergamon Press, Oxford, 1987) [12] S. Weinberg: Gravitation and Cosmology: Principle and Applications of General Theory of Relativity (John Wiley and Sons, Inc., New York, 1972) [13] A. Qadir and M. Sharif: Phys. Lett. A167, (1992) 331.

[14] K.S. Virbhadra: Phys. Rev. D41, (1990) 1086; 42, (1990) 2919; Pramana J. Phys. 45, (1995) 215. [15] K.S. Virbhadra: Phys. Rev. D60, (1999) 104041. [16] N. Rosen and K.S. Virbhadra: Gen. Rel. Gravit. 25, (1993) 429.

[17] A. Chamorro and K.S. Virbhadra, Pramana J. Phys. 45, 181 (1995); Int. J. Mod. Phys. D5,(1996) 251.

[18] J. M. Aguirregabiria, A. Chamorro and K.S. Virbhadra: Gen. Rel. Gravit. 28, (1996) 1393. [19] S.S. Xulu: Int. J. Mod. Phys. A15, (2000) 4849-4856.

[20] A. Havare, M. Korunur and M. Saltı: gr-qc/0502043 (Accepted for publication in Astrophys. Space Sci., (2005) ASTR260) [21] M. Saltı: Nuovo Cimento B, vol.120 No.1, (2005) 53.

[22] F.I. Mikhail, M.I. Wanas, A. Hindawi and E.I. Lashin: Int. J. Theor. Phys. 32, (1993) 1627. [23] G.G.L. Nashed: Phys. Rev. D 66, (2002) 064015. [24] T. Vargas: Gen. Rel. Gravit. 36, (2004) 1255. [25] M. Saltı: Mod. Phys. Lett. A20, (2005) 2175. [26] M. Saltı and A. Havare: Int. J Mod. Phys. A20, (2005) 2169. [27] M. Saltı: Astrophys. Space Sci. 299, (2005) 159.

[28] O. Aydogdu and M. Saltı: gr-qc/0505079 (Accepted for publication in Astrophys. Space Sci., (2005) ASTR180) [29] J.A. Plebanski and M. Demianski, Annals of Physics (NY)98, (1976) 98. [30] O.J.C Dias and J.P.S. Lemos, Phys. Rev. D67, (2003) 064001. [31] J. Podolsky and J.B. Griffiths, Phys. Rev. D63, (2001) 024006. [32] Wolfram Research: Mathematica 5.0 (2003) [33] TCI Software Research: Scientific Workplace 3.0 (1998) [34] F. Gronwald and F.W. Hehl: On the gauge aspects of gravity, In Proc. School of Cosmology and Gravitation, 14th Course: Quantum Gravity, P. G.Bergmann, V. de Sabbata and H.J. Treder (Eds.), World scientific-Singapore, Erice-Italy/May-1995, pp. 148-198 (1996), [gr-qc/9602013] [35] de V.C. Andrade, L.C.T. Guillen and J.G. Pereira: Teleparallel Gravity, an overview, In Proceedings of the IX Marcel Grossmans’s Meeting, Rome-Italy July-2000, [gr-qc/0011087] [36] R.Weitzenböck: Invariantent theorie (Groningen: Noordhoff, 1923) [37] K. Hayashi and T. Shirafuji: Phys.Rev D19, (1978) 3524. [38] V.V. de Andrade and J.G. Pereira: Phys. Rev. D56, (1997) 4689. [39] G. Gamow: Nature (London) 158, (1946) 549. [40] K. Gödel: Rev. Mod. Phys. 21, (1949) 447.

Different Approaches to the Einstein... 9

[41] O. Gron and H.H. Soleng: Acta Physica Polonica B20, (1989) 557. [42] M. Saltı and A. Havare: Mod. Phys. Lett. A20, (2005) 451.